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1. Asupra unei probleme din Crux
Mathematicorum

de Neculai Stanciu, Buzau

Tn Crux Mathematicorum, Vol. 48, Nr. 3, Martie, 2022 — in articolul Pythagorean Triples,
pp. 128-132 - Shawn Godin propune spre rezolvare urmatoarea:

Problema (de Neculai Stanciu, Buzau si Titu Zvonaru, Comanesti). Determinati lungimile
laturilor unui triunghi dreptunghic pentru care r =2013(unde reste raza cercului Tnscris)
stiind ca acestea sunt numere naturale, prime intre ele doua cate doua.

Scopul acestei note este de a prezenta o solutie la aceasta problema si alte trei probleme
similare.

Solutie.
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y+z=a
b+c-a -
Awmrz+r:b::2a+2r=a+b+c:%br=——§——,mweQcamﬂwmwmhcﬂﬂdm
y+r=c

iar aeste lungimea ipotenuzei. Se stie ci (2)b=2mn,c=m? —n?,a=m? +n?, unde
(m,n)=1. Din (1) si (2) avem: (3) r=n(m—n). Dar r =2013=23-11-61. Deci
n(m-n)=3-11.61.

Rezulta ca avem urmatoarele triunghiuri care verifica ipoteza:

1) n=1m=2014,b =4028,c = 4056195 a = 4055197,

2) n=3,m=674,b =4044,c = 454267,a = 454285

3)n=11,m=194,b =4268,¢c =37515a =37757

4)n=33,m=94,b =6204,c = 7747,a =9925

5)n=61,m=94,b=11468 ¢ =5115a =12557

6)n =183, m=194,b = 71004,c = 4147,a = 71125

7)n=671,m=674,b =904508 c = 4035,a = 904517

8)n=2013 m=2014,b =8108364,c = 4027,a = 8108365.

Problema 1. Determinati lungimile laturilor unui triunghi dreptunghic stiind ca acestea
sunt numere naturale prime intre ele, iar raza cercului inscris triunghiului este 2021.

Solutie. r=2021=43-47. Deci n(m-n)=2-3-337. Rezultd cd avem urmatoarele
triunghiuri care verifica ipoteza
1) n=1,m = 2022,b = 4044,c = 4088483 a = 4088485;
2) n=43,m=90,b =7740,c = 6251, a = 9949,
3)n=47,m=90,b =8460,c = 5891,a =10309;
4)n =2021,m=2022,b =8172924,c = 4043,a = 8172925.

Problema 2. Determinati lungimile laturilor unui triunghi dreptunghic stiind ca acestea
sunt numere naturale, iar raza cercului inscris triunghiului este 2022.

Solutie. r=2022=2-3-337. Deci n(m-n)=2-3-337. Rezultd cd avem urmatoarele
triunghiuri care verifica ipoteza
1) n=1,m = 2023,b = 4046,c = 4092528 a = 4092530;
2) n=2,m=1013b = 4052,¢c =1026165a =1026173;
3)n=3,m=677,b=4062,c = 458320,a = 458338;
4)n=6,m=343b=4116,c =117613 a =117685;
5)n=337,m =343 b =231182,c = 4080,a = 231218;
6)n =674,m=677,b =912596,c = 4053,a = 912605;
7)n=1011,m =1013b = 2048286, c = 4048,a = 2048290;
8)n =2022,m =2023,b =8181012,c = 4045,a = 8181013.

Problema 3. Determinati lungimile laturilor unui triunghi dreptunghic stiind ca acestea
sunt numere naturale prime intre ele, iar raza cercului inscris triunghiului este 2022.
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Solutie. r=2022=2-3-337. Deci n(m-n)=2-3-337. Rezultd ca avem urmatoarele
triunghiuri care verifica ipoteza lungimile laturilor numere naturale:
1) n=1,m = 2023,b = 4046,c = 4092528 a = 4092530;
2) n=2,m=1013b = 4052,c =1026165 a =1026173;
3)n=3,m=677,b =4062,c = 458320, a = 458338,
4)n=6,m=2343b=4116,c =117613 a =117685;
5)n =337, m=343,b =231182,¢c = 4080,a = 231218;
6)n=674,m=677,b =912596,c = 4053, a = 912605;
7)n =1011,m =1013,b = 2048286,c = 4048,a = 2048290;
8)n = 2022, m = 2023,b =8181012,c = 4045,a = 8181013.

Apoi avem urmatoarele triunghiuri care verifica ipoteza lungimile laturilor numere naturale
prime ntre ele

I) n=2,m=1013,b = 4052,c =1026165a =1026173;
I)n=6,m=2343,b=4116,c =117613 a =117685;

1) n =674,m =677,b =912596,c = 4053,a = 912605;

IV)n =2022,m = 2023,b =8181012,¢c = 4045,a = 8181013.
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2. Inegalitatea lui Panaitopol
Aplicatii

Marin Chirciut
Art 3645

In acest articol se prezinti inegalitatea Profesorului Laurentiu Panaitopol , Universitatea
Bucuresti, propusa in Gazeta Matematica 11/1982, C:260.

Este data solutia problemei si sunt selectate probleme din publicatiile recente care folosesc in
rezolvare aceasta inegalitate.

Lema (Panaitopol).

In AABC
m R
2,
h, 2r
Laurentiu Panaitopol, GM 11/1982, C:260.
Demonstratie.

Folosim rezultatul cunoscut in triunghi:
In orice triunghi are loc inegalitatea normala:

©

Max(m, sin A,m, sinB,m_sinC) < rx

Intr-adevir:

Fie A" mijlocul laturii (BC), iar M, N proiectiile lui A'pe AB, AC respectiv.

Fie apoi P,Q simetricele lui A’ fatda de AB, AC respectiv.

Deoarece m( AMA') =m( ANA') =90 rezultd cd penctele A,M, A, N se afld pe cercul de
diametru [ AA'].

Obtinem:

MN = % PQ = AA’sin A=m_sin A, de unde PQ=2m,sin A.

Daci B',C’ sunt respectiv mijloacele laturilor[ AC],[ AB] lungimea liniei poligonale PC'B'Q

este psi ea majoreaza lungimea segmentului [PQ] .

De aici rezultd ca 2m, sin A< psi deci Max(m, sin A,m,sin B,m_sinC) < g .

Din 2m, sin A< prezulta :

masinAsB < ma-igB

2 2R 2
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Aplicatia 1

m R
<om-a<Rpe 2<—.
M P h 2r

a

In AABC
m, <=2
a

Laurentiu Panaitopol
Solutie.

L Profesor, Colegiul National ,,Zinca Golescu”, Pitesti

5
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Folosind inegalitatea lui Panaitopol :— < 23 si h = 25 = ZTF:rrezulté m, < % :

Aplicatia 2
In AABC

(b+c)2
16r

m, <

Solutie.
o : . . R :
Folosind inegalitatea lui Panaitopol m, < ?p obtinem:
Panaitopol AM -GM 2
P Rp _ dbe e su(bro)
a 1lor 16r

Aplicatia 3
In AABC

m

m bc
2 4r
Solutie.
o : . . R :
Folosind inegalitatea lui Panaitopol m, < hal obtinem:
a

Panaltopol Rp bC
m, < —
a 4r’

Aplicatia 4
In AABC

Solutie.

o : . . m . m h
Folosind inegalitatea lui Panaitopol — < 23 obtinem: —2 < =— 2,
ra

r r_ r 2r
de unde Z M, <Z

Aplicatia 5
In AABC

_ZE_E p?+r?—8Rr p’+r’—8Rr
2r r, r,2r 2Rr 4r? '

a

ZM < G(BT -3
h?2+h? =~ "\ 2r '
George Apostolopoulos, Greece, RMM 2022
Solutie.

Lema
In AABC

ZM@(ET
herre - olzr )

o : . . m R .
Folosind inegalitatea lui Panaitopol h—a < 2—obpnern:
r

Demonstratie.

a
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2 2

ore (000
a__b < =>|—1=3—]|.
SR T e =2l <o)
Folosind Lema obtinem:

2 Lema 2Euler 3
LHS = zm +mb < (R] < 6(E] ~3=RHS.
2r 2r

Aplicatia 6
In AABC

2 2

m; +m RY
3< a__b <3 — .
Zhaf+hb2 (er

Marin Chirciu
Solutie.
Inegalitatea din dreapta.

Folosind inegalitatea lui Panaltopol . 2 < ZEobtmem
r

a

R.Y (R._Y

grien o) o) ) =(z)
h?+h ~ h? +h 2r '

Inegalitatea din stanga.

Folosind m, > h, obtinem concluzia.

Aplicatia 7
In AABC

Marin Chirciu
Solutie.
Inegalitatea din dreapta.

o . . . m R .
Folosind inegalitatea lui Panaitopol h—a < o obtinem:
r

a

( R. Y (R,Y

Ry j +(h j S

2 2 a b

Zmi+m <Zm2+m2 sl : 22r :z(ﬂj :3(Ej _
W2+ W h +h hy +h 2r 2r

Inegalitatea din stanga.

Folosind m, > w, obtinem concluzia.

Aplicatia 8
In AABC

Marin Chirciu
Solutie.
Inegalitatea din dreapta.

Folosind inegalitatea lui Panaltopol . 2 < ZEObtmem
r

a
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R h 2+ R h 2

SE+8 =M mZ +mf 2r ° 2r ° (RJZ (Rjz

§ a < E a < E = E — :3 -_— | .
W2 + W2 hasw, & h2 4 h? h? + h?

Inegalitatea din stanga.
>| nai 2
Zs:+s§ w2 o b2 s h? + b2 _y ! _B(er |

W2 AW wsm 2 4 m? ? ? ? R
a b a b B ha + B ho B
2r 2r 2r
Aplicatia 9
In AABC
> awm,r, <R
Soumava Chakraborty, India

Solutie

L . . . R a
Folosind inegalitatea lui Panaitopol m, < i siw.r, < 7pobt1nem concluzia.
a

aa —

Aplicatia 10

In AABC
32
D alwm,r, < Rp”
2
Marin Chirciu
Solutie
. . . . Rp ap
Folosind inegalitatea lui Panaitopol m, < Y siw,r, < ?obtmem
Leibniz 2 3h?
> a’w,m,r, <> a’- Rp ap Rp” Za < R; .gRZZQRTp
Aplicatia 11
In AABC
3R4p3
Y awm,r, < :
2r
Marin Chirciu
Solutie
. . . . Rp ap
Folosind inegalitatea lui Panaitopol m, < ? siw,r, < ?obtmem
Gerretsen
> alwmr, <> a’ Rp ap Rp* Za = 2p(p°-3r*—6Rr) <
Gerretsen 2 2 Euler 3 4n3
< Rp -2p(4R2+4Rr+3r2—3r2—6Rr):Rp .2p(4R?~2Rr) < Rp® 3R’p_3R'p"
2 2 r 2r
Aplicatia 12
In AABC
R*(4R+r)" p?
> atwm,r, < (4R+r) p :
3r
Marin Chirciu
Solutie
Rp ap

Folosind inegalitatea lui Panaitopolm, < —siw,r, < 7obginem :
a

8
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Gerretsen

D atwmr, <> a‘ Rp ap Rp’ Za __p 2[ (p2—6r2—8Rr)+r2(4R+r)1 <

erretsen 2
FETRY (4R+r) (4R2+4Rr+3r2—6r2—8Rr)+r2(4R+r)2 =
2 2(2R-r)

2 R(4R? —4Rr —3r? R(4R? —4Rr —3r?
:R—IO-Z(4R+r)2 ( )+r2 = Rp?-(4R+r)’ ( )+r2 =
2 2(2R-r) 2(2R-r)

3 1p2 3Eu|er 4 R5(4R I’2 2

_Rp?. (4R -+ ) SRR r+Rr? —2r° & Rt (4R 1) R (4R+r) p*
2(2R-r) 3r 3r
Aplicatia 13
In AABC,
ZsmA
Eldeniz Hesenov, Georgia

Solutie

. R :
Folosind m, < =P obtinem:
a

Rp Rp
2r m,m, Pa“a”°p°' 2r b T_ 2r Rp-Rp-2R Rp-Rp-2R 1
3R?“~sinA 3RZZ _3RZZ abc 3RZZ 4Rrp 32'O
2R
Aplicatia 14
In AABC
2r? .,
<
R? ZsmA P
Marin Chirciu
Solutie
. Rp .
Folosind m, S? obtinem:
Rp
2I’2 m Panaitopol2r2 7 2I’ Rp 2R 1 Steinig
LHS = £ a < Z2.y.a _ =4r < 4r? — = RHS
R? “~“sin A R?~ a R? R a’ pz P =P
2R
Aplicatia 15
In AABC
o mEm
2R sinA
Marin Chirciu
Folosind obtinem:
P | @"‘@ b b
r m, +m, a“a"OPO r b r +C +C
LHS = — b < C ___ _.Rp-2R ——R _
2RZ sin A z 2R P Z4Rrp
2R
_ Rmp.
.2 a—— 2-2 RHS .
4Rrp Z P=p=

Aplicatia 16
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In AABC
2 2 2
Z(mﬁch (3R
sinA ) L r |
Marin Chirciu
Solutie
. Rp . ..
Folosind m, S?ob‘gmem:
Rp+ Rp Y ,
m, +m, Panaitopol T T - ) (b+cj
LHS = < D C | —_R?p?.4R - | =
2( sin A ) Z a P Z abc
2R
b+c 2 R2 Gerretsen
=4R'p?) | —= | =4R"p? 2(3p?=r>—4Rr) <

Gerretsen R

< o7 (3(4R2+4Rr+3r) r2—4Rr):%-(12R2+8Rr+8r2):

Eu'erzR2 9R2 9R4
2 2 2

2R2
-

Aplicatia 17
In AABC, | -incenter, |

H a’

3R% + 2Rr + 2r2 )

l,, 1. -excenters

Z[AI Al j 162 Z—
Eldeniz Hesenov, Georgia, SP.481,RMM-33,2022
Solutie.
Folosind Al, = be si 1.1 :Zi obtinem:
Al h r r

2

Rp

MSZZ(Aer]aAl T:Z(%T Panimpo'z be :KZ%T:(ZLQ—?J:

1Y 3 3¢lgal
(25 T Ty e

r,

Aplicatia 18
In AABC, | -incenter, |

1 Tar

l,, I, -excenters

3 m 3
—< a__ < — |
2R ZAI-AIa 4r

Marin Chirciu
Solutie.

Folosind Al, = % obtinem:

Inegalitatea din dreapta.

10
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Rp
ma m Panaltopol Rp B
2 Al -Al, Z bc z Z4Rrp 4r

Egalitatea are loc daca si numai daca tr1ungh1ul este echilateral.
Inegalitatea din stanga.

b? +c?
z _Zm Terfhm 4R A(;Mi Z_bC::iG:i
Al - AI bc bc 4R bc 4R 2R
Aplicatia 19

In AABC, | -incenter, |

H a’

l,,1.-excenters

3 S 3
—< a_ < —,
2R ZAI-AIa 4r

Marin Chirciu
Solutie.
. bc _ .
Folosind Al, = " obtinem:
Inegalitatea din dreapta.
Rp
Sa _ i sa£<ma m Panaltopol Rp B

ZA| Al bc < 2o bc Z Z4Rrp 4r
Egalitatea are loc daca si numai daca triunghiul este echllateral.
Inegalitatea din stanga.

2F

2F
= >
ZAI Al, Zbc Zbc zbc 2 Z4RF 2R
Egalitatea are loc dacd si numai daca tr1ungh1ul este echilateral.
Aplicatia 20
INAABC, | -incenter, I, 1,, 1. -excenters
3 W, 3
< <=
2R z Al - Al ar’
Marin Chirciu

Solutie.
. bc . .
Folosind Al, = o obtinem:

Inegalitatea din dreapta.

Rp
Wa 3 ﬂ W, <m, m Panaltopol Rp B
ZA| Al “hbc ) < 2o bc Z Z4Rrp 4r

Egalitatea are loc daca si numai daca triunghiul este echllateral.
Inegalitatea din stanga.

2F
W, w, h 2F
ZAI Al, Z“bc z bc z z4RF 2R

Egalitatea are loc daca si numai daca tr1ungh1u1 este echilateral.

Aplicatia 21
In AABC, | -incenter, |

] a’

l,, 1. -excenters
11
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3 r, 1 1
ESZAl Al TR
Marin Chirciu
Solutie.
Folosind Al, =Esi L 2R-r obtinem:
Al ° bc  2Rr ’
Inegalitatea din dreapta.
h _~vh_2R-r_1 1
ZA| Al, “~bc 2Rr r 2R
Inegalitatea din stanga.
Z L EZZR—r>3.
Al -Al, bc 2Rr  4r
Aplicatia 22
INnAABC, | -incenter, I, 1,, 1, -excenters
3 < h, <3
2R Al-Al, 4r
Marin Chirciu
Solutie.
Folosind Al, = E 312& = iob‘ginem:
Al bc 2R
Inegalitatea din stanga.
h, <h 3
ZA| Al “~bc 2R’
Inegalitatea din dreapta.
s M _sh_ 33
Al -Al, bc 2R 4r
Aplicatia 23
INAABC, I -incenter, 1, 1,, 1. -excenters
12 SZcosBcosC < 12 .
4R Al-Al,  16r
Marin Chirciu
Solutie.
Folosind Al, = 2 537 08BC0SC _ 1 iem:
Al bc 4R

Inegalitatea din stanga.
cosBcosC  cosBcosC 1
2 Al - Al 2 bc  4R*
Inegalitatea din dreapta.
ZcosBcosC :ZcosBcosC _ 1 Eus'er 1 _
Al - Al bc AR? ~ 16r?

Aplicatia 24
In AABC, | -incenter, |

I, -excenters

a’’'br’c
A
2
1 @n" > oR? _2Rr-r?
<> < .
6Rr ~ < Al-Al, ~ 2Rr?(4R+r)

12
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Marin Chirciu
Solutie.
2 _Rn2
Folosind Alazﬁsizitanzé:SR +22Rr P~ obtinem:
Al bc 2 2p°Rr
Inegalitatea din dreapta.
t 2 A t 2 A
5 Mo " 5 BR?42Rr—p’ 1 (2R(4R+r) Jersen 1 | 2R(4R+r) |
Al - Al bc 2p°Rr 2Rr p ~ 2Rr| r(4R+r)
R+r
1 2R(R+r)_1 _ 1 (2R*+2Rr—4Rr—r’|_ 1 2R°-2Rr-r’_
2Rr r(4R+r) 2Rr r(4R+r) 2Rr r(4R+r)
_ 2R*-2Rr-—r?
2Rr?(4R+r)
Inegalitatea din stanga.
t 2 A t 2 A
Z an E _Z an §_8R2+2Rr—p2 ~ 1 2R(4R+r)_1 Ger;tsen 1 2R(4R+r)_
Al - Al bc 2p°Rr 2Rr p? ~ 2Rr| R(4R+r)’
2(2R—r)
1 4(2R—r)_ _8R-4r—4R-r_ 4R-5r e 1 1 1
2Rr | (4R+r) 2Rr(4R+r)  2Rr(4R+r) ~ 2Rr 3 6Rr’
Aplicatia 25
In AABC, | -incenter, I, 1,,1_-excenters
A
2
3 z cot > <i_i
4r? Al-Al, r* 2Rr
Marin Chirciu
Solutie.
Folosind Al, =E giZ:iCOt2 A_ZR _Zr obtinem:
Al bc 2 2Rr
Inegalitatea din dreapta.
2 A 2 A
Al -Al, be 2Rr> r* 2Rr
Inegalitatea din stanga.
A
2 2
z cot E _ZCOt E_ZR_r_i_iEieri
Al-Al, bc  2Rr* r® 2Rr  4r*
Aplicatia 26
In AABC, | -incenter, I, 1,, 1_-excenters
or tanEtan9 9
< 2 2.7
2Rp? Al -Al, 4p?
Marin Chirciu

13
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Solutie.
Folosind Al = be §izitan BanS - 2R +2r obtinem:
Al bc 2 2 2Rp
Inegalitatea din dreapta.
tanEtanE tanEtan9 4R+B %

Euler
Y2 2.y 2 2 MRS 22 9
Al -Al, bc 2Rp 2Rp 2Rp° 4p
Inegalitatea din stanga.

anltan®  tanBan®
an-tan— NNy _4RsrEerg.orir  or

Al - Al bc 2Rp?> = 2Rp?  2Rp?’
Aplicatia 27
In AABC, | -incenter, 1,1, 1_-excenters
B .C
3 cot_cot— 4 4
<>—2 _2<°
4r? Al-Al, r* 2Rr
Marin Chirciu
Solutie.
Folosind Al, = be §iziCOtECOtE = &—zr obtinem:
Al bc 2 2 2Rr
Inegalitatea din dreapta.
t B tC t B tC
Al -Al, bc 2Rr* r? 2Rr
Inegalitatea din stanga.
t B tC t B tC
v 272 oy Ror 1 183
Al- Al be 2Rr®> r®> 2Rr  4r*
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Aplicatia 28
In AABC, | -incenter, I, 1, _-excenters
csc’
i Y2 < L
R2 ™~ Al-Al_ " r?
Marin Chirciu
Solutie.
, A
. N
Folosind Al, =—si Z = — obtinem:
Al bc r

Inegalitatea din dreapta.

2 A 2 A
csc? = csc? =

2 _ 2 _1
ZAI-AIa_Z bc  r?’

r
Inegalitatea din stanga.

14
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2 A
Z CSC E _ZCSC E _iEUIG" 4
Al -Al, be ?

Aplicatia 29
In AABC

il

Konstantinos Geronikolas, Greece, Mathematical Inequalites, 2/2022.
Solutie.
Inegalitatea din dreapta.
Lema
In AABC

Z m,+m, _p |
a I
Demonstratie.

o : : : R .
Folosind inegalitatea lui Panaitopol m, < Eha obtinem:

mb +m, hb +h, R 2p _p
Z Z R r )
FOIOSInd Lema ramane sa aratam ca:

P _3B(RY

<=3 (—] , care rezulta din inegalitatea lui Mitrinovic p <
r r

Este sufficient sa aratam ca:

3\/_R )
SI( j & — SE(EJ <:>1£l R < R>2r,(Euler).
r r r2\r 2 r

Inegalitatea din stdnga.

3/3R
=

Lema
In AABC
ZM > 33/Q ,
a R
Demonstratie.

Zmb+mC 233f m, +m, :33,H(mlb)+mc) 233/1_[2(.b/mbmc) :3§/8mart1:bmc 23§/8rat:brc _
a a abc abc abc abc
=33 w =33 @ .
4Rrp \} R

Folosind Lema raméane sa aratim ca:

-1
33/2_Rp > %[?j 33 Q % % 3’— 2\/_ <:> 2p > 24\/_ —, care rezulta

din inegalitatea lui Mitrinovic p>34/3r .
Este sufficient sa aratam ca:

3 2
2 3*/_r>24\/'— R_4E<:>124-%<:>R22r,(Euler).

15


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2022 www.mateinfo.ro

Aplicatia 30
In AABC

Q(E) l < ZW'D + We gﬁ(ET

3 a 4 \r
Marin Chirciu

Solutie.

Inegalitatea din dreapta.

Lema

In AABC

Z Wb + WC < E .
a r
Demonstratie.

o : : : R .
Folosind inegalitatea lui Panaitopol m, < Eha obtinem:

ZWb+w Zmb+m Pa"a'tOPO' R h+h _R 2p_p
= 2r a 2r R r
Folosind Lema ridmane sa aratim ca:

P _3B(RY

== (—] , care rezulta din inegalitatea lui Mitrinovic p <
r r

Este sufficient sa aratam ca:
3[ 3R

3“/_( j E E(Ej <:>1s%-$<:>R22r,(Euler).
r r

3/3R
=

r 2

Inegalitatea din stanga.
Lema
In AABC

2
ZWb+WC >03 r

a 4Rp

Demonstratie.

>3’ Wb—I—W 33, [T(w,+w,) /HZ Wp We 8WWb aWbW>27'

WyW W, 22713
s, 8.27r° _9s
4Rrp Rp

Folosind Lema réméne sa aratam ca:

2
03 2L>_ — 2r 18 r 2 L 2—2i r—s care rezultd
Rp R Rp 343 R

din inegalitatea lui Mitrinovic p <

Este sufficient sa aratam ca:
2r? 8 r

3J’R 3J§ R®

Apllcatla 31

=122 E < R>2r ,(Euler).

16
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In AABC

OOl

r a r
Marin Chirciu

Solutie.

Inegalitatea din dreapta.

Lema

In AABC

Zsb+sC <P
a r

Demonstratie.
I : . . R :
Folosind inegalitatea lui Panaitopol m, < Z—ha obtinem:
r

Zsb+scsaé<ma m,+m Pl R-h+h R 2p_p

a a 2r a 2r R r
Folosind Lema raméane sa aratam ca:
2
P < %(Ej , care rezulta din inegalitatea lui Mitrinovic p < 3§R :
r r

Este sufficient sa aratam ca:
3J3R

2 2
2 S% R @ESE R <:>1s1-5<:>R22r,(Euler).
r 4 \r r 2\r 2

Inegalitatea din stanga.

Lema
In AABC
ZSb +5, >33’4rp
a  \R*
Demonstratie.

SaSS 2ﬁ
Zsb+sc >33/H8b+sc zss’H(Sb +5,) >33/H2<\/Sbsc) :33{8335bsc R
a a abc abc abc B

saSDSCZZ',zpz 8. 2r2p2
> " 3f—R =33/4rp.
ARrp R®

Folosind Lema ridmane sa aratim ca:

-1 3
33@2%@ oyt Lo fte Sl @M 2R D e et

din inegalitatea lui Mitrinovic p >33r.
Este sufficient sa aratam ca:
4r-33r _ 216 r?
> —
R2 3\/5 R3
Aplicatia 32
In AABC

@122-% < R>2r (Euler).

17
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Marin Chirciu
Solutie.
Lema
In AABC

Demonstratie.
. 2S )
Folosind h, = — obtinem:
a

25 25 1,1

hb +h ? C B c 2S 1 2p
L _c— =2S =— b+c)=——2) a==—-2p=—/.
Z a Z a Z Z( ) 4RS R P R
Inegalitatea din dreapta.

Folosind Lema ridméane sa aratam ca:

2
Z—Rp < ?(?j , care rezulta din inegalitatea lui Mitrinovic p <
Este sufficient sa aratam ca:
2: LER 3[ 1(RY 1 R
&1l<-| — | ©1<=-— < R>2r,(Euler).
R T 4\r 2 r

Inegalitatea d|n stanga.
Folosind Lema riméane sa aratam ca:

3/3R
S

-1
2p 2 E(Ej = 2p > Br , care rezulta din inegalitatea lui Mitrinovic p > 3J3r.

R J3lr R 3R

) 2-34J3r _ 18
Este sufficient sa aratam ca: J_ —

r 3
R 3 R

< 3> evident cu egalitate.

Aplicatia 33
In AABC

Marin Chirciu
Solutie.
Lema
In AABC

Demonstratie.

Folosind r, = obtinem:

p—a
S,

Zrb+r°=2p b

a

S 1
- 74_7
p

- 1 1
_Szp p C:SZ(—):pr-—Z:%

[

Inegalitatea din dreapta.

18
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Folosind Lema raméane sa aratim ca:

2
P ?(E] , care rezultd din inegalitatea lui Mitrinovic p < 3\/2§R .
r r
Este sufficient sa aratam ca:
3[ 3R )
3\/_ & — <1 R <:>1£1-E<:>R22r,(EuIer).
v 4 \r 2r A\r 2 r

Inegalitatea din stdnga.
Folosind Lema rimane sa aratim ca:

-1
Py E(Ej = P > E L , care rezulta din inegalitatea lui Mitrinovic p > 3J§r .
r

r 3 r J3 R

Este sufficient sa aratam ca:

3J3 3r_18 r
r °BR
Aplicatia 34
In AABC

o1 2% & R>2r (Euler).

h, +h, L+,
LR RS

a
Marin Chirciu
Solutie.
Lema
In AABC

Z h,+h, 2p
Demonstratie.
. 2S .
Folosind h, = ’y obtinem:

2S 2S 11
+

M b o evb E 25 L1,,.2p
Z a Z a SZ abc (b 4RS Za R R

Lema
In AABC
zﬂ _pP
a r
Demonstratie.

Folosind r, = obtinem:

p—a
S,

S
Zrb+rczzp b p SZ

a

1
bp

_ 1 —pr.L_P
Sz(p—b)(p—c)_p rr r’

. . hy+h. 2p .+,
Folosind Lemele de mai sus avem sumele: Zu = Fp §1Zu = B.
a a r

Inegalitatea se scrie: Z_Rp £$ < R>2r ,(Euler).
Aplicatia 35
19
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In AABC

9(RY" w2 _9(R
=1 < a <2,
8[2rj Zb2+c2 8(2rj

George Apostolopoulos, Greece
Solutie.
Inegalitatea din dreapta.

Folosindw, <,/p(p—a) obtinem:

W p(p-a) 4R+r(1)9(Rj
—2 < = <Z| -
Z ?—‘Z 2bc 4R ~8l2r)’

b%+c
AR +r 9( R

unde (1) = IR sg 2—) < 9R*-16Rr—4r’ >0 < (R—-2r)(9R—2r) >0, evident din
r

inegalitatea lui Euler R>2r.
Inegalitatea din stanga.
Folosind inegalitatea lui Bergstrém obtinem:

3 w2 S (Zwa)2 S (9r)’ g 8ir* _ or? :g(ﬁ)z_
b*+c* "y (b°+c?) 2>a*  2:9R* 2R* 8l2r

Aplicatia 36

In AABC

or? W r

< <l+—
2R? Zb 2 4¢? 4R
Marin Chirciu
Inegalitatea din dreapta.
: W p(p—a) 4R+r r
Folosind w. S«/ —a) obtinem: a_< = =1+ —,
» <\P(p-a) obt Zb2+c2 2 2bc 4R 4R
Inegalitatea din stanga.
Folosind inegalitatea lui Bergstrdm obtinem:
2
3 W, o (>w,) N (9r)° Lobniz 81r® _ Or?
b +c? > (b*+c’) 2> a®  2-9R* 2R*
Aplicatia 37
In AABC
2 2 2
o <> M, sl(ﬁj.
2R? b?2+c®> 2\ 4r
Marin Chirciu

Inegalitatea din dreapta.

o . . . R .
Folosind inegalitatea lui Panaitopol m, < ?p obtinem:

Rp
Z <Z( j Z R*p> p _ 9R? (3Rj
b2+c 2bc 2abc a  2-4Rrp 3Rr 32r2 “2\ar
Inegalitatea din stanga.
Folosind inegalitatea lui Bergstrdm obtinem:
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2
> S (>Xm.) S (9r)° e 8ir* _ or? .
b +c? "> (b*+c’) 2> a®  2-9R* 2R’

Aplicatia 38
In AABC

or? s? 1(3RY
< a_ < | —1.
2R? Zb2+c2 2(4rj

Marin Chirciu
Inegalitatea din dreapta.

Folosinds, <m, si inegalitatea lui Panaitopol m, < =P obtinem:
a

Rp
3 s <y my <Z(aj Z Rp* p _9R® _ 1(3_Rj2
b?2+c?  “b’+c’ 2bc 2abc a 2-4Rrp 3Rr 32r2 2\4r )’
Inegalitatea din stanga.

Folosind s, > h, si inegalitatea lui Bergstrém obtinem:

s? h?  _ (9r)° i gr2  or?
—2 > a_> > = .
zb2+c2‘zb2+c2‘22a~’- ~ 2.9R* 2R?

Aplicatia 39
In AABC

or? h? 1(/3R
< 2 <
2R? Zb2+c2 2(4rj

Folosindh, <m,si inegalitatea lui Panaitopol m, < P obtinem:
a

Marin Chirciu
Inegalitatea din dreapta.

Rp
h? m? (aj R*p> p  9R? (3Rj
< < =
Zb2+c2 Zb2+c2 2 2bc 2abcza 2.4Rrp 3Rr 32r “2\ar
Inegalitatea din stanga.

Folosind inegalitatea lui Bergstrdm obtinem:

Aplicatia 40
In AABC

2 2
or <> L RS T
2R? b’+c*> r 4R 2
Marin Chirciu
Inegalitatea din dreapta.

Z raz <Z raz 8R L 2Rr — p2 Gerretsen 8R? +2Rr —16Rr +5r?2 _ 8R? —14Rr +5r? _

b2+c®~ “2bc ARr ARr B AR
_2R o 7
r 4R 2

Inegalitatea din stanga.
Folosind inegalitatea lui Bergstrdm obtinem:
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3 no. (Zra)2 S (9r)° Loz 81r® _ 9r?

b*+c® Y (b?+c?) 2).a®  2:9R® 2R®

Aplicatia 41
In AABC
1 1 1 4R+r
+ + <—.
mw, mw, mw, Ip
Mihaly Bencze, Brasov, Octogon Magazine, 2022
Solutie.
Folosind inegalitatea m,w, > p(p—a) obtinem:
Ms=Y -t oy 1 _ARAT g
maWa p ( p - a) rp

Aplicatia 42
In AABC

1 1 1 _(erY
+ + 2l — .
mw, mw, mw Rp

c'°c

Marin Chirciu
Folosind inegalitatea m, >w, obtinem:
. 2
Panaitopol Neuberg
Z—l > iz > > ! - = zlzzaz > —212-36r2= ory
maWa ma (Rp) R p R p Rp
a
Aplicatia 43
In AABC
2
E£1+1+1£12(1+Bj.
Rp mw, mw, mw, 27r r
Marin Chirciu
Solutie.
Inegalitatea din dreapta.
Folosind inegalitatea m,w, > p(p—a) obtinem:
Mitrinovic
z 1 SZ 1 :4R4gr v 4R+r2: 12(1+ﬁj_
m,w, p(p-a) rp r-27r®  27r r
Inegalitatea din stanga.
Folosind inegalitatea m, >w, obtinem:
2
1 1 Panaitopol 1 1 ) Neuberg 1 ) 6I’
—_—2>y— 2 = a- = -36re=| — | .
Z maWa Z ms Z(Rp)Z RZ p2 Z RZ p2 (Rpj
a
Aplicatia 44
In AABC
2 2
ﬂﬁl+1+1$(£j.
Rp m,h, mh, mh, \2S
Marin Chirciu
Solutie.

Inegalitatea din dreapta.

22


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2022 www.mateinfo.ro

Folosind inegalitatea m, > h, obtinem:
az Leibniz 9R2 3R 2
S = p—1l
h2 ( j Z4S2 45° (28)
a

Inegalitatea din stanga.
Folosind inegalitatea m, >h, obtinem:

mh

2
Ms = Z ER L S = 212 25" 21 . .36r2=(ﬂj =Md.
m; ( Rpj R"p R"p Rp
a
Aplicatia 45
In AABC

2 2
or < 1 + L + L < (3—Rj .
Rp ms, ms, ms, \2S

Marin Chirciu
Solutie.
Inegalitatea din dreapta.
Folosind inegalitatea m, >s, > h, obtinem:

Ms = Z—

m,s,

Lelbnlz 9R2 (SRJ _
h2 ( j 432 ~ 45?25
a

Inegalitatea din stanga.
Folosind inegalitatea m, >s, obtinem:

2
Ms = z_>zlp tplz p ?_Zaszg 12~36r2=[g—;j =Md .

) -

Aplicatia 46

In AABC
2(4R+r1) 1 1 1 4R+r
— < + + 5
Rp myr, mpr, m.r rp
Marin Chirciu
Solutie.
Inegalitatea din dreapta.
N . 1  4R+r 1 4R+r
Folosind inegalitatea m_ > h. si ———obtinem:
g 2 2h, s hara rp? Z m,r, Zh L, orp*
Inegalitatea din stanga.
2(4R+r
Folosind inegalitatea Panaitopol m, < % si Z— = Mob‘ginem:
Il p
Panaitopol Neuberg 2(4R +r 2(4R +r
MSZ—_ : 1321( ) 2R g
Ro  Rp Rp p Rp
a
a
Aplicatia 47
In AABC
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2
6ry_ 1,1 1 4Rser
Rp) m: m> m?

Marin Chirciu
Solutie.

Inegalitatea din dreapta.

_4AR+r

Folosind inegalitatea mZ > p(p—a) obtinem: Zizsz
m rp

Inegalitatea din stanga.

N : . . R :
Folosind inegalitatea lui Panaitopol m, < i obtinem:
a

Panaitopol Neuber 2
iz zpz - =— ZZa zg -36r2=[gj.
m, ( Rp j “R'p R*p’ Rp

a
Aplicatia 48
In AABC

4R+r_1 1 1 (3R 2
o2 Sot—=t—=sSioc)
P w, w, W, \2S

Marin Chirciu
Solutie.
Inegalitatea din dreapta.
Folosind inegalitatea w, >h, obtinem:

1 1 a2 Lelbnlz 9R2 3R 2

<y

Inegalitatea din stanga.

Folosind inegalitateaw’ < p(p—a) obtinem: Zizz : 1 .- _4R+r
Wa p{p—a rp

2 2
p) 2 n no2s
Solutie.

. i 1 l 2 Leibniz 9R2 3R 2
Inegalitatea din dreapta. — = < )
a

1 1 a1 o N ] , 9 (3Y
== _ - a? > 36r2=—" = 2|
Zhaz Z(ZSJZ 2482 4522 4p2r2 p2 [p]

a

Aplicatia 49
In AABC

Marin Chirciu

Inegalitatea din stanga.

Aplicatia 50
In AABC
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2 2

2
EAPEYESERL

Rp ra rb rc rp
Marin Chirciu
Solutie.
Folosim identitateazi2 = w
I p°r?
Inegalitatea din dreapta.
. . ) ) 1 AR +r
Folosind inegalitatea m? > p(p—a) obtinem: » — <> =—.
m rp
Inegalitatea din stanga.
. . . . R )
Folosind inegalitatea lui Panaitopol m, < i obtinem:
a
. 2
1 Panaitopol Neuberg 6r
- > > 36ri=| — | .
m; Z(Rpjz RZ 22 R2p2 [Rpj
a

Aplicatia 51

In AABC

m.r m.r m.r
\/ aa+\/ bb+\/ c'c Sl-l—B.
W, W, W, r
Bogdan Fustei

Solutie.
Demonstram
Lema

In AABC

m,r, b+c
w, 4(p-a)

Demonstratie.

L : . . R .
Folosind inegalitatea lui Panaitopol m, < —pobpnem:
a

Rom  [Rp o
mr _Va p-a_ a p-a _ b+c
w, ~ 2bc A opc [p(p-a) 4(p-2)
b+c b+cV bc

ObtmemMs—z\’ 2 bre =—Zb+c=% 4(1 5) 1+ R _md

a r r
Aplicatia 52
In AABC
S. I S S
‘\/aa_l_\/b \/cc<1+_
a Wb c r
Marin Chirciu
Solutie.
Lema
In AABC
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Sala b+c
< .
w, 4(p-a)
Demonstratie.
o . . . Rp . 2bc .
Folosind inegalitatea lui Panaitopol m, < ?§1 S, :Wma <m, obtinem:
+
Rp rmp Rp r1p
sara a p-a a p-a  b+c
w, ~ 2bc A o [p(p-a) 4(p-a)
b+c b+c bc
JS.T
ObtmemMS—Z 22 Z b+c =—Z b+c =1 (1 Ej 1+E=Md )
—a 4 r r
Aplicatia 53
In AABC
h.r hr h.r
\/aa+\/b \/cc<1+_
a Wb c r
Marin Chirciu
Solutie
Lema
In AABC
Jhat, < b+c |
w, 4(p-a)
Demonstratie.
Folosind inegalitatea lui Panaitopol m, < %si h, <m, obtinem:
Rp rp Rp rp

\/ﬁﬂ/aa apa ?'E __b+c

meosé 2bc p(p—a) 4(p_a)

b+c 2 ¢ be
«/h r
Ob‘ginemMS=z - SZ b+c =£Zﬂ=1.4(1+5j=1+5=|\/|d.
W, 4(p-a) 4“p-a 4 r r
Aplicatia 54
In AABC
> m,h, 33(3Rj
2
Eldeniz Hesenov, RMM 7/2020
Solutie.

Folosim Lema lui Panaitopol: m, s@.
a

Aplicatia 55
In AABC

>mh, <pte

Marin Chirciu
26
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Solutie.
Folosind Lema lui Panaitopol: m, s%.
Rp 2S ] , 1 , R

m.h, < ———R -2pr =2Rr —<2Rmp*-—=p"-—
2.m.h, < pZ PP s 2R =Pt
Aplicatia 56

In AABC
2 2
Zmb +me 9
bc R
Kostas Geronikolas, RMM 5/2021
Solutie.
Folosind m, > p( p—a) obtinem:
b) c) 242 +¢2 2p(p°—r*—4Rr
MS:Zmb+mc>zpp +pp Z a+b +c° p(p )=
abc 4Rrp

2 2 )

PT o —ARCTON g
2Rr R
2 w2

unde (1)<::>L4Rr or &> p® =4Rr +19r?, care rezulti din inegalitatea lui

2Rr
Gerretsen p® >16Rr —5r? .
Riamane sa ardtim ci: 16Rr —5r> > 4Rr +19r” < R > 2r ,(Euler).

Aplicatia 57
In AABC

Marin Chirciu
Solutie.
Rp

Folosind inegalitatea lui Panaitopol m, < — obtinem:

GEG)
mp+m? <\ b c ) _Rrep 1(1 lj_
2 be <2 bc IOZbc A
Rt p*+ p*(2r* —10Rr)+r’ (4R+r)(2R+r) p*+p (2r2—10Rr)+r2(4R+r)(2R+r):
32Rrp? 32Rr°

_ pz( p2 +2r° —10Rr)+ r2(4R + r)(2R + r) Gerztsen

B 32Rr? =

Gorsten (4R +4Rr+3r*)(4R* +4Rr +3r* +2r* ~10Rr )+ r*(4R+T)(2R +)
i 32Rr’

(4R +4Rr +3r%)(4R* —6Rr +5r%)+r*(4R+1)(2R+1) 16R* —8R’r +16R2r2+8Rr’ +16r* _
- 32Rr? - 32Rr? -

_ 2R*—R%r+2R’r? +Rr’ +2r* <1)9( R T
4Rr® 2\ 2r
27
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unde (1)
4 _p3 2,2 3 4 3
o R R H2RT AR 421 sg(ij & R+ ART—8Rr*—4Rr° —8r* >0 <
4Rr 2\ 2r
& (R—2r)(R°+6R’r+4Rr’+4r°) >0, evident din inegalitatea lui Euler R > 2r.
Aplicatia 58
In AABC
m +m2 9(RY
6—— b e <2l |,
Z Z(er
Marin Chirciu
Solutie.
Inegalitatea din stanga.
Folosind m, >,/p(p—a) obtinem:
E_ Zm +m; Zp(p b)+p p-c) Z a2+b2+c2_2p(p2—r2—4Rr)_
abc 4Rrp
_ _ Gerretsen _ _ _ — —
p’—r?—4Rr S 16Rr —5r° —r? 4Rr:12Rr 6r? :6R 3r_6—£_Md
2Rr 2Rr 2Rr R R
Inegalitatea din dreapta.
Folosind inegalitatea lui Panaitopol m, < % obtinem:
Bk
m? +m? c , o 1( 1 1)
E < < :R _— —+— =
Z Z p ZbC(bz CZ
Rt p*+p (2r —10Rr)+r (4R+r)(2R+r): p*+ p*(2r*~10Rr)+ r2(4R+r)(2R+r):
32R%*p? 32Rr?
pz(p2+2r2 —10Rr)+r2(4R+r)(2R+r)Gerztsen
32Rr? -
Gerztsen(4R2+4Rr+3r2)(4R2+4Rr+3r2+2r2—10Rr)+ r?(4R+r)(2R+r)
B 32Rr? -
(4R2+4Rr+3r2)(4R2—6Rr+5r2)+r2(4R+r)(2R+r) 16R* —8R%r +16R?r% +8Rr® +16r*
- 32Rr® - 32Rr® -

_2R*-R°r+2R’r*+Rr’+2r* (1)9( Rj

4Rr? 2\ 2r

unde (1)

4 3 2,2 3
o ZRERI+ 2R ARIA20 9 RV e 4R —BRA —4Rr—8r° 20

4Rr 2 2r

< (R-2r)(R°+6R’r+4Rr’ +4r*) >0, evident din inegalitatea lui Euler R > 2r.
Aplicatia 59

In AABC
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8r_be 2R
R ™ 2o
Marin Chirciu
Solutie.
Inegalitatea din stanga.
Folosind inegalitatea lui Panaitopol m, < % obtinem:
Suy B0 L 5o, H622_4Rp:2p _8r
mz - (Rpjz RZ p2 RZ p2 RZ p2 R
a
Inegalitatea din dreapta.
2 2
Folosind inegalitatea lui Tereshinm, > b +c 22_bc _be obtinem:
4R 4R 2R
Zb—isz b _ =4R22i=4R2&=4R2.ﬂ=§.
m; ( bc j bc abc 4Rrp r
2R
Aplicatia 60
In AABC
3
g < ZE < R_
R s22r
Marin Chirciu
Solutie.
Inegalitatea din stanga.
Avems, =%ma <m,.
b +c
Folosind inegalitatea lui Panaitopol m, < %, obtinem:s, <m, < % :
Inegalitatea din dreapta.
2 2
Folosind inegalitatea lui Tereshinm, > b +c > 2bc _be obtinem:
4R 4R 2R
2 2
ZE_Z bC _lzb2+cz<lz(b2+cz) _RZZ(b2+Cz) _
s 2bc 2 4%~pc-m’ 4 be \? bic?
UL bc| —
b +c 2R
o p®+ p*(3r° —14Rr )+ p’r® (48R* —4Rr +3r*)+r° (4R+r1)" (2R +)
o 32R’r*p? B
p® + p*(3r* —14Rr )+ p’r® (48R* —4Rr +3r®)+r° (4R +r)" (2R +T)
N 32Rr®p? -

I F*(4R+1)’ (2R+T1) ]
:% p*+ p*(3r® —14Rr )+ r?(48R* —4Rr +3r” )+ ( )2 ( ) |-
32Rr i p |

I r*(4R+1)° (2R +r) |cerretsen
:_32;3 p*(p®+3r® —14Rr )+ r?(48R* —4Rr +3r” )+ ( p)2 (2Rer) e

29


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2022 www.mateinfo.ro

Gerretsen 1

32Rr

3 2
; {pz (4R? +4Rr +3r2+3r? —14Rr ) +1? (48R* —4Rr +3r2)+ - (4R+ rp)z (2R+ r)} -

3 2 erretsen
_ L 2 (aR? 10Rr +6r7) £ 17 (48R7 —aRr +3r7) + L ARHT) (2RT) e
32Rr p
erretsen 3 2
e (4R2+4Rr+3r2)(4R2—10Rr+6r2)+r2(48R2—4Rr+6r2)+r (4R+T) (2?”) _
32Rr r(4R+r)
R+r
:32;3 [ (4R?+4Rr+3r°)(4R* ~10Rr +6r” )+ 1* (48R* ~4Rr +3r° )+ (2R+1)(R+1) | =
=32;r3 [ 16R" —24R%r —4R°r* —6Rr® +18r* + 17 (48R* ~4Rr +3r” )+ 1* (2R +1)(R+T) | =
= 32;3 [16R* —24R°r —4R?r* —6Rr® +18r" + 48R*r* —4Rr® +3r* + 2R*r* + 3Rr° + " | =
_16R* —24R°r +46R’r* — 7Rr® + 22r* =r 16R" _R_s_i(ﬂjz
- 32Rr? ~32Rr* 2rt 2lr )
Aplicatia 61
In AABC
bc 2R
4< Y —<—,
<2
Marin Chirciu
Solutie.
Lema
In AABC
E R+2r
W’ r
Demonstratie.
Folosind w, :2—bCCOSé obtinem:
b+c 2
bc B bc B (b+c)2 1 (b+C)2_
Z Z 2_2 4b202 p(p_a)_24p(p_a)_4pz p_a -

(Zbc cosA)
b+c 2 (b+c)” bc

_iz(b+c)2 _ 1 4p(R+2r) R+2r
4p p-—a 4p r ro
Inegalitatea din stanga.

Folosind Lema si inegalitatea Iui Euler obtinem: Z bc R tzr >4,
Inegalitatea din dreapta. a
Folosind Lema si inegalitatea Iui Euler obtinem: Z be R-:Zr ZrR .
Aplicatia 62 a

In AABC
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Marin Chirciu
Solutie.
Lema
In AABC
bc 2R
h2
Demonstratie.

Folosind h, —E obtinem:

z -y o & Yabe P DY LT 4R 2p =21

3

Folosind Lema si inegalitatea lui Euler obtinem concluzia

Aplicatia 63
In AABC

Marin Chirciu

bc p®+r?—12Rr
2

Demonstratie.

Folosind r, = obtinem:

p—a

zbc >—— Zbc (p- c = 21 p (p +r —12Rr)

o "

Inegalitatea din stanga.

Folosind Lema si inegalitatea lui Gerretsen si Euler obtinem:
bc _ p®+r’-12Rr 16Rr—5r’+r’—12Rr 4Rr—4r’ 4(R-r)_ A
2 r’ B r’ oo r

a

Inegalitatea din dreapta.
Folosind Lema si inegalitatea lui Gerretsen si Euler obtinem:

bc  p*+r?-12Rr < 4R*+4Rr +3r? +r?—12Rr _ 4R*-8Rr+4r° _ 4(R—r)2

rz - rz rz rz rz

a

Aplicatia 64
In AABC

p®+r?—12Rr
r? '

George Apostolopoulos, Greece,RMM 4/2021
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Solutie.
Inegalitatea din dreapta.

2
. . a .
Folosindm, > ,/p(p—a)si r, <— obtinem:
pr

2

a
r, ar 1 a2 1 4p(R-r) R-r
; p(p-a) 4pr<‘p-a d4pr r r
Lema
In AABC
2
L2
ar
Demonstratie.
2
Folosindr, = si r=—avem <8 oas7< p(p-a)a’ <
p-a p p-a 45
p

< 4p(p-a)(p-b)(p-c)<p(p-a)a’ < 4(p-b)(p-c)<a’ <
< (a+c-b)(a+b-c)<a’ < a’ —(b—c)2 <’ < (b—c)2 >0.
Inegalitatea din stanga.

Folosind inegalitatea lui Panaitopol m, < % obtinem:
S
. p-a _ S . a _ pr 4p(R-r)_4(R-r)_ar

E=) 2> = = . = >—=Ms.

Zm: Z[Rp 2 RZpZZp_a R2p2 r RZ R

a
Aplicatia 64
In AABC
4(R—r)£zig R-r
R® m: r?

Solutie.

Inegalitatea din dreapta.

Folosindm, > \/p(p—a)si r, = obtinem:
—a
_S_
: p-a S 1 pr (4R+r)’—2p* (4R+r) —2p?
E: —S —_— —_—. = :Md
Zmi Z|0(|o—a) pz(p—af p p’r’ p°r
2 2
i (aRer) o] (@RerY | R
r p rir(4R+r) r

R+r
Inegalitatea din stanga.

L . . . R )
Folosind inegalitatea lui Panaitopol m, < ?pobpnem:
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S

-a S a’ pr 4p(R-r) 4(R-r
Fl;pzszpzz - 2" ( ): ( ):MS'
S

w2

p—a R%p r R?

Aplicatia 65

In AABC
2 -2
> M, ZS(E] .
W, W, 2r
George Apostolopoulos, Greece,RMM-4/2021
Solutie.
Lema
In AABC
2
>, M >3,
Wch
Demonstratie.

Folosind m, > p( p—a) > W, obtinem:

a> p(p-a) (p-a) (p-
Z ZJpprPPC Z(Pb)( J pr pc

Folosind Lema si inegalitatea lui Euler R > 2r obtinem conclu21a.

Aplicatia 66
In AABC

Solutie.
Vezi mai sus.

Aplicatia 67
In AABC

m? ’
T ar)
W, W, 2r

o . . . R .
Folosind inegalitatea lui Panaitopol m, < ?p obtinem:

Solutie.

Rp
pa <Z[?j RpY L cripy Lt o
W, W, W, W, a’w,w, a’hh,
_repe. p®+ p*(3r’ —12Rr)+3p’r* +r *(4R+r)’ _ p° + p“(3r2—12Rr)+3p2r“+r3(4R+r)3 _
64R*p“r’ 64p°r!

2 p*+ p?(3r2 —12Rr)+3r* [+r* (4R +r)’ i 3
_ p [p P ( 64p2)r4 ] ( ) =G p* + p2(3r2 —12Rr)+3r4+$ =

33
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Gerretsen 1

<
64r*

3 3
{pz(loz+3r2—12Rr)+3r4+—r (422”) }:

3 3
_ L | (aR% ¢ aRr +3r)(aR? 4 4Rr +3r° 436 12Rr)sar + RO
r(4R+r)
R+r

= [ (4R? +4Rr +3r") (4R ~8Rr +6r”)+3r* +1* (4R+1)(R+T1) | =

~16R°r +4R*r* +18r* +3r* +1* (4R+1)(R+T) | =

L +(16R* —16R°r +4R°r® +18r* +3r* + 4R’r* +5Rr°® + 1* ) =
;

1r4 (16R*—16R°r +8R°r* +5Rr’ +22r* ) =

uler 5 5 5

“r6R° _3R° _ (R
64r®  32r° 2r

Aplicatia 68
In AABC

16R* —16R%r +8Rr2 +5Rr® + 22r* Euler
64r* =

Marin Chirciu
Solutie.

Inegalitatea din stanga.

Folosind m, >,/p(p—a) = w, obtinem:

m p(p-a) o Y (P-a) _
ZWch_Z\/p(|O—b)J|o(|o—<: ZJ b)(p—c) 3\/HJ(D b)(p—c)

Inegalitatea din dreapta.

o : . . R .
Folosind inegalitatea lui Panaitopol m, < —pobpnem:
a

2
m; a 2.2 2 2 1
a S R R _ =
ZwbwC 2 W, W, P Za W, W, P Z:azhbhc
R p°+ p*(3r’ —12Rr)+3p*r* +r *(4R+r)’ p6+p“(3r2—12Rr)+3p2r“+r3(4R+r)3
A 64R?p*r* - 64p?r -

2l p*+p?(3r® —12Rr)+3r* [+1° (4R +1)’ 3 :
_P [p P ) ] ( ) _ 1 {p‘# p2(3r2—12Rr)+3r“+—r (4R+r) |

64p°r* 64r* p’

Gerretsen 1

64r*

3 3
p’ ( p? +3r? —12Rl’)+3r4 +—r (4R+ r) }
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1 r3(4R+r)3
=—| (4R*+4Rr+3r”)(4R* +4Rr +3r* +3r* —12Rr )+ 3r' + ——— | =
64r r(4R+r)
- R+r
= 641r4 (4R®+4Rr+3r”)(4R* ~8Rr +6r°)+3r* +1° (4R+1)(R+T) | =
_16R* —16R°r +8Rr’ +5Rr° +22r* uer 3R® _3(5j5
64r* ©32r® 2r )’
Aplicatia 69
In AABC

Marin Chirciu
Solutie.
Inegalitatea din stanga.

Folosind m, >,/p(p—a) = w, obtinem:
L I N (p-a) J (p-a) _
2 _ZJp(p—b)Jp(p—C)z )_SH\/p(p

A Jp(p-b)(p-c -b)(p-c)
_3, 1 =3i/i=3§/i2 Mitrin0\§+Euler3 ]; =£.
pyp(p-a)(p-b)(p-c) \pS \p’r J27R° R R
4 2
Inegalitatea din dreapta.
Folosind inegalitatea lui Panaitopol m, < %ob‘;inem:
m2 Rp 1 1 pz(p2 +2r? —8Rr)+ r2(4R+r)2
a_ < a _R <R =Rp- =
Zwbwc ZwaC 22 aw,w, 22 ah,h, P 16p°r°R
2 2 2r2 —8Rr r2 AR +r ? 2 2 erretsen
:p(p + 2)3+ ( + ) _ 13 (p2+2r2_8Rr)+wG£ts
16p°r 16r p

Gerretsen 1

2 2
s r*(4R+r) 1

4R® +4Rr +3r® +2r” —8Rr + [4R*—4Rr +5r* +1(R+r)]=

~o16rd r(4R+r)’ 168
R+r
_ 4R® —3Rr +6r” eer 4R? _R_Z_E(sz
1613 “16r* 4r® rl2r)
Aplicatia 70
In AABC
3 =2 =2
64r L yosin B +sin CS 1 (E_lj'
9R’ m? 2F2\ r

Marin Chirciu
35


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2022 www.mateinfo.ro

Solutie.
Inegalitatea din sténga.
b> ¢?
Ms=zSin2 B+sin’*C :Z4Rz+m2 _ 1 ¢b+e? g 1 256r° _64r° _ Md
m? m? 4R? m! 4R*> 9R® OR’ ’
unde (1) rezulta din:
Lemal
In AABC
3 b? +¢? N 256r°
m:  9R®
Demonstratie.

. . . . R .
Folosind Inegalitatea lui Panaitopol m, < —pobpnem:
a

b? +¢? 2bc 1 . 2abc s 2-4Rrp ) 5
Ms=2. m; ZZ(RF’T: p4R422a s p“R“Za TR 2p(p?-3r -6Rr) -
a

16r(p2—3r2—6RI’)Gerretseanf'(l6Rr—5r2—3r2—6Rr) l6l’(10Rl’—8r2) 32r2(5R—4r)
) PR’ ) pR’ PR R

Elier 32r2 -6r B 192r3 Mitrgovic 192r3 B 256[‘3
T PR PR T 2R o R
4

R3

Inegalitatea din dreapta.
Folosind Teorema sinusurilor obtinem:

b? ¢?

sinB+sin’C RETIRZ 1 «b*4c?® 1 RPp
MS: = = S . . 2R_r =,
Z m? Z m? 4R? m! 4R* F° ( )
1 1 (2R
= (2R-r)= — —1|=Md unde (1) rezulta din:
2rF2( ) 2F2(r j M
Lema?2
In AABC
b?+c* 4R%p
>, - < = -(2R-T).
Demonstratie.

- : : . b* +¢?
Folosind inegalitatea lui Tereshin m, >

obtinem:

b? +¢? b® +c? 1 AcM 1
Ms = < =256R*Y — = < 256R*) —— =32R*
S S s R S 2SR s <R,
4R
Gerretsen

>a 3R Rp
=32R“~a3b3C3364R3F3'Zp(p2—3r2—6Rr)=F-(p2—3r2—6Rr) <

1
b’
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Gerretsen R p

< = (4R + 4Rr +3r% ~3r? 6Rr)_F—E(4R2 2Rr) =

Aplicatia 71

2
2RP(2R-r)=Md.

In AABC
Zma(£+lJz7—£.
r R
Marian Ursarescu, RMM 1/2021
Solutie.
Lema
1 1 a
—_—t—=—
rL r. S
Demonstratie.
Folosindr, = obtinem:
p—a
1 1 p—b+p-c 2p-b-c a
+ = = = —
S S S S S
p-b p-c

Folosind Lema obtinem:

1 1 a 1 Tereshin b +C 1
Ms=>m|=—+=|=>Ym -—==>am > — a(b’+c?)=
IR I S XL A
— Gerretsen —
1 a(b2+cz)= 1 2p(p or —2Rr) p>+r—2R 16Rr —5r? +r? 2R:
4Rrp 4Rrp 2Rr 2Rr
_14Rr—4r® __ 2r o
2Rr R
Aplicatia 72
In AABC
S (Lo L] <R
rn r
Marin Chirciu
Solutie.
Folosind 1 + 1 _2 si inegalitatea lui Panaitopol m, < % obtinem:
rb c
a 1 Panaitopol 1 Rp 1 3R
MsS=>»m | —+— m-—=—>am < —» a—=—>3Rp=—=Md.
Z(]zssza pr arppr

Aplicatia 73

In AABC
Solutie.
Vezi mai sus.
Aplicatia 74

In AABC

gl

(3R
rC r
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2
sy k)R]
2 R h, h. ) 2Q(r
Marin Chirciu
Solutie.
Lema
1 1 b+c
=
h, h 2
Demonstratie.
. 2S i 1 1 b+c
Folosind ha = ? ob‘glnem. E + g = E
b c
Inegalitatea din stanga.
Folosind Lema obtinem:
1 1 b+c 1 Tereshin ] b2+C2
Ms=>»m| —+—|=>m -——=—)> (b+c)m, > — > (b+c)- =
Za(hb hcjzazs 2S (b+c)m, 2pr (b+c) 4R
2_ 2_ Gerretsen
= (b+c)(b2+c2):—1 -2p(3p2—5r2—14Rr)=3p or’ ~14Rr &3
8Rrp 8Rrp 4Rr
Gerretsen 3 16Rr—5r2 —5['2 —14Rr _
. ( ) _34Rr—20r’ 17 5r_ ..
24r 4Rr 2 R
> (b+c)(b®+c*)=2p(3p® —5r* ~14Rr)
Inegalitatea din dreapta.
Rp

Folosind Lema si inegalitatea lui Panaitopol m, <— obtinem:
a

1 Panaitopol

Ms=Zma(hi+hij:Zma~%:g (b+c)m, < iZ(b+c)~R——

b c

Zb+0 R p?4r*—2Rr _ p’+r®—2Rr Snesn 4R + 4R +3r® +7° —2Rr _

2pr or 2Rr 4r? 4r?
AR’ +2Rr+4r> 2R?+Rr+2r’®er3R?  3(RY
= > = 5 < —=—=|—| =Md.
4r 2r 2rc  2\r
Aplicatia 75
In AABC
D mym, R
donroC2r
Eldeniz Hesenov, Georgia, RMM 1/2021
Solutie.
Lema
In AABC
> mym, <— p?.
Demonstratie.
m, R R .
Folosind inegalitatea lui Panaitopol h_ < >r o m < o h, obtinem:
r
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R. R RY RY 2rp> R
mm <> —h -—h =| — hh =|—| - =—-p°.
Zb"zZrbZr“(zrjzb"(Zr) R o2r "
Folosind Lema si Zrb . = p°obtinem concluzia.
Aplicatia 76

In AABC
Zmbmc E
ZrbrC "R
Marin Chirciu
Solutie.
Lema
In AABC
> m,m, >3pr+/3.
Demonstratie.

Folosindm, > ,/p(p—a) obtinem:

Smm =3 [p(p-0)/p(p—0)=pX\(p0)(p-0) = p-H[I(P-b)(p-0) -
=3p$/H( p—a) =3pi/pr? MlthVICSp%/rZ .3ry/3 =3pr+3.

Sa trecem la rezolvarea problemei din enunt
Folosind Lemasi » r,r. = p?obtinem :

Zm m 3pr\/_ 3r\/§ Mltrlnowc 3r\/_ 2r
Xhe PP 3RV3

Aplicatia 77
In AABC

Solutie.
Vezi mai sus.

Aplicatia 78
In AABC

4
YRt 31(3(2—Rj —1}.
R mm, r r
George Apostolopoulos, Greece, RMM nr.25-Summer Edition2022

Solutie.
Inegalitatea din dreapta.
Folosind h, <m, obtinem:

4
E_ Zr+r p Zr+r _BZ %{:{Ej _1J:Md’

r

unde(l) < E < l(s(ﬁj —1j < (R—2r)(3R*+3R°r +3Rr’ +r°) > 0, care rezultd din
r’or r

inegalitatea lui Euler R > 2r.
39
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Inegalitatea din stanga.

Folosind Panaitopol Inequality: m, < Ziha obtinem:

L+ Panaltopol r,+r, 2r L, +r 2r ? R 4 8r
E= > = —| —=—>—=Ms.
Z > YRR R, [ ) 2o hh, (R] r R R?

or o ®
Aplicatia 79
In AABC
4 < Z rb +, 52
Marin Chirciu
Solutie.
Inegalitatea din dreapta.
Folosind h, <m, obtinem: E = Zr L < Zr i EZ:Md,
m,m, hh r

Inegalitatea din stanga.

. : . R :
Folosind Panaitopol Inequality: m, < 2—ha obtinem:

L+, 2r L+, 2rY R 4
Bl 2 LR, R, (&) zh (] E- g
2r L or °

r +r Panaltopol

Aplicatia 80
In AABC

r+r, R _1(_(2RY
?__<Z b TS_[B[_J —1}.

Solutie.
Vezi

4
i) < 1[3(§j —1] & (R—2r)(3R*+3R°r +3Rr* +r°) >0, vezi R > 2r (Euler).
r

.
i) _<E < R >2r, (inegalitatea lui Euler).

Aplicatia 81
In AABC

Zh 2r

b+c

Bogdan Fustei, Romania, RMM 12/2020
Solutie.
Lemal

In AABC

Solutie.
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p-— p-a p—a 1 p-a 1 1 p
= = =— Y ——=—>a=—-2p=—.
Z 2r §—2r ZZDF_Z ZrZQ 1 2rZ 2r P r
a a a
Lema?
In AABC
Z&SE
b+c 4r
Solutie.
R R 2S R 2pr Rp
m Panaitopol 7'ha ~ T D —
Z—as 2r ~ _N2r a _N2r a _ pz
b+c b+c b+c b+c b+c b+c
a
:sz <R ZELL_Fij:Rp ll Rp Z Rp 2p _£
ab+ac 4{ab ac 2bc 2 abc 2 4Rrp 4r’
— Lemal
Folosind Lemele de mai sus obtinem: MS=Z p-a =S =Md .
h, —2r Lema2 b+c
Aplicatia 82
In AABC
p—a>2 m,
Zra—r_ zb+c'
Marin Chirciu
Solutie.
Lemal
In AABC
p-a (p2+r2—12Rr)
Zr—r 4Rr? '
Solutie
yb-a_ g pa g p-a 1y p-a _lz(p—a)z_l'p(p2+r2—12Rr)
L-r =S _, pro . r=.p r a ARr
p-a p-a p-a
p(p2+r2—12Rr)
B 4Rr? '
Lema?2
In AABC
z ma < p
b+c 4r
Solutie.
R, R2 R2r R
Z&Pa"imm' 2r °_N'2r a _Nv2r _a _y_a :RZ 1
b+c b+c b+c b+c b+c a(b+c)
11 Rp2a Rp 2p _p
=R =Rp - =1
IC)Zab+ac pz (ab acj P 2bc 2 abc 2 4Rrp 4r

Folosind Lemele de mai sus obtinem:
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g Lemal p( p2 +r? 12RI’) ® p Lema2

p-
Ms=2, 4Rr? o = ZZ

r,—r

b+c

241 —12Rr
p(p ARP? )Zz—pr <:>(p2+r2—12Rr)22Rr PN p2214Rr—r2,care

rezultd din inegalitatea lui Gerretsen: p® >16Rr —5r?.

unde(l) <

Rimane si ardtim ci: 16Rr —5r° >14Rr —r? < R > 2r, (inegalitatea lui Euler).

Aplicatia 83
In AABC
p-a _ 2 p—a
Zha—2r B Zra—r
Marin Chirciu
Solutie.

_ _ 2+ r? —12Rr
Folosind Lemele de mai sus avem sumele Z% =£§iz rp ? = PP T ) .

a a

Inegalitatea se scrie:
P, p(p*+r*—12Rr)

r- 4Rr?
care rezulti din inegalitatea lui Gerretsen: p* >16Rr —5r?.
Ramane sa ardtam ca:
16Rr —5r” >14Rr —r® < R > 2r, (inegalitatea lui Euler).
Aplicatia 84

< p? >14Rr —r?,

In AABC
4J§SZCSCAS J3R |
3R m, 3’
George Apostolopoulos, Greece, RMM 12/2020
Solutie.
Inegalitatea din dreapta.
1 2R
csC A sin A a 1 Nesma 1 1 3R
E= = =) 2 =2RY — < 2RY —=2RY —=—=
2 m, 2 m, 2 m, Zama Zaha 28 S
Mitrinovic
_Rwe SRRy
pr 3rd3-r  3r
Inegalitatea din stanga.
1 2R R
CSC A m ? 1 *a 1 © Mitrinovic 3R
E= < 2R — > 2R ——=— =
2 m, 2 m, Zma Zama ZaRp p 3R\/§-r
a 2
4\/_ =Ms.
3R
Aplicatia 85
In AABC

1
E(EJSSZ CcsC A <R(E_E)
pLR m+m, S\r 2
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Marin Chirciu
Solutie.
Inegalitatea din dreapta.
1 2R
CSCA Sln A h,<m,
E= =2R < 2R
zm+m Zm+m Zm+m Z m+m Z h+h)
2R bc R bC OR (R 1
=2R il . L ALY . N AN AN F VT
27755 28 (28 28) Zsza(b+c) Sza(b+c) S (r 2)
b c
1
unde(l) < < ——=, care rezulta din:
1) z b+C) , care rezulta din
z bec ANEGMZ bc Zbc\/_c(l)Za 2p(p —3r? —GRF)
a(b+c) a-2Jbc  2abc ~ 2abc 2-4Rrp
_ P?-3r® —BRr Gemeen AR® + 4Rr +3r° —3r° —6Rr _ 4R*-2Rr 2R _R 1
4Rr B 4Rr 4Rr 2r r 2
Inegalitatea din stanga.
1 ZR R
csc A sin A ai? 1
E= =2R 2R ——— — -
Zmb+m Zmb+m Zmb+m z mb+m) Za(RerRpj
b c

bc 2 bc 6 abc 6 4Rrp
>=.3 =g = -
Z i/Ha(b-l-C) pi/H(bJrc) p\/Zp(p +r +2Rr)

2

p +C p

E Rr Gerretsen 6 2Rr 6# 2Rr Eierg3 2Rr _
p\ p>+r2+2Rr 4R2+4Rr+3r +r’+2Rr  pV4R*+6Rr+4r>  p\8R®
8.

p

In AABC
Z h, 2r b+c
Bogdan Fustei, Romania, RMM 11/2020

Solutie.
Lema

In AABC

y 2P
h,—-2r r
Demonstratie.
2S S p— IO

Folosind h, —;mr—gobtmem Z ZZS 25 ZSZ p_Z—per ==

p
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b tpl @ 4 2 2 2 2
anaitopo a pi+p (16Rr +2r?)+r?(4R+r)
Z _4R Z R 2 2 2 =
b+c ( ) 8Rrp’(p® +r°+2Rr)
p* + p2(16Rr+2r2)+ r(4R+r)’ Wplme p-a _
= —_ S’
2rp(p2+r2+2Rr) r ha—2r
‘4 p?(16Rr+2r?)+r? (4R +r)’
unde (1) < PP ( r: r2)+r (4R+1) <P pz(p2—12Rr)2r2(4R+r)2,care
2rp(p®+r? +2Rr) r
s : : ) , _F(4R+r)’
rezultd din inegalitatea lui Gerretsen: p© >16Rr —5r 2?.
Ramane sa aratam ca:
2 2
M(16Rr—5r2 ~12Rr)>r(4R+1)" & m(4Rr—5r2) >r?(4R+r) =
R+r R+r

< 4R-5r >R+r < R>2r, (Euler).
Aplicatia 87

In AABC
p_a>2 ma
Zra—r - zb+c'
Marin Chirciu
Solutie.
Lema
In AABC
p-a_ (p2+r2—12Rr)
Zr -r ARr® '
Demonstratie.
Folosindr, = sir :iob‘ginem:
p-a p
Zp a 5 p-a _Bz(p_a)2 _L.p(p2+r2—8Rr)_ p(p2+r2—12Rr)
4~ s s Copr 4Rr B 4Rr? '
p-a p
s 2 * 4+ p2(16Rr +2r? )+ r2(4R+r)’
aniopozz oy L +p*(16Rr +2r%)+r* (4R +r) _
b+c 8Rrp’(p’+r°+2Rr)

4 2 2 2
_PEp (16Rr+2r )+r (4R+r) 0 p’+r? 8RrLemaZp 2 s

4rp(p*+r’+2Rr) ~ 4pRr? rL—r
p*+ p® (16Rr+2r°)+ r?(4R+r)’ 5 p(p®+r*—12Rr)

unde (1) < <
@ arp(p® +r”+2Rr) 4Rr?

=

ndd ( prr +2Rr)( pr+r —12Rr) z Rr[p4 +p’° (16Rr+2r2)+ r? (4R+F)Z} =
= p2 ( p4 + p2r2 _12Rrp2 + p2r2 + I,.4 _12Rr3 +2Rrp2 " 2Rr3 _24R2r2)2
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> Rr[p4 +p* (16Rr +2r)+r? (4R+r)2J =N

p®+2p*r® —10Rrp* + p*r‘ —10p*Rr® —24p*R?r* > p*Rr + pRr (16Rr +2r> )+ Rr*(4R+r)°
p®+ p*(2r* —11Rr)+ p? (r* —~10Rr® —24R’r* ~16R’r* —2Rr*) > Rr* (4R + 1)’

p? [ p*(p®+2r° —11Rr)+r?(r’ ~12Rr —40R2)J >Rr®(4R+1)’,

r(4R+r)’

care rezultd din inegalitatea lui Gerretsen: p> >16Rr —5r* > 5
+r

Ramane sa aratam ca:
r(4R+r)’
R+r

<> [(16Rr —5r*)(16Rr ~5r* +2r* ~11Rr )+ r*(r* ~12Rr —40R*) | > Rr*(R+1) <

< (16R-5r)(5R—3r)+(r? —~12Rr —40R*)> Rr (R+1) <

<> 80R? —48Rr — 25Rr +15r? + r? ~12Rr —40R? > R? + Rr <>

<> 39R? -86Rr +16r> >0 <> (R—2r)(39R—8r) >0, evident din inegalitatea R > 2r, (Euler).

Aplicatia 88

[ (16Rr —5r°)(16Rr —5r +2r* ~11Rr )+ r*(r* —12Rr ~40R*) | > Rr* (4R +1)" <

In AABC

p-a
<2

r, -r
Marin Chirciu

Solutie.
Folosind Lemele de mai sus avem sumele:

(p2 +r? —12Rr)

p-a_
Zh “or v Z 4Rr?

2 4+r?-12Rr
Inegalitatea se scrie: P <2 p( P . )
r 4Rr

care rezulti din inegalitatea lui Gerretsen: p> >16Rr —5r?si inegalitatea lui Euler R > 2r .
Aplicatia 89

< p®>14Rr —r?,

In AABC
4(m? +m?
R > (a—bz)
r (ma + mb)
Adil Abdullayev, Baku, Azerbaijan, RMM 8/2020
Solutie.
Demonstram
Lemal.
In AABC
In AABC
R m, ﬂ
r mb m,
Adil Abdullayev, Baku, Azerbaijan
Solutie.
Folosim rezultatele:
R1.

45


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2022 www.mateinfo.ro

In AABC
M, M _p M
mb ma hc
R2.
In AABC
m, R
—2<—,
h, 2r
GM 11/1982, Laurentiu Panaitopol
1 R2
M =Ta MZy M Ry
m, m h. 2r
Lema2

Daca x, y > 0 atunci

Z+2>
y X (x+y)
Demonstratie.
4(x? 2 2 4(xP+y?
Avem X4 Y > ( +Y)<:>x+y 2( +y2)<:>(x+y)224xy<:>(x—y)22
yoxo (x+y) XYoo (x+y)

evident cu egalitate pentrux=y.

2 2

. . m, my 4(ma+mb)

Punem x=m,, y =m, si obtinem —*+—> ————
mom, (m,+m,)

Sa trecem la rezolvarea problemei din enunt.

. . . R Lemal m m Lema2 4(m +Mm )
Folosind Lemele de mai sus obtinem: — > —&+ > ———.
r m, m, (m, +m )

Aplicatia 90
In AABC

me
ZWW

Adil Abdullayev, Baku, Azerbaijan, RMM 6/2020

Solutie.
Cu R > LY si inegalitatea W, > h, rezulta R > LY > LY ,deundem, < BW
2r h, 2r h, w, 2r
2
R R
2.mm, _ Zipr "o (zrj 2% (Y : .
Obtinem < = =| — | , de unde rezulta concluzia.
D ww, D ww, D ww, 2r
Aplicatia 91
In AABC
BAN > Z m, M,
ZWb
Marin Chirciu
Solutie.
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Folosim inegalitatile :

Lelbnlz 2 Mitrinovic
w,>h, Y xX* =D yz, > m’ :—Za < 3 or? = 2R si p? > 27r%,
27R2 .
m - 3 3
Obtmemz oM Z < 27R2 < 27R - :(E] , de unde rezulta concluzia.
ZWb Zhbh 2rp 8rp? ~ 8r-27r* \ 2r
Aplicatia 92
In AABC
Zm m, Zmbmc
ZWb ZWch '
Marin Chirciu

Solutie.

=1, evidentdinm, >w, .

Vezi 3 2.mm, > 2. mm. Zmb ¢
D ww, D ww, Zwb

Aplicatia 93
In AABC
R m,m, +m,m, +m.m,
—2 .
2r W, W, + W, W, + W, W,
Adil Abdullayev, Baku, Azerbaijan, RMM 6/2020
Solutie.

, . . . . h, _2r .
Folosind h, <w, si inegalitatea lui Panaitopol —=- > ry obtinem:

a

R, R R
ZmmeSZ—hb-—hcz — Zhbhc_ ZWbW de unde:

2. mm, ( jzwbw‘i’%nv;;nv 2r \/%mT rz\/%'

Aplicatia 94

In AABC
RY™ W ,R
6] —| <) 2<3,|—.
(r] Zma 2r
Kostas Geronikolas, RMM-6/2020
Solutie.

Inegalitatea din dreapta.
W, <m, Eul
W ey R g R
m m 2r

a a

Inegalitatea din stanga.
w, >h, Panaitopol -1
w, h, ! 2r 6r 6( Rj .

> — —_——=

m m R R

a a

Aplicatia 95
In AABC
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or W
— <)y 2<3.
F <2 .
Solutie.
Vezi mai sus.

Aplicatia 96
In AABC

1Zcotézz %+a+b+c.
2 4 r, 4r

Bogdan Fustei, RMM 3/2020
Solutie.
Lema.
In AABC

Demonstratie.

o : . . m .
Folosind inegalitatea lui Panaitopol h—a < Zﬂobpnem:
r

a

2S
ﬂgﬂ.h_zi. g _Rp-a_ 1 A ,deunde M2 < 1
r 2rr, 2r o r a 4sin? 2 L 2sin 2
p-a 2
1+cosé
Folosindformulatan§= LR rezulti cot— = 2 _ +coté.
2 1+cosx A A 2
smE smE

C A . . .
Din identitatea ZCOt 2= P si relatia de mai sus avem:

r

1 Al 1l 1 A _1 1 P
Zcot4 22 A+cot§ =5 > A+ZcotE = —= é+

sm— sin sin
a+b+c pLema p 1 1 p
My 21/ —Z,/ — Y=+ E =M.
a 25|nA ar 2 siné r
2 2
Aplicatia 97
In AABC
1 A m, a+b+c
—>» tan—> —2 - .
2Z 4 Z r 4r
Bogdan Fustei, RMM 6/2020
Solutie.
Lema.
In AABC
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Demonstratie.

R
Folosind inegalitatea lui Panaltopol . <2—0bt1nem
r

a

278
m_R N _R. g _Rp-a_ 5 deunde |72 < 1
L 2rr, 2r S r a 4sin2 2 r, 25in 2
p—-a 2
1 cosé
Folosind formula tan X 1__COS Xrezulté tan — = 2 _ 1 —coté )
2 . A . A
smE smE

o A : : .
Din identitatea Zcot r $§1 relatia de mai sus avem:

1 1 1 p
Ztan = —é—cot—: Z——ZCot— =5 _—é—?.

m, a+b+c pLema 21 1
R —Rr M.
r, 23in2 2r 2 A r

2
Aplicatia 98

In AABC
> SN 33 /ﬂ :
m, R
Marin Chirciu
Solutie
Lema.
In AABC
T2 >2sIin é
m, 2
Demonstratie.

L . . . m R .
Folosind inegalitatea lui Panaitopol h—a < 2—obpnem:
r

a

S
L2£-r—a:£- p_azi-iz%inzé,deunde r—""225iné.
m Rh R 25 R p-a 2 m, 2
a

Folosind Lema obtinem:

r . A , . A ,r ,Zr
2 >2» sin—2>2-33(| |sin—=2-33— =33—.
Z\’ma Z 2 H 2 4R R

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
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Aplicatia 99
In AABC

AN ( 2r jz
m,m,m, R
Marin Chirciu
Solutie.

Lema.
In AABC

24sinzé.
2

3 |~

a
Demonstratie.

o : . . m R .
Folosind inegalitatea lui Panaitopol h—a < Z—Obpnem:

r

a

S
r—azﬁ-r—a—ﬁ- p-a L-L:4sinzé,de unde£24sinzé.
m Rh R 25 R p-a 2 m 2

a

a

2 2
Folosind Lema obtinem: _Lhk 1_[4Sin2 g = 64(Lj = [%j :

a'b'c

Aplicatia 100
In AABC

1 m,
Z1—cosA - er_a

Bogdan Fustei, Romania, RMM 2/2020

D 1 p’+r’-8Rr
1-cos A 2r? '

Solutie.
Folosind formulacos x =1-2sin® x obtinem:
3 1 3 1 1 1 1 p*+r’-8Rr_ p*+r’-8Rr

= 2 2
1-cos A osinz A 2T A 2 r 2r
2 2
Lema 2.
In AABC
2 2
Z&S pe+r —8er
r, 4r?
Solutie.
Folosind inegalitatea lui Panaitopol %gzﬂ (vezi GM 11/1982), obtinem:
N r
R
m ha'? R h
—< F—_— .2 deunde
r, r, 2r r,
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2 2 2 2
Z a<z gzi_p +r°—8Rr _p°+r 2—8er
or r r, 2r 2Rr 4r
FOIOSInd Lemele ob‘,unem:

1 Lemal pz + rz _8Rr Lema2
M, = = > 2 =M,.
Z1—cosA 2r? Z r ‘

a

Aplicatia 101
In AABC

1 m,
Z:1—cosA = Zzh_'

Marin Chirciu, Romania
Solutie.
Lemal.
In AABC

Z 1 p +r? —8Rr
1-cosA 2r?
Solutie.

Folosind formulacos x =1—2sin? X obtinem:

1 1 1 1 1 +r?—8Rr +r?—8Rr
2 =2 2 2 P -

- 5 2 2
1-cos A ZSinz'; 2 sinzé 2 r 2r
Lema 2.
In AABC
Z%gﬁ
h, 2r
Solutie.
C ) . . m R m R 3R
Folosind inegalitatea lui Panaitopol — <— obtinem; » —2< ) —=—.
J P h, 2r Z:ha Z2r 2r

Folosind Lemele obtinem:

1 Lemal p2 + r2 —8Rr ® 3R Lema2 m
M, = = >— > 2y 2=M_,
Z1—cosA 2r? r 2 h, ¢
2, .2
unde (1) < %28% > R <> p? 214Rr —r?, care rezulti din inegalitatea lui
r r

Gerretsen p® >16Rr —5r°.
Ramane sa aratim ca: 16Rr —5r> >14Rr —r?> < R>2r, (Euler).

Aplicatia 102
2 2 2 2
(ij +(r—bJ +(£J +n- —> n+3,unden<5.
S, S, S, R
2bc

In AABC
Folosind s, = ———m, <m_ si inegalitatea M , ( L. Panaitopol, 1982),
b +c h, 2r

Marin Chirciu
Solutie.

a

r r, . .
Z—- 2 si de aici:
R

obtinems, < 5-ha , de unde =2
2r h,

_a
Sa

o1
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RS, ERANEY DA I S L0
"4~ R h, R h) R 2r R |

Sa a
Lema
In AABC
> T 2_8R2+r2—p2
h, 2r? '
Demonstratie.
. 2S . :
Folosindh, =—sir, = obtinem:
a p-a
S 2
z 52—2 p—a _lz L2_£.2(8R2+r2_p2)_8R2+r2—p2 (1)
h,) 25 | 44\ p-a) 4 r? 2r? A
a

Folosind (1) este suficient sa aratam ca:
2(8R*+1r%—p?)
R2

inegalitatea lui Gerretsen: p> <4R*+4Rr +3r?.

Ramane sa aratam ca:

(13-n)R*+2nRr +2r* > 2(4R2 +4Rr +3r2) < (5-n)R*+(2n—-8)Rr—4r’>0 <
< (R-2r)[(5-n)R+2r |>0, evident din inegalitatea lui Euler

_|_n.2?Rr >n+3 <> (13—n)R*+2nRr +2r® > 2p?®, care rezulta din

R>2r si conditia din ipotezdn <5, care asigura [(5— n) R+ 2r] >0.
Aplicatia 104
2 2 2 10
LCT) N LS L )
S, S, S, R

In AABC
Solutie.
o . r, Y _2(8R%+r’—p?) .
Folosind inegalitatea (1) de mai susz 21 > este suficient sa aratam ca:
S

R2

a

2(8R*+r?—p®
( =2 P ) + % >8 <> 4R* +5Rr +r? > p?, care rezultd din inegalitatea lui

Gerretsen: p® <4R”+4Rr +3r°.
Riamane si ardtim ci: 4R® +5Rr +r° > 4R* +4Rr +3r* < R > 2r ,( inegalitatea lui Euler).

Aplicatia 105
In AABC
£+i+£+n-£2n+3, unden<1.
S, S, S R
Marin Chirciu
Solutie.
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Folosind identitateas, :Z_bcm si inegalitatea M o R , ( L. Panaitopol, 1982),

bz—l-C2 @ 3 2r
2 2
ob‘ginemmagi-ha@sag gbc > —-h,, de unde 2> FC 1k si de aici:
2r +C s, bc RN
S
Z£> b’+c® r r,_rgb’+c® p-a_rb’+c® a1 pP+r’-8Rr _
s, bc R h R bc 25 R bc p-a R ]
a
2 2_ 2 2 2 2_
Zw,care rezulta dinzz te.a _p+r 8Rr
2Rr cC p-a 2Rr

Este suficient sa aratam ca:

16Rr 5;R+ r—8Rr + n-Z—Rr >n+3,vezi inegalitatea lui Gerretsen p* >16Rr —5r° .
r

Ramane sa aratam ca:
(16Rr —5r?)+r* —8Rr
2Rr
< (R—-2r)(1-n)>0, evident din inegalitatea lui Euler R > 2r si conditia din ipotezdn<1.

Aplicatia 106

+n-2?:2n+3<:>8Rr+4r2(n—1)22Rr(n+3) =

In AABC
L + 5 + L + 2r >4,
s, S S R
Solutie.
2 2
N . . r +r°—8Rr . C s o
Folosind inegalitatea de mai sus Z—a ZPT este suficient sa aratam ca:
S r

a
2,2
P o8RY 21, <> p?>16Rr —5r? (inegalitatea lui Gerretsen).
2Rr R
Remarca.
In toate cazurile de mai sus egalitatea are loc daca si numai daca triunghiul este echilateral.

Bibliografie:
1. O.Bottema, R.Z.Djordjevic, R.R.Janic, D.S.Mitrinovic, P.M.Vasic,

Geometric Inequalities, Groningen 1969, The Netherlands.
2. Laurentiu Panaitopol , GM 11/1982, C:260.
3. Soumava Chakraborty, India, RMM-2022.
4. Eldeniz Hesenov, Georgia, SP.481,RMM-33, 2022.
5. Konstantinos Geronikolas, Greece, Mathematical Inequalites, 2022.
6. Mihaly Bencze, Brasov, Octogon Magazine, 2022.
7. Bogdan Fustei, Romania, RMM, 2022.
8. Marian Ursarescu, Romania, RMM 1/2021.
9. George Apostolopoulos, Greece, RMM nr.25-Summer Edition2022.
10. Adil Abdullayev, Baku, Azerbaijan, RMM 8/2020.
11. Daniel Sitaru, RMM Number 32, Spring Edition 2024.
12. Marin Chirciu, Inegalititi geometrice 2, de la initiere la performantd, Editura Paralela
45, Pitesti, 2021.
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3. Asupra problemei 28089 din G.M.B nr.6-7-
8/2021

George-Florin Serban
Colegiul National ”D.P.Perpessicius”,Braila

In Gazeta Matematica Seria B numarul 6-7-8,domnul profesor Neculai Stanciu,propune
urmatoarea problema:
28089.Demonstrati ca pentru orice a,b,c>0are loc

2 2
inegalitatea: 8(—+9 —) (— = —) >162+81- ) ( b ).
C a

ciclica
\Vom prezenta in continuare o metoda de rezolvare in care vom folosi formula lui
Taylor,pentru un polinom cu doua variabile si o generalizare a acestei probleme.

Notam 2=x 2=y, 27
b C b

X,y,z>0, xyz—l p—x+y+z q—xy+yz+xz r = xyz =1. Atunci inegalitatea devine

8(x+Yy+2)? (—+y+—) >162+81- Y (X’ +—)

ciclica

Bty DY +Y24XD) 5167 815 w2181 y222
(XyZ) ciclica ciclica
8p°q® >162+81(p* —2q) +81(q* —2pr), 8p°q” =162 +81p°—162q+81g°> —162p. Trebuie si
demonstrdm inegalitatea 8p°q” —81p°—81q’ +162p+162q—162>0. Fie polinomul
f(p,q) =8p°q” —81p*—819° +162p +1620—162. Aplicim formula lui Taylor pentru un
polinom de doua variabile.

? =16pg? —162p+162, ?(3, 3)=16-27-162-2 = 432324 =108,
p p

2 2
Zf—q:16 p°q—162q+162, q(3,3):108, sz =160° —162, a (3 3)=144-162 =-18,
2 2 2 2
0 ]; :16p2—162 of (3 3) =-18, of =32pq, of —(3,3) =288,
aq opaq opoq
3 3 4 4 3 3 3 3
61;:61;:65:82:0, azf =320, —— of (3,3) =96, af2—32p, of —(3,3) =96,
op° oq° op° g op°oq op’oq opoq opaq
4 4 4 4
of agf 82f > =32, 82 f =(3,3) =32, (3,3)=648-1458+972-162 =0,
dpog®  ap°eq ap aq op°oq
82 2
f(p, q)—f(33)+ [(p 3)—(33)+(q 3)—(3 3]+ ’ (3,3)+
) 82 s 83 3f ) 83
+(Q- 3) — (33)1+ —[(p 3) (3 3)+3(p-3)°(a- 3) (3 3)+3(p-3)(q- 3) (3 3+
s 83 4 64
+- 3) (3 3)+6(p-3)°(0-3)" —5=5(33)+

282
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464

+4(p-3)(q-3)’ a = 3(3 3)+(a-3)"——= (33

f(p.q) —108(p—3)+108(q—3)—9(p—3) +288(p—3)(q—-3)-9(q—3)* +48(p—3)*(q—3) +
+48(p—3)(q—3)* +8(p—3)*(q—3)°>. Vom demonstra inegalitatea 1,

108(p—3)-9(p—3)* +144(p—3)(q—3) +24(p—3)*(d—3) +24(p—3)(q—3)* +4(p—3)*(q—3)* > 0.

(p—3)[108—9p +27 +144q—432+24pq—72p—72q+ 216 +24q° —144q + 216+ (4 p—12)(g° — 69 +9)] = 0,

(p—3)[135—81p + 24 pg—72q+ 24q° +4pg” — 24 pa+36p—120°+720-108] > 0,

(p—3)[129° +4pg® —45p +27] > 0. Aplicdm inegalitatea

mediilor, M, >M, p=X+Yy+z 23§/xy_:3, g=Xy+YzZ+Xxz 23W:33 (xyz)* =3, rez
ulti p,q>3. Aplicdm consecintele inegalititii lui Schur, p? >3q, > >3pr, r =1 deci

g >3p,evident p—3>0, iar

129° +4pq° —45p+27 >12-3p+4p-9—45p+27=36p+36p—45p+27=27p+27>0,re
zulta inegalitatea 1. Vom demonstra inegalitatea 2,

108(q—3)-9(q—3)* +144(p—3)(q—-3) +24(p—3)* (9 —3) + 24(p-3)(q—3)* +4(p—3)*(q—3)* 0.

(0—3)[108—9q + 27 +144 p— 432+ 24 p* —144p+ 216+ 24 pq — 72 p— 720 + 216+ (49 —12)(p*~6p+9)] > 0,
(0—23)[135—81q+ 24 p* +24pq—T72p +4p’ 0— 24 pg+369—12p°+ 72 p—108] > 0,

(0—3)[12p* +4p® q—45q+27] >0, evident q—3> 0, iar

12p* +4p” q—450+27 >12-3q+4-3q-3—45q + 27 = 360 + 360 — 450 + 27 = 27+ 27 >0,

rezulta inegalitatea 2. Adunam inegalitatile 1si 2 si se obtine inegalitatea ceruta, f (p,q) > 0.

Avem egalitate daca si numai dacd p = =3,daca si numai daca a=b=c.

Generalizare.Demonstrati ca pentru orice a,b,c,a, > Ocu 81a = +6y, yeR,are loc

inegalitatea: a(—+9 —) (— — —) >f+y- Z( ) Cu aceleasi notatii ca mai
C a

ciclica

sus,obtinem ap®g” —y(p> —2q+q —-2p)—-4=0.

ap’(@’-9) , aq’(P°’~9) , 9ap®  9aq’
2 2 2 2

LA L RN R P TR B

2 2
ci(y - )p —2py+ﬁ (p- 3)[(y——)p—£] (-2 )p* + (-3 +27—“—

Tﬂ)+£:(7_

—yp’—yo* +2py+2qy - B 20,

_9_a)q2_ 2qy+£] > 0.Aratam
,3) ﬂ

Yp? -3 F_(y_Z2)p?2_2 ﬁ.
2)IO +p( 7+7)+2 (7 2)|0 Py +

2
= —_—— _3
(7 2)|0 +p(=3y + 5

adevérat Analog ardtam ca
(->2ya-297+L£ = @-3)0 - —)q—ﬂ]—
272“ ﬁ) ﬂ —(-
2P’ ‘2?’)(Q+‘°’)+0‘q “"23)(‘”3)—(p—s)[(y—%“)p—ﬁ]—(q—s)[(y )q-L120

apy® 3aq’ 9o yo) ap’q 3ap’ 9a ﬂ
)—+—(—— = JJ—+—-(y——)g+=]=0.
(P-ET+ 22— -2 p+ L1+ (@-9EEA+Z— (- T 4]
55
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apq’® 3aq’ 9a Ysi S 9ap 3a-3p 9a L 2lx ﬂ ﬂp Ysi
e, === — (- p+E = 0,
, T, =P+ s o )= +=>

2
jar p—3>0rezultd (p— 3)[apq —q—(y—gg)pqug]zo.Analog q—-3>0 si

2
2
w+ _)q+_2%+m_(7_%) (27_a_7/)q+__@+§>0

2 2 4 2 T2
d p q,3ap" —97“) q+§] > 0. Adunam cele doud inegaltiti si obtinem

2
o pq 3aq 9« ys) o p2q 3o p2 9« p

N+ ———(y——= Ll HJ—+———(y——= £Z1>0.
(p-3)[ > T (r 2)|0+6]+(0| ) T (r 2)qu6]

rezultd (Q—3)[——

Problema 28089. se obtine pentru & =8£1>0,,B=2>0,7/=1€ Rsi 8la =8=2+6-1= 3+6y.

Avem egalitate daca si numai dacd p = =3,daca si numai daca a=b=c.
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4. About Martin Lukarevski double inequality for
excentral triangle

By Marian Dinca, Bucharest, Romania

In the mathematical note [1] Martin Lukarevski proves
the following double inequality:
4R+10r < Al, +BI, +Cl, <8R+2r

First, I remind readers how we determine the elements of the triangle I 1,1,
from the cyclic quadrilateral Al Bl

A B A+B

J— +_

Al B = Al | + B, | = xABI + 4BAl =+ = == ==l | ],

in the same way we determine the angles:

11 =%,<la|b|0=A+C

b'a'c

S7
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we intend to find the radius of the circle circumscribed by the triangle
the quadrilateral ABI 1, is cyclic,
the circumscribed circle has a diameter I 1,

AB +1,l, o0 A+B

<AIB =

because 1,1, =180, result:% =90- A; B

AB = 11 sin| 25 :lalbcos[MBj
2 2

w0 2Rz )| 22 A2

we obtain: 1,1, :4Rsin(AJr Bj

this proves that the radius of the circumscribed circle of the triangle 11,1, is equal to 2R
the segment Al is height in the triangle I 1,1,

Al, =4Rsin AtB sin ATC =4RcosgcosE
2 2 2 2

BI, :4Rcosgcosé,CIC :4RcosEcosé
2 2 2 2

r:4RsinésinEsinE
2 2 2
double inequality will be equivalent to:

4R+1O-4RsinésinEsin9S4RcosgcosE+4RcosEcosé+4RcosEcosés
2 2 2 2 2 2 2 2 2
£8R+2-4RsinésinEsin9,or
2 2 2
1+10-sinésinEsin9scosgcosE+cosEcosé+cosEcosés

32+2-sinésinEsinE (2)

2 2 2
in inequality (2) making the following changes:
T A T B r C

272 Y2 2 727277

where «, S, y is angles of acute triangle
the inequality is echivalent to:
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1+10c0sa cos fcosy <sinasin f+sin gsiny +sinysina <
< 2+2C0SaCos SCOSy (3)

I will prove that the double inequality (3) which is for the acute triangle
it is true for any triangle
use the identity:
s2—(2R+r)’
cos AcosBcosC = #
4R
ab+bc+ca s’+r’+4rR
4R? 4R?
the inequality on the left will be written:
. s?—(2R+ r)2 < s +r?+4Rr
4R? 4R?
9s? <10(2R+r)" +r? + 4Rr —4R? = 36R? + 44Rr +11r?
44Rr +11r°

sin AsinB +sinBsinC +sinCsin A=

1+10

s* <4R*+
use Gerretsen inequality:

s? <4R? + 4Rr +3r?

2
and:4R? + 4Rr + 3r? < 4R? +%,is echivalent to:

9(4Rr +3r?) < 44Rr +11r* or 16r* <8Rr, 2r < R, Euler's inequality
the inequality on the right will be written:

2, .2 2 2
S +2Rt4Rr <2428 (42|I;+ r
r’+4Rr <8R*+s”-2(2R+ r)2
12Rr +3r? <s?
use Gerretsen inequality:

s’ >16Rr —5r?
16Rr —5r% > 12Rr +3r?, echivalent to:

ARr >8r?, R > 2r,Euler's inequality
REFERENCES

[1] Martin Lukarevski:An inequality for the altitudes of the excentral triangle,Mathematical Gazette ,2020

,or
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5. O generalizare si aplicatii ale inegalitatii lui
Nesbitt

de Gheorghe Ghita, Buzau

Articolul prezinta o generalizare a inegalitatii lui Nesbitt, precum si utilizarea acesteia
n demonstrarea unor inegalitéti in special pentru triunghi

(1) abc=4R5 =4Rpr; (2)Xab=p*+r* + 4Rr; (3) X a® = Ep‘—ZT'—SRT (4)
Sl-trt (5) S =4R 41 ()T =31=% (7) Th, =w:(sj

2R
rrr,=p- (9)Xar, = 2p(2R—7r); (10)25111,451113 = % (11)Eﬂ605‘ﬂ _ Zpr
(12) Em?=%:(l3)zctg;i=§: (14)i+ 2(2R—-7) . (16)

(p—a)(p—b) _ r(p*+aR+r)7)
Z - 4pR ?
(C)— Cebasev: (a,,a,,...,a,) si (x,,%,,...,x, ) pozitive, la fel ordonate, atunci X} _, a, x,

1 mn mn
=~ dig=1 Qe Zig=1 X

: .‘n I:Egz'ﬂk]m
(R)- Radon: m = 0,a,,a,,...,a, = 0;x,,%5,...,x, = 0=X8_ _n___ > Zimatk)
'E,,_-—--l’,;jl
(B) — Bergstrom: a,, a,,...,a, = 0;x,,%,,...,x, =0, E2_ k> .EEK'[__,:) :
T =1k

(G) - Gerretsen: 16Rr — 5r* < p® < 4R + 4Rr + 3r7; (Mj-Mltrinovic:
3VIr<p <238 (E)-Euler:R = 2r,
(P) — PanaltopoI: < i? ;

(17) X sin ‘f; = % (18) Em w, =p*; (19) X c:r,si:rr,f‘E =p; (20) X am_, = 3Rp; (21)

"—-
1, zyplp—a);
Lema.AABC = p~ + r- +4Rr = 18Rr.
Demonstratie. Inegalitatea rezulta din

(=)

p?+ 12 +4Rr = 16Rr — 512 + 1% + 4Rr = 20Rr — 4r% §i 20Rr — 4r* = 18Rr &

(E)

i
R = 2r.
Propozitie. Dacd a,, a m,p = 0 atunci: ¥ ——ot > Za)" unde

p o Qe hgpes :lz! P n§+n§+...+ni - :'!""_5'::'!—1}[2 R'f:l:
neENnn=2
Gheorghe Ghita, Buzau
1 1 1
Demonstratie. n-upletele (al*, a2*,...,al} ) si (Enf g ’Enf—ni""’Enf—nﬁ) sunt la fel
(4]
m F F F F m a2
. t a, — m 1 o1 m 1 :£ 2y 1

ordonate, siatunci: Xe5—5=Xal' 555 = Xal' X5 S Eimm i
(R.B)

.—; 1 .:En__}"" ) (r1)? _1 I:E:z._]lm . n® _ ':En-_:'m

— n (R1)™L E(E nf—n‘fjl - n nm-1 ?:Eﬁ‘f—z nf - a3 {p—-1) % ﬁ‘.f.
Egalitatea are loc daca si numai daca a, = a, =...= a,,.
Observatii.
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1) Pentru n = 3,m = p = 1 avem inegalitatea clasica a lui Nesbit: x,y,z = 0 atunci:
x ¥ = - 3

= .7

yi= =tx xty 2
2) Pentru m = p = 1, obtinem inegalitatea lui Nesbitt pentru n variabile:

a, no
E gty tatay, = n—1"

_ _ . ay ay' ag. 3 fTa, m—1 .
3) Pentrun =3,p =1 atunci: n.+n,+ﬂ+ﬁ +n+n _:[3] ,m = 0. (*)

Nota. In inegalitatile referitoare la triunghi, egalitatea are loc daca si numai daca triunghiul
este echilateral.
Aplicatii.
Al) Leta, b, c be three positive numbers such that ab+bc+ca = 6abc. For all positive integers
n > 2, show that
be N cel ab
a*(b+c) b™c+ ﬂ,] c™(a+b)
problema 3981, Crux Mathematicorum, VoI 40,No 9/2014,by Jose Luis Diaz-Barrero.

{ }1 o il Eﬂ nt n—1
Solutie. %, =R (3 ) = E(&) = E(E) =3.7n 2

3 2?!_

“Ib+c} -+- z 3 2.3

A2) Let ABC be a triangle and m,,m,,m_ the lengths of the medians. Then following
inequality holds:

z z z
mg Mg my

z = ﬂ s, wWhere s is the semiperimeter of AABC. When do we

m§+mg m;+mg m§+m5 .
have equality?
problema IX. 58.,RMM, nr. 27 /2020 de Gheorghe Alexe si George-Florin Serban-

Romania
2 (#) 1 ——
. ms (mi)2 = 3/Emi\z 3 == _+3 262 +2c—a® A3 3
SOlutle'z :n::Z :GJ:E_( u) = "Em;z:_ ||E—: l Eﬂ'
my+mg my+mg 2 3 2 2 4

V3

=5 - Za'}s o3i¥al= [Za]ﬂ<:>32a:}2aﬂ+22abﬁza'EZab.
Adevarata Egalitatea are loc pentru triunghiul echilateral.

- (4R4+mMm—1

2.3Mm-2 ym = 0.

A3) AABC=Y ‘hr
Gheorghe Ghitd, Buzau

() .
Solutie. ¥ g E %(Eﬁ)”“

ratre 3

I Jf;

3 (4R+;-~)”"1_ (4R+7)M—L
2h 3 2-3m-*

< < o (4R+r)" . . e g
Noti. Pentru m = 3 rezulta X, — + =— a , care este o rafinare a inegalitatii din
7 Tn

problema X.2., RMM, nr. 21/2018 de D.M.Bitinetu-Giurgiu; Neculai Stanciu- Romania:

] a E:] | 3 242 P R r )2 —ag? n '
"a "h "t = ((4R+r)"~ :I ’pentru ca (4R+7) = (4R +7) — z :I adeVératé, din
ratre retry ratry 2p? -1 2p=
V3(4R+ 1)  —p(4R+ 1) —23p* <0 = V3(4R +r —\/3p) [4;—2 +r+ "‘3*’] <0
|E:| J"’f:l

4R+ r =\3psi 4R+rEEE~;§p.

| afl—Ly Tl
A4)AABC = X2 "“:““} > E;k_f'}” k=171 =0.

Gheorghe Ghita, Buzau
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Solutie. Avem: T X222 — 58 . (kg + b + c); tripletele (2,2, ) si
(4]
(ka+ b+ c,a+kb+ c,a+ b+ kc)sunt la fel ordonate, si atunci Z%T-m S
|:-:|
Ta 1 2py"_ 2T Nkt p™
—E Z(Im,+b EE T(T) (k +2)Za=(k +2)(3—) =T -

! n+b}' ﬂ+c}

A5] MBE:}E’H - > 8(3r)™% n=0.
e

Gheorghe Ghita, Buzau
Solutie. Tripletele (2,8, "2} §i ((a +5)(a+c).(6 + ) (b + a),(c + a) (c+ &) ) sunt

:l'h+:l,.. :l'p,+:l,.. ?"i'1+='
(4] («)

ne
rg latb)la+e) o= 1 vl o
—:"h+:".~ = - :7,+:~,,E(ﬂ+b)[:ﬂ+c) =
1 3(Er 3\t I:E}l ar+ryL I:f“
—':(J} z(a* + ac + ab + be) 2:(_?) (Za®*+3Zab) =
3 2. 3 (2.3) - 3 Lemai

(3r)"*(Za® +3Zab) = (31" M(p* +1° + 4Rr +4p?)
() (E)
(18Rr + 4pfj(3rj’='1 = 1(18Rr+27R?) (37)" ! = 72r%(3r)" = 8(3r)"*L.

la fel ordonate, si atunci: 2.

—
b3 | =

b3 | =

am =2 ,m

AB) AABC= Y——= ~_ m=0.

!.+'_‘.— R:"

Gheorghe Ghita, Buzau
(3}

Zal™ = (zp)™
Solutie. Din propozitie pentru p = 2 avem: X — e TR —,
|l..;|':|
_ ammEpm o~ am-gmygmum gmem) it o gmespmom ttima ineqalitate. fiind
T 3M-2(p?—rI—4Rr) = AM-2(p2—p2 —4Rr)  pi-ri-4Rr R » ultima Inegalitate, fiin

3
echivalentd cu p* — r* —4Rr < % = 2p® < 9R* + 8Rr + 2r*, adevirati, pentru ci
(¢) i (£)
2p2 < 8R2+ 8Rr+ 6r°si BR2+ 8Rr+ 6r> <9R?*+8Rr +2r: © R = 2r.

n—1
A7) Mﬂc:rz‘f'ﬂbz( ] n=0.
Gheorghe Ghita, Buzau

FEL
Solutie. E &;?E = Z % E 22 f'h L - 2 E _",:- .
ra I,1

o ri (ry+ra)
£ 1 -1y
o 3L i I}i} 1yt
= 2= —a = 3 (—) .
. 3 Ir

b+c}h

A8) AABC=}———= e 2 = 24/3(3r)" n= 0.

Gheorghe Ghita, Buzau

. . . Ri hy hy .

Solutie. Tripletele (b + ¢,c + a,a + b) si (hﬁhr, s hn%h) sunt la fel ordonate, si
icl w} (M)
. I:b+c:lh r"u 1 -'1 n—1 _ T Ry n—1
atunCLEhhT E(b‘l‘ﬂjzh +h. - —(22 )( ) —ZP(T} =

Lamn

)
—_ n—1" —_ z,. 2 . —_ . —_
6v3r(Xe) 2 6y3r (%} = 6V3r(3r)" !t = 2y3(30)"

A9) aﬂac::}min{z ma_ v _Sa 3 “a }z%(arj”-i,nz 0.

mpt+m,. ! Sh +3,..’ whtwa

Gheorghe Ghita, Buzau
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ko
ot

m
Mg

_q Mgz hg (7} ypP+ri+aBr n-1 Lema
n E(E ”"u)” 1 ,; H(Eh );-z 1" ~ 3 FT ;
mp+m, 2 3 - 2 3 2 3 -

W=

Solutie. Avem 2,

; n—1
%(%} =2(3r)""1. Analog pentru celelalte doud sume.
2 2 9y
A10) AABC=Y—=2 =2 _n=o0
lzinZsins  ©
Y z 2

Gheorghe Ghita, Buzau

nd MGzMA nd i) 4y n—1 (17} gy n—1
. sin — ~ sin — ~ 3 sz':'z— ~ = 3
Solutle.ZT3 = 22X 2. = 2-:( ) = 3(?) =—.

. B . E -_ _ ~M—-1
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