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1. pgr-Method.

Marin Chirciul
Art 3261

Articolul isi propune sa prezinte o metoda unitara de rezolvare a unor inegalitati algebrice
folosind pgr -Method.

Prezentare generald a metodei pqr .
Teorema-p.q.r
p=a+b+c a’+b°+c®=p°-5p°q+5p°r+5pg°—-5qr [a‘+b*+c'=p*-4p’q+29° +4pr
g=ab+bc+ca= a’+b*+c®=p*-3pq+3r = a’+b*+c’=p°-2q
r =abc (a+b)(b+c)(c+a)=pg-r

Folosim in rezolvarea inegalititilor : p*>3q,q”>3pr, p>+9r >4pq (Schur).

1). p*>3q

(a+b+c)’ >3(ab+bc+ca) < p?=3q.

2). q°>3pr

(ab+bc+ca)” >3abc(ab+bc+ca) < g? >3pr.

2). p*+9r >4pq (Schur).
Demonstratie:
Folosim inegalitatea lui Schur:
a®+b®+c*+3abc > Zbc(b+c) < p*=3pq+3r+3r>pg-3r < p*+9r>4pq.
Tn continuare vom propune inegalititi algebrice care se pot rezolva cu metoda pqr .
Aplicatia 1.
Ifa,b,c>0,a+b+c=3then
a b c 3
+ + >—

ab+3c bc+3a ca+3b 4

Matematika, 2/2022, Amir Sofi

Solutie.
Folosim pqgr -Method.

Notam p=a+b+c,g=ab+bc+ca,r =abc.
Avemp=3,p°>3q0=Qq<3.
Din inegalitatea lui Schur sub forma(a+b+c)3 +9abc>4(a+b+c)(ab+bc+ca) =

= p*+9r>4pg = 27+9r>4-3q = 3r>4q-9.
Obtinem:
a a a a(a+h)
LHS = = = =
Z z Z(c+a)(c+b) Z(a+b)(c+a)(c+b)

ab+3c “ab+(a+b+c)c
2 2
2a(@tb) _pa'+pab p’-2q+q_9-9¥3 o

(a+b)(c+a)(c+b) [](a+b) pg—r  3g-r 4

L Profesor, Colegiul National ,,Zinca Golescu”, Pitesti

2
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unde (1) < 9-4
39—

>3

< 4(9-0)>3(30-r) < 36+3r >13q, care rezulta

din3r>4q-9siq <3.

Intr-adevar:
3r>49-9

g<3
36+3r > 36+49-92=>13q.
Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia 2.
Fiea,b,c>0astfel incata+b+c=1. Aratati ca

1+a 1+b 1+c (b C aj
+ + L2l —+—+—.
l1-a 1-b 1-c a b c
LinkedIn 12/2019
Solutie.
p=a+b+c=1 p=>3Q

Avem {g=ab+bc+ca=>1q*>3r .

r=abc 1>3q
Obtinem
l+a 1+b 1+c Y (1+a)(1-b)(1-c) 3-> a—> bc+3abc 2-qg+3r
o+ = = = (1)
1-a 1-b 1-c [1(1-a) 1-> a+)_bc—abc q-r

Cu inegalitatea lui Bergstrom obtinem:

2
=t —2——— == (2).
a b c ab bc ca ab+bc+ca q
Din (1) si (2) este suficient sa aratam ca:
2—0+3r 1 2 2-q+3r
q-r q q q-r

2

>0 ,care rezulta din:

q
2—-0+3-—
E_2—q+3rzg_ 2321—3q20_
g g-r Q@ 9 3-q
q 3

Egalitatea are loc daca si numai dacda=b=c :% .

Remarca.
Problema se poate dezvolta.
Fiea,b,c,n>0astfel incata+b+c=n. Aratati ca

n+a n+b n+c b ¢ a
+ + L2l —+—+—.
n-a n-b n-c a b c

Marin Chirciu
Solutie.
p=a+b+c=1 p>3q
Avem Jg=ab+bc+ca=1q°>3r .
r=abc 1>3q
Obtinem
n+a+n+b+n+cZZ(nJra)(n—b)(n—c)_3n3—n22a—n2bc+3abc_3n3—n2—nq+3r
-a

= = ,(1).
n-a n-b n-c [I(n n*-n’> a+n) bc—abc  n®-n’+ng-r @)

3
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Cu inegalitatea lui Bergstrom obtinem:

2
=2 == (2).
a b c ab bc ca ab+bc+ca q
Din (1) si (2) este suficient sa aratam ca:
3°-n°-ng+3r 1 2 3n°-n*-ng+3r
32 : 2= S s :
n*—n“+nq-r q g n’-n“+nq-r

2

3 2 q
g_3n3—n2—nq+3r>2 3n"—n —nq+3-?_2 9n®-3n°-3nq+3q°

q nP-n+ng-r q 2

>0,care rezulta din:

0 eng- % g 3n°-3n’+3ng-q°>
3

6n°—6n*(6n+3n°-9n®)q—(2+3n)g°+q°
= ( )q ( o+ >0, adevarata din qsl.
q(3n°-3n°+3ng—q?) 3

Egalitatea are loc daca si numai daca a=b=c=% :
Aplicatia 3.
If X, y,z>0such that X+ y+z =9xyz then
X y z

+ +
\/x2+2yz+2 \/y2+22x+2 \/22+2xy+1
2018 Greece Team Selection Test

>1.

Solutie.
Notand p=X+Yy+2,q=Xy+ yz+2X.

Ipoteza se scrie zi =9.

vz
Folosind inegalitatea mediilor obtinem:
@
M=——X > X SN . b S S I VT
\/x2+2yz+2 \/x2+y2+22+2 \/x2+y2+22+2 \/p2—2q+2
2
de(1)<:>#21<:> P >1<q21,

Jp*-2q+2 p*—2q+2

care rezulta din:

ZyzZ%CZS(HHl)z =9<0-929<q>1.

Remarca.
Problema se poate dezvolta.
If X, y,z>0such thatx+y+z=9xyzand n > 2then

X y z 3
+ + > :
JE+2yz+n  (Jy*+2zx+n  Z24+2xy+n Vn+l
Marin Chirciu

Solutie.
Notand p = X+ Y+ 2,0 = Xy + yz + zx, avem p? >3q

Ipoteza se scrie Zi =9.
yz

Folosind inegalitatea mediilor obtinem:
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X 3 X+Yy+1z B p (>1) 3

X
M, = > - - >
Z«/x2+2yz+n Z\/x2+y2+22+n ¥y +z2+n Jpi-2q+n \n+l
2
P 2,/ 3 == P >3 < (n-2)p*+60—3n=>0,
/p2—2q+n n+1 p°—-2g+n n+1

care rezultd din p* >3qsin>2.
Tntr-adevar:

@)
Avem (n—2)p?+6q-3n>(n-2)-39+6q-3n=3gn—3n=3n(q-1)>0,
unde (2) < g =1, care rezulta din:

unde (1) <

ZyzZ%czs(lﬂle)z =9<0-929<q>1.

Egalitatea are loc dacd si numai dacax=y=2z= ﬁ .
Nota.

Pentrun = 2 se obtine Problema propusa la 2018 Greece Team Selection Test.
Aplicatia 4.

Ifx,y,z>0such thatx+y+z=2then

\/2x3y +\/ny3 <2.

Imad Zak, Mathematical Inequalities/26/6/2020

Solutie.
Cu inegalitatea CBS

avem Ms (\/Zx y+\/ny ) (1+1)(szy+zxy3)zzzxy(xz+y2)24:(|\/|d)2,

unde (1) < ny(x +y )S 2 ,care rezulta din metoda pqr .

Notam p=X+y+2=2,0=Xy+YZ+2ZX,Ir =XyZ.

Obtinem D xy(X* +y*) =2 xy(x*+y*+2° —2*) =3 xy> X’ —xyzy x=q(p°-2q)-rp=
=q(4-2q)-rp=4q-29° - 2r =20 +4q—-2+2-2r =-2(q’ —2q+1)+2-2r =

= —2(q—1)2 +2-2r <2, cu egalitate dacd q=1sir =0.

Deducem c& are loc inegalitatea din enunt cu egaliatate daca si numai daca(x,y,z)=(110)si

permutdrile sale.
Remarca.
Problema se poate dezvolta.

If X, y,z>0such that(x+y+2)(Xy + yz+2x) = 2+3zyz then

\/Zx2y+\/2xy2 <2.

Marin Chirciu
Solutie.
Cu inegalitatea CBS

& ,
avem (Ms)’ (\/Zx y+\/2xy ) <(L+1)( ¥y + 2 xy?) =23 xy(x+y)<4=(Md)’,
unde (1) < > xy(X+Y)<2,care rezultd din metoda pgr .

Notim p=X+y+z2=2,=Xy+YZ+ZX,F =XyZ.
5

d


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2022 www.mateinfo.ro

ipoteza

Obtinem ) xy(X+Y)= > Xy(X+y+z-2)=) xyD> x—3xyz=qp-3r = 2.

Deducem c3 are loc inegalitatea din enunt cu egaliatate daca si numai daca(x,y,z)=(110)si

permutarile sale.

Aplicatia 5.
If0 < a,b, c < 2such thatabc =1then
Z 14 + bcs: S15.

4a—-a
Imad Zak, Mathematical Inequalities/26/6/2020

Solutie.

Avem:

14+ !
14+bc @ a 14 1
Z4a—a3 Za+2 a+2 Z a(a+2) Za+2 2z a+2

1 27 += 1518 > 15=Md , unde(1) rezulta dinabc =1si din 0 <a < 2avem

2 a+2 2
da-a*<a+2 < a —3a+220<:>(a—1)2(a+2)20,evident cu egalitate pentrua =1.

. 27 1 .
Inegalitatea (2) < Zﬁ + 3 >30, care rezulta din metoda pqr .
+

Fiep=a+b+c>33abc=3,q =ab+bc+ca23$'/(abc)2 =
) 27 1 .
Inegalitatea » ——+ » — >30se scrie:
g Z a+2 z a

27-w+q >30 <> ° +2pg+27 >12q+6p, care rezulti din:
4p+29+9
9> +9>6qsi 2pq+18>6p+6q < 2(p-3)(q—3)=0.
Deducem ca are loc inegalitatea din enunt, cu egalitatea daca si numai dacaa=b=c=1.
Remarca.

Problema se poate dezvolta.
IfO<a,b,c < 2such thatabc =1and 0 <n <14then

Zn+bc32n+l.
4da—a
Marin Chirciu

Solutie.
Avem:
Ms Zn+bc<1>zn+a_ "y 1 yon 1yl iy ]

4a-a’ a+2 a+2 a(a+2) at2 2“a 2“a+2

1@

>n+1=Md, unde(l) rezulta din abc =1si si din 0<a < 2avem

1w2n-1 1
_Eza+2 2Z

4a-a*<a+2 = a’-3a+220 < (a—l)z(a+2)20, evident cu egalitate pentrua =1.

Inegalitatea (2) <> Y in _21 + Z§ >2(n+1), care rezultd din metoda pqr .
+

Fie p=a+b+c>3%abc =3,q =ab+bc+ca23$'/(abc)2 =

6
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Inegalitatea ZinT_Zl+Z§ >2(n+1)se scrie:
(2n-1)-2PFA¥I2 |05 o(n+1) o o +2pq+3n-15> (n—2)q+6p, care rezulta din:

4p+29+9
q*+926qsi 2pq+3n—-24>(n-8)q+6p < 2(p—3)(q—3)+(14-n)(q-3)=0,
adevarata din( p—3) > 0,(q —3) >0, (14— n) >0.

Deducem ca are loc inegalitatea din enunt, cu egalitatea daca si numai dacaa=b=c=1.

Nota.
Pentru n =14 se obtine problema propusa de Imad Zak in Mathematical Inequalities 6/2020.

Aplicatia 6.

Ifa,b,c>0such thatab+bhc+ca =1then
a’ b? c? 64
+ + +
b+c c+a a+b a+b+c
Mathematical Olimpiads 10/2020, Elton P.

>34.

Solutie.
Notam p=a+b+c,g=ab+bc+ca=1r=abc.

Avem
Z Za a+b)(a+c) Da’+>a’ (p —5p° +5p +5rp? 5r)+p 3p+3r
b+c H(b+c) ZaZbc abc p—r
_ p5+p3—5p2(p—r)+2(p—r)= p®+p?
p-r p—r
Din inegalitatea mediilor obtinem:

1=ab+bc+ca>33 (abc) _3«/_ de under <

—5p*+2.

\/_
Apoi: p*=(a+b+c)’ >3(ab+bc+ca)=3, de unde p>+/3.
5 3 5 3 5 3
Deoarece funcgiareueste strict crescatoare pe[O, p)rezulté ca PP > i ,
p-r p-r  p-0
D).
Obtinem:
3 3 3 ) (2)
Ms= &, B0 ¢ B pap g S0P o 0D v,
b+c c+a a+b a+b+c p—r
5 3
unde(2) = %—5p2+2234 o PP —4p*—32p+64>0 <

< p°-4p’-32p+64>0 < ( p—2)2(p3 +4p? +8p+16)20.
Egalitatea are loc pentruq=0,p=2.

Deducem ca are loc inegalitatea din enunt, cu egalitate pentru:
(a,b,c)€{(11,0),(1,0,1),(0,1,1)}.

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0such that ab+bc+ca=1 then find the minimum value of expression

a’ b? c? 20
= + + + .
b+c c+a a+b a+b+c
7
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Marin Chirciu

Solutie.
Notdnda+b+c = p,ab+bc+ca=q,abc=ravema®+b®+c®* = p*—3pq+3r <

o al+b’+c® = p® -3p+3r, ().

a’ b? c? 20 a o} c? 20
Avem + + + -12= + + + -12=
b+c c+a a+b a+b+c ab+ac bc+ab ac+bc a+b+c
a’ b c’ 20 @a b 20 5

= + + + -12> + + +
l1-bc 1-ac 1-ab a+b+c 1-0 1-0 1-0 a+b+c

@ 3)
~12=p*-3p+3r+ 12>
a+b+c a+b+c

®) 4 2

2 0 —3p 04— 20 12 pP_3p+ 20 _1p_ P3P ~12p+20

a+b+c p D

(p—2)"(p*+4p+5)
Y

Inegalitatea (2) rezultd dinab > 0,bc > 0,ac > 0, iar inegalitatea (3) rezulta dinabc >0,

Egalitatea are loc daca si numai dacaa+b+c=2,abc=0,ab+bc+ca=1<
< (a,b,c)€{(11,0),(10,1),(0,11)}.
2 2 2
Rezulta ca a + b + ¢ + 20 -12>0«< P2>12.
b+c c+a a+b a+b+c
DinP>12, cu egalitate dacd si numai daci(a,b,c)<{(11,0),(1,0,1),(0,1,1)}, deducem ca
a®>  b* 20
+ + +
b+c c+a a+b a+b+c
pentru(a,b,c) €{(11,0),(1,0,1),(0,11)}.

=a’+b’+c+

>0, evident cu egalitate pentrup=2.

minimum value of expression P =

estel2 si minimul este atins

Nota.
Problema este in legatura cu Problema postata de Elton P. Tn Mathematical Olimpiads
10/2020.
Ifa,b,c>0such that ab+bc+ca=1 then find the minimum value of expression
a* b c* 80
= + + + :
b+c c+a a+b a+b+c
Marin Chirciu
Solutie.

Notand p=a+b+c,q=ab+bc+ca=1r =abc avem:
a5+b5+c5=Za32a2—Zaszcz+achbc=(p3—3p+3r)(p2—2)—p(1—2pr)+r=
= p° =5p° +5p°r+5p—5r, care rezulti din:

> a=p’-3p+3r,> a’=p’-2,> a=p,) b*c*=1-2pr, > bc=1,abc=r, ().

a’ b* c’ 80 a° b° c® 80
Avem + + + -32= + + +
b+c c+a a+b a+b+c ab+ac bc+ab ac+bc a+b+c
a° b® c® 80 @ g% p° c® 80
= + + + -32= + + +
l1-bc 1-ac l1l-ab a+b+c 1-0 1-0 1-0 a+b+c

—32=

~32=

®
—32=p°-5p*+5p*r+5p—-5r+
a+b+c a+b+c

=a’+b°+c°+

-322>
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°_5p'— —2)(p*+4p*+7p®+12p+20
O 57280 g, P -5p'-32p+80 (P ) (p*+4p°+7p+12p )zo,
p

(3) 80

p Y
evident cu egalitate pentrup=2.

Inegalitatea (2) rezulta dinab > 0,bc > 0,ac >0, iar inegalitatea (3) rezulta din r = abc > 0si
p > r, adevarat din:
Folosind inegalitatea mediilor obtinem:

l=ab+bc+ca>33 (abc 3\/_ deunder<—=§:>\/§29r.

353

Apoi: p? =(a+b+c)’ >3(ab+bc+ca)=3, de unde p>+/3.

Obtinem pZ\/§29rZr =>p=r.
Egalitatea are loc daca si numai dacia+b+c=2,abc=0,ab+bc+ca=1<
< (a,b,c)€{(11,0),(1,0,1),(0,11)}.
4 4 4
Reaultica—+2 4+ S 8 _sigopem
b+c c+a a+b a+b+c

DinP >12, cu egalitate daca si numai dacé(a, b, C) IS {(l,l, O),(l, 0,1),(0,1,1)} , deducem ca

. : a* bt ¢ 80 L :
minimum value of expression P = + + + este 32 si minimul este atins

b+c c+a a+b a+b+c

pentru(a,b,c) €{(11,0),(1,0,1),(0,11)}.
Nota.
Problema este 1n legatura cu Problema postatd de Elton P. in Mathematical Olimpiads
10/2020.

Aplicatia 7.

Ifx,y,z>0then

X,y .z, 8xyz

y 7 x {(XW)(VH)(HX)T

Mathematical Inequality 12/2020

>4,

Solutie.

Inegalitatea se scrie echivalent:
3

§+y+ + >4,

R e

Notand— =a, Y =D,

4
y z X

=cavema,b,c>0,abc =1, iar problema se reformuleaza:

Ifa,b,c>0,abc=1then
8abc -
(a+1)(b+1)(c+1)

Notama+b+c=p,ab+bc+ca=q,abc=r=1.
Avem de demonstrat:

a+b+c+{
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3 r:l 3
p+ (Lj >4 < p J{ 8 ] >4 (1), care rezulta din inegalitatea lui Schur in
p+q+r+1 p+q+2

format p,q,r: p°+9r >4pq.
Demonstratie:
a’+b®+c®+3abc> ) be(b+c) < p*—3pg+3r+3r=pg—3r < p°+9r=4pqg.
3

Punandr =11n p®+9r > 4pq, avemq < P

si pentru demonstrarea inegalitdtii (1) este

suficient sa aratam ca:

3 3
3
p++ 24 < pt|— f 24 & pt+|— 322p >4
0+ p +9+2 p°+4p°+8p+9 p’+4p°+8p+9
4p 4p
3 2 8 3 3 2 8
=N p(p +4p +8p+9) +(32p) 24(p +4p +8p+9) IEN
<:>(p—4)(p3+4p2+8p+9)3+(32p)320,carerezultédinp23.
Egalitatea are loc daca si numai dacia=b=c=1< x=y=z.
Remarca.
Problema se poate dezvolta.
Ifx,y,z>0then

5Jrl+i+ 8xyz >4,

y z x (x+y)(y+z)(z+x)
Solutie.
Inegalitatea se scrie echivalent:
5+X+E+ 8 >4,

e

Notand X a, Yo b, Z_ cavema,b,c>0,abc =1, iar problema se reformuleaza:
y z X

Ifa,b,c>0,abc=1then

8abc S
(a+1)(b+1)(c+1)
Notama+b+c=p,ab+bc+ca=q,abc=r=1.

Avem de demonstrat:
8r r=1
+———2>4 < p+
p+q+r+1 p+Qg+2
format p,q,r: p°+9r >4pq.
Demonstratie:
a’+b®+c®+3abc> D be(b+c) < p*—3pg+3r+3r=pg—3r < p°+9r=4pqg.

3

a+b+c+

>4 (1), care rezulta din inegalitatea lui Schur in

Punandr =1in p®+9r > 4pq, avemq < P

si pentru demonstrarea inegalitatii (1) este

suficient sa aratam ca:

10
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8 8 32p
t———— >4 = p+ >4 < p+ >
P o p3+9+2 P p’+4p°+8p+9 P p’+4p*+8p+9
4p 4p

< p(p°+4p°+8p+9)+32p24(p’+4p*+8p+9) =
<:>(p—4)(p3+4p2+8p+9)+32p20 < p*-8p’+9p-36>0 <
< (p-3)(p®+3p*+p+12)=0, care rezultd din p > 3.

Egalitatea are loc daca si numai dacia=b=c=1< x=y=1z.
Remarca.
Problema se poate dezvolta.

Ifx,y,z>0A 2%then then

;{§+X+E 8xyz

y z x}r(x+ y)(y+2)(z+X) =3+l

Marin Chirciu
Solutie.

Inegalitatea se scrie echivalent:
8

B

y z X

>30+1.

Notand X_ a, Yo b, Z_ cavema,b,c>0,abc =1, iar problema se reformuleaza:
y z X

Ifa,b,c>0,abc:landkzgthen

8abc
A b >30+1.
(a+ +C)+(a+1)(b+1)(c+l) -

Notama+b+c=p,ab+bc+ca=q,abc=r=1.
Avem de demonstrat:

r=1
AP+ _ e >3+l Ap+ 8 5 >3\ +1,(1), care rezultad din inegalitatea lui Schur
p+q+

p+g+r+1
n format p,q,r: p®+9r >4pq.
Demonstratie:
a’+b’®+c®+3abc> ) be(b+c) < p*—3pg+3r+3r=pg—3r < p°+9r=4pqg.
3
Punandr =1in p®+9r > 4pq, avemq < p4+9 si pentru demonstrarea inegalitatii (1) este
suficient sd ardtdm ca:
kp++23k+l<:>kp+ 3 f 23+l
p°+ p°+4p°+8p+9
p+ +2
4p 4p
2P g1
p°+4p°+8p+9

11
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< Ap(p®+4p® +8p+9)+32p = (3h+1)(p’+4p*+8p+9) <

< (Mp—31-1)(p*+4p*+8p+9)+32p=20 <

p*+(A—1) pP—4(r+1) p? +(24-150) p—9(3h+1) >0 <

= ( p—3)[3 p’ +(47»—1) p’ +(8k—7) p+3(K +1)] >0, care rezulta din p > 3 si conditia din

ipotezi & > % care asigurd| 3p® + (4 —1) p* + (81 ~7) p+3(L+1)]>0.

Egalitatea are loc daca si numai dacia=b=c=1< x=y=z.

Aplicatia 8.
Ifa,b,c>0then
2 2 2
3 a_2+b_2+c_2 + 64abc >17.
b? ¢* a (a+b)(b+c)(c+a)
RMM 12/2020, Nguyen Van Canh, Vietnam
Solutie.

Inegalitatea se scrie echivalent:

a? b* ¢ 64
N tetE) A b (e
(+1)(+1j[+1)
b c a

>17.

Noténd% = X,% =Y, g =zavemx,Y,z>0,xyz =1, iar problema se reformuleaza:
1) Ifx,y,z>0,xyz =1,then
64
3(x*+y2+2%)+ >17.
(X +y*+27) (x+1)(y+1)(z+1)

Notdim X+Y+z=p,Xy+yz+zXx=0,Xyz=r=1.
Avem de demonstrat:

2
3P 20 e

p*>3q < 3(p*-2q)= p*, (2).
Pentru demonstrarea inegalitatii (1) , folosind (2), este suficient sa ardtdm ca:
217 < p*+3p°—11p* —51p+90>0 < (p-3)(p° +6p*+7p-30)=0,

P
p+3

care rezultd din p = 3, adevarata din p=X+Yy+2z>33/xyz =3.
Egalitatea are loc daca si numai dacaix=y=z=1<a=Db=c.

64

r=1
>17 < 3(p*-2q)+ >17 (1), care rezultd din:
p+

p*+

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0then
2 2 2
a b Babe >\ +3, unde0<A <5,
b> ¢* a (a+b)(b+c)(c+a)

Marin Chirciu
Solutie.
Inegalitatea se scrie echivalent:

12
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=zavemx,Y,z>0,xyz =1, iar problema se reformuleaza:

Noténd% =X,—=Y,

b
c

c
a

Ifx,y,z>0,xyz=1,then

XC+y 2%+ 8. >A+3,unde0<A <5,

(x+1)(y+1)(z+1)
Notam X+Y+2Z=p,Xy+yz+2Xx=q,Xyz=r=1.
Avem de demonstrat:

r=1

p2—2q+L2k+3<:> P —2q+ 8. >\ +3,(1), care rezultd din:
p+q+r+1 p+Qg+2

2

p?>3q < pz—ZqZ%, @).

Pentru demonstrarea inegalitatii (1) , folosind (2), este suficient sa ardtam ca:

2
%Jr%zxw  p*+3p° —3(1+1) p?—9(1+3) p+54(A-1)>0 <
p+?+2

(p—3)[ p*+6p* +3(5-1) p+18(1-1) |>0, care rezultd din p >3,
adevaratd din p=X+y+z2> 3§/ Xyz =3 si conditia din ipotezd A <5,
care asigurd| p°+6p”+3(5—1) p+18(1-1)|>0.

Egalitatea are loc daca si numai dacaix=y=z=1<a=Db=c.
Nota.

Pentrui = g se obtine Problema propusa de Nguyen Van Canh in RMM 12/2020.
Ifa,b,c > 0then
3 a_2 +E+ i . 64abc
b> ¢* a*) (a+b)(b+c)(c+a)

>17.

Nguyen Van Canh
Aplicatia 9.
If a,b,c>0suchthata+b-+c=3then
9(a’+b* +c*)-2(a’+b° +c*) = 21.
JP.375-RMM-nr.25-Summer 2022, George Apostolopoulos, Greece
Solutie.
Noténd p = Za =3,0= Zbc sir =abc, obtinem:

a’+b*+c®=p°-2q=9-2q,a° +b*+c® = p*—3pq+3r=27-9q+3r.
Inegalitatea se scrie:
9(9-2q)—2(27-99+3r)>21 < r <1, care rezultd din inegalitatea mediilor:

3=a+b+c>3¥abc =33r, de under <1.
Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.

13
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If a,b,c>0such thata+b+c=3andk2%then

a(a®+b?+c?)—(a%+b° +¢*) 2 3(r-1).
Marin Chirciu
Solutie.
Notand p=>»a=3,q =) bcsir=abc, obtinem:
a’+b*+c>=p°-2q=9-2q,a° +b*+c® = p’—3pq+3r=27-9q+3r.
Inegalitatea se scrie:
2(9-20)—(27-99+3r)>3(A—1) < (9-21)q=>24—6)+3r, care rezultd din inegalitatea
mediilor:
3=a+b+c>3%abc =3Yr, deunder<1.
Este suficient sa aratam ca:
(9-20)q>24—-6A1+3-1< (9-21)q>24—6A+3-1<= (9-21)q>3(9—-21), adevaratd
din(9—21) <0siq < 3,care rezultd din 9:(a+b+c)2 >3(ab+bc+ca)>3q, deundeq < 3.
Egalitatea are loc daca si numai dacaa=b=c=1.
Nota.
Pentrui = %Se obtine Problema JP.375 din Nr.25 RMM, Summer 2022, propusa de

George Apostolopoulos, Greece.
Sol2.
Inegalitatea se scrie echivalent:

X(a2+b2 +cz)—(a3+b3+03)23(X—1) = k(a2 +b® +c? —3)2a3+b3+c3—3.
Deoarecea’ +b” +c¢* >3sik > %este suficient sa aritim ca:

%(a2 +b*+¢* —3)>a’ +b*+¢*~3 < 9(a’ +b” +¢?) 2 2(a +b° +¢*)+ 21.
Notand p=>a=3,q=) bcsir=abc, obtinem:
a®+b*+c®=p°-20=9-2q9,a° +b*+c* = p*-3pg+3r=27-9q+3r.

Inegalitatea se scrie:
9(9-2q)>2(27-99+3r)+21 < r <1, care rezultd din inegalitatea mediilor:

3=a+b+c>3Yabc =3¥r, de under <1.
Egalitatea are loc daca si numai dacaa=b=c=1.
Nota.

Pentrui = % se obtine Problema JP.375 din Nr.25 RMM, Summer 2022, propusa de

George Apostolopoulos, Greece.

Aplicatia 10.
Ifa,b,c>0then
(b+ c)4
—— 7 >3%abc.
z 3a®+13abc
RMM1/2021, Lazaros Zachariadis
Solutie.

Datorita omogenitatii se poate consideraabc =1.
14
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Problema se reformuleaza.

Lema
Ifa,b,c>0andabc =1then
4
Z (b+c) .3
3a°+13
Demonstratie.

Folosind inegalitatea lui Bergstrom obtinem:

2 2
Ms =2 LhL)) JZ(MC” JZ(MC” S3-Md,
3’+13 Y (3a’+13) 3> a’+39
2
DGR ] DGR
e 23 s ———
3) a*+39 D a’+13
Notam » a=p,» bc=g,abc=r=1.
Avem> a’=p*-2q,> a’=p°-3pq+3r=p’-3pq+3, p°>3q, p=3,q>3.

unde (1) > 9, care rezulta din metoda pqr .

Obtinem:
[Z(b+c>2j| _ [Z(bz +c2 + 2bc)}2 _ (2> a+ ZZbc)2 _ 4y a’ +Zbc)2 B
> a’+13 D a’+13 > a’+13 D a’+13

4(p*-2q+q)"  4(p*-q) o,

:(p3—3pq+3)+13 - p®-3pg+16

4(p2-q)’
unde (2)<:>3(p—q)29 < 4p*—9p® -8p°q+27pg+4q° —144>0.
p°—-3pq+16

Consideram functia f :(0,0) >R, f(p)= 4p*—-9p°-8p°q+27pq+4q°>—144.

Sa aratam ca f (p)>=0, p>0.

Calculam f'(p)=16p° —27p* —16pq+27q+4q°.

Rezulta: f'(p)=16p°—27p* ~16pq+27q+4q” =16p(p° —q)—-27(p* —q)+4q° =
=(p*-q)(16p—27)+4q’° >0, care rezultd din( p’ —q) >0,(16p—27) > Osi4g” > 0.
Din f'(p)>0, p >0 rezultd ci functia f este strict crescatoare pe(0,0).

Cum p > 3si functia f este strict crescatoare pe (0,0) rezultd ca: f (p) > f(3).

Sa calculam f (3) =4.3"-9.3-8-3°q+27-3q+409° —144 = 49 +9q —63.
Deoarece g > 3obtinem ci f (3)=4q” +9q—-63>4-3*+9-3-63=0.

Am obtinut ca f (p)> f (3)>0si astfel problema este incheiata.

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.

Ifa,b,c>0then

(b+c)’ 48
fabc ,unde2<A<5.
Za Siaabc A+1

15
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Marin Chirciu

Solutie.
Datoritd omogenitatii se poate consideraabc =1.
Problema se reformuleaza.

Lema
Ifa,b,c>0andabc =1then
b+c)*
Z( - ) > % nde2<i<s.
a’+A A+l
Demonstratie.

Folosind inegalitatea lui Bergstrom obtinem:

ey o) (o] [Zo+of] o g

a®+ Z(a%k) > a’+3)h = A+1

S0 ag [Sro]

Sa+an  a+l . Sa+3n A+l

=Md,

unde (1) &

care rezultd din metoda pqr .

Notam » a=p,» bc=g,abc=r=1.
Avem > a’=p?-2q,> a’=p’-3pq+3r=p>-3pq+3, p° >3, p=3,q23.

Obtinem:
[Z(b+c)1 _ [Z(b2+c2+2bc)}2 _ (22a2+22bc)2 _ 4% a? +Zbc)2 _
> at+3n > a+3n > at+3n > at+3n
4(p*-2q+a) _ 4(p’-0q) @ 48

_(p 3pq+3)+3x p 3pq+3k+3 A+l

4(p*-q) .48 (p*-q) 12
p’-3pg+3L+3 A+l  p’-3pg+3r+3 A+l
< (r+1) p*-12p° -2(A+1) p’q+36pg+(A+1)q° —36(1+1)>0.
Consideram functia f :(0,00) > R,
f(p)=(r+1)p*-12p°-2(A+1) p’q+36pq+(r+1)g° —36(A+1).
Sa aratam ca f (p)>0, p>0.
Calculam f'(p)=4(X+1) p° -36p® —4(1+1) pq+36q-+(1+1)q>.
Rezulta: f'(p)=4(r+1)p°-36p°—4(1+1)pq+36q-+(A+1)q*
=4(r+1)p(p*—q)-36(p°—q)+(r+1)g* =
=4(p*—q)((2+1) p-9)+(2+1)q° >0,
care rezultd din(p*—q)>0,((A+1) p—9)>0, dini > 2si (L +1)q° > 0.

Din f'(p)>0, p >0 rezultd ci functia f este strict crescatoare pe(0,00) .

unde (2) <

Cum p > 3si functia f este strict crescatoare pe (0,0) rezultd ca: f (p) > f(3).
Sa calculdam f (3)=(1+1)-3'-12-3°-2(A+1)-3°q+36-3q+(A+1)q* —36(L+1)=
— (1 +1)q? +18(5-2)q +9(51—31).

16
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Deoarece g > 3si A <5obtinem

ca f(3)=(r+1)g’ +18(5-1)q+9(51.—31) = (A +1)-3*+18(5-1)-3+9(5L—31)=0.
Am obtinut ca f (p)> f (3)>0si astfel problema este incheiata.

Egalitatea are loc daca si numai dacia=b=c=1.

Nota.

Pentrui = % se obtine Problema propusa de Lazaros Zachariadis in RMM 1/2020.

Remarca.
Problema se poate dezvolta.
Ifa,b,c > 0such thatabc =1andn e N,n > 3then

(b+c)” 3.2
>, o g underz2.

Marin Chirciu
Solutie.
Folosind inegalitatea lui Holder obtinem:

Msab:lz (b+c)’ _Za(b+c)n Foldr [>(b+c)] (23 a]

a*+xabc “a(a’+ibc) 3 a> (a’+Abc) B 3% ay (a®+2bc)
(> a)n B 2'(> a)ml (Za)2>232b°
B”SZa[(Za)2 —22bc+x2bc} 3 [(Za)2 +(7L—2)Zbc} =
(Xa)"233 0 2'(3> a)m1 2'(3> a)IH 2" Za)nf3 Ao

> = =

B R A e

3

am-cm 2" (3«/3 abc )n—3 abc=1 Q" (3.1)”‘3 on.3
> = = .
3" (A+1) 3 (A+1) A+l
Egalitatea are loc daca si numai dacaa=b=c=1.

Aplicatia 11.
Ifa,b,c>0such that a+b+c =3then

9(a® +b* +c*)—-2(a’+b° +c*) = 21.
JP.375 RMM-Summer Edition 2022, George Apostolopoulos, Greece

Solutie.
Folosim metoda pqr .

Notam p=a+b+c=3,g=ab+bc+casi r=abc.
Avem:

3
Y a’=p*-20=9-2q,) a’=p’-3pq+3r=27-9q+3r,r :abCS(aerJrC) =1.

Inegalitatea se scrie9(9—2q)—2(27-9q+3r)> 21« 27—-6r >21 < r<1.

Egalitatea are loc daca si numai daca a=b=c=1.
Remarca.
Problema se poate dezvolta.

Ifa,b,c>0such that a+b+c=3then

17
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n(a®+b?+¢?)—p(a’+b®+c*)23(h—p), unde 0<37u <121 <54p.

Marin Chirciu
Solutie.
Folosim metoda pqr .
Notam p=a+b+c=3,qg=ab+bc+casi r=abc.
Avem:
3
Y a*=p?-2q=9-2q,> a’ = p°—3pq+3r=27-9q+3r,r :abcs(a+b+cj =1,

Inegalitatea se scrie:
A(9—29)—pn(27-99+3r)>3(A—p) < (9u—21)q+6L—24u>3ur, (1),
care rezultd din:
q=ab+bc+ca>33 (abc)2 —3%r? : notam 3 =t ;
Pentru demonstrarea inegalitatii (1) este suficient sa aratam ca:
(9}1—27\,)-3112 +6A—24n>3u-t° < (9“—27\,)-t2 +2-8u>p-t &
u-t® +(21—9) 2 +8u—-21<0 < (t —l)[;,ttz + ut +3(7\.—3H)] <0, care rezulta din
(t—l) <0< r<lsi I:},Ltz + ut +3(k—3p)] >0, adevarata din u>0siA<0, unde
A=p’ —4}1-3(7\,—3}1)30 < 120> 37
Egalitatea are loc daca si numai daca a=b=c=1.
Nota.
PentruA =9si p = 2se obtine Problema JP.375 din RMM-Summer Edition 2022 propusa de
George Apostolopoulos, Greece.
Remarca.
Problema se poate dezvolta.
Ifa,b,c>0such that a+b-+c=3then

(a®+b”+c?)—(a’+b° +¢*) 2 3(1—1), unde 37 <121 <54.

Marin Chirciu
Solutie.
Folosim metoda pqr .
Notam p=a+b+c=3,g=ab+bc+casi r=abc.
Avem:
3
Y a’=p*-20=9-2q,) a’=p’-3pq+3r=27-9q+3r,r :abCS(aerJrC) =1.

Inegalitatea se scrie:

A(9-29)—p(27-99+3r) > 3(h—p) < (9u—21)q+6A—24u>3ur , (1),
care rezulta din:

q=ab-+bc+ca>3§(abc)’ —3¥r? ; notam Ir =t ;

Pentru demonstrarea inegalitdtii (1) este suficient sa aratam ca:
(9—27\,)-31:2 +60-24>3-1° & (9—27\,)-t2 +2-8>t & t° +(27\,—9)'t2 +8-2A<0 <

(t —1)[t2 +1 +3(7»—3)] <0, care rezulta din
(t-1)<0 < r<lsi [t*+t+3(1L—3)|>0, adevaratd din A<0, unde
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A=1*~4.3(1-3)<0 & 121237

Egalitatea are loc daca si numai daca a=b=c=1.
Nota.

Pentrui = %Se obtine Problema JP.375 din RMM-Summer Edition 2022 propusa de George

Apostolopoulos, Greece.

Aplicatia 12.
Ifa,b,c>0such thata+b+c>3then

a_ | b L c 3
Ji+2b 1+2c 1+2a 2
Problem(548), Kostas Geronikolas

Solutie.
Folosim metoda pqr .

Notam p=a+b+c,q=ab+bc+ca,r=abc.
Avem p >3si p® >3q.
Folosind inegalitatea lui Bergstrc’im obtinem:
2 a 2 AGM 2
Ms — Z a :Z a (Z ) p
V1+2b av1+2b Za«/1+2 Z/ a+2ab a+ a+2ab)

2

2 2 1 2
P p~ 93 p~ .3 2 . 4
= =Md, unde (1) < >— < 2p°>3p+3(, care rezultd din
S (a+ab) p+q °2 p+q 2
p’>3q < 3q9< p°.
Rémane sd aratam ca:
2p° 23p+p° < p°=23p < p=3.
In inegalitatea mediilor de mai sus(AGM) egalitatea are loc daci si numai daci
a= (a + 2ab) si analoagele, imposibil deoarecea,b,c>0.

Deducem ca inegalitatea este stricta.
Remarca.
Problema se poate dezvolta.
Ifa,b,c>0suchthata+b+c>3and\ >0then
a b c 3
+ + > .
VI+Ab  NI+ic Vl+ra A+l

Marin Chirciu
Solutie.
Folosim metoda pqr .

Notam p=a+b+c,q=ab+bc+ca,r=abc.
Avem p >3si p? >3q.
Folosind inegalitatea lui Bergstrc'im obtinem:

) o A
\/1+x av1+1b Za\/1+kb 3 fa( a+xab a+ (a+2ab) -

2
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2 2 (6N 2
2P 2P T3 Md,unde(t)es 2P 53
Y (2a+rab) 2p+Aq A+l 2p+Aq A+1
< 2(A+1)p*=6p+3Lrq,

care rezultd din

p’ >3q < 3q9< p°.

Ramane sa ardtdm ca:

2(A+1)p® 26p+Ap> < 2p° 26p < p=>3.

In inegalitatea mediilor de mai sus(AGM) egalitatea are loc daci si numai daca

a=(a+2ab)si analoagele, adevarat numai pentrud =0.

Nota.

Pentru A = 2se obtine Problema(548) propusa de Kostas Geronikolas in RMM 2/2021.
Ifa,b,c>0such thata+b+c>3then

a b C 3
+ + >—.
Ji+2b J1+2c +1+2a 2
Problem(548), Kostas Geronikolas

Aplicatia 13.
Ifa,b,c > 0such thata+b+c =1find maximum of

E =(ab+hc+ca)(a’b+b’c+c?a)(ab® +bc’ +ca’).
Mathematical Olympiads, 2/2021, Elton P

Solutie.

Folosim metoda pqr .

Notam p=a+b+c=1,g=ab+bc+casi r=abc.

2

Din p? = (a+b+c)’ >3(ab+bc+ca) = 3q obtinem g s% :
Din inegalitatea lui Schur avem p® +9r >4 pq (Schur).
Demonstratie:
a’+b®+c®+3abc> ) be(b+c) < p*—3pg+3r+3r=pg—3r < p°+9r=4pqg.
Tn cazul nostru: q < %§11+9r 240 <r2 4q9—1 .
Sa trecem la rezolvarea problemei din enunt.
Aratam ca:
max E(a,b,c)=>ab-> a’h-> ab’= E(l,l,lj:i.
333) 243
2

Folosind inegalitatea mediilor xy < ( X; yj pntrux = > a’bsi y =) ab’obtinem:

= .S S{Zazb;Zabz ]2 :(Zab(a+b)J2 :(ZaZab—Bachz _

2 2
{545
L2 L2 )

~3rY
Obtinem E < q(q j .

2
20


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2022

www.mateinfo.ro

unde (1) < q(qglj <%3 < 279(q- 1) <4 & 270° -540° +27q-4<0 <
< (39-1)°(3q—4)<0, care rezultd din q < % , cu egalitate pentruq = %
. 1 . 1 - 1 . . .
DinE < ——, cu egalitate pentrua =b = ¢ == deducem ca max E = —— si maximul este atins
243 3 243

pentrua=b=c==

Tn final maximul expresiei E = (ab +bc +ca)(a’b+b’c +c*a)(ab” +hbc? +ca2)este2%43 ,
3
’3 .

Ifa,b,c>0such thata+b+c>3then

Wl
OOIH

pentru(a, b, c)=(

Aplicatia 14.

a 3
> )
Z Ji1+kb  1+k
RMM 3/2021, Kostas Geronikolas, Greece
Solutie
2
Folosind metoda pgravem p=a+b+c>3,q =ab+bc+ca£%, Q).

Obtinem:
e c (S =y
MS_Z\/Hkb_Za 1+kb Z\/’_\/a+ka ZJ_Ja+kab \/Za

(a+kab
2
(1) p 3 p (;)
\/Za \/Z a-+kab) «/_«/p+k \/_\/p+k P’ \/1+k'g \/ kg
9 3 =Md, unde (2) < P, 3 <:>p2(1+k)>9(1+k-£j<:>
N ' \/1+k.p_\/1+k - 3
3

= (1+k)—3kp—9>0 < (p—3)(kp+ p+3) =0, care rezulta din conditia din ipoteza:
p=a+b+c>3.

Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia 15.
If a,b,c > 0such thatabc =1then

>a’+92[(a+1).
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Mathematical Inequality 3/2021,Hoang Duc Hung

Solutie
. Schur p3+9
Folosim metoda pgr avem p=a+b+c,q=ab+bc+ca < 10 (1), abc=1.
p

Inegalitatea se scrie:

) 3 5 . p’+9
P —2q+92§(1+ p+q+1) < 2p® —3p—7q+12>0, care rezultd din (1): g < 70

P

Este suficient sa aratim ca:

3
2p?—3p-7- p4;9+1220 & p°—12p?+48p—6320 < (p-3)(p?~9p+21)20,

care rezulta din p > 3, adevarata din inegalitatea mediilor si conditia din ipoteza abc =1.

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.

Ifa,b,c >0such thatabc =1andn,A >0, nA<2and

16n°A% +24n%)3 + (21n2 —48n)x2 —36n\—12 < 0then

D a?+n(n +1)3 >3+n[ J(a+2).

Marin Chirciu
Solutie
. AGM Schur p3 +9
Folosim metoda pgravem p=a+b+c > 3,g=ab+bc+ca < , (1), abc =1.

Inegalitatea se scrie:

p*—2q+n(A+1)’23+n(1+1°p+Aq+1°) & p* =M p—(2+nh)q+3(nk* +nh—1)>0,
3

care rezultd din (1):q < p~+9 .
4p

Este suficient sa ardtdm ca:

3
p?—n’p—(2+ni)- p~+9

+3(nx2 +nx—1)zo IEN

(2—-ni) p° —4nm?p® +12( Nk + Nk —1) p—9(2+M) >0 <

< (p-3)[(2-m.) p*+(6-3m.~4nr?) p+3(2+nr) | >0,

care rezulta din p > 3si conditia din ipoteza, care asigura

[(2— L) p* +(6—3n% —4nk?) p+3(2+ nk)} >0, deaoarece (2—ni) > Osi
A =16n°)" +24n*\° +(21n* —48n)—36nk 12 < 0.

Egalitatea are loc daca si numai dacia=b=c=1.
Nota.

3 . .
Pentrun = > A =1se obtine Problema propusa de Hoang Duc Hung in Mathematical

Inequality 3/2021.
Remarca.
Problema se poate dezvolta.

Ifa,b,c >0such thatabc =1andn,A >0 ,nA = gand 25n%? +36n-108 >0 then
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D> a?+n(n +1)3 >3+n[ J(a+2).

Marin Chirciu
Solutie
. AGM Schur p3 9
Folosim metoda pgravem p=a+b+c > 3,g=ab+bc+ca < , (1), abc=1.

Inegalitatea se scrie:

p*—2q+n(A+1)"23+n(1+2%p+Ag+1°) < p —*p—(2+nk)q+3(nh° +nk-1)>0,
p’+9

4p

Este suficient sa aratam ca:

2 2 p’+9 2
p*—n’p—(2+nh)- oo +3(nk +nk—1)20<:>

care rezultd din (1):q <

(2—-nh) p*—4na?p? +12(M2 + k1) p-9(2+M) >0 <

< (p-3)[(2-m.) p*+(6-3m.~4nr?) p+3(2+nr) | >0,

care rezulta din p > 3si conditia din ipoteza, care asigura

[(2— L) p* +(6—3n% —4nk?) p+3(2+ nk)} >0, deaoarece (2—nk) > Osi
A =16n"A% +24n*)\° +(21n2 —48n)—36n7»—12 <0.

Egalitatea are loc daca si numai dacia=b=c=1.
Nota.

3 : .
Pentrun = > A =1se obtine Problema propusa de Hoang Duc Hung in Mathematical

Inequality 3/2021.
Aplicatia 16.

Ifx,y,z>0then

X_, y+\/z .3
x+y \y+z \Nz+x 2

Pure Inequalities 2/2021, Boris Colakovic

Solutie
Avem:
soy Xy [Xyr2)(z+x) \/Z (y+2)2.(z+%) JZZXV ZZX
M Z X+Yy Z\/ H(X+y) : \/H(X"'y) \/H X+y

\/ny Zx \/H (x+y) Xz o [T 3
\/H (x+Y) \/H (x+Y) \/ x+y \/178_\/§_Md

Egalitatea are loc dacd si numai dacax=y=z.

Aplicatia 17.
Ifa,b,c>0with(a+1)(b+1)(c+1)=8then

3+4) alit;c >5(ab+bc+ca).

Mathematical Inequalities 4/2021,Philip CC
23
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Solutie.
Folosind metoda pqr notam p=a+b+c,q=ab+bc+ca,r =abc.

Relatia din ipotezd (a+1)(b+1)(c+1)=8se scrie p+q+r=7.

Cu inegalitatea mediilor obtinem:

8=(a+1)(b+1)(c+1)>2Va-2vb-2\c =8Jr = r<1.

8=(a+1)(b+1)(c +1)A§M {(a+1)+(b;r1)+(c+l)T :( p;?’js = p=>3.

Inegalitatea se scrie echivalent:
bc)(1+b)(1 2 _

344 2 AHRONADNAC0) o gy O o20reparpdy, g0
[T@+a) 8

< g’ -2p(7-p—0q)+pq+p-79+6>0 < 2p°+q°+3pq-13p-79+6=0 <

< 2p*+p(39-13)+q*-79+620 < (2p+q-1)(p+q—6) =0,

care rezultd din: p+q+r=7,p=>3sir<l.

Egalitatea are loc daca si numai dacaa=b=c=1.

Aplicatia 18.
If a,b,c >0 withabc =1then

(a+b)(b+c)(c+a)-2(a+b+c)>2.
RMM 4/2021, D.M.Bitinetu-Giurgiu si Neculai Stanciu

Solutie.

Folosind metoda pqr notam p=a+b+c,q=ab+bc+ca,r =abc.
Avem(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=pg—r=pg-1.
Inegalitatea se scrie:

pq-1-2p>2 < pq-2p=3< p(q-2)=3,

care rezulta din: p > 3siq > 3, adevarate din inegalitatea mediilor si abc=1.

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.

Ifa,b,c >0withabc =1then

(a+b)(b+c)(c+a)—2(ab+bc+ca)>2.

Marin Chirciu
Solutie.

Folosind metoda pgr notam p=a-+b+c,q=ab+bc+ca,r=abc.
Avem(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=pq—r=pg-1.
Inegalitatea se scrie:

pg-1-29>2 < pg-2q=3 < q(p-2)=3,

care rezulta din: p > 3siq > 3, adevarate din inegalitatea mediilor si abc=1.

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.

Ifa,b,c>0withabc =1and A < 3then

(a+b)(b+c)(c+a)—A(ab+bc+ca)>8-3.

Marin Chirciu
Solutie.
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Folosind metoda pgr notam p=a-+b+c,q=ab+bc+ca,r=abc.
Avem(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=pg—r=pg-1.
Inegalitatea se scrie:

pg—1-1q>8-3k < pq—-Aq=9-31 < q(p—A)=3(3-4),

care rezulta din: p > 3siq > 3, adevarate din inegalitatea mediilor si abc =1.

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.

Ifa,b,c>0withabc =1and A < 3then

(a+b)(b+c)(c+a)-A(a+b+c)>8-3h.

Marin Chirciu

Solutie.

Folosind metoda pgr notam p=a-+b+c,q=ab+bc+ca,r=abc.
Avem(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=pg—r=pg-1.
Inegalitatea se scrie:

pg—1-Ap>8-3Ak < pq—Ap=9-31 < p(q—A)=3(3-4),

care rezulta din: p > 3siq > 3, adevarate din inegalitatea mediilor si abc =1.
Egalitatea are loc daca si numai dacaa=b=c=1.

Nota.

PentruA = 2se obtine Problema propusa de D.M.Batinetu-Giurgiu si Neculai Stanciu in
RMM 4/2021.

Aplicatia 19.
Ifa,b,c>0witha+b+c=2then

\/ ab \/ bc \/ ca
+ + <1.
3a+2b+c 3Bb+2c+a 3c+2a+b

Mathematical Inequalities,Nguyen Viet Hung, April 28, 2021

Solutie.
Folosind inegalitatea CBS obtinem:

MS_(Z 3a+2b+cJ <TF o e M

3a+2b+c
unde(1) < z abz s 2b e <1 rezulta din metoda pqr .

2

a)’ 22 4 a+b+c) (2 4
Noti =>»a=2,0= bcs(z—z—z—,r:abcs( j:(—) =—.
otm p=3,2=2,0=2, 3 3 3 3 3) 9

s 1+1+1)°

Avem 1 + 1 1 > (+ +) = J

a+b a+b+a+c ~(a+b)+(a+b)+(a+c) 3a+2b+c’

Rezultéz z 1 ?EZ( 1 4 1 + 1 j:
a+2b+c (a+b)+(a+b)+(a+c) 9 a+b a+b a+c

b AGM
1[3 3 3}_1(1+1+1j12a+ (a+c)rs

9 a+b b+c c+a) 3 H(b+c)

+ +
9la+b b+c c+a
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o1 at+3ybe_1(Ya) +3be 144q :g(4+q)§1(4+ﬂj_§_
NI

3 3

DInZab_—s1Z —rezultaZabz
2

Egalitatea are loc daca si numai dacaia=b=c= 3

3a+2b+c 3a+2b+c

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0witha+b+c=2andneNthen

ab . bc . ca <\/ 3
(n+l)a+nb+c \(n+1l)b+nc+a \(n+l)c+na+b n+l’
Marin Chirciu

Solutie.
Folosind inegalitatea CBS obtinem

M?s = an <3 by <3 _mu
(n+1)a+nb+c (n+1) a+nb+c n+1 ’

unde(1) < Zabz (n+1) a1+ " < nil rezulta din metoda pqr .

2 2 2 2
Notam p:Zazz,q:Zbcsﬁzz—:ﬂ,r:abcs(awgﬂj :(3) :g.

3 3 3 3

2 2
Avern 1 . 1 N 1 CZS (1+1+..41) _ (n+1) |
a+b a+b a+c (a+b)+...+(a+b)+(a+c) (n+1)a+nb+c

1 1
Rezult3 = -
ezutaz(n+1)a+nb+c Z(a+b)+...+(a+b) +(a+c) n+1zz(a+b a+cj

1 ( 1,1, 1 jz 1 Z(a+b)(a+c)AG<M

“hn+ila+b b+c c+a) n+l H(b+c) -

M1 Y a’+3) be 1 (Za)2+2bc_ 1 4+q 27 (

Y [WT S n+l {gzslajs _n+1(4)3_64(n+1)

3 3

4+q)<

27 4 9
< 44— |= .
64(n+1)( +3] 4(n+1)
3
D b_— | b < .
mZa Slz3a+2b+c 4(n+1 rezutaZa Z n+1 a+nb+c n+1

, . C 2
Egalitatea are loc daca si numai dacia=b=c= 3

Nota.
Pentrun =2 se obtine Problema propusa de Nguyen Viet Hung in Mathematical Inequalities
4/2021.

Aplicatia 20.
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0542. I1f x,y,z>0 andx+y+z =1then
1 24

Ny 5+ >81.
Y +2°  Xy+Yyz+IX

0542,Mathematical Reflections,1/2021,
Nguyen Viet Hung, Hanoi University of Science, Vietnam
Solutie.
Folosim metoda pqr .
Notdm: p=xX+y+z=1,q=Xy+YyZ+XZ,r =Xyz.
Avem: x* +y® +7° = p®-3pg+3r=1-3q+3r.

Inegalitatea se scrie: _ +% >81.

1-3g+3r ¢
Deoarece 3r =3xyz =3xyz(X+Yy+2) <(xy+yz+ zx)2 =q°, este suficient si aratim ca:
120581 & 81g° - 2670¢ +152q—24 <0 <> (39—1) (2797 —80q + 24) <0,
1-30+9° ¢

care rezultd dinq < % , adevarata dinl=(Xx+y+ 2)2 >3(xy+yz+2x)=3q.

. .. C o 1
Egalitatea are loc dacd si numai dacax =y =12 = 3

Remarca
Problema se poate dezvolta.
IfX,y,z>0 withx+y+z=1and A > 21then
1 A
3 3 3 +
XCH+Y +2° XY+ YZ+2X

>3(1+3).

Marin Chirciu
Solutie.
Folosim metoda pqr .
Notdm: p=X+y+z2=1,q=Xy+YyZ+XZ,r =Xyz.
Avem: x> +y® +7° = p®-3pg+3r=1-39+3r.
Inegalitatea se scrie: ;+i > 3(ﬂ+3) .
1-3g+3r q

Deoarece 3r =3xyz =3xXyz(X+Yy+2) <(xy+yz+ zx)2 =q°, este suficient si aratam ca:
ergzs(ms) & 3(3+3) ¢ —(10A+27) % +(62.+8)q -1 <0
(30-1)[ (A +3)q° —(31+8)q+2 | <0,

care rezultd din g < %, adevaratd dinl=(x+y+ z)2 >3(xy+yz+2x)=3q.

. . C o 1
Egalitatea are loc dacd si numai dacax=y =17 = 3

Remarca
Cea mai buna inegalitate se obtine pentruA =21.
Cazulr=21

Ifx,y,z>0 withx+y+z=1then

L + 21 >72.

XC+y3i+z® xy+yz+zx
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Marin Chirciu

Solutie.
Folosim metoda pqr .

Notam: p=X+y+z=1,q=Xy+YyZ+XZ,r =XyzZ.
Avem: x® +y° +2° = p* -3pq+3r=1-3q+3r.

Inegalitatea se scrie: _ +2—l >72.

1-3q+3r q
Deoarece 3r =3xyz =3xyz(X+Yy+2) <(xy+yz+ zx)2 =(°, este suficient si aratam c:
1 70 o 7aqP 2377 41349210 o (39 -1)’ (8g—21) <0,
1-30+9° q

care rezultd din g < % adevaratd dinl=(x+y+ z)2 >3(xy+yz+2x)=3q.

. .. C 1
Egalitatea are loc daca si numai dacax=y =12 = 3

Nota
Pentru A = 24 se obtine Problema 0542 din Mathematical Reflections, No.1/2021, propusa de
Nguyen Viet Hung, Hanoi, Vietnam.

0542. I1f x,y,z>0 andx+y+z =1then

1 24
5+ >81.
XH+Y +2° XY+ YyZ+2X
Mathematical Reflections, No.1/2021Nguyen Viet Hung, Hanoi University of Science,
Vietnam

Aplicatia 21.
Ifa,b,c>0suchthata+b+c=3, then

(1+ 1 ](1+ 1 j(1+ 1 Jzz
a+b b+c c+a 8

Mathematical Inequalities5/2021, Kostas Geronikolas, Greece

Solutie.
Notand b+c=x,c+a=y,a+b =1z, problema se reformuleaza:

IfX,y,z>0such thatx+y+z=6, then

(1+ 1J[1+ 1j(1+ lj > 27 :
X y z 8
Demonstratie.

Folosind metoda pgr, notam p=X+Yy+z2=6,0=Xy+YyzZ+2Xsi r =XyZ.
Cu inegalitatea mediilor avem:
6=x+y+zz3§/xy =3¥r, de under <8.

24,252

Apoi 60 = pg = (X+y+2)(Xy+yz+12x) > 33[xyz -3¢x*y?2* =9xyz =0r,
de unde6q >9r < 2q>3r.

Inegalitatea (1+ lj(u ij (1+ lj > 2r se scrie:
X y z 8

8(p+q+r+1)>27r < 8(q+7)>19r, care rezultd din2q>3r sir <8.
Egalitatea are loc daca si numai dacix=y=z=2.

Deducem ca are loc inegalitatea din enunt, cu egalitate daca si numai dacia=b=c=1.
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Remarca.
Problema se poate dezvolta.
Ifa,b,c>0suchthata+b+c=3andA >0, then

3
(x+ 1 j(?wr 1 j(k+—1 jZ(MEJ'
a+b b+c c+a 2
Marin Chirciu
Solutie.

Notand b+c=x,c+a=y,a+b =2z, problema se reformuleaza:
Ifx,y,z>0suchthatx+y+z=6 andA >0, then

3
(K+1j[k+£j(?\,+lj > (k+1) .
X y z 2
Demonstratie.

Folosind metoda pgr,notam p=X+Yy+z=6,0=Xy+Yyz+2Xsi r =Xyz.
Cu inegalitatea mediilor avem:
6=x+Yy+2>3xyz =3%r, de under <8.

Apoi6q = pg=(X+Yy+2z)(Xy+yz+2x)>33xyz -C%;"/xzy’zz2 =9xyz =9r,
de unde6q>9r < 2q>3r.

3
Inegal itatea(k + lj (k + EJ(x + 1) > (x + 1) se scrie:
X y z 2

8(Ap+A°q+A°r +1) 2 (24 +1)’r < 8(1°q+61+1) > (120% +6)+1)r, care rezulta din
conditia din ipoteza A > 0si 29 >3r,r <8.
Intr-adevar:

. 3r _ . <
Dinq > ? ramane sa aratam ca:

8(%2 -3—2r+6k +1J > (12%2 +6k+1)r = 8(6k+1) Z(6k+l)r <> r <8, adevarat.

Egalitatea are loc dacd si numai dacix=y=z=2.
Deducem ca are loc inegalitatea din enunt, cu egalitate daca si numai dacda=b=c=1.
Nota.

Pentru A =1se obtine Problema propusa de Kostas Geronikolas in RMM 5/2021.
Ifa,b,c>0suchthata+b+c=3, then

(1+ 1 j(l-F 1 j(l-F 1 Jzz
a+b b+c c+a 8

Kostas Geronikolas, Greece

Aplicatia 22.
If a,b,c>0such thatabc =1then

3

a+b+c
Mathematical Inequalities5/2021, Imad Zak, Lebanon

+ab+bc+ca>4.

Solutie.
Folosind metoda pgr notam:

p=a+b+c,q=ab+bc+ca,r=abc=1.
Avem p > 3, care rezultd din p=a+b+c>3¥abc =3.
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Analogq>./3p, care rezulti ding? = (ab+bc+ca)” > 3abc(a+b+c)=3p.

@
ObginemMs:§+q2§+@24:Md ,
p p

2
unde (1) < \/524—3 <:>3p2(4—%j < 3p*-16p*+24p-9>0 <
p

< (p-3)(8p*~7p+3)20, care rezultd din p>3.

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.

If a,b,c>0such thatabc =1andA > %then

3
a+b+c

+A(ab+bc+ca)>3n+1.

Marin Chirciu
Solutie.
Folosind metoda pgr notam:

p=a+b+c,q=ab+bc+ca,r=abc=1.
Avem p > 3, care rezulta din p=a+b+c>3¥abc =3.
Analogq>./3p, care rezulti ding? = (ab+bc+ca)” > 3abc(a+b+c)=3p.

&)
Obtinem Ms :§+kq 2§+7w/3p >30+1=Md, unde (1) <
P P

2
= x\/ﬁz%ﬂ—% <:>3k2p2(3k+1—%J < 32p° (3L +1)" p?+6(31+1)p-9>0

N

<(p —3)[37»2 p*—(61+1)p+ 3] >0, care rezultd din p > 3si conditia din ipotezi) > = .

w

Egalitatea are loc daca si numai dacia=b=c=1.
Nota.

Cea mai buna inegalitate de forma din enunt se obtine pentruA = % .
Cﬂmx=3.
3

If a,b,c>0such thatabc=1andA > %then

3
a+b+c

+§(ab+bc+ca)23.

Marin Chirciu
Solutie.
Folosind metoda pgr notam:

p=a+b+c,q=ab+bc+ca,r=abc=1.
Avem p >3, care rezultd din p=a+b-+c>33/abc =3.
Analogq > /3p, care rezulti din g’ =(ab+bc+ca)2 >3abc(a+b+c)=3p.
@
Obtinem Ms=§+§q 2§+§«/3p >3=Md, unde (1) <
p

p
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2
<:>§ 3p 23—%<:>gp2(3—%] c>4p3—27p2+54p—920<:>(p—3)2(4p—3)20

care rezultd din p > 3.

Egalitatea are loc daca si numai dacia=b=c=1.

Nota.

Pentru A =1se obtine Problema propusa de Imad Zak Th Mathematical Inequalities 5/2021.
If a,b,c>0such thatabc =1then

3
a+b+c

+ab+bc+ca>4.

Imad Zak

Aplicatia 23.
If a,b,c>0such thatabc =1and k > Qthen

a’h b’c c’a 3
+ + > .
b+k c+k a+k k+1
Problem 629/5/2021, Kostas Geronikolas, Greece

Solutie.
Folosind metoda p,q,rnotam p=a+b-+c,qg=ab+bc+ca,r =abc=1.

Avem p > 3, adevarata dinAM-GM siabc =1.
Analog p* >3q, adevarata din p* =(a+b+ c)2 >3(ab+bc+ca)=3q.
Folosind inegalitatea lui Bergstrom obtinem:

MS:Zb+k-Z X cs (Za) p2 r=1 p2 (>1) 3 Mg,

1K Z(”kj 3+k:| 3+kq k+1

b b
unde(l) < p_2 i & k( p Sq) ( p’ —9) >0, care rezulti din p® >3qsi p > 3.
3+kq k+1 i
Egalitatea are loc daca si numai dacia=b=c=1.

Remarca.
Problema se poate dezvolta.
If a,b,c>0suchthatabc=1andneN,n>2, A >0then

nb b¢ c"a 33‘
b+k c+k a+i x+1

Marin Chirciu
Solutie.
Folosind metoda p,q,rnotam p=a+b-+c,q=ab+bc+ca,r =abc=1.
Avem p > 3, adevarata dinAM-GM siabc =1.
Analog p® >3q, adevarata din p* =(a+b+ c)2 >3(ab+bc+ca)=3q.
Folosind inegalitatea lui HOlder obtinem:
n N Holder a " n r=1 2 @
Ms:zab: akz (Z) pk :Hp 2H3 =Md
b+h S A e ZZ(“ j - 2(3 qj 37 (3+rq) 37 (A+1)
b r
2
unde(l) < 3EXq > o] X( p’ —3q)+( p’ —9) >0, care rezultd din p® >3qsi p > 3.

Egalitatea are loc daca si numai dacia=b=c=1.
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Nota.
Pentrun = 2 se obtine Problema (629) propusa de Kostas Geronikolas in RMM 5/2021.
If a,b,c >0such thatabc =1andk >0then

a’h b’c c%a 3
+ + > .
b+k c+k a+k k+1

Kostas Geronikolas, Greece

Aplicatia 24.
If a,b,c>0then
4
3(a+b+c+ 3abc j > 256abc(a+b+c).
ab+bc+ca

RMMG6/2021,Daniel Sitaru
Solutie.
Folosim metoda pqr .

Notam p=a+b+c,q=ab+bc+ca,r=abc.
Inegalitatea de demonstrat se scrie:

4
3( p+ %J >256rp,(1).
Din inegalitatea (a+b+c)” >3(ab+bc+ca)obtinem p?>3q.

2
Pentru a demonstra (1) este suficient ,folosind q < % S(2) , sa aratam ca:

4

4
3 p+% > 256rp <:>3(p+%j > 256rp , care rezultd din inegalitatea mediilor:
3
orY ppp9r4AGM ppp9r4
Jp+— | =3| c+o+-+— | =234~ — | =256rp.
3 3 3 p 3330p

Egalitatea are loc daca si numai dacia=b=c.

Aplicatia 25.
Ifa,b,c>0such thata+b+c=1then
1+ a_ 2a
1a &b
Mathematika 7/2021,Myp Mry

Solutie.

Avem Y 12 < 5 22 2(1 i_aajg G 2[1 ﬁj_ 2,

b+c b
2a 2a 3 a a

&3+ ) —< —<:>3s — | & =< —— |
Zb+c (b b+cj 2 Z(b b+c)

3 ac 3
= —_—— 22— >—, Ita di r -Method.
Z(b b+Cj > Zb(b+c) > care rezulta din pqQ

Notam p=a+b+c,g=ab+bc+ca,r =abc.

Avemq® = (ab+bc+ca)2 >3abc(a+b+c)=3pr, decig’®>3pr,(2).
Obtinem:
32
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1 g(efe (Xac) 1 (Xbe) 1 ?w13pr_3 .
b+c) abc“~b+c abc) (b+c) abc 2da r r 2

Ms:zb(

. . C o 1
Egalitatea are loc daca si numai dacia=b=c= 3

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0suchthata+b+c=Aand\ >0 then

7»+aS @.
A—a b
Marin Chirciu
Solutie.
A+a 2a 2a 2a
Avem <Y — I+—— Y — &
ZX—a Zb Z( x—aj b
2a 2a a a 3 ac 3
S+ — <Y —SH | ——— 2 >=,
Zb+c Zb z(b b+cj 2 Zb(b+c) 2

care rezulta din pqr -Method.
Notam p=a+b+c,g=ab+bc+ca,r=abc.

Avemq? =(ab+bc+ca)’ >3abc(a+b+c)=3pr, decig? > 3pr ().
Obtinem:

Ms:zb(

0 1 g(ere (S 1 (Xb) 1 aensr 3,
b+c) abc“b+c abc (b+c) abc 2da r r 2

. . . 1
Egalitatea are loc daca si numai dacia=b=c= 3
Aplicatia 26.

If X, y,z>0such thatx+y+z =1then

%Z¥+3Zyzz4.

Mathematical Inequalities7/2021, Imad Zak

Solutie.
Folosind metoda pqr obtinem:

(x+y+z)2 B

p=X+y+z=1,q=xy+Yyz+2x<

Z
' Y+ y ; V2 chs,(x+y+z)2 (x+y+z)2 11 2
Obt —_—= — — = -— —_— 2> =_ 4+ =_,
finen ), X ZerZx nyJr Xz D xy " > xz q+q q

Inegalitatea de demonstrat se scrie:

%'24—3(?]24 <:>3qZ_4q+120 = (q—l)(Sq—l)ZO, care rezulta dinq S%.
q

. . Co 1
Egalitatea are loc dacd si numai dacax =y =12 = 3

33


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2022 www.mateinfo.ro

Remarca.
Problema se poate dezvolta.
Ifx,y,z>0such thatx+y+z=1and6n >k > 0then

nZquSkazanJrk.
X
Marin Chirciu
Solutie.
Folosind metoda pqr obtinem:
2
X+Yy+1z
p:x+y+z:1,q:xy+yz+zx£u:%,r=xyzs(x+§+zj :zi.

7
. y+z y Z y? chs(ererz)2 (x+y+z)2 1
Ob —=)= —=) = —> =—
‘gnenz X ZX+ZX ny+ e ny + ZXZ q
Inegalitatea de demonstrat se scrie:
n-§+3k-q26n+k<:>3kq2—(6n+k)q+2n20<:>(3q—1)(kq—2n)20,

care rezulta ding < 1 < 2n :
3 k
Egalitatea are loc dacd si numai dacax =y =12 = % .
Nota.
Pentru n= % ,k =1se obtine Problema propusa de Imad Zak in Mathematical Inequalities

If X, y,z>0such thatx+y+z =1then

loy+z
—>—+3> yz2>4,
2Z X Zy
Imad Zak
Remarca.
Problema se poate dezvolta.
Ifx,y,z>Osuchthatx+y+z:1andk2%then
23 L2483 yr > 641,
X
Marin Chirciu
Solutie.
Folosind metoda pqr obtinem:
2
(x+y+z) 1 X+Y+12 1
=X+Yy+z=1,=Xy+VyZ+ZX<—~*> =— r=Xyz< =—,
p y q=Xxy+y 3 3 y ( 3 j >7
2 2es(x+y+z) (Xx+y+z)
Obtinen Y Y223 Y 32 gV 2 S 0yre) (oyre) 1,12
X X X Xy Xz D xy D xz qa q q

Inegalitatea de demonstrat se scrie:
x-2+3-q >0+l < 3q2—(6x+l)q+2k20 = (3q—1)(q—2x)20,
q
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care rezulta dinq < % <2\.

: . . 1
Egalitatea are loc dacd si numai dacax=y=z= 3
Nota.
1 ) : .
Pentru A = —se obtine Problema propusa de Imad Zak in Mathematical Inequalities

Ifx,y,z>0such thatx+y-+z =1then

loy+z
=2 43 72>4.
oy sy
Imad Zak

Aplicatia 27.
If a,b,c>0 suchthata+b+c=1then

l+a 1+b 1+c 2a 2_b+§

—+ .
l-a 1 b 1 c b ¢ a
Matematika 7/2021, Myp

Solutie.
Folosim metoda pqr .

Notam p=a+b+c,g=ab+bc+ca,r=abc.
Avem p=1,0¢° 23pr care rezultd din g° :(ab+bc+ca)2 >3abc(a+b+c)=3rp.

Apmz1+a Z Z(l+12_—aaj32%<:>2[ 2aj_ %@

b+c
a a 3 ac 3
3+ ) ——<p — e — _>= Ita din:
& +Zb+c @Z(b b+c) 2<:>zb(b+c) 2,carerezutad1n
y_ 1 Zac o g (Zac) ar-venod | g7 03pr 3
b(b+c) abc“ b+c abCZ(b-i-C) ~r2p 2pr 2

. . C o 1
Egalitatea are loc daca si numai dacd a=b=c= 3

Remarca.
Problema se poate dezvolta.
If a,b,c,A >0 suchthata+b+c=2A then

A+a A+b k+c 22a 2\b 2Ac
+ + + .
Ar—a A-— b A — c b C a

Marin Chirciu
Solutie.
Folosim metoda pqr .

Notam p=a+b+c,g=ab+bc+ca,r =abc.
Avem p =1,¢° >3pr, care rezulti din g’ :(ab+bc+ca)2 >3abc(a+b+c)=3rp.

Apoizxiagzzxaaz( 2an sza Z( 2ajS %@

b+c
<:>3+Z—< LN Z(%—b;ichg = Zb(k?ic) Zg, care rezulta din:
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b+c ach(b+c) r 2p 2pr 2

ac 1 ac CS 1 Zac par—Method 1 q2 @ 3pl’ 3

b+c) abc
. . . 1
Egalitatea are loc daca si numai daca a=b=c==

Nota.
Pentru A =1 se obtine Problema propusa in Matematika 7/2021, Myp.
If a,b,c>0 suchthata+b+c=1then
l+a 1+b 1+c 2a 2b 2c
+ + <—+4+—+—.
l-a 1-b 1-¢c b ¢ a
Matematika 7/2021, Myp

Aplicatia 28.
If X,y,z>0 then

S £y x .13
27 xy IX+Yy+2 27
RMM7/2021, Neculai Stanciu

Solutiel.
Folosim metoda pqr .

Notam p=X+Y+2,d=Xy+YZ+2ZX,I = XyZ.
Avem, p® >2q, care rezulta din p* =(X+y+ z)2 >3(xy+yz+2x)=3q.
S x  4(p*-2q)
ApOIMS_ZYny Z7x+y+z_ 27q +Z?x2+xy+xzz
cs 4( p® -2q) (fo 4(p*-2q) p?
> + = + - =
274 Z(7x2+xy+xz) 27q 7> X +2) %y

G cs

_Ap-20)  pr  _4pt 8 pt 918,
274 7(p’ —2q)+2q 27q 27 7p’-12q 27 !
2 2 2
unde (1) < 4p”_ 8 +2p—21—<:> 4p” + 2p 2ﬁ+E<:>
27q 27 7p--12q 27 27q 7p°-12q 27 27
4p’ p’

7 . )
+ — <= p' -6 +90° >0 <= —-3qg) =0, evident cu egalitate
279 T 120 26 p*—6p°q+90° (p?-30) g

pentru p® =3q < (X+y+ z)2 =3(xy+yz+2x) < Z(x—y)2 =0 x=y=1z.
Egalitatea are loc dacd si numai dacd X=y=2.
Solutie2.

Lty )N
27 xy IX+Yy+2 27ny 7X2 + Xy + Xz
2
s 43X (>°x) RS Zx +2) xy 013 md
27ny > (7% +xy+xz) 27ny DS +22xy 27
4y X Zx +22xy 13 a‘zz’:zxy 4a . a+2b
27ny 7y X +22xy 27 270 7a+2b 27

unde (1) < (a- b) >0,
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evident cu egalitate pentrua=b < (x+y+ z)2 =3(Xy + yz +2X)
SRy oY (x-y) =0 x=y=1.

Egalitatea are loc daca si numai dacd x=y=2.

Remarca.
Problema se poate dezvolta.
If X,y,z>0andn>1 then

(n— 12x 'Y X 5n+4

n+2 Sxy Tmx+y+z o (n+2)

Marin Chirciu
Solutie.
Folosim metoda pqr .
Notdm p=X+Yy+2,0=Xy+YzZ+2X,I =XyzZ.
Avem, p* > 2q care rezultd din p? = (x+y+2)° >3(xy+yz +2x)=3q.
2(n-1)(p*-2q) 2 cs

—1
Apoi Ms— DRS +> X _ > +y X >
n+2 ny NX+Yy+2 (n+2)°q nXx* + Xy + Xz

cs 2(n 1)(p _Zq)+ (Zx)2 :2(n—1)(p2—ZCI)+ p? _

(n+2) q Z(nx2+xy+xz) (n+2)2q Ny x2+2) xy
_2(n-1)(p’ _zq)+ p’ _2(n-1)p*_4(n-1) P> ©5n+d

(n+2)'q n(p’-29)+2q (n+2)'q (n+2)° Mp°+2(1-n)q (n+2)’
2(n-1) p2_4(n—1)Jr p?  5n+4
(n+2Yq (n+2)° np*+2(1-n)g  (n+2)

_ 2 2

2(n 1)2p — P > on 2<:>(n—1)(p2—3q)220,care1rezulte‘1din
(n+2)°q np*+2(1-n)a  (n+2)

conditia din ipoteza n >1si( p* —3q)2 >0, evident cu egalitate pentru p? =3q <

unde (1) <

<:>(x+y+z)2:3(xy+yz+zx) <:>Z(x—y)2=0<:>x=y=z.
Egalitatea are loc dacd si numai dacd X=y=2.
Solutlez

n l X X n 1 X NG cs
LU DU ) DR . s
n+2 ny nx+y+z n+2 ZW nX~ + Xy + Xz
682 n—1 Zx (Zx)2 (n-1)> x? Zx +22xy &) 5n+4 v
(n+2) ny Z(nx +xy+xz) n+2 ny an +22xy n+2 ’
unde(l)
(n- 1Zx RSN 5n+4 =202 2(n-1)a  a+2b _ 5n+4
N —+ > .
n+2 P> xy an +22xy (n+2)° (n+2)°b na+2b (n+2)
<:>2n(n—1)a —4n(n—1)ab+2n(n—1)b220<:>2n(n—1)(a—b)220,

care rezulta din conditia din ipoteza n Zl@i(a— b)2 >0 evident cu egalitate pentrua=b <

Ms =
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YD xy e (x-y) =0 x=y=1.

Egalitatea are loc daca si numai dacd x=y=2.

Nota.

Pentru n=7 se obtine Problema propusa de Neculai Stanciu in RMM 7/2021.

If X,y,z>0 then

S Y x 13
27 xy IX+Yy+z 27
Neculai Stanciu
Aplicatia 29.
If a,b,c>0 anda+b+c=3then
3
1
1+a%)(1+b?)(1+c? §[1+ ]
() 1) 1e") < 10
RMM7/2021,Philip CC
Solutiel.

Folosim pgr -Method.
Notam p=a+b=c,q=ab+bc+ca,r =abc. Avem p=3siq <3.

Din p®+9r >4pq, (Schur) si p=3 = 9+3r > 4q :>rz4q3_9
Ding®>3prsip=3=¢° >9r:>q>3\/_:>i §:(1+ij3>(1+§j3
Jr Jr) U a

2
o 81 7] (o0
Avem(l+a2)(1+b2)(l+c2):1+Za2 +> b*c® +a’h’c? :1+(p2 —2q)+(q2—2pr)+ r? =
:(pz—2pr+r2)+(q2—2q+1):(p—r)2+(q—1)2.

JlTTsescrie(p—r)sz(q—l) (“Tj @

Inegalitatea (1+a”)(1+b*)(1+c¢?) < (1+

anc
Y 3
FOIOSInd (6 —j 51(1+ —rj > (1+ aj este suficient pentru a demonstra (1) sa
4qY 3Y
aratam ca: ( j + (1+—j .
3 q
3 3
Ob;inem(6 - J +( (1+ aj <> 250° —162q" +3249° —81g* — 2439 —243<0 &

= (q —3)(25q —8709° +639° +108q +81) <0, care rezulta din q < 3.

Egalitatea are loc daca si numai dacia=b=c=1.

Remarca.
Problema se poate dezvolta.
1) If a,b,c>0 suchthata+b+c=3and\ >0then
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(x+a2)(X+b2)(k+c2)s(X+J:RT.

Marin Chirciu

Solutiel.
Folosim pgr -Method.

Notam p=a+b=c,q=ab+bc+ca,r =abc. Avem p=3siq <3.

Din p* +9r >4pq, (Schur) si p=3 = 9+ 3r > 4q :>rz4q3_9;
Ding*>3prsip=3=0¢° >9r:>q>3\/-:>i 3 (l+ij32(1+§j3
JF Jr q

2

Avem(l+a2)(1+b2)(l+c2):1+Z:a2 +> b*c® +a’h’c? :1+(p2 —2q)+(q2 —2pr)+ r? =
:(pz—2pr+r2)+(q2—2q+1):(p—r)2+(q—1)2.

Inegalitatea (1+a”)(1+b*)(1+¢?) < (1+\/:stsescrie(p—r)2+(q—1) (1+Tj ().

3 3
FOIOSInd (6 —j 51(1+ irj > (1+ %j este suficient pentru a demonstra (1) sa
aqY 3Y
aratam ca: ( j + (1+ —j .
3 q
3 3
Obtmem( J +( (1+ EJ < 250° —162q" +324q° —819° — 2439 -243<0 <

= (q —3)(25q —-87¢° +639° +108q +81) <0, care rezulta din q < 3.
Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia 30.
2) If a,b,c>0 suchthata+b+c=3then

( ab bc ca j 3
+ + abc<—.
b+c c+a a+b 2

Bitrak , Mathematical Inequality7/2021, Sladjan Stankovic

Folosmdi<1 1+£ (x—y)ZZOOb;inem:a—bsl(a a_bj

X+y 4 y b+c 4 c

ab 1/ ab) 1 ab Zab2
Rezultiy —— <> = a+— |== = _
DTS ¥ e B (B S (e

Folosim pgr -Method.

Notam p=»a,q=> bc,r=abc.
Avem p=3siq <3.

) ab bc ca
Inegalitatea +

3 .
abc < =se scrie:
b+c c+a a+b
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a’b’ 2_
1 3+Z abcs§<:>l 3,9 2P rs§<:>1(3r+q2—6r)s§<:>1(q2—3r)§3
274 27 4 272

< q°-3r<6.
Distingem cazurile:

&) _
Cazul 1). Daci0 < q <lobtinemq’ —3r <1-3r <6, unde(1) < r > ?5 evident.

Cazul 2). Dacil< q < 3folosind inegalitatea lui Schur p®+9r>4pq si p=3
obtinem9+3r >4q < 3r>49-9si q<3.

Avemg® —3r<6 < ¢° <3r +6.

Folosind 3r > 4q—9 este suficient sa aratam ca:

q° <49-9+6 < g’ —4q+3<0 < (q-1)(q—3) <0, care rezulta din1< q < 3.
Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia 31.
Ifa,b,c >0,abc =a+b+c, then find the maximum of expression

A=2(ab+bc+ca)—a’—b*—c?.
Mathematical Inequalities8/2021, George Apostolopoulos, Greece

Solutie.
Folosind pgr -Method avem:

a+b+c=p,ab+bc+ca=q,abc=r,r=p.
Din inegalitatea lui Schur p*®+9r>4pgsi r = pavem4q< p*+9.

Avem:
Schur

A=2(ab+bc+ca)-a’ —b*—c* =2q—(p*-2q)=4q-p° < p*+9-p*=9.
Deducem ca maxA=9 si maximum este atins pentrua=b=c= J3.

Remarca.
Problema se poate dezvolta.
Let—2 <A <2fixed. Ifa,b,c >0,abc =a+b+c then find the maximum of expression

A=)(ab+bc+ca)—a*—b*—c?.
Marin Chirciu

Solutie.
Folosind pgr -Method avem:

a+b+c=p,ab+bc+ca=q,abc=r,r=p.
p°+9

Din inegalitatea lui Schur p®+9r>4pqsi r = pavemq<

Avem p? =(a+b+c)’ 3 (3%/%)2 :(32/?)2 r;p(3§/5)2 :9%/?.

Din p? > 93/p? obtinem p > 27

Avem:

Schur p2 +9

A=)(ab+bc+ca)-a’—b*—¢’ =rq—(p°-2q)=(r+2)q-p* < (A+2) P =

_ 9(A+2)—(2-1) p? < 9(A+2)—(2-1r)-27 _9(r-1).
4 4

Deducem ci maxA=9(A—1) si maximum este atins pentrua=b=c = J3.
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Nota.
Pentru A =1se obtine Problema propusa de George Apostolopoulos in Mathematical
Inequalities 8/2021.
Ifa,b,c >0,abc =a+b+c, then find the maximum of expression
A=2(ab+bc+ca)—a’—b*—c?.
George Apostolopoulos,Greece

Aplicatia 31.

1 1 1

Ifa,b,c > 2such that + +
a-1 b-1 c-1

=1, then find the minimum of expression abc.

Mathematical Olympiads 8/2021, Elton P
Solutie.
A 1 1 1
Notandx=a-2,y=b-2,z=c-2, avem + + =1.
X+1 y+1 z+1

Folosind pgr -Method avem:
a+b+c=p,ab+bc+ca=q,abc=r.
1 1 1

+
Xx+1 y+1 z+1
Calculamabc =(x+2)(y+2)(z+2)=r+2q+4p+8=(p+2)+2q+4p+8=5p+2q+10.

AGM 3 3
Avem p+2=r=xyz < (Mj :(E) ,

Avem:

=l r=p+2.

3 3
de unde p* >27(p+2) < p°*—27p-54>0 < (p—6)(p+3)°20< p>6.

Apoi g’ =(xy + yz+zx)2 >3xyz(x+y+2)=3rp=3p(p+2)>3-6(6+2)=144,
de unde rezultd caq>12.

Dinp>6si q>12 rezultda caabc=5p+2q+10>5-6+2-12+10=64.
Deducem ca min abc=64 si minimul este atins pentrua=b=c=4.

Remarca.
Problema se poate dezvolta.

Ifa,b,c > 2such that ! + ! + ! =1, then find the minimum of expression
a-1 b-1 c-1
P=(a+1)(b+1)(c+1).
Marin Chirciu
Solutie.
. 1 1 1
Notdndx=a—-2,y=b—-2,z=c—2, avem - + =1.
X+1 y+1 z+1
Folosind pgr -Method avem:
a+b+c=p,ab+bc+ca=q,abc=r.
1 1 1
Avem: + + =l r=p+2.
X+1 y+1 z+1
Calculam
P=(a+1)(b+1)(c+1)=(x+3)(y+3)(z+3)=r+3q+9p+27=(p+2)+3q+9p+27 =
=10p+3g+29.
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AGM 3 3
Avemp+2=r=xyz < (x+y+zj :(E) ,

3
de unde p*>27(p+2) < p°—27p-54>0 < (p-6)(p+3)° 20 < p=6.
Apoi g° = (xy + yz+zx)223xyz(x+ y+2)=3rp=3p(p+2)=3-6(6+2)=144,
de unde rezulta caq>12.

Dinp>6si q>12 rezulta ca:
P=(a+1)(b+1)(c+1)=10p+3q+29>10-6+3-12+29=125.

Deducem ci min P =(a+1)(b+1)(c+1)este 125 si minimul este atins pentrua=b=c=4.

Remarca.
Problema se poate dezvolta.
Ifa,b,c >2such that ! + ! + ! =1, then find the minimum of expression
a-1 b-1 c-1
P=(a+i)(b+A)(c+21), under >0.
Marin Chirciu
Solutie.

Notandx=a-2,y=b-2,z=c-2, avem 1 + 1 + 1 =1.
X+1 y+1 z+1

Folosind pgr -Method avem:
a+b+c=p,ab+bc+ca=qg,abc=r.
o1 1 1
Avem: + + =l r=p+2.
Xx+1 y+1 z+1

Calculam
P=(a+A)(b+1)(c+A)=(x+A+2)(y+r+2)(z+A+2)=r+(A+2)q+(r+2) p+(rA+2) =

:(p+2)+(k+2)q+(k+2)2 p+(k+2)3 :(k2+4X+5) p+(k+2)q+(%+2)3+2.

AGM 3 8
Avem p+2=r=xyz < (X+y+zj :(Ej ,

3 3
de unde p* > 27(p+2) < p*~27p-54>0 < (p-6)(p+3)" 20« p26.
Apoiqzz(xy+yz+zx)223xyz(x+y+z):3rp:3p(p+2)23-6(6+2):144,
de unde rezulta caq>12.

Dinp>6si q>12 rezulta ca:

P=(a+1)(b+1)(c+1)=(r"+4r+5) p+(r+2)q+(A+2) +22

> (A +4)+5)-6+(L+2)12+(A+2) +2=(h+4)’

Deducem ci min P=(a+A)(b+A)(c+A)este (A+ 4)3 si minimul este atins

pentrua=b=c=4.
Nota.
PentruA =0 se obtine Problema propusa de Elton P in Mathematical Olympiads 8/2021.

Ifa,b,c > 2such that ! + 1 + 1 =1, then find the minimum of expression abc.

a-1 b-1 c-1

Mathematical Olympiads 8/2021, Elton P
Aplicatia 32.
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Ifa,b,c>0such thata+b+c=3then

PV AY
%Zazb%Z[a +b j >4.

a+b
RMM 8/2021, Choy Fai Lam

Solutie.
Folosim pqr - Method:

Notam: p=a+b+c=3,g=ab+bc+casi r=abc.

Obtinem:
q<3,pq=9r =q=3r.
Rezulta:
> a%? =( ab) —2abcy a=q?—2rp =g’ —6r > g’ - 2q, deci Y a’%? > q* - 2q, (1).
2 ) (a+b)’

: a+h) a’+b*) _a’+b® a’+b’ o a’+b’ a’+b’
A 2 bZZ( = . > . = .
poia’® + > :{ a+bj a+b a+b a+b a+b 2
Rezulta:

2 2 2
Z(?Ej Za +b’ =>a?=p?-29=9-2q, demZ( Ej >9-2q, (2).

+

Din (1) si (2) rezulta:
(3

Ms=%2a2b2+2(a +bj (q ~2q)+9-29>4=Md,

a+b

unde (3) < ¢ -8q+15>0 < (q—3)(q—5)>0, care rezultd dinq <3,

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.

Problema se poate dezvolta.

Ifa,b,c>0such thata+b+c=3then

a’+b’ 1
LY a’h’ 3(A+1), unde0<A <=,
Iy e R} :
Marin Chirciu
Solutie.
Folosim pqr - Method:
Notam: p=a+b+c=3,g=ab+bc+casi r=abc.
Obtinemq <3, pq>9r = q=>3r.
Rezulta:
> a’h’ = (Zab) —2abc) a=q>-2rp=q°—6r>q°-2q, deci _a’b’ > ¢’ -2q, (1).
(b)2 2b222b22b2(a+b)2b2 2, p2
. a+ a‘+ a“+b® a“+ 2 a + a‘+
A a2 bZZ = . Z . = .
pora- :{ a+bj a+b a+b a+b a+b 2
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Rezulta:

Z(a2+b2j Za +b° =>a’=p’-2¢=9-2q, dean( Ezj >9-2q, (2).

a+b
Din (1) si (2) rezulta:

a?+b? ®
Ms =22 a’h’+3 | —— > (0° —20)+9-29>3(1+1)=Md,

unde (3) < Aq”—2(A+1)q+3(2-21)=0 < (q-3)(Aq+1-2)=0,
care rezultd dinq < 3 si conditia din enunt0 <A < % , care asigurd (Aq+A—2)<0.

Egalitatea are loc daca si numai dacia=b=c=1.
Nota.

Pentrui = % se obtine Problema propusa de Choy Fai Lam in RMM 8/2021.

Ifa,b,c >0such thata+b+c =3then

2 k2 )2
%zazmz(a +b J -

a+b

Choy Fai Lam
Aplicatia 33.

Ifa,b,c>0suchthata+b+c=3, then
1 1 1 4 ﬂ

> +— +— + >—,
a’+a+1 b*+b+1 c’+c+1 3(5-abc) 3
Mathematical inequalities,9/2021, Phan Ngoc Chau, Viet Nam

Solutie.
Demonstram
Lema
If x > 0then
1 > 8 X _
x> +x+1 9(x+1) 9

Demonstratie.

Avem: 21 >_8 _5<:>x4+2x3—6x2+2x+120<:>(x—1)2(x2+4x+1)20,
X*+x+1 9(x+1) 9

evident cu egalitate pentrux =1.
Sa trecem la rezolvarea problemei din enunt.
Folosind Lema obtinem:

Lema

8 a
2 7rant 2+a+1 Z(m_§J za+1 92 a_+1_§ =
_ Z 1 8 (b+1)(c+1) 1 8 Zbc+22a+3 1

arl 3 9 [[(a+l) 3 9 abc+dbc+da+l 3

8 pbc+2:3+3 1 8 Hhc+d 1
"9 abc+Yybc+3+1l 3 9 abc+d be+d 3

Inegalitatea de demonstrat se scrie:
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8 Dbc+9 1,4 4

>2 ().
9 abc+> bc+4d 3 3(5 abc) 3 @

Folosim pqr -Method.
Notam a+b+c=p,ab+bc+ca=q,abc=r.

Din(a+b+c)2 23(ab+b(:jtca)gi(a+b+c)3 >3abc,a+b+c=3, obtinemq <3sir<1.
Inegalitatea (1) se scrie:

8 q+9 1 4 _4 8 qgq+9 8 5 4 _4
—. -=+ >— > ——+—+ >—
9 r+q+4 3 3(5-r) 3 9 r+q+4 9 9 3(5-r) 3
<:>§ q+9 -1 +§+ 4 2£<:>§ >f +§+ 4 zf.
9\r+q+4 9 3(5-r) 3 9r+q+4 9 3(5-r) 3

Folosind g < 3este sufficient sa aratam ca:

8 5-r 5 4 4 _857r.5 4 4 o isi13500

—- +—+ >

9 r+3+4 9 3(5-r) 3 9 r+7 9 3(5 ry 3
= (r —1)(5r —13) >0, care rezulta din r <1.

Egalitatea are loc daca si numai dacia=b=c=1.

Remarca.
Problema se poate dezvolta.

If a,b,c > 0 such that ! + ! ! then
a+1 b+1 c+1 2
1 1 1 1 a+b+c
——t——+—5—+ <1+ .
a+1 b°+1 c°+1 a+b+c+1 4
Marin Chirciu
Solutie.
Demonstram
Lema
If x > 0then
1 < 3 +x—5.
X*+1° x+1 4
Demonstratie.
Avem: —1 <3 +X_5<:>x4—4x3+8x2—8x+320<:>(x—1)2(x—2x+3)20,

X+1° x+1 4
evident cu egalitate pentrux =1.
Sa trecem la rezolvarea problemei din enunt.
Folosind Lema obtinem:

1 Lema 3 Za 15 .3 1, 156 3 1
22 Sz( j Z =3 TaLA Tty

a-+1 a+1
CS
D|n§= 1 + 1 + ! > 9 resultia+b+c>3,deunde————< 1
2 a+l b+1 c+1 a+b+c+3 a+b+c+1 4
Obtinem:
! . 21 P Y T Za 1. axbre
a’+1 b®>+1 c*+1 a+b+c+l1 4 4 4

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.
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Ifa,b,c >0suchthata+b+c=3, andA >0then
1 1 1 A ﬂ+6

et +
a+1b+lc+15abc 4

Marin Chirciu
Solutie.
Folosind a® +12 2a obtinem:
(1)
Ms Z ~ A < i+ A ab+bc+ca A A+6 _Md,
+1 5—abc 2a 5-abc 2abc 5 abc 4
unde(1)<:>ab+bc+ca A /1+6,(1).

2abc 5-abc 4
Folosim pqgr -Method.

Notam a+b+c=p,ab+bc+ca=q,abc=r.

Din(a+b+c)223(ab+bc+ca)§i(a+b+c)323abc,a+b+c=3,ob;inemqs3§ir$1.

q. A </1+6.
S5—r 4

Folosind g < 3este sufficient sa aratam ca:

3, 4 _A+6

—t—

2r 5- r

Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia 34.
Ifa,b,c>0,a+b+c=1then

1 1 1 1 1
+ + = + .
a+b b+c c+a ab+bc+ca 2(a2+b2+cz)

Inegalitatea (1) se scrie:

<> 5Ar <5, care rezulta din r <1si conditia din ipoteza A >0,

Mathematical inequalities,10/2021, Nguyen Van Canh, Vietham
Solutie.
Folosim pgr -Method.
Notam p=a+b+c,g=ab+bc+ca,r =abc.

Avem p =1sil= p?=(a+b+c)’ >3(ab+bc+ca)=3q =q <%

Inegalitatea se scrie:
Z(a+b)(a+c)Z 1 . 1 Za +3Zbc
[T(b+c) D> bc 2> 4’ ZaZbc abc Zbc ZZa

o (X)X g 1 o pequl, 1 e
2 = <
a3 be-abe Zbc 2[@&) —ZZbC} -1 g 2(p ~2q)
gira,1, 1 1+d, 2-39 < P —40° > 30r—-2r &

q-r q 2(1-2q9) g-r 2q(1-2q)
< g°(1-49)=r(39-2).

1 ... .
Deoareceq < 3 distingem cazurile:

Cazull). Dacaq <%, atunci Ms:q2(1—4q)>0§i Md = r(3q—2)s r(3é—2j=—r <0,

deci inegalitatea este adevarata.
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p=1
Cazull). Dacaq > % atunci folosind inegalitatea lui Schur p®+9r >4pq < 1+9r > 4q <

sSr> 4q9_1 este suficient sa ardtam ca:
2 %204q-1 - 1. 1
q°(1-4q) < S (30-2) < (49-1)(1-3q)(3q+2) >0, care rezulta dinq > 7sids3.

Egalitatea are loc daca si numai dacia=b=c=

OOIH

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0,a+b+c=1and 2n+k =3then

1 1 1 n k
+ + > t -
a+b b+c c+a ab+bc+ca a“+b°+c

Marin Chirciu
Solutie.
Folosim pgr -Method.

Notam p=a+b+c,g=ab+bc+ca,r=abc.
Avem p =1sil= p° :(a+b+c)2 >3(ab+bc+ca)=3q :qﬁ%.
Inegalitatea se scrie:
Z(a+b)(a+c)2 n___k Za +3))bc _ n

[T(b+c) dbc >a’ ZaZbc abc Zbc Za

b r _

®(2)+ZC n L mopegon ko

ZaZbc abc Zbc (3a) -2 b  pa-r Tq p*-2q
p=1 q N, k <:>1+q>n+(k—2n)q

g-r g 1-29 gq-r  q(1-2q)
<:>—2q +(2n—k-1)g*+(1-n)g=(2n—k)gr—nr.

1 ... :
Deoareceq < 3 distingem cazurile:

Cazull). Daciq <%, atunci Ms=q°(1-4q)>0si Md =r(3gq-2)< r(s-%—Zj:—r <0,

deci inegalitatea este adevarata.

1 . - . . p=1
Cazull). Dacaq > 7 atunci folosind inegalitatea lui Schur p* +9r >4pq < 1+9r > 4q <

49-1 . o ey o
Srz este suficient sa aratam ca:

39-2<0 ¢ 1
9

q*(1-4q) < (39+2) >0, care rezulta dinq2%§iqﬁé.

(30-2) < (49-1)(1-3q

N—"

wIH

Egalitatea are loc dacd si numai dacia=b=c=
Aplicatia 35.

Ifa,b,c>0,abc=1then
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a b N C (\/a+\/—+\/—)

a+b+1 b+c+1 c+a+1 3

Mathematical inequalities,10/2021,Phan Ngoc Chau, VietNam
Solutie.

Notand x =a®, y =b?,z =c?, problema se reformuleazi:
Ifx,y,z>0,xyz=1then

2 2 2

X P z 4(x+y+z) >5.
X +y?+1 y2+zz+1 22 +x*+1 3

Folosind inegalitatea lui Bergstrom obtinem:

Ms=> — X A5y (2%) )+gZx X Zx_

x> +y2+1 3 (¥ +yr+1 2> X% +3 133

o (XN HORINEISNC

_ZX " Z 3% += Zx>5 Md
unde (1) < Z X® >3, care rezulta din inegalitatea mediilor si conditia Xyz =1.
(Zx) (XX
3D X DX

Sa rezolvam inegalitatea(2) <

+§Zx25<:> +4ZX215,carerezultédin

inegalitatea mediilor:

M+ X:M+ X+ > X+ Y X+ X i/M X- ) X- ) XY X=
Sy 4y S XA XHD 2—52)(22222

stxz YT x-Yx=5 sz 215,

unde (3) @55/%—;(2)62 / ZX 23<:> ZX (Zx)622432x2,

care rezulta din:

AGM

(20 =(Z 20 = (38 = (X 3>243ZX
unde (4) <> (Xx) 322433 % = (Xx) 2813 % = 81xy23 %,

care rezulta din Lema:
Demonstram

Lema

If X, y,z>0then

» x)5 >81xyz» X’
Demonstratie.
Fie p=X+Y+2,0=Xy+YyZ+2X,I =XyZ.

Avem xyz(x* +y* +2°)=r(p? —2q)3p§qz%p2q)AGM 31p (Wj 1P
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P _(x+y+2)

8 81

Egalitatea are loc dacd si numai dacix=y=z.
Aplicatia 36.

Ifa,b,c>0,a+b+c>3andk >0then
a’ b’ c? 3
+ + > .
b+kbc c+kca a+kab 1+k
Mathematical inequalities,10/2021,Konstantinos Geronikolas, Greece

Solutie.
Folosim pgr -Method.

2
Notama-+b+c= p23,q:ab+bc+ca£%,r=abc.
Obtinem:

b+kbc — 3> (b+kbc) 3(p+kq)_3(p+k_p2j 3+kp 1+k
3

2

3fkp 2% < p*(1+k)—3kp-920 < (p-3)[(k+1) p+3]=0, care

rezultd din p>3.

unde (1) <

Egalitatea are loc daca si numai daci(a,b,c)=(111).

Remarca.
Problema se poate dezvolta.

Ifa,b,c>0,a+b+c>3andX >0then
a’ b? c? 3
+ + > .
b+Abc c+Aica a+rab A+1

Marin Chirciu
Solutie.
Folosim pgr -Method.

2
Notéma+b+c:p23,q=ab+bc+cas%,r=abc.
Obtinem:
2
2 cs a 2 2 (€}
Ms=2. akb - (%: Zb - px > =132 szled’
+ibc > (b+Abc) (p+Aq) (pvaj +Ap A+
3
unde (1) < 3p > i, care rezulta din p > 3.
3+Ap A+l
Egalitatea are loc daca si numai daca(a,b,c)=(111).

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0,a+b+c>3and\ >0then
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a’ b* c* 3
+ + > :
b+Abc c+Aica a+iab A+1
Marin Chirciu
Solutie.
Folosim pgr -Method.
2
Notama-+b+c= p23,q:ab+bc+ca£%,r=abc.
Obtinem:
4
Ms :Z ) Hoger (Za) __ P > p’ p° (;) 3 ,
b+Abc

9> (b+xbc) 9(p+iq) g(pwv|ozj:9+3kp_1+;L =
3

unde (1)

p’ 3
9+ SEUT I p°(1+21)-3p-920 < (p—3)[ (A+1) p* +3(1+1) p+9]>0,

care rezultd din p > 3.

Egalitatea are loc daca si numai daci(a,b,c)=(1,11).

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0,a+b+c>3and\ >0then

a° b° c® 3
+ + > .
b+Abc c+Aica a+rab A+1

Marin Chirciu
Solutie.
Folosim pgr -Method.

2

Notéma+b+c:p23,q=ab+bc+cas%,r=abc.
Obtinem:
a5 Holder (Z a)5 p5 p5
Ms=2 b be = 275 (bsbe) Z(pina)” N
+abe 273 (b+2be)  27(p+2q) 27(p+x.pJ
4w
P S 3 _Md,unde )
27+9Ap 1+A
p’ 3 4
> < p*(1+1)-27Ap-81>0 <

< 27+9p A+1
< (p-3)[ (+1) p*+3(2+1) p* +9(h+1) p+27] =0,
care rezultd din p > 3.

Egalitatea are loc daca si numai daci(a,b,c)=(111).

Remarca.
Problema se poate dezvolta.
Ifa,b,c>0,a+b+c=3andA >0, neN,n=>2then

a" b" c" 3
+ + > .
b+Abc c+Aca a+iab A+1
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Marin Chirciu

Solutie.
Folosim pgr -Method.

2

Notéma+b+c:p23,q=ab+bc+cas%,r=abc.

Obtinem:

S L) M S

- n-2 n-2 -

b+abc — 37> (b+ibc) 3"*(p+1q) 3n2(p+”pzj
pn—l ) 3

2 =Md , unde (1) <

37+3Ap 1+A
pn—l

= > = p"H1+A) =3 Ap-3"1>0 &
3243 A+l P ) P

< ( p—3)[(k+1) Pt +3(A+1) p" P +9(A+1) p"t 4. 43" p+3”’2] >0,
care rezulta din p > 3.
Egalitatea are loc daca si numai daci(a,b,c)=(111).

Nota.
Pentru n = 3se obtine Problema propusa de Konstantinos Geronikolas in Mathematical
Inequalites 10/2021.
Ifa,b,c>0,a+b+c>3andk >0then
a’ b’ c? 3
+ + > :
b+kbc c+kca a+kab 1+k

Konstantinos Geronikolas
Aplicatia 37.

Ifx,y,z>0,xyz=1then
x2+y2+22+62§(x+y+z+xy+yz+zx).

RMM 10/2021,Nguyen Van Canh
Solutie.
Folosim pgr -Method.

Notam p=X+Y+2,=Xy+YZ+ZX,I = XyZ.
Avemr=1,p>3,xX*+y*+7°=p*-2q.
Inegalitatea din enunt se scrie:

p2—2q+6zg(p+q) & 2p*—-3p-79+12>0,(1).

3

p +9’(2).

Cu inegalitatea lui Schur p® +9r > 4pqsir =1obtinem: q < 2
p

Din (1) si (2) este sufficient s ardtdm ca:
3

op? —3p—7.P*9
4p

+1220 < p°—12p*+48p—63>0 < (p-3)(p*~9p+21)>0,

care rezultd din p > 3.
Egalitatea are loc dacd si numai dacax=y=z=1.

Remarca
51
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Problema se poate dezvolta.

Ifx,y,z>0,xyz :1andXSgthen

X4y + 28 +3(20—1) = A (X+ Y +Z+Xy + Y2+ 2X).
Marin Chirciu

Solutie.
Folosim pgr -Method.
Notdm p=X+Yy+2Z,=Xy+YZ+2ZX,r =Xyz.
Avemr=1,p>3,xX*+y*+7°=p*-2q.
Inegalitatea din enunt se scrie:
p*—2q+3(2L-1)2A(p+0q) < p*—Ap—(A+2)g+3(21L-1)=0,(1).

3

p +9’(2).

Cu inegalitatea lui Schur p*+9r >4pq sir =1lobtinem: q < 2
p

Din (1) si (2) este sufficient sa aratam ca:

3
p*—Ap—(A+ 2)-p4—;9+3(27»—1) >0 < (2-2) p’ —4rp® +12(21-1)p-9(1+2)>0 <
( p —3) [(2—%) p’ +(6—77L) p +3(X + 2)] >0, care rezultd din p > 3si conditia din

ipotezd A < g, care asiguré[(Z—K) p*+(6—71) p+3(A+ 2)] >0.

Egalitatea are loc dacd si numai dacax=y=z=1.
Nota.

Pentrui = g se obtine Problema propusa de Nguyen Van Canh in RMM 10/2021.
Ifx,y,z>0,xyz=1then
X2 +y2+22+62§(x+y+z+xy+ yz+12X).

Nguyen Van Canh
Aplicatia 38.

Ifa,b,c>0,a+b+c=3then
12

———————+abc>5.
ab+bc+ca
Mathematical Inequalities10/2021, Imad Zak
Solutie.
Folosim pgr -Method.
Notam p=a+b+c,g=ab+bc+ca,r =abc.
Avem, p =3.

Inegalitatea din enunt se scrie:

E+r25,(1).
q

49-9 Q.

Cu inegalitatea lui Schur p* +9r > 4pqsi p = 3obtinem: r > 3

Din (1) si (2) este sufficient s aratdm ca:
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E+ 49-9 >5 < 0°-60+9>0 < (q —3)2 >0, evident cu egalitate pentruq = 3.
q

Egalitatea are loc daca si numai dacia=b=c=1.

Remarca

Problema se poate dezvolta.
Ifa,b,c>0,a+b+c=3and\ >0then

120 +9

————  +ab+bc+ca+rabc>51+6.
ab+bc+ca

Marin Chirciu
Solutie.
Folosim pgr -Method.

Notam p=a+b+c,g=ab+bc+ca,r=abc.
Avem, p =3.
Inegalitatea din enunt se scrie:

127L+9+q+}»r257w+6,(1).

Cu inegalitatea lui Schur p® +9r >4pqsi p = 3obtinem: r > 4q3—9 (2).
Din (1) si (2) este sufficient sa aratam ca:

120 +9 +Q+A- 4979 5 55 46 < 12AH9 +Q+A- 49795016 <

< (40+3)0° —(241+18)q+(361+27) >0 < (41 +3)0° —6(41+3)q+9(41+3)>0 <
& (4+3)(0° —60+9)>0 < (41 +3)(q—3)° =0, evident cu egalitate pentruq =3.
Egalitatea are loc daca si numai dacaa=b=c=1.

Aplicatia 39.

Ifa,b,c>0,abc=1then find minimum of
I3_(a+b)(b+c)(c+a)
~ a+b+c-1

Matematika 11/2021, Amir Sofi
Solutie.
Folosim pqr -Method.

Notam p=a+b+c,g=ab+bc+ca,r=abc.

Avem p=a+b+c>3¥abc =3,r=abc=1,q’ =(ab+bc+ca)2 >3abc(a+b+c)=
=3rp=3p :qz\/ﬁ

(a+b)(b+c)(c+a)=2abc+» bc(b+c)=>D a> bc—1=pg-1.
a+b)(b+c)(c+a
i,

Aratam ca P =
Intr-adeviar
(a+b)(b+c)(c+a) _pg-19

>4,
a+b+c-1 p-1

Demonstram P =

pa-1

unde (1) < i >4 < pg-1>4p—-4 < pgq=>4p-3, care rezulta din:

53


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2022 www.mateinfo.ro

q>p\/_p>4p 3, unde (2) < p\3p>4p- 3<:>(D\/_) (4p-3)
< 3p°>16p° —24p+9 < 3p°—16p*+24p—9>0 < (p-3)(3p’ —7p+3)20,
care rezultd din p > 3.

(a+b)(b+c)(c+a)

DinP = >4, cu egalitate pentru(a,b,c)=(111),
a+b+c-1 g g ( ) ( )
a+b)(b+c)(c+a
deducem ca minimum value of P = ( )( . )(1 ) este 4 si minimul este atins
a+b+c—

pentru(a,b,c)=(1,1,1).
Remarca.
Problema se poate dezvolta.

Leth >%fixed. Ifa,b,c >0, abc =1then find minimum of

(a+b)(b+c)(c+a)
r(a+b+c)-1

Marin Chirciu
Solutie.
Folosim pqr -Method.

Notam p=a+b+c,g=ab+bc+ca,r=abc.
Avem p=a+b+c>33abc =3, r=abc=1,q° =(ab+bc+ca)2 >3abc(a+b+c)=

=3rp=3p :qz\/ﬁ
(a+b)(b+c)(c+a)=2abc+> bc(b+c)=>D a> bc—1=pg-1.
(a+b)(b+c)(c+a)> 8

Ma+b+c)-1  3-1

Aratam caP =

Intr-adevar
(a+b)(b+c)(c+a) pg-19 8
M(a+b+c)-1 Ap— 1 -1’

Demonstram P =

unde (1) < ;’g _i > 3x8 ;= (3-1)(pa-1)28(1p-1) & (31-1) pa=81p+31.-9,

care rezultd din:

(3%-1) pg>(31-1) p@gsxpwx—g ,unde (2) < (31-1) p\/3p >8rp+3 -9 =
< (3L-1)°3p* > (8Ap+31-9)’ =

& 3(3h-1)" p®—642°p” +(144%.-481%) p—9(1-3)" 20 <

@(p—s)[s(sx—l)2 p? +(172% ~542.+9) p+3(x—3)z]zo,

. . e g g 1 .
care rezulta din p > 3si conditia din ipoteza A > 3 care asigura

|3(3-1)" p?+ (1722 ~541+9) p+3(2.-3)" |20.

(a+b)(b+c)(c+a) N

DinP = >
M(a+b+c)-1 -1

, cu egalitate pentru(a,b,c) =(1,1,1),
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_ (a+b)(b+c)(c+a)

8 o .
este si minimul este atins

deducem ca minimum value of P
A(a+b+c)-1 -1

pentru(a,b,c)=(1,11).

Nota.

Pentru A =1se obtine Problema propusa de Amir Sofi in Matematika 11/2021.
Ifa,b,c>0,abc=1then find minimum of

_(a+b)(b+c)(c+a)
~ a+b+c-1
Amir Sofi
Aplicatia 40.
Ifa,b,c>0,a+b+c=3then
bc(c+1)
>ab+b )
> ) ab+bc+ca

RMM 11/2021, Phan Ngoc Chau, Viet Nam
Solutie.
Folosind pgr -Method obtinem:
p=a+b+c,q=ab+bc+ca,r=abc.
2
Avem p=3,0° =(ab+bc+ca)2 >3abc(a+b+c)=3rp=9r =r s% :

MS_Zbc(c+1)_zbc Z Z Y b’c* & (Xbe) (Zbc)z
a+1 a+l “a+1 a+1 bc(a+1) Zb a+1) Zbc a+l)
2 2 2 2 2
3
-4 ., 9 9 . qz S - 39 :q(q+ ):q:ab+bc+ca.
qg+p 3r+q q+3 q g+3 q+3 g+3
3-§+q
Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.
Ifa,b,c>0,a+b+c=3andA >0then
bc(c+A
ZQZab+bc+ca.

a+i

Marin Chirciu
Solutie.
Folosind pgr -Method obtinem:

p=a+b+c,q=ab+bc+ca,r=abc.

2
Avemp=3,q2:(ab+bc+ca)223abc(a+b+c):3rp:9r:rg%.
be(c+2) bc? b2c? b%c? ¢
Ms = = L
=2 a+i Za+7x Za+k Z b(a+21) Zbc(aJrk)
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e (Xbe) . (Xbef ¢ ., ¢ &

+ - 2
Zb a+k Zbc a-+)) T AP 3rtAg g3 3-%+kq
_q 3q__da(a+3)
q+3L  g+3h  g+3r
Egalitatea are loc daca si numai dacia=b=c=1.
Nota.
Pentru A =1se obtine Problema propusa de Phan Ngoc Chau in RMM 11/2021.
Ifa,b,c>0,a+b+c=3then

=(q=ab+bc+ca.

>ab+bc+ca.

ZbC(C +1)
a+l
Phan Ngoc Chau, Viet Nam

Aplicatia 41.
Ifx,y,z>0then

D ¥V +xyz)y X +18x°y* 2 = xyz[ [(y+2).
RMM 11/2021, Cyclic Inequality-1285, Hikmat Mammadov, Azerbaijan

Solutie.
Folosind pgr -Method, notam p=X+Yy+2,0=Xy+YZ+2ZX,I = XyZ.
Obtinem:

> vz =q*=3par +3r?, > x* = p*-3pg+3r,[ [(y+2z)=pg-r.
Inegalitatea se scrie :

(9°—3par+3r?)+r(p®~3pq+3r)+18r° = 3r (pg—r) <
< o +rp® +27r* >9pgr, care rezulti din inegalitatea mediilor:
AGM
q®+rp*+27r* > 33q®-rp®-27r% =9par, cu egalitate pentrug® =rp°* =27r> < x=y=z.

Egalitatea are loc dacd si numai dacix=y=z.
Aplicatia 42.
1 1 1

Ifx,y,z>0, + - = 2then
Xx+1 y+1 z+1

xyz<1
<3

Matematika 11/2021, Amir Sofi
Solutie.(Ghimisi Dumitrel)

1 1 1
A : =2 1 1)=2 1)
vem x+1+y+1+z+1 Z(y+ )(z+1)=2] J(x+1)

S Y22y x+3=2(xyz+ Y yz+ Y x+1) < Y yz+2xyz =1,(1).
Folosind pgr -Method notam:
P=X+Y+Z,0=Xy+YyZ+ZX,I =XyZ.
Avem ¢’ > 27r?, care rezulti din:
3AG 3
q° =(xy+yz+2x) 2( xzyzzz) (33/r_2) =27r?

Egalitatea (1) se scrie: q+2r =1.
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Ding =1-2r sig® > 27rrezulta (1-2r)’ > 27r> < 8r +15r2 + 6r -1<0 <

<:>(8r—1)(r+1)2£0<:> rs%<:> xyzs%.

. .. C o 1
Egalitatea are loc dacd si numai dacax=y =12 = e

Aplicatia 43.
Ifa,b,c>0,a*+b”+c?*=3then
a+b+c+——m>
ab+bhc+ca

RMM 12/2021, An Zhenping, China
Solutie.
Folosind pgr -Method avem:

p=a+b+c,gq=ab+bc+ca,r=abc.
Dina’+b*+c? =3« p*-2q=3 < p*=2q+3.

: : 3 Lo . .
Inegalitatea se scrie p+— >4, care rezulta din inegalitatea mediilor:

AGM 3
M5=p+§:£+£+£+§244£.£.£.§:44p_24=|\/|d’
g 3 3 3 ¢ 3 q 9q

p3 p?=2q+3

3
unde (1) < 44/§—q 240 2le P20 e P28l o (2q+3)° >81q° <
q
< 80° —450° +549+27>0 < (q —3)2 (8q+3)>0, cu egalitate pentruq =3.

Egalitatea are loc daca si numai dacd a=b=c=

Aplicatia 44.
Ifx,y,z>0 then

3 2 2 2
x+y+z>3 (X+Y+22)_
(x+y+2)

y+Z Z+X Xx+y 2
Mathematical Olympiads12/2021, EltonP

Solutie
Folosind pgr -Method avem:

P=X+Y+2Z,g=Xy+YZ+2ZX,r =XyZ.

Din omogenitate putem luax+y+z =1, deci p =1.

Obtinem:

3 X = X :Zx(l—Y)(l—Z):1—2q+3r
y+z 1-x > (1-x) q-r

Din p®+9r >4pq (Schur) si p =1, avem9r >4q-1.

si X2+y +2°=1-2p.

Dinl=(x+y+ z)z >3(xy+yz+2x)=3q,avem3q <1.
Inegalitatea de demonstrat se scrie:

2
L-29+3r, 3 3(-2p) (12243}, 9 gy oy
q-r 2 (1) q-r 4

care rezultd din9r > 4q—-15139 <1.
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Egalitatea are loc dacd si numai dacax=y=z.

Aplicatia 45.
If x,y,2>0,x+y+z=1,then

X (Y < 9
l-yz 1-zx 1-xy 8
Mathematical Olympiads12/201, Germany NMO

1<

Solutie
Daca o variabila este nulad problema este imediata.
In continuare vom considera ca X,y,z>0.

Avem1<y % 39@032 X _x 31@032 v 1
l1-yz 8 1-yz 8 l1-yz 8
Prima inegalitate rezulta din x,y,z >0si Xy, yz,zx<1.

Sa trecem la rezolvarea inegalitatii din dreapta:
If X,y,z>0,x+y+2z=1,then

Z Xyz <1
l-yz 8
Folosind pgr -Method notam:
P=X+Y+Z,g=Xy+YZ+ZX,F =XyZ.

2
Avem p=1,q s%,vezi:lz(Zx)2 >3)yz =3q,rs%,veziq2 =(Zyz)2 >3xyz» Xx=3r.

1- 1- _
Inegalitateazﬂglgzx xy)( XZ)S 1 N 3 2q+r2
l1-yz 8 [12-y2) 8xyz  1-q+r—r

BRI
8r

< 9r? +23r +q <1+16gr < 1-q-9r®—r(23-16q) >0, care rezulta din:
2
r< % si observatia ¢ (23—-16q)>0, veziq < % .

Obtinem:

) q° ? q° &)
1-9—-9r°—r(23-16q)>1-q-9 Y —3(23—16q)20,

22 2
unde (1) @1—q—9(q§J —%(23—16q)20 < 39" ~16q° +23¢° +39—3<0 <=
< (39-1)(9°~59° +6+3) <0, care rezulta din (3q—1)<Osi (g°~59° +6¢+3)>0,

vezig® +q(6-5q)+3>0, (6-5q)>0, ding <1

Wl ®

Egalitatea are loc dacd si numai dacax =y =12 =

Aplicatia 46.
If a,b,c>0,a+b+c=3then

2(1+1+EJ2a2+b2+02+ab+bc+ca.
a b c

Pure Inequalities 12/2021, Phan Ngoc Chau, Vietnam
Solutie.
Folosim pqgr -Method.
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Notam p=a+b+c,g=ab+bc+ca,r =abc.
Avem p=3=a+b+c>3¥abc =3%r = r<1,
q° :(ab+bc+ca)2 >3abc(a+b+c)=3rp=9r = q=3Jr (1)

. 1 11 .
Inegalltateaz(—+6+—j >a’ +b*+c*+ab+bc+ca se scrie:
a c

2%2(p2—2q)+q o= 2%2 p-q 2%+q29 o q(§+1)29,(2).
Din (1) si (2) este sufficient sd ardtdm ca:

2
3\/F(3+1j29 @\/F(3+1jz3 = r(%ﬂ) >9 ¢ r?-5r+420 < (r-1)(r-4)=0
r r

< (1-r)(4-r)=0, care rezulta dinr <1< 4.

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.
Problema se poate dezvolta.

If a,b,c>0,a+b+c:3andk2%then

(k+1)(l+%+lj2 a’+b? +c? +X(ab+bc+ca).
a c

Marin Chirciu
Solutie.
Folosim pqgr -Method.

Notam p=a+b+c,g=ab+bc+ca,r =abc.

Avem p=3=a+b+c>3%abc =3¥r = r<i,

> =(ab+bc+ca)’ >3abc(a+b+c)=3rp=9r = q>3r ,(2).
1 11

Inegalitatea (A +1)(_+B+_j >a”+b? +c” +A(ab+bc+ca) se scrie:
a c

o)

(x+1)%z(p2—2q)+xq = (k+1)%2 P +(2-2)q & (1+1)129(.-2) &

@(x+1)%+(2-x)q >9 o q{(k—:lh(z—x)}zg,(z).

Din (1) si (2) este sufficient s aratdm ca:

3\/F{w+(2—x)}29 - \/F{(x+1)+r(2—x)}23 - r[(x+1)+r(2—x)}2 N

r?(r=2) =r(21° =21+5)+ (A +1) 20 & (r-1)[ (A-2) r=(r+1)’ |20
= (1— r)[(k +1)2 —(7\,—2)2 r] >0, care rezulta dinr <1si conditia din ipoteza A > % ,

care asiguré(l— r) >0si [(k +1)2 —(k— 2)2 r] >0.

Egalitatea are loc daca si numai dacia=b=c=1.
Remarca.

e : o . 1
Cea mai buna inegalitate de forma celei din enunt se obtine pentruA = >
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If a,b,c>0,a+b+c=3then

3(£+1+1)2 2(a2 +b? +cz)+ab+bc+ca.

a b c
Marin Chirciu

Solutie.

Folosim pqgr -Method.

Notam p=a+b+c,g=ab+bc+ca,r=abc.
Avem p=3=a+b+c>3¥abc =3¥r = r<1,
q? =(ab+bc+ca)’ >3abc(a+b+c)=3rp=9r = q>3r (1)

Inegalitatea3(£+%+1j >2(a’ +b?+¢”)+ab+bc+ca se scrie:
a c

3 q. 3q 3q

> 2 >(p? —2q)+ o 2>2p*-3q < 2 >2p*-3q <

3Tq+3q>2p <:>3q( +1j>2p <:>3q( +1j>2 9<:>q( +l)>6 (2).

Din (1) si (2) este sufficient sa aratam ca:
2
3\/_( +1j>6<:>\/_( +1J>2 = r[i+1j 22<:>(r—1)2 >0,

evident cu egalitate pentrur =1.

Egalitatea are loc daca si numai dacia=b=c=1.

Nota.

Pentru A =1se obtine Problema propusa de Phan Ngoc Chau in Pure Inequalities 12/2021.
If a,b,c>0,a+b+c=3then

2(1+l+£j2a2+b2+02 +ab+bc+ca.
a c
Phan Ngoc Chau, Vietnam

Aplicatia 47.
If a,b,c>0,abc=1then

a) a+b+c+424
ab+bc+ca
b) a+b+c+ A 2}”+9,unde—9sxs4.

ab+bc+ca 3
Mathlinks12/2021
Solutie.
a)Folosim pqgr -Method.

Notam p=a+b+c,g=ab+bc+ca,r =abc.
Avemr=1p=a+b+c>3%¥abc=33r=3= p=>3,
p?=(a+b+c)’>3(ab+bc+ca)=3q = p?>3q,

q’ =(ab+bc+ca)2 >3abc(a+b+c)=3rp=3p=9 = q=3,(1).

) 3 .
Inegalitateaa+b+c+———>4 se scrie:
ab+bc+ca

) 2 2
p+§24<:> p24—§,careresult€1din: p223q2(4—§j , unde (1) <:>3q2(4—§} =
q q
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< 39°-16¢” +249-9>0 < (q-3)(39° ~7q+3) 20, care rezulta dinq > 3.
Egalitatea are loc daca si numai dacia=b=c=1.

Remarca.
Problema se poate dezvolta.
If a,b,c>0,abc=1andA <4then

A A+9
a+b+c+ > :
ab+bc+ca 3
Marin Chirciu
Solutie.
Folosim pgr -Method.
Notam p=a+b+c,g=ab+bc+ca,r =abc.
Avemr=1p=a+b+c>3¥abc=3r=3= p=>3,
p’ :(a+b+c)2 >3(ab+bc+ca)=3q = p°>3q,
q2=(ab+bc+ca)223abc(a+b+c):3rp=3p29:>q23,(1).
Inegalitateaa+b+c+ A > se scrie:
ab+bc+ca 3
M

p+&2%+9<:> _}L—Jrg—& care resultd din: p >3q>(%—%j unde (1) <

2
< 39 >(%—g] & 27¢° (L +9)" q? +61 (L +9)q-92? >0 <
(q —3)[27q2 (22 +18.)q +3ﬂ >0, care rezultd dinq > 3si A <4, care asigura

[27q2 ~(22+181)q +3ﬂ >0,
Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia 48.
Ifa,b>0,a+b+c=3 then

1 1 1 ab+bc+ca_ 9
+ > =

2 2 + 2 2 2 2 - )
a“+b° b°+c® c"+a abc 2
Mathematical Inequalities1/2022, Philip CC

Solutie
Folosim pqgr -Method: a+b+c=p,ab+bc+ca=q,abc=r.

Cu substitutia(a,b,c) = (%,% %j obtinem:
pINETINS ) NS S e +2x>z<(zxx+)y)+2x—

x+y

O 3) N Y

Z(x +y?) 2> % (p —2q
. g
Inegalitatea de demonstrat se scrie;: ————+ p>—, (2).
’ 2(p*-2pg) ~ 2 @
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X
Conditia din ipotezaa+b+c=3 se scrie1+1+1=3 = Z Y =3 q_3 < Qq=3r.

X y z Xyz r
Din inegalitatea mediilor avem pq =(a+b+c)(ab+bc+ca)> 33/abc - 33/a?b%c? = 9abc = o .
Dinpg>9rsiq=3r = p=>3.
Din inegalitatea cunoscuté(A+ B +C)2 > 3(AB +BC +CA) , pentru A=bc,B=ca,C=ab
obtinem g = (xy + yz + zx)2 >3xyz(X+Yy+2)=3pr.

Ding®>3prsi=>q*>pq=0q>p.
Folosind p >3,q> psa aratam inegalitatea (1) :

M S R P p22wd

S = p: +p_—: ,
2(p2—2q) ~2(p —2p) 2(p-2) 2

unde (1) < 2(pp_2)+ ng <p:>§ (p— 3) >0, cu egalitate pentru p = 3.

Egalitatea are loc daca si numai dacax=y=z < a=b=c=1.

Aplicatia 49.
Ifx,y,z2>0,x+y+z=1then

1+x 1+y 1+z
+ + XY +Vyz+2X)<2.
[1—x 1-y 1—zj( yry )

Mathematical Inequalites 2/2017, Marian Dinca

Solutie.
Folosim pqgr -Method .

Notdim p=X+Yy+2z,q=Xy+YyzZ+2X,Ir =XyzZ.

[EEN

Avem p=1,1=p?=(x+y+2) >3(xy+yz+2x)=39 =q <§

q° :(xy+yz+zx)2 >3xyz(X+Yy+2)=3rp=3r-1=3r = ¢*>3r.

Calculam

1+x 1ty 1+2 Z:1+x_21+x D (L+x)(x+y)(x+2)
1-x 1-y 1-z y+12 [T(y+2)
D H3xyz+ Y yz(y+2)+ )X +32yz 2-q+3r

[T(y+2) q-r

Inegalitatea de demonstrat se scrie:
(1+ X 1+y 1+z
+ +

2—q+3r
q-r

Q<2< q°=3gr+2r,
1-x 1-y 1-z2 a g 9

care rezultd ding” >3r .

j(xy+ yZ+2X)<2 <

. 1
Ramane sa aratam ca: 3r >3qr+2r < r >3qr < 1> 3q, adevarata dinq < 3

Egalitatea are loc dacd si numai dacax=y=27=—

3"
Sol2
x+ +z + X
Calculim 1+x 1+y 1+z Zl+x_z y _22x+y+z Z 2X 1o
1-x 1 y 1 Z y+2 y+2 y+12
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—22—+3

y+12
Obtinem:

Ms:[1+x+l+y+1+zj(xy+ yZ+2X) ( Z—+3J(xy+ yZ+2X)=

1-x 1-y 1-z y+12

X(Xy + yz + 2X) 2(y+2)+xyz
=2 3 =2 +3 =
> Vo2 +3(Xy +yz +2x) Z o +3) yz=

:22x2+22i+32yz=2[(Zx)2—22y2}r22£+32y2=
SONUBND SRR WD IC ST WD Yl

Ramane sa aratam ca:

xy 1(1 1 2
2— 7+ <2 < 7 , adevarat din g -z) >0.
Zy Z Zy+z Zy y+z 4(y z (y )
2Xyz 11 11
Obtinem: » ——— <22xyz 1373 =—xyzz —+— =—xyz ZZ =>yz.
ytz y
Egalitatea are loc dacd si numai dacéx=y=z=%.
Remarca.
Ifx,y,z2>0,x+y+z=1and0<A <1then
k+x+X+y+k+z (Xy+yz+2x)<A+1.
1-x 1-y 1-z
Marin Chirciu
Solutie.
k 1 A
Caleulam XX LAY A+ Z7L+x_Z (x+y+2) +x_Z +D)x+r(y+2) _
1-x 1-y 1-z y+12 y+12
k 1
_Z( i ] (r+1)Y 2430,
y+2 y+2

Obtinem:
Ms = k+x+X+y+x+z
1-x 1-y 1-z

j(xy+yz+zx):((x+1)zi+3xj(xy+yz+zx):

=(2+1)D] x(xy;ri/z; ) +30(xy +yz+2x)=(A+1)) ] (y;j); e +31) vz =

—(A+1) Y+ (1 +1) Zy+z+3xzyz=(x+1 (XX -2 vz [+ (1 +) T2+ 31 ye =

y+12

=(a+1)(Xx) ~(r-2 Zyz+z (2+1)xy = (A1) 1+ (2 —2 Zyz+z—7“+l)wZ

Y+1

—(r+1)+(r-2) Y yz+ ZK;?ZXVZ

Ramane sa aratam ca:
WETTNPY SV e LLSPRRPIG ol s L LSYPIPYY SV
y+2 y+2
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care rezulta din

1 1(11

<=|=+= ~-7)’>0.
y+z 4 y+zJ<:>(y Z)

gZ(k+1)xyz-%[1+%j:(k+l)xyz-%2%:

y

, (A +1)xyz
Ob D)
finem Z y+z

Ml
:TJFZyz <(2-2)D yz.

. . C o 1
Egalitatea are loc dacd si numai dacax =y =12 = 3
Nota.

Pentru A =1se obtine Problema propusa de Marian Dinca in Mathematical Inequalites 2/2017.
Ifx,y,z>0,x+y+z=1then

1+x 1+y 1+z
+ +
1-x 1-y 1-z

J(xy+ yZ+2x)<2.

Marian Dinca

Aplicatia 50.
0579. Ifa,b,c >0,a+b+c=3then

(b+c—a)(c+a—b)(a+b—c)+ﬁ§+ca217.

0579,Mathematical Reflections1/2022 An Zhenping, China

Solutie.
We use pgr -Method .

Note p=a+b+c,g=ab+bc+ca,r=abc.

We have p=3,9 = p? :(a+b+c)2 >3(ab+bc+ca)=3q=0q<3.
q2=(ab+bc+ca)223abc(a+b+c):3rp=3r-3=9r:>q229r.

9<3,0°>9r =>r<l1.

Schur Inequality: p*+9r >4pq, p=3 = 27+9r >12q = 9+3r > 4q.
Calculation(b+c—a)(c+a—b)(a+b—c)=(3-2a)(3-2b)(3—-2c)=27-18p+12q—8r =
=27-18-3+129—-8r =-27+129—-8r.

Inequality is written:

(b+c-a)(c+a—b)(a+b—c)+ 48

— 2>17T < —27+12q—8r+4—8217 &
ab+bc+ca q

<:>12q—8r+%244 = 6q—4r+%222 <> 60° —4qr+24>22q <

> 607 ~q(4r +22)+2420 & 3¢ —q(2r +11) #1220 &

Schur —
o 37 —q(2r+11)+4. 2973

>0 < 9¢° —q(6r+17)-12r 20,

resulting fromg® >9r,r<1.
Equality occurs if and only ifa=b=c=1.

Aplicatia 51.
Ifa,b,c>0,abc=1then

(a+b)(b+c)(c+a)=4(a+b+c-1).
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Mathematical Olympiads2/2022 ,Elton Papanikolla

Solutie.
We use pgr -Method .

Note p=a+b+c,g=ab+bc+ca,r=abc.

We haver =1,q* = (ab+bc+ca)’ >3abc(a+b+c)=3rp=3p = q?>3p.

Calculation(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=pg—r=pg-1.

Inequality is written:

(a+b)(b+c)(c+a)=4(a+b+c—1) < pg—1>4(p-1)< pg=4p-3.

From g >3pand pq > 4p—3we need p-\/ﬁz4p—3<:>3p3 2(4p—3)2 =

< 3p°-16p°+24p-9>0 < (p-3)(3p*~7p+3) =0,

resulting from p>3,3p(p-3)+2p+3>0.

Equality occurs if and only ifa=b=c=1.

Remark.

Ifa,b,c>0,abc=1and0 < A <32 then
(a+b)(b+c)(c+a)=r(a+b+c—3)+8.

Marin Chirciu
Solutie.
We use pgr -Method .

Note p=a+b+c,g=ab+bc+ca,r=abc.

We haver =1, q° :(ab+bc+ca)2 >3abc(a+b+c)=3rp=3p = ¢*>3p.
Calculation(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=pg—r=pqg-1.
Inequality is written:

(a+b)(b+c)(c+a)=4(a+b+c—1) < pg—1=A(p—3)+8< pg=Ar(p—3)+9.
Fromg® >3pand pq > 4p—3we need p,\3p >A(p—-3)+9 < 3p° 2[7»(p—3)+9]2 =
& 3p’=27p" +61(2—3) p-9(—3)" 20 < (p-3)| 3p" +(9-2) p+3(1-3)’ |20,

resulting from p >3,3p>+(9-2%) p+3(L—3)° =3p(p-3)+(18—-1*) p+3(1-3)" >0.
Equality occurs if and only ifa=b=c=1.
Nota
For A = 4we obtain Problem proposed by Elton Papanikolla in Mathematical Olympiads
2/2022.
Ifa,b,c >0, abc=1then

(a+b)(b+c)(c+a)=4(a+b+c-1).

Elton Papanikolla

Aplicatia 52.

Ifx,y,z>0,x+y+z=1then

ol
Matematika2/2022, Amir Sofi

Solutie.
Folosim pqr -Method :
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Notdm p=X+Y+Z,qQ=Xy+YZ+2ZX,r =XyzZ.

Avem p=1,0° =(xy + yz+zx)2 >3xyz(X+y+2)=3rp=3r = q*>3r.
Folosim
Lema.

Ifx,y,z>0then

©|

(x+y)(y+2)(z+X)==(x+y+2)(xy+yz+2x).

Lema8/9
Demonstratie.
Avem:

(x+y)(y+2z)(z+x)=> 8

§(x+ y+2)(Xy+yz+2x) <
9D yz(y+z)+2xyz)2(D yz(y+12)+3xyz) < D yz(y+2)26xyz <
= Zx(y—z)2 >0, evident cu egalitate pentrux=y=z.

Rezulta
8(x+y+z)(xy+yz+zx) 8. -q:§-1~qq2223§\/3_r.
9 9 9 9

8
S ERGRICSIRITR oV 83

Egalitatea are loc dacd si numai dacix=y=27=—

(x+y)(y+2z)(z+x)=

0.)

Aplicatia 53.
Ifa,b,c>0,a+b+c=3and-1<X <3then
E+1+£23abc+7»(3—ab—bc—ca).
a b c

IneMath2/20222, Marin Chirciu
Solutie.
Folosim pqr -Method .

Notam p=a+b+c,q=ab+bc+ca,r=abc.
Avemp=3,q:ab+bc+ca£%(a+b+c)2:—p =-.3%=3=0<3.
q’-’:(ab+bc+ca)223abc(a+b+c):3rp:3r-3:9r:>q23\/F.
3=a+b+c>3¥abc =3Yr = r<1.

Inegalitatea de demonstrat 111 gancy L(3—ab—bc—ca) se scrie:

a b c
a4, >3r+1(3- q)<:>q>3r+3x Xq<:>q( +kj>3(r+k)<:>q_M.
r Ar+1
Deoarece q > 3\/F este sufficient sa aratam ca 3\/F > W .
r+

Notand r =t avemO<t<1 sl ramane sa aratam ca:
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3% (2 + 2

¥ (1)
M +1

care rezultd dint—1<0sit* +(1-1)t+1>0, adevératd din A :(1—%)2 -4<0 < -1<A<3.

Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia 54.
Ifa,b,c >0 a®+b?+c® =3then

S M +12t(P+1) & -+t -1<0 & (t-1)[ t* +(1-1)t+1] <0,

a+b+c+——mM>
ab+bc+ca

J572,Mathematical Reflections6/2021, An Zhenping, China
Solutie.
Folosim pqgr -Method.

Notam p=a+b+c,q=ab+bc+ca,r=abc.

2_
Conditia din ipotezd a® +b® +c¢* = 3se scrie p° —2q =3 <> q = P 5 3
Inegalitatea de demonstrata+b+c+ > 4 se scrie p+§24<:> P+——F24
ab+bc+ca q p°-3

2
< p’-4p*—-3p+18>0 < ( p—3)2( p+2)>0, evident cu egalitate pentru p =3.

Egalitatea are loc daca si numai dacaa=b=c=1.
Bibliografie:
1. Marin Chirciu, Inegalitati algebrice, de la initiere la performanta, Editura Paralela 45,
Pitesti, 2014.
2. Daniel Sitaru, RMM 6/2021.
3. 2018 Greece, Team Selection Test.
4. George Apostolopoulos,Greece, RMM-Summer Edition 2022.
5. Neculai Stanciu , RMM 7/2021.
6. Nguyen Viet Hung, Vietnam, Mathematical Reflections,1/2021.
7. Konstantinos Geronikolas, Greece, Pascal Academy, Math Group 5/2021.
8. Imad Zak, Lebanon, Mathematical Inequalities, 7/2021.
9. D.M.Batinetu-Giurgiu, RMM 4/2021.
10. Boris Colakovic, Pure Inequalities 2/2021.
11. Sladjan Stankovic, Mathematical Inequality7/2021.
12. Nguyen Van Canh, RMM 7/2021.
13. An Zhenping, Mathematical Reflections 1/2022.
14. Amir Sofi, Matematika 2/2022.
15. Elton Papanikolla, Mathematical Olympiads, 2/2022.
16. Marian Dinca, Mathematical Olympiads, 2/2017.
17. Philip CC, Mathematical Inequalities1/2022.
18. Phan Ngoc Chau,Vietnam, Pure Inequalities 12/2021.
19. Hikmat Mammadov,Azerbaijan, RMM 11/2021.
20. Choi Fai Lam, Mathematical Inequalities1/2022.
21. Hoang Duc Hung, Mathematical Inequality 3/2021.
22. Lazaros Zachariadis, RMM1/2021.
23. Marin Chirciu, Inegalitati algebrice 2, de la initiere la performantd, Editura Paralela
45, Pitesti, 2021.
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2. A refinement of one inequality from Romanian Mathematical
Magazine, lanuarie, 2022

by Marian Dinci, Bucharest, Romania

ROMANIAN MATHEMATICAL MAGAZINE

Prove that in any triangle ABC with usual notations holds:

ab + bc + ca m,

> c—
4/3F ~ | Sa

Proposed by Marius Dragan, Neculai Stanciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco, Solution 2 by
Soumava Chakraborty-Kolkata-India

Solution by Marian Dinca
2 2

m, b +c si

S 2bc 2r

a

prove the inequality :

ab+bc+ca R
—_— 2| 1
4J3F 2r @
4F = J(a+b+c)(b+c—a)(a+c—b)(a+b-c)

O

the inequality (1) is equivalent to:

ab+bc+ca2\/3abc(a+b+c) (2)

for:ab = x,ac = y,bc = z the inequality (2) is equivalent to:

X+Y+2 2\/3(xy+yz+zx),well —known

(x+ y+z)2 —3(xy+ yz+zx):%[(x—y)2+(y—z)2+(z—x)2}20
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3. Other Solutions for Some Problems from Mathematical Excalibur
By Nela Ciceu and Roxana Mihaela Stanciu

Problem 461. Inside rectangle ABCD,
there 1s a circle. Points W, X ¥, Z are on
the circle such that lines AW, BX, CT.
DZ are tangent to the circle. If 4=3.
BX=4. CT=5. then find DZ with proof.

Solution. Let O be the center of circle and let r be the radius. The perpendicular from O to
ABmeet ABatM and DC at P . Using the Pythagorean theorem (or the power of the point
with respect to circle) we have

DZ?-CY? =(DO” —r?)—(CO? —r?) = DO* -CO”* = DP? - PC* = AM? —MB’ =
= AO? —BO? = (AO’ —r?)—(BO® —r?) = AW® —-BX* =9-16=-7.
Hence, DZ? =—7+25=18,s0 DZ =18 =3/2.

Problem 462. For all x;. x5, .... x,= 0,
let xp+1 = x1. then prove that

n | 2
Z_ |I ] —+ Vsl — = T_
o | (o +D° (x,,+D° 42

Solution. Let x,y > 0. Using C-B-S inequality we have

\/2( 1 _+ y? 2j_lz\/(1+1)((y+1)22+(y(>;+1))2)_12 Xy +2y+1 -
(x+1)° (y+) (x+D(y+1) (x+D(y+2)

__¥=x 1 1 \writing the inequality from above for the numbers
x+D(y+) x+1 y+1

(X X5) , (X5, X3) 5+ (X4, X, ), (X, X, ), after adding up we obtain the desired inequality.

Problem 466. Let & be an integer
greater than 1. If A+2 integers are
chosen among 1.2.3.....3%, then there
exist two of these integers m,n such
that k<|m—n|<2k.
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Solution. Let the partition {1,2,3},{4,5,6},..., {3k — 2,3k —1,3k }formed by k subsets. Chosen

k + 2 numbers, by *’pigeonhole principle’’, there exists at least a subset which contains at
least two numbers; let be these numbers m,n. Yields that [m—n| < 2 < 2k . Considering the
partition

{Lk +2,2k +3},42,k + 3,2k + 4},..., {k = 2,2k —1,3k }, {k = 1,2k }, {k, 2k +1}, {k +1,2k + 2} formed
by k +1subsets. Let m, nthese two numbers which belongs to one of the subsets from above;
evidently /m—n| > k.

Remark. For the inequality |[m—n| < 2k are enough k +1numbers.

Problem 468. Let ABCD be a cyclic
quadrilateral satisfying BC>AD and
CD>AB. E, F are points on chords BC,
CD respectively and M 1s the midpoint
of EF. If BE=AD and DF=A4B, then
prove that BM 1L DM.

Solution. Let a= AB,b=BC,c=CD,d = DA. Since the quadrilateral is cyclic, we have
cosC =—cosAand a® +d* —2ad cosA=b? +c® +2bccosA, (1). Using the the median
length formula, cosine law and the relation (1) we obtain:

2 2
2BM? + 2DM 2 :BF2+d2—%+DEZ+a2—EF

=b® +(c—a)® +2b(c—a)CosA+

+c*+(b-d)*+2c(b—-d)cosA+a’* +d*—(c—a)’ —(b—d)* —2(c—a)(b—d)cosA=
=a’®+d*+b” +c® +2(bc—ab+bc—cd —bc+ab+cd —ad)cosA=
=a’+d®+a®+d? —2adcosA—2bccosA+2(bc—ad)cosA=

=2a’ +2d* —4adcosA=2BD?.

Hence, the triangle BDM is right angled in M .

Problem 477. In AABC, pomnts D, E
are on sides AC, AB respectively. Lines
BD, CE intersect at a point P on the
bisector of “BAC.

Prove that quadrlateral ADPE has an
inscribed circle if and only if AB=AC.

Solution. If the triangle is isosceles with  AB= AC yields immediately that AE = AD and
PE=PD, so AE+PD= AD+ PE, therefore ADPE has an inscribed circle.
We suppose that ADPE has an inscribed circle.
Theorem (losifescu): The quadrilateral XYZThas an inscribed circle if and only if
LYXZ LTZX LYZX LTXZ
tan tan =tan tan :

2 2 2 2
By losifescu’s theorem we have
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ZEAP_ __ /DPA ZAPE, ZPAD
tan tan =tan tan :
2 2 2 2
Hence ZEPA= ~/DPA; from the equality of triangles AEPand ADPwe obtain AE = AD.
By Ceva’s theorem and bisector theorem we have EB_ DTC = ED|BC and then AB=AC.
c

Comment: For losifescu’s theorem, see [1] with a proof in [2].

[1] Nicusor Minculete, Characterizations of a Tangential Quadrilateral, Forum
Geometricorum, 9 (2009), 113-118.
[2] Martin Josefsson, More Characterizations of a Tangential Quadrilateral, Forum
Geometricorum, 11 (2011), 65-82.
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4. RETELE LATICEALE 2x N
(Puncte, Drepte si Segmente)
-TEST PUZZLE-

Prof. Stan llie2

B, B, B, B,
1O @ @ @
A1 ;;I': . A n
—} @ o O
o 1 2
Precizari:

- Retelele laticeale sunt formate din puncte(noduri) de coordonate ntregi.
- Daca nu e precizat altfel, este vorba de reteaua laticeald 2 x n, n>1

- Fiecare intrebare isi are un raspuns in lista(bijectie)

- Fiecare raspuns corect primeste 1 punct

- Daca se raspunde particularizat, punctajul este 0,n (n maxim 7 )

- Réspunsurile se gasesc pe alta pagind(pentru a nu influenta, initial)

Realizati o legatura intre fiecare Tntrebare si fiecare raspuns!
intrebari:

1. Numarul punctelor unei retele
Numarul dreptelor ce trec prin doud noduri
Numarul total al segmentelor
Numarul segmentelor de lungime intreaga
Numarul segmentelor de lungime irationala
Numarul maxim al segmentelor coliniare
Numarul directiilor dreptelor
Lungimea totald a segmentelor de lungime intreaga
Lungimea totald a segmentelor de lungime irationala
10 Numarul maxim de segmente necongruente ce pot fi alese

©WooN A WD

2 Liceul Tehnologic “Anghel Saligny”, Rosiorii de Vede, Teleorman, stan_ilie@yahoo.com
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Raspunsuri:
A) 2n
B) n(n-1)
C) 2(n-1)
D) n+2
E) n(2n-1)
F) n(n?+2)/3n?
G) n(n-1)/2
H) 2n

) 2 Z:{n— WEFT
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Solutii si discutii:

1. Asaul
6. H

5.B
10.C

3.E
8. F

©oiH
“|®

1. Numairul punctelor unei retele 2xn
Acesta a fost, intr-un mod mascat, punctul din oficiu. L-ati meritat! L-ati meritat?

2. Numarul dreptelor ce trec prin doua noduri
Poate ati desenat si numarat, pentru n=2, n=3,n=4, n=5,...
Veti fi gasit 6, 11, 18, 27,...
Si poate ati observat ca solutia este, aproape un patrat perfect:
4+2,9+2, 16+2, 25+2,. ..
Adica 2242, 3242, 4242, 5%+2,...
De aici se pare ci forma generali este n?+2
Verificam daca se pastreaza formula si pentru 2x(n+1):
Am adaugat inca doua puncte: A si B

B, B, B, B, B
1 @ @ L @

A, A A . A
—@ L 4 @ @ o
8] 1 2 3 4 4] 5] T 2

BAn

Plus inca una: AB(verde)
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LE , B, B, B, B
1 @ @ @ L
Ay "2 4 Ay A
—@ @ @ o
8] 1 2 3 4 a G 7 8

Asadar: n>+2(anterioare) + n(rosii) +n(albastre) +1(verde)=n?+2n+1+2=(n+1)%+2
DalEste! Inductia confirma Intuitia!

Sau altfel:

Fie ndi = numarul dreptelor din 2xi

2x1:nd1=1(altfel scris 2x0+1)

2x2:nd>=nd1+2(A1A2 si B1B2) + 2x1+1

2x3:nd3=nd,+2x2+1

2x4:nds=nds+2x3+1

---------------- adunand si reducand obtinem
ndv=2+X7, [2(i— 1) + 1]=2+T,(2i— 1) =2+2 ) _ i— XL, 1=
=2+2n(n+1)/2-n=2+n>+n-n=n+2

3. Numarul total al segmentelor
n=1=>1
n=2=>6,
n=3=>15

N=4=>28 pe numarate(!)

Sa privim cu atentie, sirul 1,6,15,28,...

Altfel scris: 1x1, 2x3, 3x5, 4x7,...

Sau : 1(2x1-1), 2(2x2-1), 3(2x3-1), 4(2x4-1),... ce conduce catre forma generala:

n(2n-1)

Sau, daca veti combina(!) punctul din oficiu( cel cu 2n noduri in retea) cu 2(numarul
punctelor necesare trasarii unui segment-capetele lui, deci), acceptind (re)cunoasterea
notiunii de combindri, rezulta:

(2Zn)!

Combiniri de 2n luate cate doua: C(2n, 2)= =...=n(2n-1)

(Zn—2)12!

75


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2022 www.mateinfo.ro

4. Numarul segmentelor de lungime intreaga

Aceste segmente sunt situate pe fiecare dintre cele doua linii. Nu pot conecta cele
doua linii.

De ce?

G .
]

X2
Metoda #1:

Pentru n=1, 2, 3, 4,... obtinem 1, 4, 9, 16,... segmente intregi.

Ne putem gandi, desigur, la n?.

Sa verificam, adaugand la As,...An,Bz,...,Bn Incd doud noduri(A si B).
Apar noile segmente AA1, AAz, AAs,...,AAn. Adica n segmente.

Inca n corespunzitoare lui B.

Si incd unul pentru AB.

Total 2n+1.

n?(cele existente de la 2xn)+(2n+1)(noile adiugate)=(n+1)>

Asadar banuiala noastra, a fost corecta.

Rispuns: n?
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Metoda #2:
Fie nsi = numarul segmentelor de lungime intreaga din 2xi

2x1:  nsi=1(altfel scris 2x0+1)
2X2:  nsp=nsi+ 2x1+1
2X3: NS3=nsy+2x2+1
2X4: NSs=nsz+2x3+1

---------------- adunand si reducand obtinem
ndn=X7-1(2i+ 1) =2 Z::lli 4+ Yol 1 ==1+2n(n-1)/2+n=n?-n+n=n?

5. Numairul segmentelor de lungime irationala

6.

Metoda #1:
Segmentele de lungime neintreagd, se obtin unind Aj cu Bj, i#j.

- @ @ T : T
Asadar, fiecare dintre cele n A-uri, se poate uni cu n-1 B-uri.
Raspuns: n(n-1)

De ce nu mai punem problema si invers?

Metoda #2:(idee pentru Metoda #3, de la punctul anterior)
3.-4.=5.

Numirul maxim al segmentelor coliniare
Segmentele coliniare se gasesc ori pe linia A-urilor, ori pe linia B-urilor.
Sugestie: Analizati sirul 0, 1, 3, 6, 10,...

Combinari de n luate cite doua: C(n, 2)= ik =...=n(n-1)/2

(n—2)i2!
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7. Numarul directiilor dreptelor

Combinand cele n rosii(ce trec prin Az si prin B-uri) cu cele n albastre(ce trec prin An
si...atentie!), obtinem 2n.

8. Lungimea totali a segmentelor de lungime intreaga
Pe linia A-urilor, observam ca sunt:

n-1 segmente de lungime 1
n-2 segmente de lungime 2
n-3 segmente de lungime 3

1 segment de lungime n-1

Srtia-=nYy  f— X (-2 - (Hn(En-2+1)/6 = n(1-1)(En-

i=1
2n+1)/6 =
=n(n-1)(n+1)/6
Adunand acest rezultat cu unul similar(pentru lina B-urilor) plus n(pentru AiBi),
avem:
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n(n-1)(n+1)/6+ n(n-1)(n+1)/6+n=n(n2-1+3)/3=n(n+2)/3

9. Lungimea totald a segmentelor de lungime irationala

www.mateinfo.ro

0 -

A [ =1
B
o
a A = 2] T
Avem n-2 segmente de lungime V5 samd
Vom dubla desigur suma, datorita simetriei(de exemplu B1A2 simetricul lui A1B>):
n—1
2 z (n—WEFI
i=1
B
)
. T
[ =1 i
B, B, B, B,
1Q @ @ @
O @
i - = 2 A [ =] fral
i 4 2 2 A L A T

Cele n-1 lungimi irationale plus cele n-1 lungimi intregi: 2(n-1)
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5. Two inequalities from the journal ”Sclipirea mintii” 2/2021, and a
variation

Daniel Vacaru, Pitesti, Romania

I select two inequalities from “’Sclipitea mintii” 2/2021. Here is the chosen inequalities

b
Q74. Proposed by Florin Rotaru, Focsani, Romania
Prove that in any triangle ABC is true the following inequality: M‘fgic >

8r2 — R2.
We have
be . 4Ry . .
_abe g2 g M pe s g2 wopr 4 B2 > 82
a+b+ec 2s

But Euler showed that R > 2r < R? > 472 It follows that
2Rr + R? > 2. (2r)r + 4r? = 82,

as desired.

The third inequality is a variation for Q76, which belongs to Mr. Mihaly
Bencze, namely

If a,b,c > 0 and abe = 1, then prove that

1 3
< —
E:m+bw+a+b+4_8

cyc

We have
1 B 1 B 1
(a+b)cta+b+4 actbc+a+b+d L4+liatbtda

1
< _—

, because a—l—% > 2. We have another two relationship, obtained from
a—bb—cec—a

and a = c¢,b — a,c — b.

" " . . . 1 3
Summing these three relationships, we obtain ém <z

Q72. Proposed by Rovsen Pirkuliyev, Sumgait Azerbaidjan
If ABC is a triangle with usual notation, then prove that
AH* + BH* + CH* = 3R*
We have
AH* + BH* + CH* = %(AHZ +BH? + CH?)? = %{q—RE cos? A + 4R? cos? B + 4R? cos2 ()2

l P 5 a5 Z 2
= E(M—E‘(cos—ﬁl + cos“ B + cos” C])
But cos? 4 +cos?B + cos?C = 3 — 4R?*(cos? A + cos® B + cos?C) = 3R?.

We obtain
AH* + BH* + CH* = 2{3!1'2)2 = 3R*.
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6. Aplicatii ale unei inegalitati algebrice in trigonometrie

de Gheorghe Ghitd,Buziu

Articolul prezintd noi inegalitati algebrice, dar si aplicatii ale acestora In triunghi.

Fiea,b,c,x,v,z > 0 si oc = 0. Sa se demonstreze ingalitatea:

x\I+E y:x+z z\xl—Z - x2+y2+zz ( xO'C ye( zlx )

+
a® b= c* az+bZ+c®

(D)

as-2 b¥-2 + %2

Gheorghe Ghita,Buzau

. x-x+z =2 =} z:x+2 = o Z% xo:+z
Solutie. Avem: (1)= ( —+ ybx + T) (@®+b2+c?) = (T + bz—z + ‘x_z) (x?+y?+z)eo—+
o c a = [4 a =
bzx:xi-z szoﬂz azycc+z+yx+2 4 Czyoﬂz I:.]’zzcx+2 bzz«+2 Z“+Z x:x+2 +x:xyz xuczz_'_xzyoc y::+z 4 y-xz: 4
a® a%= b= p¥-z ks % P £¥—2 T g%-2 a%—2 a%—2 p%x-2 pE-2 p%—2
2z 4 y:ztx n ZXt2 - By fx2 yz azyu 12 yz Czylx yz z2 pZz% }'2 72 + alz® [z2 2
cx—2 c®-2 c=-2 a%“—2 \ g2 b2 %2 \ g2 b2 p=—2 \ p2 2 c®-2 \ p2 c2 c%-2 | g2 aZ

N Eﬂﬁﬁ—y—z p*x™  a’y~ i y: 2% (cfy*  bPe™ " 2% x%) (afz®  x® >
a*—2 (2.::22 a‘;)z , z(az xb;) (a;—zo( bz—zz Ebzz c:)z(b“—zy mc“—zz N (CEZ :E) Ec;‘z xa“;‘z) o
0=ah ((a) -(3) )((;) -(3) )% ((5) -(%) ) () -(©) yrea ((;) -(2) ) ® -
G)m) = 0, adevérata, pentru ci functia f: (0,c0) — (0,00), f(t) =t",r = 0 este

crescitoare(pentru ci, daci: 0 < u < v = u? < v?,u” < v* = (u? — v?)(u™ — v™) = 0), si atunci toate
y oz

cele trei produse sunt pozitive. Egalitatea are loc < % =,=

Totodata, in triunghiul ABC au loc inegalitatile:

Y ab = 18Rr = 43§ = 3612, 2)
cu notatiile uzuale in triunghi.

Utlizdnd Y ab = p? + r2 + 4Rr, pentru inegalitate avem: Y, ab = 18Rr < p2 + 12+ 4Rr = 18Rr = p? =
14Rr — r?,din (4) = p? = 16Rr — 5r?, si rimane de aritat ci 16Rr — 5% = 14Rr — r? = R = 2r, adici
inegalitatea lui Euler. Celelalte doua inegalitati rezultd din inegalitatile Mitrinovic:

=
3V3r<p<2E (3)

Din sirul de inegalititi (2) rezulti inegalititile: Ionescu-Weitzenbéck ¥, a® = 435 si Neuberg ¥, a? = 36172,

deoarece Y a’ = ¥, ab. Inegalitatea Y, a® = 18Rr rezulti si din: Y a® = 2p® — 2r2 — 8Rr = 18Rr< p? =

13Rr + 12, care rezulti din (4): p? = 16Rr — 512, deoarece, 16Rr — 512 = 13Rr + r’< R = 2r.

Inegalitatea dintre al treilea si al cincilea termen: 18Rr = 3612, este inegalitatea lui Euler.
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ra

Observatial. Pentru ox= 1 = Z% v Z ax,Va,x > 0. (4)
Aplicatii.
1) > 228 wn > 0.
'.'1+1
Din (5)= =y-2 La’ Yala+nb) = La® Y (a? + nab) =
a+nb E(a+nb}z Y az+2nY ab+n2 ¥ b2

*)
Ya® 2 o ya? _ (m+1)¥Fab  Yab __ 18Rr
(n2+1)Taz+2nYab Za*+nkab) = (n241) T a%4+2n¥ a2 Zab+ nE ab) = (m+1)2  n+1 = n+l’ unde

(<):x2 +y2 + z2 > xy + yz + zx,Vx, v,z > 0; rezulti: ¥ —

18Rr
atnb — n+l’

nz= ;la n = 0 aaceleeasi inegalitati din articolul, "3. In legatura cu problema L:739 Sclipirea Mintii-24"-

¥n = 0, care este o dezvoltare de la

Revista Electronica Mateinfo/martie/2020 de Marin Chirciu,Pitesti;

9Rr

NotaPentrun—(]:)Z——Za = 18Rr; pentrun = 1= Z—>9Rr1arpentrun—3 =>Za+3b>—§i
> BIR?r? ) 1522,
a B P - 2, 2 2 ‘=

atunci Z Z = = 6p’r?=652=> Y% a+bz e =654, adicd problema

PTETE 2
L:7 39;Sc11p1rea Mintii-24/ propusé de D. M. Batinetu-Giurgiu, Bucuresti si Neculai Stanciu, Buziu;

r
2) AABC = Z yoey > S
Gheorghe Ghita,Buzéu
Yra _ Xra S (S5 LS5
2 ()t T ()
(=)
= i s ﬁzr"z pas Za— ounde (*): x2 +y2 +z2 = xy +yz +

2Yri+2Y rarp = (p—a)(p-b)p—c) — 4¥ri " plp—alp-b)(p—c) T4
zx, Vx, v,z > 0.

Observatia2.

2 —
-2 -2+ 2 Zn—-1
Yx x - (2 x ) x - =

Pentru o= 2n + 1 aplicAnd repetat inegalitatea (4) =:+Z a2 Sa7 L gon yar e =
(5)

- o~ (T a? n+1 .

@az) ZE = (Zaz) ¥ ax , rezulta:
x2N+2 ¥ a2 n+l
Z aznti = Z ax (E az) " (5)
Gheorghe Ghitd,Buzéu
Aplicatii
q3n+3 9Rr

1) AABC = ZWEF,HEN

Gheorghe Ghita,Buzau
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+3 n+1l
. _ 2 _
Solutie. Din(5) = X 7( oy 2 =Yala+b) (Z(H }2) xala+b)=%Ya“+XYab=
(2p? — 2r? — 8Rr) + (p®> + 1% + 4Rr) = 3p® —r? — 4Rr = 36Rr = 3p? = 40Rr + r?, adevirati,

Gerretsen
deoarece, =  3p2? = 48Rr — 15r2, si riméne de aritat ¢ 48Rr — 1512 > 40Rr + r2 < R >
(+)

a® Ya? o Ya? _1 .2 2 2 .

2r(Euler); E(b+ = ITartayie = yatITE & unde (+):x*+y*+z-=xy+yz+zx,Vx, v,z > 0;
gnte 1 n+1 9Rr
rezulti 3, W = 36Rr (Z) = —-. Egalitatea are loc pentru triunghiul echilateral.
(a+b}zn+a 3EQBR+STH+Z
2) AABC = ¥ et T ,neEN.
Gheorghe Ghitid,Buzau
Zn+3 2y T1
Solutie. Utilizand (5) avem }; % =Yala+b) (Mb) ) ;Y a(a+ b)=3p? —r? — 4Rr = 36Rr;
Y(a+h)®  ¥(atb)at+b) Ya(atb)+¥bla+b) 2Fa(a+h) - 72Rr Leigmz 72Rr _ 8r -y (a+p)2n+s
Yaz T a2 - T az T yat = y¥az T 9rz gznti =
gy 1tl g.23N+5n+2 i . . .
36Rr (—) = Egalitatea are loc pentru triunghiul echilateral.
(p a)2n+3 g2
3) AABC = 3 —i _zzn“,nEN.

Gheorghe Ghitd,Buzau

Solutlez{p )H+zb2a( (Z(p )HH- —a)= N 22992 _ (992 _ 9.2 _ aps) —
p—a)(=s Yap—a)=pXa-—-Ya’=2p>—(2p®—2r*—8Rr) =

2ﬂ+1
2_2 + 2 2_ 2 2 — 2_
T(p*-2pa+ae®) 3p*-4p®+¥a®  p®-2r’-8Rr Eic::»p >
2(p2—r2—4Rr) 2(p2—r2—4R‘r) 2(p2—r2—4Rr)

2r(4R + r) = 18r2 =R = 2r (Euler); E‘;’a‘:}z -

Gerretsen

12Rr +3r%din 5  p? = 16Rr — 512, si atunci, riméine ca 16Rr — 5r2 > 12Rr + 3r2=R > 2r,

n+3 n+l 2
inegalitatea lui Euler; rezultd ), ~—— (p=a) > 18r? G) - Egalitatea are loc pentru triunghiul

—:n+1 22rt+1.
echilateral.
ZR+2 Lpant+dn+a
4) MBC= Toton= P meN.
Gheorghe Ghitd, Buziu
2n+a n+1 Ea

Solutie. Avem T > Ta(p - ) (m a),) i Tap-a) = 2r(4R +1) > 1877 o =
2(p?-r?-4Rr) 2(p*-r* —4-Rr] 3 Gewitsen

= -:rp 2(R—4r)+31Rr?* —4R*r +8r* = 0:a)daciR = 4r=MS =

3p?-4p?+¥a? p?-2ri-8Rr
(16Rr — 5r2)(R — 4r) + 31Rr — 4R?r + 8r® = 0 (R — 2r) (6R — 7r) = 0, adevirati din inegalitatea
Gerretsen

lui Euler, b)daci R < 4r = -MS <= (4R? + 4Rr + 3r2)(4r —R) —31Rr* +4R*r —-8r¥ <0

azn+a

=(R —2r)(2R(R — 2r) + r?) = 0, adevirati din inegalitatea lui Euler ; ¥, G =

ar n+1 9 73N+4,n+a . . . .
) ————— Egalitatea are loc pentru friunghiul echilateral.

182 (% e

(\r)zms niz

7R+1 - 2n+LRn

.nEN,

5) AABC = Z
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unde 1,, 13, 7 sunt razele cercurilor exinscrise.

Gheorghe Ghita,Buzau

n+1 (3)

Solutie. 3 “z:: =>ar @;“) ;2 aly = Za—s = M =2p(2R —1) S 6v3r (2R—71) = 9v3Rr

< R = 2Zr, inegalitatea lui Euler;

18 _ter vomrir?-2p° > —op?(3r + 2R) < 16R® + 8R?r + 13Rr? +
Y a2 2p?-2r2-BRr

Gerretsen
3r3 adevirati, deoarece 5  p2(3r + 2R) < (4R? + 4Rr + 3r2)(3r + 2R)=8R3 + 20R%r +

18Rr? + 973, 5i rimane de demonstrat cd 8R® + 20R?r + 18Rr? + 9r® = 16R3 + 8R?r + 13Rr?

Zn+a

3ri=(R — 2r)(8R? + 4Rr + 3r?) = 0, adevirati , fiind inegalitatea lui Euler;rem,lll::?lZ];:[I

2n+1 —

n+l [ 7@t n+z
9v3Rr G—;) =M7T. Egalitatea are loc pentru triunghiul echilateral.

an+1pn

a2 n+a 225+2Tn+2

6) AABC = Z o 2 (\E)Z“_ann'n EN,
unde 1, 13, T, sunt razele cercurilor exinscrise.
Gheorghe Ghita,Buzau
an+a 2y N1 ¥ * 5 (2) Gerretsen

. a a a® = ab [ 18Rr [
Solutie. = 2. ar (Z—) ar, = 9V3Rr; = = =

lie. X rg2ntl Yar g sx.ar Y13 T 16RZ+8Rriri-2p? 16R2+8Rr+r2—2p?

18Rr _ 18Rr

<37R? —96Rr + 44r? = 0 (R — 2r)(37R — 22r) = 0,

16R?+8Rr+r2—2(16Rr—5r?) - 16!22—241-121"+11?’2 - ﬁ

i . i . 2n+ ar nt+l 2ntzentz
(inegalitatea lui Euler); rezulta »; Ta > 9V3Rr ( ) == Egalitatea are loc pentru triunghiul

2n+:|. { l.'—)"”‘
echilateral.
7) AABC = AMBC = ¥ 22 o 2™ e,

hg?Mtt = [\@)7 g1’
unde hg, Iy, he sunt indfimile triunghiului ABC.

Gheorghe Ghiti,Buziu

n+3 v\t (3} 5 (*)E b ) 1R Leuenberger
a 2. az — el ~ bl -~
= : = > > = =
Solutie. &£ __ o 2 Dahg (Zhﬁ) s nah, =225 = 6pr 18\/_?" PSn T e 2 4p2r22;_: =
a
(3)
18Rr 18Rr = 8r e
4p2r2i= p? = ﬁ: Z L :’ 18"/_? (SR) W, Ul’ldE(*)! Xz + }'2 + 22 =Zxy+yz+
art Al
zx,Vx,y,z = 0. Egalitatea are loc pentru triunghiul echilateral.
+7
ngnte 22n+3{’};§)2“ pants
8) AABC = ¥, . preTe ,MEN,

unde hg,, hy, b sunt indltimile triunghinlui ABC.

Gheorghe Ghitid,Buziu
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3 452
3 ZS

2
a 2yl g5yl
452 Y 457

an+ n+l - —
hg . _ _ 2. Eha _~az _ " “a®
Solutie. ¥~ = Y ah, @ )  Lahg = X 25 = 6pr = 18V3r® ;o= St Y@ e
B ergstrom (T 12 Leibniz (3) 2
< 45® TaZ _ 36S° & 3657 _ 4p*r? S 12r4 ha antz > 183 12r* n+l 22““( 3) T pants
- Eaz (Eaz}z - BlR“‘ gr+ — R+ ' Z T' Rant4

Egalitatea are loc pentru triunghiul echilateral.

panta 27r2

9) AABC = Z (rp+re)En+s — gan+i / ne N'
unde 1,, 1y, 7, sunt razele cercurilor exinscrise.
Gheorghe Ghitd,Buzau
(3J
. rEnte ¥ ﬂﬂ'_ ) ¥
Solutie. 3 (:ﬁ =Ny + 1) (E(Tb‘:rc)z) By + 1) =28 11, = 2p? S 5472, Z(T”b":"c)z =
)

Lrd ;zr‘? ——unde(*]x +y2+z2=xy+yz+zx,Vx, v,z > 0; ZL>

2¥rE42%rary  4Y¥TE 4 ' (rp+re)znts —
n+l1 z
54r? G) = 222121. Egalitatea are loc pentru triunghiul echilateral.
(P" +r )"F!+2 33_251‘“‘6.’,31’11‘5

10] ABC = Z : .,124_1 = Ran+ts e N'

unde 1,, 1y, 7, sunt razele cercurilor exinscrise.

Gheorghe Ghitd,Buzau

(3)

+ Zn+z + 2 n+l +

Solutie. 3, (atrp) 77 ;ﬂi =xrlrg+1) 7(1;?;”) ) Y, ) =2 1, = 2p? = 54r2; LTE:E’} =
a a

(*} (3)

2RTER2Yrgry o AN Ty 4p* 4p®  32p®r -~ 32r° 2 2 _ 27R® 2
aZTa: als & ET[:‘?‘ =GRt 2 Z o w2 deoarece (4R + 1) — 2p“ = = lép<r =
ar

128R%r + 64Rr? + 8r® —27R®, din (4) = 16p?r = 256Rr? — 80r® = 128R?r + 64Rr? + 8r® — 27R3,
ultima inegalitate este echivalenti cu (R — 2r)(27R? — 74Rr + 44r?) = 0,adevirati, deoarece functia
f:[2r,») = R, f(t) = 27t — 74rt + 44r? este crescitoare: R= 2r =f(R)= 27R? — 74Rr + 44r* =
2n+z 3, A1
f2r)=4r2>0; (*):x2+y2+z2=xy+yz+zx,Vx,y,z>0; Z% 54r (3;: ) =
33 2EB+DTEH+5

T Egalitatea are loc pentru triunghiul echilateral.

n3nte 3%r?
1 I'] B = Z (hb+ht)2n+l — aznpg’

neN,

unde hg,. hy, h, suat indtimile triunghiului ABC.

Gheorghe Ghitd,Buzau
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vhz " 457 pw 1
—a —=a . — Y22 =
Solutie. ¥ ot = Bhe (b + h) B (5roass) 5 Zha (hy + h) =25 hohy =255 =85 L%
(3) Q]

8p2r? _ 4p%r o~ 108r° ¥ ni Y. h3 = Yhi 1 2 2 2

= = - = = = - . =
2Rr R~ R 'Y(hpthe)® 2T hE4+2¥ hghp — 4AYRE 4,unde ():x“+y*+z° 2 xy+yz+

hzn+3 10812 /1 n+1 3:1 ]
zZx,Vx,y,z > 0; rezulta 3, T tnon == (Z) = nm . Egalitatea are loc pentru triunghiul echilateral.
(h +hb}zn+z 33_251’!1‘77.3111'6
12) AABC = 3, "hgnﬂ = e NE N,
unde hg, hy, he sunt indtimile triunghiului ABC.
Gheorghe Ghitid,Buzau

, (g +hp)2n+2 (ha+hp) 2T _, e

Solutie. X T 2 2 he (hg + ) W) i Lhe (hg + hyp) = 2% hohy =2¥— =85 X —=
(3) (=) 57 , Leuenberger |
8p°r? _4p’r o 108r° F(hathy)® _ 2FhG+2Thahp < 4%RaMy _*Xop Iy o e 8T (+): x2 +
2Rr R =~ R ' 3In2 Y hj ~ Ing g‘;i: b N o= R
+1 ;
(hg+hy)2n%3 10812 f32r33\ ¢ 33,95N+7 3046 )

yi+zizxy+yz+zx,Vx,y,z=20; ¥ “hg,fﬂ = ( — ) = Egalitatea are loc

pentru triunghiul echilateral.

i 2T+3
A_ 9
= =2 neN.
sin2ntig — 2R’

13) AABC = 3,

Gheorghe Ghitid, Buziu

(2)
L amHl
¥ sinA a_b = 18Rr _ 9r . . .
Solutie. Z — +13 = Y sindsinB (E smzs) =3 T TR Egalitatea are loc pentru triunghiul
echllateral.
zn+BA
14) AABC = Z g 13 > 1,EN.

Gheorghe Ghitd, Buziu

n+1
R i $t9°%)  _ ., A, B_« (D@0 (p-a@-0 _sp-c_ .
Solutle.zt i _Ztg tg— (Zf 23) = Ztgztgz —EJ r— o-5) E 1. Egalitatea

are loc pentru trlunghml echilate

zn+ad

15) AABC =73 g+3_9nEN
Gheorghe Ghitd, Buzau
Ctgzni-a“' ¥ ctg®a n+l ( ) ( )
i = ActgZ= plpma) _pp=a) s P _ g 1
Solufie. .2 5d 2 BetgGetg (g g ) 2ctg5etgs ZJ(p—b)(p—c} o0ip-0) Lo Prp
Buler zn+aﬂ
AR+T = -
— = 9 rezultaz zn+13 = 9. Egalitatea are loc pentru triunghiul echilateral.
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16) AABC =X -S> 32 pdntnis pey,
Gheorghe Ghita,Buzau
. mHl S, @
Solutie. ¥, T—HA = Y asind (EE;ZA) ;Y asind % S 2—“; = 12? = 9r; EE;;A ;:‘zz £ =4R? = 1672
R
Z% > 9r(16r2)"tl = 32. 24n+4,.2n43 Eoalitatea are loc pentru triunghiul echilateral.
17) BBC STME s neN.

Gheorghe Ghitid,Buziu

(2) a?

. Sin2n+a ¥ sin24 ab < 18Rr TsmPA_ Y= 1

Solut,le. Z W = Z bsind ( ¥ b2 ) Z bsind = E— ? 9?", F = ﬁ—m,
sin3n*a g 1\t o , . . .
EW =0r (mﬂ) =GR Egalitatea are loc pentru triunghiul echilateral.
azn+a 235+43EH+ET.3]’!+4
18) AABC :)Zr = L ,mMEN.
2
Gheorghe Ghiti,Buziu
n+l Cebagev Euler
~~ ~~
Solutie. Z a=Xatg’ (zztaz ) i Ya tgg > Zaz t 5_2_?’.% BRZZ’" > 6r, care rezulti
2

din aplicarea megallta[u Cebasev(tripletele (a, b, ¢) si (tg g, tgg, tg g)sunt la fel ordonate); gzta: ==
97

2(p*-r*—4Rr 2p2(p®-r2—4Rr 2_r2—4RT Ar
(p — ) _ 2p°(p ) ; —L == o=p?(3R + 8r) = 76R?r + 35Rr? + 413, care
fﬂ-RH)Z-zp 16RZ+8Rr+r2-2p2’ 16RZ4+8Rr+r2—2p? — 3R
4

rezulti din aplicarea inegalititii Gerretsen: p? (3R + 87) = (16Rr — 5v%)(3R + 8r) = 48R%r + 113Rr?-
072 si a inegalititii lui Euler: 48R%r + 113Rr2-4013 = 76R?r + 35R7%2 + 4r3=(R — 2r)(14R — 11r) =

(3
2z 3 2n+3 2 n+l antaqznta.anta
0; rezulta La® A 8;; = ?i: X aanA =6 (?ZT ) = HTI?N,?I € N. Egalitatea are loc pentru
Ytg® tg =
triunghiul echilateral.
th?”'aA gan+a n+z
19) AABC =3 = —— neN.

a}2n+1 — 3zntzgpanta’

Gheorghe Ghita,Buziu

zn+zvq 24 o
Ytg®s A (p-b)(p—c) _
Solutie. Z )mﬂ =x(p—-altg; (E(P—G)E) L -a)tg;=2(p-a) N plp-a)

A (p—-blip-€) (p—b)%(p-c)* T(p—b)E(p-c)2
b (p—a)(p-b)(p—c) =E§= . Itg*s _ X - :chp—axp—b}(p—c}_ T sE
P p ' Yip-a)® Tip:-2pat+a?) 3p2-2pYat+t¥a? 3pZ-4p2+2p2-2r2-8Rr

16R*r2+8Rr3+1r*—2p®r? _ 16R*+8Rr+r?-2p* 6
N N T 2P > L = p2(2R + 61) = 16R3 + 8R2r + 49Rr? + 1213, dar,

S2(p*—2r:-8Rr) - p3(p*—2r2—8Rr) PR

Gerretsen
™~

din S (2R +6r)(4R? + 4Rr + 3r%) = 8R3 + 32R?r + 30Rr? + 18r?, si rimane de aritat ci
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8R3 + 32R%r + 30Rr? + 181> < 16R® + 8R?r + 49Rr? + 12r3=(R — 2r)(8R?> — 8Rr + 3r%) = 0,
3

. eiee 6r ~ 8r Ttg*d ar tg2n+sl gr\ntl
- - = - —_ == N 2 (_) =
adevirati conform inegalitatii lui Euler; cum 2R = ome =)E(p—a}2 =t ¥ ot = "ops
23]’11‘3?..!1+E . . . .
PTrE—— Egalitatea are loc pentru triunghiul echilateral.
sin®"t34 9r
20] AABC = E (b+c)2n+: — zmn+zR2n+2*n EN.
Gheorghe Ghitd,Buziu
2
Solutie. T 24 S S 1 o) sina (M)”*l. T(b + ¢)sind =S (b + ¢) & = 2ra 2 18y T4 _
fie. (b+c)znts — Yi{a+b)z ! 2R 2R ' T(b+c)?
E% Ya? (”? Ya? 2 2 2
Ty b2y be _BRZ(Zb3+be:) = TeRT Y D7 —lst,unde (#):x*+y*+ z-=xy+yz+2zx,Vx,y,z > 0;
sin@+e g 1\t 9r . . . .
(oteyenst =18r (16122) = Jenraganie Egalitatea are loc pentru triunghiul echilateral.
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