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1. Applications of J. Radon’ s inequality in triangle

D.M. Batinetu-Giurgiu and Neculai Stanciu

Theorem 1. If X,Vy,Z € R: , meR,, thenin any triangle ABC holds

C082m+zé C052m+ZE
2 2
LA ___,B ,C. B ___,C S AL
(xsin® —+ysin®—+zcos*—)" (xsin“—=+ysin“—+1zcos”—)
2 2 2 2 2 2
COSZm+ZE

(4R + )™

2
(XSin2C2:+ysin2':+zcosz S)m 2R(2(x+2y+22)R+(2z—x-Yy)r)

\Y

+

Proof. By J.Radon’s inequality we have

m-+1
COSZer?_ é (COSZ Aj
2 _ Z 2 >

(XSinZé-i' ySin2 E'i‘ Z(:OS2 E)m XSin2 é_{_ ysinZE+ ZCOSz E
2 2 2 2 2

2
(ZCOSZ Ajerl (ZSInZ Ajerl
2 2

> =
m

LA . ,B ,C))" .5 A 2 A)
A b hd x+Y)Y'sin2 =+ 2 cos
(E [xsm , T ysin® - +zcos 2)] (( ) > > >

Because,
., A 2R-r
D sin? == )
2 2R
and
2 A 4R+
D cos’ — = ,
2 2R

we obtain the conclusion.

Theorem 2. If X,y € R: , meR,, thenin any triangle ABC holds
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A B C
2m+2 2m+2 2m+2
2 ) ) 4R+ T

+ + > 2> .
(xcos’ I;Jr ycos’ C23)m (xcos® C2:+ y cOS? ';\)'“ (xcoszg‘+ y cos’ S)m 2R(x+y)

CcoS

Proof. By J.Radon’s inequality we have

m+1
cosz2 A (cos2 2)
2 =
B Cim m
(xcoszz+ ycos® E) (XCOSZE-FyCOSZ (23]
A m+1 A
cos’ j cos?
S (Z 2 _ 2 2

_ (x+ y)m(zcos2 'g‘jm (x+)

2

Since,

ZCOSZ§_4R+r
2 2R

we get the desired conclusion.

Theorem 3. If X,y € R: , meR,, then in any triangle ABC holds

2m+2 é COSZm+2 E COSZm+2 E

2 + 2 + 2 >

., B C . ,C A . > A B
xsin? —+ycos? =)™  (xsin?—+vycos®? )" (xsin?—+ycos? —)"
( , Y 2) ( , Y 2) ( , Y 2)

COsS

(4R+r)™ _
~ 2R(2(x+2Y)R+(y—x)r)"

Proof. By J.Radon’s inequality we have

m+1
C082m+2 é (COSZ AJ
B : C.. - n =
xsin? =+ ycos? —)" 2B 2 C
( 2 y 2) (xsm 2+ycos 2}

m+1 m+1
(Z cos’ ':} (Z cos’ ';‘j

> =

- B , )Y L, A , Ajm
d hd x> sin? = cos’ =
(Z(xsm , *ycos ZD ( > 2+yz )
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Since,

and

we obtain the conclusion.

Theorem 4. If X,y € R:, m e R, , then in any triangle ABC holds

A B C
COSZm+2 m COS2m+2 = COS2m+2 ~

2 N 2 N 2 5

., B . ,C ., C ., A ., A ., B
xsin? —+ysin? =)™ (xsin? =+ ysin®> =)™  (xsin® =+ ysin® —)"
( , Y 2) ( , Y 2) ( , Y 2)

(4R +r)™*
“2R(X+Y)"(2R-1)"

Proof. By J.Radon’s inequality we have

m+1
COS2m+2 é (COSZ Aj
Y 2 =Y :

., B . ,C m
xsin? — +ysin® —)" 2B 2 C
( , Y 2) (xsm , *ysin 2}

m+1 m+1 m+1
(Z cos? g‘j (Z cos’ ';J (Z cos? 2‘)

> = =

(Z(xsin2 2+ ysin? CZ:Dm ((x+ y)- > sin? g}m (x+ y)”‘(Zsin2 g}m

>

Since,

Zsmz A 2R-—r
R ’

and

A _4R+r
Zcos ,
2R

we deduce the result.
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3. Generating triangle inequalities from algebraic inequalities

()

Marin Chirciu *
Articolul prezinta inegalitati in triunghi obtinute din inegalitati algebrice, selectate din diverse
publicatii de specialitate.
Aplicatial.
IfX,y,2>0,X+Yy+2z=1then

X' 1 27
> .=,
Z2+2\/E‘38 8

Konstantinos Geronikolas, Greece, MathTime 8/2023

Remarca.

IfX,y,2>0,X+Yy+z=1andn e Nthen

1

Xn
zl+\/y_zz4-3”‘2'

Marin Chirciu
Remarca.
In AABC
n
)
r 1
Z f > X neN.
1+=Jrr, '3
p
Marin Chirciu
Solutie.
Lema

IfX,y,2>0,X+y+z=1andn e Nthen

Zx”>1

1+yz  4-3"%°

Demonstratie.

1 Profesor, Colegiul National ,, Zinca Golescu”Pitesti
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(Y]
Pentrun =0avem z# veuz 9 = 9 > 9 :g,
1+4yz 4’ Y. 4

Z Z(1+ yz) 3+ (yz 3+1
CBS SOS
unde(1) & z\/y_z<1 adevdrat din Z\/y_z < JB yz < ,’

Pentrun =1avem z

> —, vezi

yz

=2 (ZX)Z 1 w1
1+\/_ x+x\/_ Z(x+x yz) DX XYL gy

’

3
4

w\l—\

1
unde(1) < ZX yz < 5 , adevarat din

ab+bc+ca<a®+b?+c?, pentru(a,b,c)=(\fy_z,ﬁ,ﬂ)si yzgé(Zx)2 :%

Pentrun > 2 se foloseste inegalitatea lui Holder.

LHS = Z e (2x) r 91 1
yz 3" Zz( ) 3+ij7) 37 (3+:1) T34

Egalitatea are loc daca sinumaidacaX=y =2 =

=RHS.

"

r
Se cunoaste identitatea in triunghi E —=1.
I

a

. r rr
Folosind Lema pentru (X, Y, Z) = (—,— —J obtinem:
r,L L r

) ) )
3 ) . 1 oy n) o 1 pz ) o 1

R rr, 4.3
I+, [ —— 1+ | F

r, It rr, p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - SEPTEMBRIE 2023 www.mateinfo.ro

Problema se poate dezvolta.

IfX,y,2>0,x+y+z=1andneN, A >0then

X" 1
> > :
A+yyz  (Bh+1)-3"7

Marin Chirciu

Aplicatia2.
In AABC
(tan étan BJ7
> f 2 - -1
(tanBtan C] +(tanctan Aj 2
2 2 2 2
Daniel Sitaru,RMM 8/2023
Solutie.
Lema

IfX,y,2>0,Xy+Yyz+zX=1then

Demonstratie.

Folosim inegalitatea lui Chebyshev pentru tripletele la fel ordonate(X, Y, Z)si

XG yG ZG
Vo482 x Xyt )

X6 Chebyshevl
S e T Iy

it ]
y6+z y6+z 5.

A B
Se cunoaste identitatea in triunghi Z tan Etan E =1.

Folosind Lema pentru (X, Y, Z) = (tan gtan % ,fan % tan % ,tan E tan éj obtinem:
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7
[tan A tan Bj
z 2 2 >

1
6 6 2
tan E tan E +| tan E tan é
2 2 2 2
Remarca.
In AABC
n+1
(tan gtan Sj 1
Z = = > E ,Ne N.
tan Etan E +| tan Etan é
2 2 2 2
Marin Chirciu
Solutie.
Lema

IfX,y,2>0,Xy+Yyz+zx=1andn € Nthen

Demonstratie.

Folosind Lema pentru(X, y,z) = (tan gtan % ,tan % tan > tan % tan gj obtinem:

n+1
(tan é tan Bj
Z 2 2 >

1
n n 2
tanEtanE + tangtané
2 2 2 2
Aplicatia3.
IfX,y,2>0,X+y+z=1then
I vt
X+yz 2

Kunihiko Chikaya, MathTime 8/2023
Remarca.

In AABC
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> ! sg.
2
1+p—2
ra
Marin Chirciu
Solutie.
Lema.
IfX,y,2>0,X+Yy+2z=1then
I
X+yz 2

IfX,y,2>0,X+y+2z=1then

oy iy oz
X+yz 2\ X+y X+z

Demonstratie.

yz vz ~ yz B y 1 AM;GM} y . 7
X+yz x(x+y+z)+yz_ (x+y)(x+z)_ X+y X+2 2\ X+y x+z)

Obtinem Z

<Z L :§_
x+yz x+y X+z) 2

. . s . r o r
Se cunoaste identitatea in triunghi — + —+—=1.
I f r
b

a C

) rrr
Folosind Lema pentru (X, Y, Z) = (—,— —J obtinem:
r, r r

Nloo

rrr

AP I 3 SRS 300 S

LI,
+

p p
1+— 1+
rr, r,
Remarca.
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In AABC
T
1+hth
rh,
Marin Chirciu
Aplicatia4.

Ifa,b,c>0,a+b+c=3and A >0then

(a+b)(b+c)(c+a) LA
ab+bc+ca abc

2k+§.
3

Marin Chirciu, IneMath 7/2023

Solution.

We use pqr -Method.

We note p=a+b+c,q=ab+bc+ca,r =abc.
We have p=3,(a+b)(b+c)(c+a)=] [(3-a)=3q-r.
3=a+b+c>3%abc =33r = r<1.

q? =(ab+bc+ca)’ >3abc(a+b+c)=9r =g >9r.

Inequality(a+b)(b+c)(c+a)+ A 2k+§iswritten 3q_r+&2k+§<:>
ab+bc+ca abc 3 q r
< 3r(39-r)+310=(31+8)qr <
3r? 31

3 —(3L—1)r |>3r? > , r<1 .
e a[a-@-r]zareq (] e = 31
Using q2 >9ris enough to show3\/F> 3 < or> ort —

- [3n—(3h-1)r] - [3;_(3%_1)@2

e [-Br-Dr] 2r o r+(1-32)r' +64(32-1)r-92° <0 =

= (I’—ZI.)[r2 +(6/1—9/12)r+9/12]S0,which result from : (I’—l)SOand

10
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[rz+(6/1—9/12)r+922]>0,for0< r<land1>0.

Equality occurs ifand only ifa=b=c=1.
Remark.
The problem can develop.

In AABC

1 1)1 1)1 1
—F— || =+ || =+
I’a rb rb rc I’c ra 1 > 1

+ e
r,+n+r, 243r  F

Marin Chirciu
Lemma.
IfX,y,2>0,X+Yy+2z=3then

(x+ y)(y+z)(z+x)+ 1
Xy + Yz + zX 3Xyz

>3.

Solution .

We use pqr -Method.

We note P=X+Y+Z,q=Xy+YyZ+2X,I = XyZ.

We have p=3,(x+Y)(y+2)(z+x)=] [(3-x)=3q-r.
3=X+Yy+2z2>33xyz =3%r > r<i.

q? =(xy+yz+2x)" 2 3xyz(x+y+2)=9r = >9r,

(x+y)(y+z)(z+x)+ LS 3is written 29" i23<:>q23r2.
Xy + Yz + ZX 3xyz q 3r

Inequality

Using 0° > 9r is enough to show3Vr >3r2 < 9r > 9r* < r<1.

Equality occursifand only if x=y =2 =1.

r 3r
The identity in the triangle is known Z— =l Z— =3.
ra ra
, 3r 3r 3r
Using Lemma for(X, Y, Z) =| —,—,— |we have:
r,ror

11
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3r 3r|(3r 3r)3r 3r

—t— || —+— || —+—

ra I’b rb rc r-c ra
+

1
>
3r 3r 3r 3r 3r 3r 3r 3r 3r 23 <
ATl 37 = .=
ra rb IFb rc rc ra ra b rc
ra rb rb rc rc ra 1
< + >3
(11 11 11 3 111
Or<| =~ 4+ ="+ —. = 81r
r,r rr o ror Lh L
1 1)1 1)1 1
e e el e ) 1
P a b b c c a + >
ro+n+r, 243r*  r?p?

Equality occurs if and only if the triangle is equilateral.

Aplicatia5.

IfX,y,Z2>0, X+ Yy+z=1then find min of

1 1
P=—t——.
xyz X2+y?+z

Pham Van Tuyen, Vietnam, THCS7/2023

Solutie.
1 1 X+Yy+1z 1 1 1 1 1
P=—=+ 2 2,2 T2 2 .2 v v v N2 a2 o2
Xyz X +y +z Xyz X“+Yy“ +2° yz X Xy X +y +z

Avem 3 +81xy >2 e -81xy =18, cu egalitate pentru S =81Ixy < Xy = 1 .
Xy \l Xy Xy 9

1 1 1 1
Rezultd —+—+—+18(xy+yz+2X)>54 = » —>54-81>» xy, (1).
kst (Xy +yz+2x) ny > xy, (1)

SOS
Avem;+9(x2 +y*+2°) 2 6 :%26—92% ,(2).

X2 +y° +7° X2 +y° 4177
Din (1) si (2) obtinem:

1 1 1 1 ) )
P=—+—+—4+—5———>>54-81) xy+6-9> x*=60-9> x*-81) xy=

yz X Xy X +y’+7°
=60-9(Y x*+23 xy)- 63> xy=60-9(3 x)" ~633 xy=60-9-1°~633 xy =

SOs
=51-63) xy > 51—63-% =51-21=30.

12
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1
Egalitatea are loc daca sinumaidacaXx=y =2z = 5

. 1
Deducem caminP =30pentrux=y=2z= 3

Remarca.

Problema se poate dezvolta.

LetOS/lS%ﬁxed. IfX,y,2>0,X+Yy+2z=1then find min of

1 A
P=—t———
Xyz X +y +z
Marin Chirciu
Remarca.
Problema se poate dezvolta.
In AABC
A 9
2 2
+ >(27+30)r°,0<A<—.
PP+ 1 =( ) 2
eiete
a b c
Marin Chirciu
Solutie.
Lema.
9
Ifx,y,2>0,X+y+z2 =land0£ﬂ£§then
1 A
= > 2T+ 3.
Xyz X +y +z
Solutie.
. . N rr
Se cunoaste identitatea in triunghi — + —+—=1.
r-a r-b r-c
r rr
Folosind Lema pentru(X, Y, Z) =| —,—,— |obtinem:
ra I’.b rc
A 1 A
+ 52 21+3\ < 3 + 227+3\ &

13
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= 13 + . 227+3x@i2+ " 227+3\ &
o[ttt ottt
r p 2 raZ rb2 rCZ p 2 r.a2 rbZ r.02
< pi+ * >(27+3\)r?
N
(S A o

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2
2p” | A >27+30,0< A<,
Rr (1 1 1 2
ha hb hc
Marin Chirciu
Aplicatia6.
Ifa,b,c>0,a+b+c=1andn>1then
1
albh>—.
228>
Marin Chirciu

Solutie.

Cu substitutia (X, Y, Z) = (3a, 3b, 3C) problema se reformuleaza:

IfX,y,2>0,X+Yy+z=3andn>1then

> xyfy <3.

Lema.

IfX,y,2>0,X+Yy+z=3andn>1then

wify <X*n=1)

n

Demonstratie

14
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n-1

AM-GM 1+1 1 ( 1)
X{ty+n—
\/y X ,y 111 < xlEerireds Y ,cu egalitate pentruy =1.
N 1 n n
Lema +n-— ]_ —
LHS =S xqfy < Y 20 y _—Z Dy y <l 3 Il s Res.
n n n
Remarca.
In AABC
Zlnﬁ <1,n>1.
ra r-b
Marin Chirciu
Solutie.
IfX,y,2>0,X+Yy+z=3andn>1then
ZXWSB.
Lema.
IfX,y,2>0,X+Yy+z=3andn>1then
+n-1
wfy <X*n=1)
n
. . N rrr 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=1< —+—+—=3.
ra rb r-c ra r-b rc
, 3r 3r 3r
Folosind Lema pentru(X, Y, Z) r—,— r— obtinem:
a b c
z3rn—<3 Z n—<1
Remarca.
In AABC
ZLn i <1,n>1.
ha hb
Marin Chirciu
Aplicatia?.

15
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Ifa,b,c>0,a+b+c=1then
Zi’/a“ +2b%c? >1.

Nguyen Viet Hung, Vietnam, Mathematical Inequalities7/2023

Solutie.

LHS =Y ¥a* +2p°c? = Zg/(a+b+c)(a+c+b)(a4 +b?c? +bzcz) Hmzdeer(f/a_G+ Jo%c® +3b3c? )3 _
243,(612 +bc+bc)3 - Z(a2 +bc+bc) :Z(a2 +2bc) =(a+b+c) =1=RHS .

Remarca.
In AABC
s
r, L. r
Marin Chirciu
Solutie.
Lema.
IfX,y,z>0,Xx+Yy+2z=1then
>3xt+2y%2” 21,
. . N rr
Se cunoaste identitatea in triunghi —+—+— =1.
ra rb r-c
. r rr .
Folosind Lema pentru(X, y,z): —,—,— |obtinem:
ra r-b r-c
4 2 2 1 2 l
r r r
23 oull B enll e 21@23_4+ 222«\3’_4'
r, Iy I, r, LT, r
Remarca.
In AABC
23 1 N 2 S 3 1
o Reh? T\
Marin Chirciu
Aplicatia8.

16
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J636.1fa,b,c >0,ab+bc+ca=3then

Z 1 <a+b+c
a?+1- 2

Marius Stanean, Zalau, Mathematical Reflections 4/2023,J636

Solution.
1 a+b+c 1 a+b+c a+b+c
< . > — < 3- =
Za2+1 2 Za2+1 Z 2

2

a+b+c a a+b+c a a+b+c
>3- = >3- < + >3,
j 2 Zaz+1 2 Ly

= Z(l—
which result from CS:

a> a+h+c (D a (X a p? ®
Zaz+1+ g ZZ(:(aJ)rl)ZZZ (za-i)-3 2. p2—3+s23

a’+1

’

2
(1)< pp 3+[2)>3<:>p —4p?—3p+18>0 < (p- 3)(p+2)2

Equality occurs ifand only ifa=b=c=1.

Remark.
In AABC

Z;A <3. R

1+3tan? — 2r
2
Marin Chirciu

Solution.
Lemma.

IfX,y,z>0,Xy+Yyz+zx =3then

Z 1 cXty+z
XX+1- 2

Remark.

Ifa,b,c>0,abc =1then

Z 1 <ab+bc+ca
ab+1" 2 '

17


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - SEPTEMBRIE 2023 www.mateinfo.ro

Marin Chirciu

Solution.

We use pqr -Method.

We note p=a+b+c,q=ab+bc+ca,r=abc.

D (bc+1)(ca+l) Y a+2) bc+3  p+29+3

We h 1, = .
ehaver=1,), b+1 [1(ab+1) abc+Za+Zbc+1 P+Qq+2
Inequalltyz b+1 ab+gc+caiswritten$ﬁg<:>q2+pq22p+2q+6.

Using ° =(ab+bc+ca)2 > 3abc(a+b+c) =3rp=3p = ¢° >3p is enough to show

20+6

3p+pq=2p+2q+6 < p+pg=2q+6 < p(q+1)>2q+6 < p= T
q+

2
Using p* >3(q is enough to show that 3q > ( 22:16j < 30°+29°-210-36>0 <

= (q —3)(3q2 +11q +12) >0 < (>3, which is true fromg* >3pand p > 3,

see p=a+b+c>3¥abc =3.
Equality occurs ifand only ifa=b=c=1.
Aplicatia9.

Ifa,b,c>0,a+b+c=abcthen

a b ¢
F+—3+—321
C a

Sladjan Stankovik, Mathematical Inequalities,8/2014
Solutie.

a+b+c=abc < i+i+i:1.
ab bc ca

2
a b ¢ a b cy)yy1 1 1 a 1 b 1 c 1
LHS=—=+—+—==|+=+—= || —+—+— | 2| ,|[—= —t = =
b* ¢ a (b3 c? Sj(ab bc caj (b3 ab \/c3 bc \/a3 caJ

2 508 2
:(iz+iz+i2j >(1 +i+ij —1=RHS.
b ¢ a ab bc ca

Remarca.

18
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In AABC
cot 2 cot E cot (;,
+ + >1.
cot® B cot® ¢ cot® A
2 2 2
Marin Chirciu
Solutie.
Lema

IfX,y,2>0,X+Yy+Z=Xyzthen

X z
—3+ls+—321.
y> 70 X

A B C A B C
Se cunoaste identitatea in triunghi cot — + cot — + cot — = cot — cot —cot — P

Folosind Lema pentru(X, y,z) = (Cotg,cot%,cotgjobtinem:

A B C
cot— cot— cot—
% + 2C + i >1.
cot? = cot*= cot®=
2 2
Aplicatial0.

J628.1fa,b,c>0,ab+bc+ca=1then

2
bcy2a+b+c > — .
Z Ja+b+c

Nguyen Viet Hung, Vietnam, Mathematical Reflections3/2023,1628

Solution .

Using Holder-inequality we have:

> bey/2a+b+c- Y bev2a+b+c -Z:Llﬂlzder(z:bc)3 1

2a+b+c -

It is enough to show that:

2 1 , bc a+b+c
(Zbc\/2a+b+c) ZT,(l), which results from22a+b+c < 2 ,(2)
2a+b+c

19
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(seeZL: be —Z ( LJ_

2a+b+c (a+b)+(a+c) a+b a+c
B bc bc ) 1 ab ac )\ 1ga(b+c) 1. a+b+c
- Z(a+b a+cj Z(b+c+b+cj_4Z b+c _4Za_ P

From(1) and (2) we have:

(Zbc\/2a+b+c)zz L @(Zbc\/2a+b+c)zz 4

at+b+c a+b+c
4

2
< Y'bey2a+b+c> —— .
Z Ja+b+c

Equality occursifand onlyifa=b=c =

-

Remark.
The problem can develop.

Ifa,b,c>0,a+b+c=1then

Za\/ﬁz%.

Marin Chirciu

Solution .

Using Holder-inequality we have:

Holder

>aJa+1-Y ava+l: Z— > (Za)3:1.

It is enough to show that:

(Za a+1)2 > 1a ,(1), which results from2—<— (2)

a +17 4
a+l
a a a 1 1 1
—_— —_— = < — _— _— =
(Seeza+1 Z2a+b+c Z(a+b)+(a+c)_4aLa+b+a+cj

:_Z(aer a+cj:%z‘(aib a+bj 21—% :_

From(1) and (2) we have:

20
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(z a\/m)2 >

(ZaJaT) <:>Zaﬁ>T

-b\ooll—\

Equality occursifand onlyifa=b=c =

Remark.
In AABC
r|3r
> —.|=+322.
ra ra
Marin Chirciu
Solution .
Lemma.
IfX,y,2>0,X+Yy+z=1then
D xIx+12 \/_
. o r rrr
Using identity in triangle Z— =1 and Lemma for(X, Y, Z) =| —,—,— |we have>
r, A
r r
> — |—+1> > - Z +3>2.
ra ra
Equality occurs if and only if the triangle is equilateral.
Remark.
In AABC
r [3r
> —.|—+3>2
ha ha
Marin Chirciu
Remark.

The problem can develop.
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Ifa,b,c>0,ab+bc+ca=1then

> bcd2a+b+c 2;.
,3/2(a+b+c)

Marin Chirciu

Aplicatiall.

IfX,Y,2>0,xy+yz+zx=1 then

<
E y Z_z(x +y°+2 )
Elton Papanikolla,MathOlymp,7/2023

Solutie.

Zisg(x%y%zz) <23+ x)<3[(y+2)2x

V+1
Folosim pqr -method.

Notdm P =X+ Y +2,0 =Xy + YZ+ZX,I = XyZ.
Inegalitatea Z(sz +ZX) < 3H(y+ Z)z X? se scrie:

gq=1
2(p°-3pg—3r+p)<3(pg-r)(p°-2q) < 2(p°-3p-3r+p)<3(p-r)(p°-2) <

&> p>—3pr—2=>0, care rezultd din p°> >3 =3sil=0° >3pr.

Obtinem: p*>—3pr—-2>3-1-2=0.

Remarca.
In AABC
tan 2
B o B Y]
2 T Bian s 2\r
2 2
Marin Chirciu
Solutie.
Lema.

IfX,y,2>0,xy+yz+zx =1 then

22
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Z—< (x2+y2+zz).

Y+1Z

B C
Se cunoaste identitatea in triunghi Z tan Etan E =1.

Folosind Lema pentru(X, y,z) = (tan ? ,tan % ,tan %J obtinem:

tané
ZB—ZCsﬁ(tanzéﬂaanﬂaanj.
tan—+tan— 2 2 2 2
2 2
4R+r2 Gerretsen 4R+r2
Folosind: ZtanzA %—2 < (—)Z—ZZH—ZZB—l,rezulté:
2 p r(4R+r) r r
R+r

A

tan —
Z—zgé(ﬁ_lj,
2

tan E +tan E
2 2

Aplicatial2.
IfX,y,2>0,xy+yz+zx =1 then

NG y2+22>\/§

+ > :
x+1 y+1 z+1 3+1

Matematics(College and High Scholl), Math for change 7/2023

X (XY _(Exe B
LHS_ZX+1_Z(X+1)_Zx+3_J§+1_RHS'

XN B e B
2_ J—
unde (1) < ZX+3>«/§+1 t+3>\/_+1 (\/§+1)t \/§t 3\/§20<:>

TN (t—ﬁ)[(\/ﬁ+l)t+3}20 <:>t2\/§,vezi1:2xys%(zx)2 = > x>+3.

Remarca.

IfX,y¥,2>0,xy+yz+2zx=1and A > 0then

23
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2 2 52
x+y+z>\/§

X+A y+A4 744 A3+1°

Marin Chirciu
Remarca.
In AABC
A
27
tan 5 \/5
D ,A20.
tan —+ A AN3+1
2
Marin Chirciu
Solutie.
Lema
IfX,y¥,2>0,xy+yz+zx=1and A > 0then
2 2 2
X y 2" 3

+ + > .
X+A4 y+A4 z+44 Af3+1

B C
Se cunoaste identitatea in triunghi: Z tan Etan E =1.

Folosind Lema pentru(X, y,z) = (tan g ,tan % ,tan %j obtinem:

tanZé
I R

tan':+/1 A3 +1

Aplicatial3.

IfX,y,2>0,xy+yz+zx =1 then

x\/y2+1+ yNZ2 +1+ 24X +1> 2.

Vasile Cartoaje, Mathematical Inequalities7/2023

Solutie.

Lema.

IfX >0 then

24
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X +1> X+\/§.

2

Demonstratie.

X241 X+2\/§ R (X\/é—l)z >0, cu egalitate pentru X = %

LHS = Y xy?+1 = Y- y+2J§ - ny+2J§ZX(§1+J§.J§ —2=RHS,

unde (1) <:>Zx2\/§, (vezi(Zx)2 ZBny:3-1:3:>Zx2J§).

Remarca.

IfX,¥,Z,A>0,xy+yz+2x=A4 then

x\/y2+/1+y\/zz+/1+z\/x2+i >21.

Marin Chirciu
Remarca.
In AABC
Ztang,/lﬂanz% >2.
Marin Chirciu
Solutie.
Lema.

IfX,y,2>0,xy+yz+zx =1 then

x\/y2+1+ yNZ2 +1+ 22 +1> 2.

B, C
Se cunoaste identitatea in triunghi Z tan Etan 5 =1.

Folosind Lema pentru (X, Y, Z) = (tan g ,fan % ,fan %J obtinem:

Ztané,/lthaanzZ.
2 2

Aplicatial4.

IfX,Y,Z2>0 ,Xy+Yyz+zx=3 then

25
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Zl<i

x*+1” 8xyz
AOPS, 7/2023
Solutie.

Lema.

IfO<X<\/§ then

1 < 11-3x
x*+1~ 64
Demonstratie
Folosim Tangent Line Method pentru functia f :(0,\/5) —->R f (X) = 31 1Tn X, =1.
X"+

Avem f (1) =

|

Ecuatia tangentei in punctul X, =1este y — f (X, )= /(X )(X—%,).

—3x? -3

Avem f'(X):W, f,(l):a

Ecuatia tangentei in punctul X, =1este:

1 -3 11-3x
== 2(x-1 = .
Vg e VeV
Arstdmca: f (x)= 31 S11—3x < 3¢ —11x3+21x—13$0<:>(x—1)2(3x2—5x—13)30

X°+1

,deoarece (3X2 —5x —13) <0pentru0< x< \/§ si (X —1)2, cu egalitate pentruX=1.

Lema _ 33—-3) x®»133-13. (2)
s -y L Ty loSx 2. X®33-33_3@ 3 _RHS,

X+l 64 64 64 8 8xyz

unde(1l) < ZXZB, care rezulta din(ZX)z > 32 xy=3-3=9 = ZXZB.

(2) < xyz<1,vezi3=Xy+Yyz+2X>33 (xyz)2 = xyz <1.

Remarca.

In AABC
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1 <
Z(ﬁtan';‘j:?

R
2r

0| w

Marin Chirciu

Solutie.

Lema.

IfX,y¥,2>0 ,xy+yz+zx =3 then

Zl<i

x*+1” 8xyz

Se cunoaste identitatea in triunghi Z tan %tan % =l Z\/§tan g . J§tan % =3.

Folosind Lema pentru (X, 7 Z) = (\/étan g\ , J§tan g , \/?;tan %j obtinem:

Z 1 3 -

<
— <
(\/étan':j 47 8.\/§tan'§‘\/§tan§\/§tan(2:

1 1 1 1
@2 < <:>§ < P
[ AY _8\/§tanétan5tan9 B '

3
(x@tan';) +7 8\/§'p

1 p
= — < .
(ﬁtan';j +7 e

Folosind inegalitatea lui Mitrinovic p <

obtinem:

3R\/3
2
3R\/3

1 p 2 3 R
< < =—-—
Z 8J3-r 8 2r

3
(\Etan':j +7 831

Remarca.

IfX,y¥,2>0 ,xy+yz+zx=3and 1 >4 then

1 3
<
Zx3+/’t C(A+D)xyz

Marin Chirciu
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Solutie.
Lema.
IfO<X<\/§and/124 then

1 <A+4—3x
XCH+A (/1+1)2 '

Demonstratie

Folosim Tangent Line Method pentru functia f :(0,\/§) —>R f (X) =

Aplicatial5.

IfX,Y,Z2>0 ,Xy+yz+zx=3 then

S 1.
2y° +1
Pham Van Tuyen, Vietnam, THCS 6/2023

Solutie.
Lema.
IfX,y¥,Z2>0 then

X 2

X=Xy,

2y’ +1 3

Demonstratie

3 \AM-GM 3
+:X 1- 23y > X l—z—y2 :X—gxy,cu egalitate pentruy =1.
2y° +1 2y° +1 3y 3

Lema

LHS :ZZy;(H > Z(x—%xyj:Zx—észZx—§~3=2x—2(§3—2=1= RHS,

unde(1l) < ZXZ3, care rezulta din(ZX)z > 32 xy=3-3=9 = ZXZ3.

Remarca.

In AABC
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Marin Chirciu
Solutie.
Lema.
1IfX,Y,Z2>0 ,xy+yz+2zx =3 then
> X _>1.
2y +1
Se cunoaste identitatea in triunghi z tan gtan % =l Z\/§tan g . J§tan % =3.
. A B C .
Folosind Lema pentru(x, 7 Z) = \/§tan5,\/§tan5,\/§tan5 obtinem:
\/§tan'§ tan':
> £ >
> V3 AY _1©Z6tan3A+1_1'
2( 3tan 2) +1 5 J§
Remarca.
IfX,y¥,2>0 ,xy+yz+zx =3 then
Y,
3y*+1 4
Marin Chirciu
Remarca.
IfX,y¥,2>0 ,xy+yz+zx=3 andn € Nthen
> X .3
ny"™+1 n+1
Marin Chirciu
Solutie.
Lema.

IfX,y,2>0 then

n
> X———Xy.
ny™ +1 n+1xy

Aplicatial6.

IfX,y,2>0 ,x+y+z=1then
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Z yz 1
1/x+ yz 2
Hoang Dot Toan, Vietnam,THCS 6/2023

Solutie.

Lema.

IfX,y,2>0 ,x+y+z=1 then

Demonstratie

yz_ _ yz _ yz _ yz —yz 1 . 1 AM;;M
XYz x(x+y+z)+yz (Caxytyzeax (J(x+y)(x+2) X+Y X+2
MMy 1,1
2\ X+y X+2z
yz yz[ 1 1 Xy + Xz
LHS = — == —_RHS.
Zw/x+yz Z (x+y x+zj Zy+z Z
Remarca.
In AABC
Z rr, Sg
p2
1+E
Marin Chirciu
Solutie.
Lema.

IfX,y,2>0 ,x+y+z=1 then

. . N 1 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+—=- < —+—+—=1.
r, r r. r (R A
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. r rr
Folosind Lema pentru (X, Y, Z) = (—,— —J obtinem:
r, r r

rrr
Xyz <1 r,nr <1 Z rr, p
Y —F——<t o <o <=
Vx ey 2 [J{rj e 2 1P 2
r oL a

Am folosit mai susr,rr, = rp®.

Aplicatialé.

IfX,y¥,2>0 ,x+y+2z=1 then

1 1
250 §

2X2+2X+YyZ Xy+YyZ+2X

Pham Van Tuyen, Vietnam
Solutie.
Lema.

IfX,y,2>0 ,x+y+z=1then

1 S yz

2X2 +2X+ yz (xy+ yz+zx)2 .

Demonstratie

2X2 +2X+ Y2 = 2X° + 2X(X+ Y +2)+ Y2 =4X* + 2Xy + 2X2 + Yz =(2X+Y)(2X + 2).

1 _ 1 _ yz AM;GM yz _
2x° +2x+yz  (2x+y)(2x+2) (2xz+yz)(2xy+yz) (2xz+yz)+(2xy+yz)2
2
yz

:ﬁ , cu egalitate pentru(2XZ+ yz) =(2xy+ yz) Sy=1z.
Xy + yZ + X

1 1
Y e =

2X2 +2X+yz (xy+yz+2x)" Xy+yz+2x

Remarca.

In AABC
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Marin Chirciu
Solutie.
Lema.
IfX,y,2>0 ,x+y+z=1then
1 1
St .
2X°+2X+YyZ  Xy+YyzZ+12X
— e 11 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+—=- < —+—+—=1.
r, n, I r r, , I
. r rr .
Folosind Lema pentru(X, Y, Z) = (—,—,—j obtinem:
ra l‘b c
1 1 1 1
> . > =D — —> =
rr rr rr r r r 1 1 1
o Flaalyrt STlellell Tolipl D [l 1,1
r, rr rr Rh Kl L S A A e Lroorr
Z 1 1 Z 1 >
r 1 r 4R +r r 1 AR +r
25 +2—+— 5 25 +2—+— 5
r, r, LI rp r, r, LI P

Folosind inegalitatea lui Doucet p* > 3r(4R+ I’) obtinem

N 3r(4R+r)

1
Z2r 2 r 4R =3r.
?+ +r

rb rc

=+
r2

a a
Remarca.

In AABC

Aplicatial?.

IfX,y,2>0 ,X+Yy+z=1then
33(xy + yz+2x) <54xyz +9.

Trinh Ha, Vietham,THCS 6/2023
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Solutie.

Folosim pqQr -Method.

Notdm X+Yy+Z=p,Xy+YZ+2ZX=0,XyZ=r.

Avem p=1,0% =(xy+ yz+zx)2 >3xyz(x+Yy+2)=3rp=3r = ¢’ >3r,
1:x+y+223§/xy =3r = rs%.

Omogenizand inegalitatea se scrie 33( Xy + yz+2X)(X+ Yy +2) <54xyz +9(x+y + z)3 =
< 11gp <18r +3p°.

Folosind inegalitatea Iui Schur p* +9r > 4 pq este suficient s3 aratam ca:

11pq <18r +3(4pq—9r) <> pg>9r, carerezultd din p=3,9° >3rsi r < 2—17

Remarca.

IfX,¥,2>0 ,x+y+z=1and0< A <4then

A(xy+yz+2x)<9(A-3)xyz +1.

Marin Chirciu
Remarca.
In AABC
4r2(i+i+ijs9 r +1.
r,r, L rn (N A
Marin Chirciu
Lema.

IfX,y,2>0 ,X+Yy+z=1then
4(xy+yz+12x) <9xyz+1.

Solutie.

Folosim pqr -Method.

Notim X+Y+2Z=P,Xy+YyZ+2X=0Q,Xyz="r.
Avem p=1,0° :(xy+yz+zx)2 >3xyz(x+Yy+2)=3rp=3r = ¢’ =3r,

1=x+Yy+2>33xy :3§/F:>rs%.
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Omogenizand inegalitatea se scrie 4(xy+ yZ + ZX)(X+ y+ Z) <9xyz +(X+ y+ 2)3 R

<> 4gp < 9r + p,(Inegalitatea lui Schur).

1
Egalitatea are loc daca sinumaidacaXx=y =2z = g
— e 11 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+ —=— —+—4—=1.
r, n, I r r, b I

. r rr .
Folosind Lema pentru(X, Y, Z) =| —,—,— |obtinem:
ra r-b r-c

L LI I rLor L, LI I LI

c c

3
4(LL+LL+LLJ£9LLL+1©4rz(i+i+iJgg ° o

Aplicatial8.

IfX,y¥,2>0,X+Yy+Z=Xyz then

2

N | w

_y
Zxw/y2+1

Dung Nguyen Tan, Vietnam,THCS 5/2023

Solutie.
. 1 1 1
Folosim X+ Yy+Z=XyZ < —+—+—=1.
Xy yz X

111
Cu substitutia [—,—,—j = (a, b, C) problema se reformuleaza.
X'y z

Ifa,b,c>0,ab+bc+ca=1 then

Demonstratie.

AM -GM a

Z\/b2 :ZJb2+ab+bc+ca=Z\/(b+a)(b+c) - z(b+a)+(b+c):
2

2 2
2a’ cs Z(Za) 2)a +4Zab(>l)§

2a
_Za+2b+c _Za2+2ab+ac22a2+32ab - >a*+3)ap 2’
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unde (1) < Zaz > Zab, inegalitate cunoscuta.

Remarca.
In AABC
COtE 3
> > >
coté \ /1+ cot? B
2 2
Marin Chirciu
Solutie.
Lema.
IfX,y,2>0,X+Yy+Z=Xyz then
ZL > 3 )
Xy +1 2
Se cunoaste identitatea in triunghi Zcotg = HCOtg = P .
Folosind Lema pentru(X, y,z) = (COtg’ COt%’ COt%j obtinem:
COtE 3
> > >
coté \ /l+ cot? B
2 2
Remarca.
In AABC
wmh
> —2==]
-2
1+ tan? B
2
Marin Chirciu
Solutie.
Lema.

Ifa,b,c>0,ab+bc+ca=1 then
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B C
Se cunoaste identitatea in triunghi z tan Etan 5 =1.
Folosind Lema pentru(a,b,c) = (tan g ,tan % ,tan %J obtinem:

A
> —2—z2

1+tanZE
2

Aplicatial9.

IfX,y,2>0,x+y+2z=1 then find min of

1 2022
+

P= 2. .2 2 :
X2+ y2+2% XY+ Yz +2X

Tran Anh Tai, Vietnam,THCS 5/2023
Remarca.

Let A > 2fixed. IfX,Y¥,2>0,Xx+y+2z=1 then find min of

1 A
P=—"F——+ :
X“+ Y +2° Xy+Yyz+2X
Marin Chirciu
Remarca.
In AABC
1 A
Zl+ i23(ﬂ,+1)r2,/122.
I’212 rbrc
Marin Chirciu
Solutie.
Lema.

IfX,¥,2>0,x+y+z=1andA>2 then
1 A
2 2 2+
XT+y +2°  Xy+Yyz+2X

>3(A+1).

Demonstratie.
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oo L, 2 _( 11 1 J a-20 (14141} a-2

K Yy (T T ) Yy Sy

9 A-2¢ 9 A=-2 9 A-2
= + > + =—+ =9+3(1-2)=3(A+1).
) IV (Z iz Ly
. . . 11 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+—=- < —+—+—=1.
ra rb rc r ra I’b rC
. r rr .
Folosind Lema pentru(X, Y, Z) = (—,—,—j obtinem:
ra l‘b rc
L =+ A >3(1+1) < ! + A >3(A+1)r.
r rr Zi Zi
Z r o 2 Lr.
Remarca.
In AABC
11+ ﬂl >3(A+1)r*, A1>2.
Zie Zin
Marin Chirciu
Solutie.
Lema.

IfX,¥,2>0,x+y+z=1 and 1 >2then

1 A
————+ >3(A+1).
X+y +z2Z Xy+Yyz+2X
. . .~ 11 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+ —=- <& —+—+—=1.
ha hb hc r a C

. rrr _
Folosind Lema pentru (X, Y, Z) = (h_ , h— , h—] obtinem:
a b c

1 A 1 A
T >3(1+1) < T+ >3(A+1)r?.

2 1
Mol T I T
Aplicatia20.

IfX,Y,Z>0 then
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x2+y2+zz+2xyz+L211.
Xy + YZ + 2X

Dung Nguyen Tan, Vietnam, THCS 5/2023
Solutie.

Lema.

If X, Y,z >0then

X +y 4+ 22 +2xy2 +12> 2(Xy + Yz + 2X).

Darij Grinberg
Lema
LHS:x2+y2+22+2xyz+L > 2(xy+yz+zx)_1+L:
Xy +YZ+ZX Xy + Yz + ZX
18 AM -GM 9
=2(xy+yz+zx)+———-1 > 2:2 [(xy+yz+2x)-———— -1=4.3-1=11.
XY + yZ + 2X XY + YZ + 2X
Remarca.
In AABC
B, C AY’
> tan—tan— (z tan j
22, 2) >4
A A
tan® = 9] [tan =
Z 2 H 2
Marin Chirciu
Solutie.

IfX,Y,Z>0 then

X2 +y* +17° +2xyz+L >11.
Xy + Yz + ZX
Solutie.
Lema.

IfX,y,Z>0then
X2 +y?+ 22 +2xyz+1> 2(Xy + yz +2X).
Darij Grinberg

Folosind Lema pentru (X, 2 Z) = (ZSin g ,2sin % ,2sin %j obtinem:
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18
2 >
Z( sin— j+2H(25ln j ( : Aj( : Aj 11 &
> | 2sin— || 2sin -
2 2
<:>4Zsm —+16H5|n— . >11 <
C

4Zsm—sm—

< 8) sin’ —+32Hsm— # >22

Zsm—smE

Aplicatia21.

IfX,Y,Z>0 then

3
Xy + yz+zx+(x+ y+2)

>28.
X2 +y° +7° Xyz

An Khanh Le, Vietnam, THCS 5/2023

Remarca.

Ifx,y,z2>0 andﬂZ%then

(x+y+2)
Xy+yz+zx y

>274+1.
X2 +y?+7° Xyz

Marin Chirciu
Solutie.
Lema

IfX,Y,Z>0 then

Demonstratie.

(x+y+2)’ _9(x+y+z)° 9Y x*+18> yz QZX

Avem D X)yz >9xyz = > = Sy Zyz

Xyz Xy + Yz + ZX

LHS:X¥+y§+Z)2(+/1(X+y+Z EORILONINIVEDPRLIDRAN
X2 +yi+12 Xyz Y X Dy D> X Zyz
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_ 2
(%Zl—)yzzxusz > 2+(94-1)+181 =274 +1= RHS

Remarca.
1
Cazul A =—
9

IfX,¥,Z2>0 then

3
xy+yz+zx+(x+y+z)

>4,
X2 +y?+7° Oxyz
Marin Chirciu
Remarca.
In AABC
C 3
> tan—tan= (Ztan
A 2 + A >4
Ztanz— 9Htan—
Marin Chirciu
Solutie.
(x+ +z Z X AM -GM
>02’+y§”{:+ V+2) 2V DK oMy oy
X2 +y?+z 9xyz ZX Zyz
Folosind Lema pentru (X, Y, Z) = (tang,tan%,tan %jobtinem:
A
Ztan—tan— (Ztan 2)
A >4,
tan? — 9] |tan—
Z 2 H 2
Remarca.
In AABC
3
D cot_cot (ZCOtj
+ A >4
> cot? = 91_[cotE
Marin Chirciu
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Solutie.

Lema
IfX,Y,Z>0 then

3
xy+yz+zx+(x+y+z)

>4,
X2 +y?+17° 9xyz

Folosind Lema pentru (X, Y, Z) = (COtg , Cot% , cot %)obtinem:

A
ZCOt—cot— (ZCOtzj
A
> cot? E 91_[cotE

>4,

Remarca.
In AABC
AV
Zsm—sm— [Zsm)
2
A >4,
sin® — 9] |sin—
3 [Tsin’
Marin Chirciu
Solutie.
Lema

IfX,Y,Z>0 then

3
xy+yz+zx+(x+y+z)

>4,
X2 +y?+17° 9xyz

Folosind Lema pentru (X, Y, Z) = (sin g ,Sin g ,sin %j obtinem:

Zsm—sm— (Zsm )
> sin? E 9Hsm—

Remarca.

>4,

In AABC
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+
2 A A
D cos > 9] Jcos >

A 3
ZcosEcosE (Z cos 2)
2 2 >4,

Marin Chirciu
Solutie.
Lema
IfX,Y,Z>0 then
Xxy+yz+zx  (x+y+z)
5 T >4,
X“+y +2z Oxyz
Folosind Lema pentru(x, Y, Z) = (COS?,COS%,COS Ej obtinem:
B _C AY
COS— COS — (ZCOSJ
2 2 + 2 >4
> cos’ A 91_[cosé o
2 2
Remarca.
In AABC
C 3
D sec_sec— (ZSGC)
+ A >4,
sec? — 9] [sec—
3 [Tsec
Marin Chirciu
Solutie.
Lema
IfX,¥,2>0 then
Xy+yz+zx  (x+y+z)
+ >4,

X2 +y?+7° Oxyz

A B
Folosind Lema pentru (X, Y, Z) = (SeCE , SeCE ,Sec %jobtinem:
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+ >
Zsec2 = 9Hsec—
Remarca.
In AABC
C 3
D csc_csc (ZCSCJ
2 2 + >4
> csc? A 91_[cscé -
2 2
Marin Chirciu
Solutie.
Lema
IfX,Y,Z>0 then
Xy+yz+zx  (x+y+z)
+ >4,

X2 +y?+17° 9xyz
. A B C .
Folosind Lema pentru(x, y,z)= SeCE,SeC—,SeCE obtinem:
B_C AY
D csc_csc (ZCSCJ
272, 2

A A
D csc ) 9] Jesc )

Aplicatia22.

>4,

IfX,y¥,2>0,X+Yy+2Z=Xyzthen

1+yz
Boris Colakovic, MathAtelier 5/2023

Remarca.

In AABC

1 3
S5

1+ CO'[ECOIS
2 2

Marin Chirciu
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Solutie.

Lema

IfX,y,2>0,X+Yy+2Z=Xyzthen

> ! .3
l+yz 4
1 1 1
AvemX+Y+Z=XyZ <& —+—+—=1.
yz X Xy
(111 .
Cu substitutia| —,—,— |= (a, b, C) problema se reformuleaza.
yz X Xy
Ifa,b,c>0,a+b+c=1then
a3
l+a 4
Demonstratie
LSEQ —Zg,carerezultédin:
l+a 4 l+a 4
¥ 1 9 9 9 9
l+a Y (1+a) 3+)a 3+1 4
A_p

A
Se cunoaste identitatea in triunghi ZCOtE = HCOtE =—.

Folosind Lema pentru(X, y,z) = [Cotg,cot%,cot%jobtinem:

1 3

X—s <1

l+cot=cot—~ 4
272

Aplicatia23.

IfX,Y,Z>0, X+ Yy+z=23then find max of

P ke

Anh Duc, Vietnam,THCS 5/2023

Remarca.

Let A > Ofixed. IfX,¥,Z >0, X+ y + z = 3then find max of
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P=> x+A4yz.

Marin Chirciu
Solutie.
1 AM-GM /l+1+(x+/1yz)
P= A+1)(x+Ayz) < A+1+X+Vyz
/_z+1z‘/( )(x+2yz) V_m 2 > > ,—;L+ 2 yz)=

= 2\/%(3/1+3+2x+12yz) < %[3ﬁ+3+zx+§(zx)zjsos Zm(3ﬁ+6+l32j
6(A+1)=3VA+1.

1
24/ +1
Egalitatea are loc daca si numaidacax=y =2z =1.
Deducem cdmax P =3JA+1pentrux=y=z=1.

Remarca.

Problema se poate dezvolta.

In AABC
Z £+3ﬂ.l’ < 3(/1+1) -
I’a l'bl’C r
Marin Chirciu
Solutie.
Lema

IfX,y,2>0,x+y+z=3and A >0then

D X+ Ayz <3VA+1.

1 1 1 1 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=— — 4 —+—=3.

rrbrrrrbr

a c a

, 3r 3r 3r
Folosind Lema pentru(X, Y, Z) —,—,— | obtinem:
I I,

Z 3r ﬂggq ,—+1®:Z 1,34r [3(/1+1)®
I, I, r, LK r

Remarca.

In AABC
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1 3 /3(,1+1)_
h, hh, r

Marin Chirciu
Aplicatia24.

IfX,y,2>0,x+y+z=1then

Z 2yz >i+i+i
X“+xyz 4x 4y 4z

Quan Le, Vietnam,THCS 5/2023

Remarca.
In AABC

1

Z Lr. 2E+ 1

1 1 r 4

2t 3

ra p

Marin Chirciu

Solutie.
Lema

IfX,y¥,2>0,x+y+z=1then

Z Zyz >i+i+i
X“+xyz 4x 4y 4z

IfX,y¥,2>0,Xx+y+z=1then

yz 1 1

X“+xyz X (x+y)(x+z)

Demonstratie.

vy 1 1 1 1 1 1

X2+Xyz X X+yz X X(x+y+z)+yz x (x+y)(x+z)

LHS = ZX +Xyz 2(1— J Z Z L L R

X (x+y)(x (x+Y) x+z) 4x 4y 4z

Lema8/9 1 l

ZZ . ——ZZ

(x+y) x+z) ax " 4y 4z (x+Y) x+z)
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D (y+2) 31 2 31
<Z)' = )
<:>(x+y)(y+z)(z+x) 4Zx<:>(x+y)(y+z)(z+x) 4Zx<:>
8 1
<:>(x+y)(y+z)(z+x)2§-—1.
2y
Lema8/9.
IfX, Y,z >0 then
(x+y)(y+z)(z+x)zg(x+y+z)(xy+yz+zx).
Lema8/9
. . . . 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+ —=—- < —+—+—=1
r n r r r Lo
) rrr _
Folosind Lema pentru(X, Y, Z) = (—,—,—J obtinem:
ra rb rc
rr r
Z 2rb r, S 1 N 1 N 1 @Z : rbr03 2ra+rb+rC
r rrr 4" 40 40 ror 4r
AT
r 1
rr. 4R+r rr, R 1
@Zrz rSZ " in i2r+4.
[y P
Remarca.
In AABC
1
h,h, 5 1
2T R R
hy  plr
Marin Chirciu
Solutie.
Lema

IfX,y,2>0,Xx+y+z=1then
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Z Zyz >i+i+i_

X*+xyz 4x 4y 4z

. . .~ 11 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+ —=- <& —+—+—=1.

hb hc r ha ho hc

a

, rrr _
Folosind Lema pentru(X, Y, Z) =| —,—,— | obtinem:
h 'h 'h,
L r
Z zhb " 2 L + L + L <:>Z 2 hbhcg Zha+h°+h°
r rrog4" 4" 4" rroor 4r
n) hhn Mo RR R Thhh
r* p?+r? +4Rr 1
h,h 2R h,h p?+r?+4Rr
= < > = c > .
2T 7 Xt LR
h2 " 2pir? h?  p’r
2R
1
> hh o p2+r2+4RrGer§t59“16Rr—5r2+r2+4Rr_20Rr—4r2_
1 R~ 8Rr - 8Rr 8Rr
h? * p*r
_4r(5R-r) (5R-r) 5 r
~ 8Rr 2R 2 2R
Aplicatia24.

IfX,Y,Z>0,xy+yz+zx =3then

1+ 128 8 8

1
+ + + :
Sy vz N X7y T AT

Nguyen Huy Dang, Vietnam,THCS 5/2023

Remarca.

IfX,Y,2>0,xy+Yyz+zx=3andn e N then

1+1+1> 4n N 4n N 4n
Sy Uyz Yx K +4n-1 y’+4n-1 2 +4n-1°

Marin Chirciu

Solutie.

Lema.
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IfXx>0andne N then

4n < 1
X2 +4n-1" Qfx

Demonstratie.

AM -GM
x> +4n-1 > 4n4n/x2 1-1...-1=4n"Yx? =4n%/x, cu egalitate pentruX =1.
H—/
n

4n < 1
X+4n-1" Qfx

Din X% +4n—1> 4n¥x =

Remarca.
In AABC
1 4
>
2B cZX A
tan—tan — tan —+1
2 2 2
Marin Chirciu
Solutie.
Lema.

IfX,y¥,2>0,Xxy+yz+zx=3then

1 1 1 4 4 4
— =t =2t .
Xy yz zx X +3 y°+3 z°+3

Demonstratie.
If X > 0then

4 1

X +37 Jx
AM -GM
x*+3 > 44\4/X2'1~1-1:44/X_2:4\/;,cuegalitatepentrqul.

Din X2 +3> 44X = 1

<_—

4
X +3 7 x|
Folosind » a” > bCpentru a,b, C rezultd

Z<2T )
l xyz_l
2 (1)
Uy foxlay

Z ~2) L
N
Am folosit mai sus Xyz <1,vezi3 = Xy + yz + zx > 3¢/x’y?z* = xyz <1.
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1 10 1tm 4 4 4
Obtinem —+—+—2 ) — > — +— +— .
Xy Yz zx Jx  X*+3 y*+3 7243

Se cunoaste identitatea in triunghi Z tan %tan % =l Z\/étan g . «/§tan % =3.

Folosind Lema pentru(X, y,z) = (\/étan g A/3tan g A/3tan %j obtinem:

1 4 1 4
2 =3 = >y =
\/§tang~J§tan(2: 3tan2'§+3 3tan§tancz: 3tan22+3

1 4
= 5 ¢ >3 -
tan — tan — tan® —+1

2 2 2

Aplicatia25.

IfX,y,2>0,Xxy+yz+zx =3then

2 2 2
Z 1 +x +y +z 53

y+12 2

Trinh Ha, Vietham,THCS 5/2023
Remarca.
In AABC

> 1 +§-(4Rtr)226
\/§(tanB+tan Cj 2.p
2 2
Marin Chirciu

Solutie.
Lema

IfX,Y¥,2>0,Xxy+yz+zx=3then

2 2 2
Z 1 +x +y +z 53
y+12 2

Solutie.
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2
LHs =3 1 Sy 9 (3X) -2y 9 p'-230, RHS,
y+z 2 22x 2 2p 2

2— .
unde(1)<:>i+p 2:3
2p

>3 < p*-12p+920< (p-3)(p°+3p-3)20
care rezultd din p = 3, vezi p* =(X+y+ z)2 >3(xy+yz+2x)=3-3=9.

Se cunoaste identitatea in triunghi Z tan %tan % =l Z\/§tan % . J§tan % =3.

Folosind Lema pentru(X, y,z) = (\/§tan J_tan A3tan= jobtinem:

4R+r1) —2p?

2 L += Zta 2 As3 = = (3 URs )2 P23

\/§(tanB+tan j 2 ﬁ tanE+tan9 2

2 2 2 2
4R +r

Z I;L c +§ ( - ) >6.

3| tan—+tan—

lng+n? )
Am folosit mai sus:

4R+1) —2p?
3 ant A_(4R*1) ~2p
p
Remarca.
In AABC
2 B1 C 22(3_$)
3| tan —+tan —
fn3+un? )
Marin Chirciu

Solutie.
Lema

IfX,Y¥,2>0,xy+yz+zx=3then

2 2 2
Z 1 +x +y +z 53
y+12 2

Se cunoaste identitatea in triunghi Z tan gtan % =l Z\/@tan % . «/§tan % =3.
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Folosind Lema pentru(X, y,z) = (\/§tan— \/_tan A3tan—= jobtinem:

3 (4R+r)" -2p°

1 1
>, += Ztan —>3<:>Z + >3
B B C) 2 p’
\/§(tan2+tan2j \/§(tan2+tan2)
1 3 (4R+r)’ 1 3 (4R+r)’
> 5 =ty 26 Y 3 c 26—5-—2@
J3| tan— +tan—~ P \/§(tan+tanj P
2 2 2 2
1 3 (4R+r) 1 3(, R
2 e T R B G 2 )
J3| tan— +tan—~ r(4R+r) \/§(tan+tanj

Am folosit mai sus:

2 2
Ztan2§:(4R+rp)z 2p |

Remarca.

IfX,y,2>0,xy+yz+2zx=3and A >0then

D 1 +x2+y2+22>§_/1+3
y+ Az 2 T2 A+1

Marin Chirciu

Solutie.

LHS =¥ x +y2+7° 9 (ZX)Z—ZZYZZ

y+ﬂ,z 2 (A+1 Zx 2

__ 9 p’-2:3¥3 243
(2+)p 2 2 A+l

=RHS, unde (1) <

9 p’-2:3_3 1+3
IS +
(2+1)p 2 2 A+1

(p—3)((ﬂ, +1) p’ +3(ﬂ,+1) p—6) >0, carerezultd din A >0si p > 3, vezi

& (2+1) p* —(92+15) p+18>0 =

p? =(x+y+2) >3(xy+yz+2x)=3-3=9.

Remarca.

In AABC
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ST
\/§(tan2+ltan2j tor

Marin Chirciu

Solutie.

Lema

IfX,y,2>0,xy+yz+zx=3and A >0then

D 1 +x2+y2+zz>§_/1+3
y+Az 2 T2 A+1

Se cunoaste identitatea in triunghi Z tan gtan % =l Z\Etan % . «/§tan % =3.

Folosind Lema pentru(X, y,z) = (\/§tan g A/3tan % A/3tan %) obtinem:

> ! +§Ztanzgzg‘w<:>

B C
3| tan —+ Atan —
\/_[ 2 2)

2 2
.S 1 3 (4R+r) —2p° 3 A+3

1 3 (24+4 R
S eI
=2 Y\~ [,1+1 )

B 2
3| tan—+ Atan —
\/_( 2 2)

Am folosit mai sus:

4R+1) —2p?
Ztanzé:( )2 P
2 p
Aplicatia26.

IfX,Y,Z>0then

X X+y+z
> > 5.
9yz+1 1+(x+y+2)

Amir Sofi, Kosovo, Mathematics(College and High Schoool)5/2023

Remarca.

IfX,Y,Z>0and A >0then
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X X+Y+2
> > y*r |
Yz+A  A+(x+y+2z)

Marin Chirciu

Solutie.

-y (ZX)Z 0 X _RHS

9xyz +/1x 27xyz +le ,1+(Z x)

LHS ="

9yz+/1

unde (1) < (ZX)Z > ZX
27Xyz+ 1) X ,1+(Z )

(X x)3 > 3Xyz , vezi AM-GM.

Remarca.
In AABC
r
> e /11 - 420
r ) +
rb I’c
Solutie.
Lema

IfX,Y,Z>0and A >0then

X X+y+z
> > >
yz+4 A+(x+y+2)

Solutie.

=2 (XX o ¥x ~RHS,

9xyz X 27xyz +AZX a+(Y x)

LHS =)

9yz+ﬂ,

unde (1) < (ZX)Z > ZX
27Xyz+ ) X 4+(Z)

= x)3 > 3xyz , vezi AM-GM.

1
Se cunoaste identitatea in triunghi —+ —+— =
L r r

a c

1 1 r r r
- —+—+—=1
r r,L r r

) rrr
Folosind Lema pentru (X, Y, Z) = (—,— —J obtinem:
r r r
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r r
z r, 1 Z r, 1
rr 2= '
9r " A+1 ar° p) A+1
rb I‘C rr.
Remarca.
In AABC
r
h 1
D> = ,A>0.
9r A+1
+A
hbhc
Marin Chirciu
Aplicatia27.
3 . .
IfX,y,2>0,X+y+2 :Zthen find min of
1
P = Z X2 +7
THCS5/2023, Vietnam
Remarca.
Let0 < A < 256fixed. IfX, ¥,z >0, X+ y + Z = — then find min of
A
P = Z X2 +7 .
Marin Chirciu
Remarca.
Let0 < A <81fixed. IfX, Y,z >0, X+ y+z=1then find min of
A
P = Z X2 +7 .
Marin Chirciu
Remarca.
In AABC
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r’ ar?
Z r_2+r—;z\/81+/1,032,381.

Marin Chirciu

Lema.

IfX,y,2>0,x+y+z=1then

Solutie.

P=>[x +_°§S\/(Zx) +,1(21T \/ﬂ[(ZX)ZJrgil(zaz}%[zaz o

y

AM;MJMJ(ZX)Z.S%(ZQZ%(Z;) Ju Lyl oAy

2 cs _ ?
S J22.2.9.854 l(zlj > JoarBoA 2 224514 i(gj =
9 81 X 81 (D x 81 \1
\/2,1

81-4

9" J2A+(81-2) =81+ 1.

_— o 1 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+—=- < —+—+—=1.
L L r r r L T
r
— —,—j obtinem
ra b rc

Remarca.

Problema se poate dezvolta.

In AABC

2
3 _+ﬂ BI+1,0<1<8L.

h2
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Marin Chirciu

Lema.

IfX,y,2>0,Xx+y+z=1then

1 1
Se cunoaste identitatea in triunghi — + — + h— = h—
r

a b C a

FLEL Y
h o h

: rrr ,
Folosind Lema pentru (X, Y, Z) = [h—,h— , h—] obtinem:
b

SN RESY —+— 81+ 4

L
hb
Aplicatia28.
1 1 1
IfX,y,z> 0,—2+—2+—2 =1then find min of
Xty oz
2,2
yz
P= ———
Z X( yz + Zz)
Le Tran, Vietnam,THCS 5/2023
Remarca.
In AABC
Z rr. S 343r
Jn(n+r) 27
Marin Chirciu
Lema

|fx,y,z>0,i2+i2 iz—lthen
X° Yy oz

Z yzzz g 3\/§
( .

x(y*+2°) 2

Solutie.
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111
Cu substitutia (a, b, C) = (—,—,—j problema se reformuleaza:
Xy z

Ifa,b,c>0,a®+b*+c? =1then

w
~|E

Yo

b?+c

Demonstratie.

Lema
a_ 3\/§ 22
b?+c? 2
2
a a a 33
= = > \/_ a2, care rezult din:

b*+c® 1-a° a(1-a?)

e 1[2a2+(la2)+(la2)]3: 1(2)3_ 4

az(l—az)z=%-2a2(l—a2)(l—a) < 2 :

cu egalitate pentru2a® = (1—a2) & a=

al-

a’ (1—a2)2 32;47

o(i-w)g 5 L) 2 aa) 2
>23£a2:3f2a2:¥_

2

. a
Obtinem: Z R

Se cunoaste identitatea in trlunghl —+ +— = —+—+—=1.
c ra rb I

-
“FE

Remarca.

In AABC

1Errr
r

3\/_ Z\/_r+r 3\/37'

5 hh 3B
\/E(hb—'_hC)_ 2 .
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Marin Chirciu

Solutie.

Lema

|fx,y,z>0,i2+i2 12—1then
X°y© oz

y2+22)_ 2
1 1 1 1 r r r
Se cunoaste identitatea in trlunghl —+—+— =— <:> —+—+—=1.
h, h, h h

Folosind Lema pentru X Y,Z (\/7 \/7 \/:J obtinem:
r
hfh
rLr g 33r

>3\/§®Z h,h,
(DI0 I

2

r r r

Aplicatia29.

IfX,Y¥,2>0,Xxy+yz+ zx =3then

Z 1 x +y°+7° +9
2x+y+z 16

Ng Bao Ngoc, Vietham, THCS5/2023

Remarca.
In AABC
¥ 1 3B ( j
2tané+tanE+tanE 16 r
2 2 2
Marin Chirciu
Solutie.
Lema.

IfX,Y¥,2>0,xy+yz+zx=3then

Z 1 x +y°+27° +9
2x+y+z 16

Solutie.
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LHS = ———

2x+y+z

() dy B

X+Yy X+12 y+z [T(y+2)

1 Z(x2+xy+ yz+zx) 1 Z(x2+3) 1 D> X +9 (QZXZJFQ _RHS

2 [T(y+2) _EH(y+z)_2H(y+z)_ 16

unde (1) < H(y+ Z) > 8, vezi Lema8/9.

Lema 8/9.

If X, Y,z >0 then

© | o

(x+y)(y+2)(z+X)==(Xx+y+2)(xy+yz+2X).

Lema8/9
Demonstratie.

Avem:

© | 0o

(x+y)(y+z)(z+x)==(x+y+2z)(xy+yz+2X) <

< 9D vz(y+z)+2xyz) = (D yz(y+2)+3xyz) < D yz(y+2)26xy7 <

= Z > 0, evident cu egalitate pentruX=y=12.

Se cunoaste identitatea in triunghi Z tan gtan % =l Z\/@tan % . «/§tan % =3.
. A B C .
Folosind Lema pentru(X, y,z) = J3tan > J3tan > J3tan > obtinem:

3tan? é+3tan2 E+3tan2 9+9
1 2 2 2

2\/§tan':+\/§tan|:+ 3tan2 16

IA

g

A B C
33 tan2+tan2+tan2+3j
1 “/—( 2 2 2

0

g

2tané+tanE+tanE 16
2 2 2

= ! < P o

2tané+tanE+tan9 16
2 2 2

3J§((4R+r)§—2p2+3J
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AR+
= n 1B Css‘/g{u( tr) J,(l).
2tan —+tan —+tan — 16 P
2 2 2
r(4R+r)2
R+r

Folosind inegalitatea lui Gerretsen p> >16Rr —5r* > rezultd

4R+r)Y  (4R+r1)
(R+rf (R+rf Rer i R
p r(4R+r) r r
R+r
Din (1) si (2) rezulta:
R S < ()]
C 16 r

2tané+tanE+tan—
2 2 2

AR+r) —2p?
Am folosit mai susZtangz( p)2 P .

Aplicatia30.

IfX,y,2>0,x+y+z=3then

D2x(Y +27 )+ xy+yz+2x<9.

Nhat Viet, Vietnam,THCS 5/2023

Remarca.
In AABC
¥ g[%+%j+3(4Rz+r)<9
AL K p
Marin Chirciu
Solutie.
Lema.

IfX,y¥,2>0,x+y+z=3then

D2x(Y +27) +xy+yz+2x<9.

IfX,Y¥,2>0,Xx+y+z=3then
2 2 2
PR X“+y +2°+1
1).,/2x(y +Z )S—Z ;
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2).\/’2y(x2 +12°) +\/Zz(x2 +y?)<4.
Demonstratie.

1).

2 2 2
\/Zx(yz+22)Sgs\/(x2+l)(y2+22)AMéGM (X +1)+2(y +z ): x2+y22+z2 +l,cu egalitate

pentru X=1si y* + 2% =x? +1.
2).

Principiul lui Dirichlet:

Din trei numere pozitive a,b,C exist3 cel putin doud numere care sunt situate de aceeasi parte a lui 1.

Fie b,c numerele, deci (1— b)(l—C) <0.

Folosind principiul lui Dirichlet pentru (b, C) = (X,Ej obtinem (1—X)[1—E) <0<
X X X X

< (x=Yy)(x-2)<0 < X +yz<x(y+2),(1).

Obtinem:

CBS

\/Zy(xz +22)+\/22(x2 + y2) < \/5\/2y(x2 +22)+22(X2 +y2) =2\/y(x2+22)+z(x2+y2) =

:2\/(y+z)(x2+yz)(l) <

<2 x(y+ Z)2 < 2-\/Z= 4, unde (2) rezult3 din:

X+y+z+y+z3 , ,
AM -GM
STRE TSRS RECLE ¥ ks s PSS TE S OV | Y

3 3

2 2 2
LHS :24}2x(y2+22)+(xy+ yz+zx)£%+z+l+4+(xy+yz+zx)=

Xy 2(xyyz+X) 49 (x+y+z) 49 F 49

9.
2 2 2
T ! 1 1 r r r 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=-< —+—+—=1< —+—+—=3.
r, r, I r r, b I r, I, I,
) 3r 3r 3r _
Folosind Lema pentru(X, y,z): —,—,— | obtinem:
ra rb rc

2 2
I rb rc ra rb rb rc rc ra

a
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s T ) - T 20

r p o

c

Aplicatia31.

IfX,¥,2>0, X+ y+z=23then find max of

YA
Poy

3+x*
Duc Tran Truong, Vietnam,THCS 5/2023
Remarca.
In AABC
1
Z L. 1
3r? " 4r
1+—-
ra
Marin Chirciu
Solutie.
Lema.
IfX,y¥,2>0,x+y+z=3then
I
3+x2 4
Demonstratie.
_ 2 2 .2
X+y+z2=3=>X"+Yy +2°>3.
(y+z)"Z 1 (y+z)2 cs
_Z < =_Z <
3+x (x2+y2+zz)+x2 4 (x2+y2)+(x2+22)
Cslz z° _1 3_3
x+y i )Tav Ty
U | 1 1 r r r 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=-< —+—+—=1< —+—+—=3
r, n, I r r, b I r, Iy I
3r 3r 3r
Folosind Lema pentru(X y,Z ) —,—,— | obtinem:
ra rb rc
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Remarca.
In AABC
1
> 1
2 — 2"
1+:‘i]r2 ar
Marin Chirciu
Solutie.
Lema.
IfX,y¥,2>0,x+y+z=3then
Y]
3+x2 4
.11 1 1 r r r 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=-"& —+—+—=1& —+—+—=3
a hb hc r ha hb hc ha hb hc
) 3r 3r 3r _
Folosind Lema pentru(X, y,z)= —,—,— | obtinem:
ha hb hc
3r 3r 1
Z—hb h, > s§<:>z hthZ siz.
3+ = 1
h, ;
Aplicatia32.
IfX,y,Z>O,1+£+1:1then
X y 2z
s 3 .
X% + Xy + y?
Marin Chirciu
Solutie.
Lema.
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IfX,Y,Z>0then
2 3 2 < 2 :
X"+ Xy+Yy X+Yy
Demonstratie.
3 2
> > < <:>(x—y)2 >0, cu egalitate pentrux =Y.
\jx +XY+Y? X+Y

Hs =Y > <3~ SZ'%Z(%+%}=ZE=1=RHS.

X2+ Xy +y° X+Yy X
Remarca.
In AABC
[ .1
2 2
ra +rarb +rb r
Marin Chirciu
Solutie.
Lema.
1 1 1
IfX,y,2>0,=+=+==1then
X y z
I Ry
XT+Xy+Yy
. . N 1 1 1 1 r r r
Se cunoaste identitatea in triunghi —+—+—==- < —+—+—=1.
ra rb rc r ra I’b rc
: IPa rb rc :
Folosind Lema pentru(X, y,z)=| ,-2,-= | obtinem:
r r r
3 3 1
ZI 2 231@2 r2+rr+r2SF'
';a +r7a£+ i a a'b b
r rr r
Remarca.
In AABC
3 1
Z 2 zg_'
hi+hh +h> r
Marin Chirciu
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Solutie.

Lema.

If X, y,Z>0,1+£+l=1then
X y z

Z,/%Sl-
X +Xy+y

. . .~ 21 1 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+—=- < —+—+—=1.
h h r h h

a C a C

h h
Folosind Lema pentru (X, Y, Z) = (—a , & , —Cj obtinem:
r r r

] 3 3 1
5y PP 3 A
2 2
\/(h) +hahn+(hb) Zthh +he T
r rr r

Aplicatia33.

IfX,y¥,2>0,Xx+y+z=3then

Marin Chirciu

Solutie.

Lema.

If X > 0then
3(x2+2) >2+X.
Demonstratie.

3(X2 +2) >2+X <& (X—l)2 >0, cu egalitate pentruX =1.

>3 +2) 23 (24x) =6+ x=6+3=0.

Remarca.

In AABC

> 2+(?—:]223\/§.
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Marin Chirciu
Solutie.
Lema.
IfX,y,Z2>0,Xx+y+z=3then
> 3(x*+2) 29.
o111 1 r oror 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=-"< —+—+—=1< —+—+—=3.
r, n, I, r r, b I r, I, I,
) 3r 3r 3r
Folosind Lema pentru(X, v,z )— —,—,— | obtinem:
ra rb rc
Remarca.
In AABC
3r ’
> .02 (—J >33
ha
Marin Chirciu
Solutie.
Lema.
IfX,y¥,2>0,Xx+y+z=3then
> 3(x*+2) 29.
33 +2) 23 (2+x) =6+ x=6+3=0.
o101 1 1 r r r 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+ —=—- < —+—+—=1< —+—+—=3.
a hb hc r ha hn hc ha hb hc
3r 3r 3r
Folosind Lema pentru(X y,Z ) h h h obtinem:

s e )son ] 05

a
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Aplicatia34.

IfX,y,2>0,x+y+z=1then

2 2
Zﬂ >1
X+ 3y
Marin Chirciu
Solutie.
Lema.
If X,y > Othen
x2+3y2>x+3y
x+3y 4
Demonstratie.
2 2
X“+3y > X+3y Rt 3(X— y)2 >0, cu egalitate pentrux =Y.
X+3y 4
X2 +3y? tema x+3y 4 X
LHS = > = =>» x=1=RHS.
Z X+3y Z 4 4 Z
Remarca.
In AABC
1.3
rZor 1
232
ra rb
Marin Chirciu
Solutie.
Lema.
IfX,y,Z2>0,Xx+Yy+z=1then
2 2
Zﬂ >1.
X+ 3y

N N 1 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+ —=— < —+—+
I L I r r, I, T

a
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r r
Folosind Lema pentru (X, Y, Z) = (—, ,—J obtinem:
I r

r 2 r 2
6, oaes
a b ra rb
> >
z r r _1<:>Z 1 3 ¢
—+3— —+—
ra rb ra rb
Remarca.
In AABC
1.3
h2 h 1
X3y
ha hb
Marin Chirciu
Remarca.
IfX,y¥,2>0,x+y+2z=1and A > 0then
2 2
Zﬂz]__
X+ Ay
Marin Chirciu

Solutie.

Lema.

If X,y >0and A >0then

x2+ly2>x+ﬂy
X+Ay  A+1

Demonstratie.

X%+ Ay?  X+Ay

= /I(X— y)2 >0, cu egalitate pentrux =Y.

X+Ay  A+1
X2+ Ay2 e x+ Ay (A+1)D x
LHS = > = = =1=RHS.
Z X+ Ay Z A+1 A+1 ZX
Remarca.
In AABC
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Solutie.

Lema.

IfX,y¥,2>0,x+y+2z=1and A > 0then

2 2
X"+
lel
X+ Ay
I N 1 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+ —=—- < —+—+—=1
r, n, I r r, b I

Sa trecem la rezolvarea problemei din enunt.

r r r
Folosind Lema pentru(X, Y, Z) = (—,—,—J obtinem:
ra rb rc
; 2 . 2 1
m ”m ST
a b > a b >
22 r r _1C>§:1 A r’
—+A— —+—
ral r-b ra rb
Remarca.
In AABC
1.4
h2 h _1
- S R e >
Y2 A20
7_{_7
ha hb
Aplicatia35.

IfX,Y,Z2>0,X+Yy+z=3then

1+y>

www.mateinfo.ro

Marin Chirciu

Marin Chirciu

Le Hai Trung, Vietnam,THCS 5/2023
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Solutie.
Lema
X, y>0
X >y X
1+y° 2

Demonstratie.

2 AM-GM 2
X > =X 1- y 5 > X Y =X—ﬁ,cu egalitate pentruy =1.
1+y 1+y 2y 2

X Lema Xy 1 @) 1 3
LHS =21+ 7 > Z(X—?j=ZX—§nyZ3—E-3=E= RHS , unde (1) <

= nySB,veziZ:XyS%(Zx)2 =%.32 =3.

Remarca.
In AABC
1 1
2 2 >2_
or r
ra(1+2j
Ty
Marin Chirciu
Solutie.
Lema
IfX,y,Z2>0,Xx+y+z=3then
X 3
Z 2 z-
1+y* 2
o] 1 1 rr r 3r 3r 3r
Se cunoaste identitatea in triunghi—+ —+—=-< —+—+—=1< —+—+—=3.
r, n, I r r, , I I, Iy I,
] 3r 3r 3r ,
Folosind Lema pentru(X, y,z)= —,—,— | obtinem:
ra rb rc
g
z—az§<:>z;2i
272 or2 ) 2r
3r
1+ — A 1+T
I, rb
Remarca.
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In AABC
S
h (14—9r2J 2r
a h?
Marin Chirciu

Aplicatia36.
Ifa,b,c>0,a+b+c=2then

1 1 1

+ + >
1+a®> 1+b* 1+¢°
Mehmet Sahin, Turkey, Matematik Olympiyat Okulu 4/2023
Remarca.

Ifa,b,c>0,a+b+c=3then

1 1 1 3
s+ >+ ==
1+a~ 1+b° 1+c° 2
Marin Chirciu
Solutie.
Lema.
Ifa > 0then
1 > 2—-a
1+a? 2
Demonstratie.
2—-a 2 .
Avem s 22— & a(a—l) >0, cu egalitate pentrua =1.
l+a
1 wm_2-a 6->a 6-3 3
LHS = > = = =—=RHS.
Z:1+ a’ Z 2 2 2 2
Remarca.
Ifa,b,c>0,a+b+c=3and0< A <1lthen
1 1 1 3
>+ >+ > 2 .
A+a® A+b° A+ct A+l
Marin Chirciu
Solutie.
Lema.
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Ifa>0and A >0then

1 >&+3—2a
A+at (241

Demonstratie.

1 S A+3-2a
2 (/1+1)2

o 2a°—(A+3)a’ +2al+1-1>0 < (a-1)° (2a+1-2)>0, care

Avem

rezultd din0< A <1, care asigura (2a +l—/1) >0si (a—l)2 >0, cu egalitate pentrua =1.

LHs =% 1 L*;"az/l+3—2a _3(A+3)-23'a_31+9-2.3_3(4+1)

A+a® (2+1)° (2+1)° (2+1)°  (A+1)
_ 3 s
A+1
Remarca.

Problema se poate dezvolta.

In AABC
> > 3 o<is<1
A+ —
ra
Marin Chirciu
Solutie.
Lema.
IfX,y,2>0,x+y+z=3and0< A <lthen
1 1 1 3
3 + > + > > .
A+X A+y" A+7° A+1
T ! 1 1 r r r 3r 3r 3r
Se cunoaste identitatea in triunghi—+ —+—=-< —+—+—=1< —+—+—=3
r, r, I r r, b I r, I, I,
] 3r 3r 3r ,
Folosind Lema pentru(X, y,z)= —,—,— | obtinem:
ra b rc

Z 13 221?—1‘
lJ{rrJ

Remarca.
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Problema se poate dezvolta.

In AABC
>z 0= 2x
+
ha
Marin Chirciu
Aplicatia37.

Ifa,b,c>0,a+b+c=1then

a 1(1 1 1)
> <SS =+=4+2.
A

a+b? a b c

Nguyen Huy Gia Bao, Vietnam,THCS 4/2023

Remarca.
In AABC
r? AR+r
I LIS
e, +1, 4r
Marin Chirciu

Solutie.

Lema

IfX,y¥,2>0,x+y+z=1then

X <1[1+1+1J_

x+y* 4lx y z

IfX,y,Z2>0,Xx+Yy+z=1then

X 11 1 X
<— + .
X+y° 4l x+z  y(x+y)
Demonstratie

X X X X

X+y? x(x+y+z)+y® X +y +x(y+z) x(x+z)+y(x+y) "
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<2

- ﬂx(xl+ )" y(x1+ y)}:%{xiz ' y(XX+ YJ'

Obtinem:
Lema
LHS:Z Xz Szl 1 + X :1 1+£+1 — RHS
X+Y 4 x+z y(x+y)| 4\x y z
I N 1 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+ —=—- < —+—+—=1
r, r, r. r r I

) rrr )
Folosind Lema pentru(X, Y, Z) =| —,—,— |obtinem:
ra rb rc

r 1
o o 2
zr—azgl(r_“rr_hrr_c)@z r, S£.4R+r<:>Z I 2£4R+r.
r (r 4a\r r r £+L 4 r I, +1; 4r
noln L
Remarca.
In AABC
Z h? (R+r)2
rh,+h> 2Rr
Marin Chirciu
Aplicatia38.
Ifa,b,c>0
Z 1 < a+b+c
4a+b+c 2(ab+bc+ca)
Remarca.
Ifa,b,c>0,ab+bc+ca=1
z 1 <a+b+c
4a+b+c- 2
Marin Chirciu
Solutie.
Lema

Ifa,b,c >0 ,then
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1 < b+c
4a+b+c 4(ab+bc+ca)’

Demonstratie.

1 < b+c
4a+b+c  4(ab+bc+ca)

4(ab+bc+ca)<(4a+b+c)(b+c) < (b—c) >0.

Folosind Lema obtinem:

s=y L Lemaz( bc ~D(b+c) ZZa Za_RHS.

4a+b+c ~ “~4(ab+bc+ca) 4 4 2
Remarca.
In AABC
Z 1 < AR+
4tané+tanE+tanE_ 2p
2 2 2
Marin Chirciu

Solutie.

Lema

IfX,y,2>0,xy+yz+zx=1

Z 1 XHY+Z
Ax+y+z 2

B C
Se cunoaste identitatea in triunghi Z tan Etan E =1.
A B
Folosind Lema pentru (X, Y, Z) = (tan E ,tan E ,fan %J obtinem:

A B C
tan — +tan — +tan —
1 2 2 2

2

4tané+tanE+tanE 2
2 2 2
4R+r
A 4R 1 p AR +r
Folosind ) tan— rezulta < = .
Z 2 Z C 2 2p

4tan—+tanE+tan—
2 2 2

Aplicatia39.

IfX,y,2>0,X+Yy+Z=XyzZthen
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Xy + yz+zx23+\/x2+1+\/y2+1+\/22+1.

Florina si Marian Tetiva, Pure Inequalities 4/2017

Remarca.
In acute AABC
D tanAtanB >3+ \l+tan’ A.
Marin Chirciu
Solutie.
Lema.

IfX,y,2>0,X+Yy+Z=XyzZthen

Xy + yz+zx23+\/x2+1+\/y2+1+\/22+1.

Demonstratie.

S (xy) 2 xyz(x+y+2z)=(x+y+2z) ().

(ny)2 =>( xy) +2Xyz(X+Yy+ z)(l)(x+ y+ z)2+2(x+ y+ z)2 =3(x+y+ 2)2,(2).

(Sxy-3) =(Zxy) —63 xy+923(x+y+2) —6F xy+9=35x¢ +9=3(Tx*+1) >
C;(ZM)Z_
oin( X xy-3)" 2TV 1) & Yy-32 Tl Yy 23+ T

2pr

Se cunoaste identitatea in triunghi:tan A+tanB+tanC =tan AtanBtanC = —————-.
p*—(2R+r)

Folosind Lema pentru (X, Y, Z) = (tan A, tan B, tan C) obtinem:

D tan Atan B 23+z\/1+tan2 A.

Aplicatia40.

Ifa,b,c>0,a+b+c=3then

™M

|_\
[\
N w

Marin Chirciu

Solutie.
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Lema.
If0<a<3,then

1 >9—a.

Ja+3 16

Folosim Tangent Line Method pentru functia f :(0,3) —->R f (X) =

Avem f (1) =%.

Ecuatia tangentei in punctul X, =1este y — f (X, ) = /(%) )(X—%,).

-1 -1

2(x+3)\Vx+3 =%

Avem f'(X)=

Ecuatia tangentei in punctul X, =1este y—1 = _—(X—l) S Y= E
' - 2 16 16

! _u < x3-15x% +27x-13<0 < (X—l)z(x—13)£ 0,care result3

Aratdm ca: f (X) = 3
X+

din(X—13) <0, pentru0<x<3 §i(X—1)2 >0 ,cu egalitate pentru X =1.

Lema 9.3— a
M= Z9 a_93->a 27-3_ 24 _3_pus.
Ja+ 16 16 16 2
Remarca.
In AABC
5 1 23\2/5.
LA
ra
Marin Chirciu
Solutie.
Lema.
IfX,y,2>0,Xx+Yy+2z=3,then
Y>3
X+3 2
o] 1 1 r r r 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=-< —+—+—=1< —+—+—=3.
r, r, I r r, b I r, I, I,
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) 3r 3r 3r _
Folosind Lema pentru (X, y,z): r—,r—,— obtinem
b

a c

i+3 LA | 2
ra ra
Remarca.
In AABC
S
ha
Remarca.

Ifa,b,c>0,a+b+c=3and A >0then

]
=
\Y
w

Jati A+l
Marin Chirciu
Solutie.
Lema.

If0<a<3,and A > 0then

1 S 2A+3-a

Vat i 2(a+1)4Ja+1

1
X+A

Folosim Tangent Line Method pentru functia f :(0,3) —->R f (X) = inx,=1.

Aplicatiadl.
If a,b,c>0 ,a+b+c=3then
a’+b’+c*>a’b+b’c+ca.
Le Phuc Lu, Vietnam, THCS 4/2023

Remarca.

If a,b,c>0 ,a+b+c=1then
a’+b%+c? 23(a2b+b2c+cza).

Marin Chirciu
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Remarca.
In AABC

1 1 1 1 1 1

—2+—2+—223r —t——t—

ra I’b rc ra rb I’b I’c I’c ra

Marin Chirciu

Solutie.
Lema.

If X,¥,2>0 ,X+Yy+z=1then
X +y°+2° 23(X’y + Y2+ 2°X).
Solutie.
X +y* 422 23(Xy + Y2+ 2°X) < (x+ y+2) (X + Y +2°) 23(Xy +y'z+ 2°X) <

S CHI XY+ Ky 23y < D X+ Xy 2> Xy >0 <

<:>Zx(x2+y2—2xy)20@Zx(x—y)zzo.
_— o 11 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+—=- < —+—+—=1.
r, n, I r I L I

rr
Folosind Lema pentru (X, Y, Z) = (—,— ) —J obtinem:
r r

HRGEHE (G

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca .

In AABC

1 1 1 1 1 1
—2+—2+—223r 2 + 2 + 2 .
2 "2 The =7\ e, heh, ' heh,

a
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Marin Chirciu
Aplicatiad2.
If a,b,c>0,a+b+c=3,then
Z“1+ab2 Zg'
THCS 4/2023
Remarca
In AABC
1
> r; . 2%.
1+(rJ
y
Marin Chirciu
Lema

If X,¥,2>0,X+Yy+2z=3,then

> X 3
1+y> 2
Solutie.
2 AM GM SOS
LHS = X| 1— xl—— X|1-= X—=> Xy >
DR Ll D ¥ (S WS I W) 3
505 11 2 1 3
>3-=-= X) =3-=.3*===RHS.
232 =¥ 3
o111 1 r o ror 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=-<& —+—+—=1 —+—+—=3.
r, n, I r r, , I I, Iy I,
. 3r 3r 3r
Folosind Lema pentru(X, y,z)— —,—,— | obtinem:
ra rb rc
3 1
1
> — 22§<:>z 2 >
[3rj 2 (SrJ 2r
1+ — 1+ —
rb rb

Aplicatia43.
If a,b,c>0,ab+bc+ca=3, then
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a’+2
THCS 4/2023
Solutie.
Remarca
In AABC
1A <1.
3tan? —+2
Marin Chirciu
Lema
If X,y,2>0,Xy+YyzZ+2zX=3, then
Y <l
X +2
Demonstratie.
Intorcz 1 <1<:>z X’ >1,care rezult3 din:
X2 +2 X+2 '
2
2 cs X X2 +2) x x*+2-3
g x o (S Feeorwy Foeza
X2 +2 Z(x2+2) > x*+6 > x*+6
. . N . B C
Se cunoaste identitatea in triunghi Ztan Etan E =1.
AvemZtanEtanE:1<:>ZBtanEtanE=3<:>Z\/§tan5-«/§tan9:3
2 2 2 2 2 2
. A B C )
Folosind Lema pentru(X, y,z) = \/§tan5,\/§tanz,\/§tan5 obtinem:
T
3tan? —+2
2
Remarca
If a,b,c>0,ab+bc+ca=3,and A >2then
> L .3
a?+1 A+1
Marin Chirciu
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Solutie.

Intorc ,care reyulta din:
Za +A /1+1 Z 2+ﬂ ﬂ+1 Y

y g (Xa) _Ya+2yab_Yat+2:30

a2+ﬂ_Z(a +/I) Y a*+31 > a’+34 /1+1

242.3
unde %2‘12132, > ﬂ,il = (/1—2)2&2 23(/1—2), vezi ipoteza A > 2§iZ:a2 >3,

adevarata din Zaz > Zab =3.

Remarca
In AABC

1

A < ,undeA>2.

3tan2 2y AL
2
Marin Chirciu

Lema
If X,¥,2>0,Xxy+Yyz+2x=3,and A >2then

Z 3

x? +/‘t A+1

Solutie.

Intorc ,care rezulta din:
Z 2+/1 }t+1 Z 2+ﬂ l+1

3 X< (Z) DR ETIR Zx +2:30

x2+/1_2(x +/l) > x*+31 > x*+31 /1+1

xX*+2-3 3
unde ZZ::XZ Y] > Tl i (/I—Z)ZXZ 23(1—2), vezi ipoteza A > 2§iZ:X2 >3,
adevarata din ZX2 > ny =3.
. . N ) B C
Se cunoaste identitatea Tn triunghi Ztan Etan E =1.

AvemZtangtangzla ZBtan%tan%:B PN Zﬁtan%ﬁtan%:S
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Folosind Lema pentru(X, y,z) = (\/§tan— \/_tan A3tan—= jobtinem:

1A < 3 .
3tan? 24 p At
Aplicatia44.

If a,b,c>0,ab+hc+ca=1, then

y 1 33
1+a J_+1
Math for change
Remarca
In AABC
S Lge B
1+tan */_+1
Marin Chirciu
Lema
If X,y,2>0,xy+Yyz+2zx=1, then
1,38
1+x f3+1°
Solutie.
5 1 3\/_ 3+22x+2xy 33 442> x g 33 -

Lix " J3+1 1+Zx+ny+xyz 1+J_ 2+ X+xyz 1443

A (2_\/§)ZX > 23 -4+ 3/3xyz , care rezults din:
x2 3 (veri(2x) 233 xy =3)si xyz S%f(vezi: 1= xy > 33x?y?2?).

B C
Se cunoaste identitatea in triunghi Z tan Etan E =1

Folosind Lema pentru (X, Y, Z) = (tan ? ,fan % ,fan %J obtinem:
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5 1 33
1+tané 3+1

2
Remarca

If a,b,c>0,ab+bc+ca=1, andOS/ISithen
J3

Z1>3\/§

A+a 1+A3°

Marin Chirciu

Solutie.

2
1, 33__ 3+2Faidad | 33
A+a 1443 A*+2%) a+a) ab+abc 1+443

2
3% +21) a+l g 33

<:>/13+122a+/1+abc_1+/1\/§ it
& 2(2-243) Y a> 223347 ~1+3y/3abc, care rezults din:
Za > ﬁ,(vezi(z a)2 > SZab =3)si abc S% J(vezi: 1= Zab > 3%/a’b%c?).
Obtinem:
,1(2—1\/5).\@221\/5—312 —1+3J§-% N (2—,1J§)-J522J§—3/1 PN
= 2—/1\/13)2 2—«/52,, veziipotezaO< A Si.
J3
Remarca
In AABC
z 1 AZ 3\/5 ,undeOSﬂ,Si.
ﬂwrtanE 1+ 243 V3
Marin Chirciu
Lema

If X,y¥,2>0,xy+ yz+zx:1,and03/1£%then
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5 1 33
A+X 1+ A3’
Solutie.
2
1 33 3A°+223 x4 %y 33 -

Z/1+x T1+243 < AR+ X+ 2D )y +xy2 1+ 243

- 31242 x+1 g 33 -
B2 x+A+xyz 1+ 443

b= /1(2—/1\/§)ZX > 2/1\/§—3/12 -1+ 3\/§Xﬂ, care rezulta din:

D x= \/§,(vezi(2x)2 >3) xy=3)si xyz S%,(vezi: 1=xy >33x?y?z?).

Obtinem:
A(2-248)3=2443-32° —1+3\/§-% e (2-48)B228-31 =
2

b= 2—2\/5 > 2—\/§/1, veziipotezaOD< A < ﬁ )
. . o . B C
Se cunoaste identitatea in triunghi Z tan Etan E =1

Folosind Lema pentru (X, Y, Z) = (tan g ,tan % ,fan %J obtinem:

Z1>3\/§

}t+tan': 1+43

Aplicatia45.
If a,b,c>0,ab+bc+ca=3then

ab  5(a+b+c)
>4
Za2+b2Jr 6abc

Nguyen Thai An, Vietnam, THCS 4/2023

Remarca.

If a,b,C>0,ab+bc+ca=3and/12%then

ab +7»(a+b+c)

>
Z a’+b? abc

g(2%+1).
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Marin Chirciu
Remarca.
In AABC
tanétanE
22 M4R+r)z§(2x+1),unde/12§.
tan? 2 A . B 3r 2 4
—+tan® —
2 2
Marin Chirciu
Solutie
Lema
3
If x,y,z>0,xy+yz+zx=3and/122then
AMX+Yy+2z
y O Mey2) 3, .
X2 +y° Xyz 2
Demonstratie.
IfX,y,z>0 then
x+y+z>3
xyz
AM-GM
3(X+y+2z)=(X+y+2z)(xy+yz+2x) > 33xyz -33x?y?z% =9xyz = X¥y+z.3,
XyZ
cu egalitate pentrua=b=c=1.
2 2
Din AM-GM rezultd ny X4y’ >l:>Z 5 +ZX Y >3 =
X2 +y? 4xy X2 +y° 4xy
z(x*+y? X+Y+2)(xy+Yyz+2x)—3xyz
:>Z Z( )ZS:Z ny2+( y+2)(9+y ) WL N
X2 +y 4xyz X“+y 4xyz

x+y+z 3xyz X+Yy+2z)_ 15
= _3Z>Zx2+y (4xyz )>4

f— .
Z X2+ y Axyz

g Y S 8 oy
X +y 4xyz 4 Xyz
xy  A(X+y+2z)

Zx2+y2Jr Xyz

>3sid> % obtinem

3
>—(20+1).

B C
Se cunoaste identitatea in triunghi Z tan Etan E =1.
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AvemZtan%tan%zla ZBtan%tan%:S N Zﬁtan%-\@tan%:?;.

Folosind Lema pentru(X, y,z) = (\/§tan g A/3tan g A/3tan %j obtinem

A B C
Bian 2 Bian B x(\/§tan2+\/§tan2+\/§tan2)
2 2., >3(21+1) &

3tan2':+3tan2|: \/§tan'2-\/§tan|:-\/§tan§

tan';tans X(tan2+tan§+tan Cz:j 3
= + c 252 e

tanzéjttanZE 3tanétanEtan—
2 2 2 2

tan P tan B 5 AR+T tan P tan B
an—tan — : an — tan —
AMAR+r
N A2 ZB+ f 2§(2k+1)<:>z A2 ZB+ ( )2§(2k+1)
tan* ~+tan*—  3-— 2 tan® = +tan® — 3r 2
2 2 p 2 2
Remarca.
Cazull:§.
4
In AABC
tanétanE
2 2 _R.T
A B r 2
tan? — +tan®* —
2 2
Marin Chirciu
Aplicatia46.

If a,b,c>0,a+b+c=1then

Z(a+b)\/%22.

Panagiotis Danousis, Greece, MathAtelier 4/2023

Remarca.

In AABC
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Marin Chirciu
Solutie.
Lema

If X,y >0then

D (x+ y)\gz 2.

Demonstratie

X
Avem(X+ y)\/:z 2X, care rezulta din:
y

(x+ y)\/%ZZX @(\/?—\/?)zgzo,cu egalitate pentrux =Y.

Lema

ObtinemZ(Hy)\g > Y 2x=2) x=2:1=2.

. . . o1 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+—=- < —+—+—=1.
r, r, r. r r I

. r rr .
Folosind Lema pentru(X, Y, Z) =| —,—,— |obtinem:
ra I’.b rc

Aplicatiad7.
Ifa,b,c>0,a+b+c=1then
a+b) _ 8
2 a(+ b +?’:1b - 7
George Apostolopoulos, Greece, Mathematical Inequalities 4/2023
Remarca.

If a,b,c>0,a+b+c=1and A >0then

(a+b)3 . 8
Za+b+kab TA+6
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Marin Chirciu
Solutie.

a+b) rold (Z(a+b))3 (22 )3 8 v 8

LHS = Za+b+7»ab ~ 3> (a+b+2ab) (22a+7»2ab) (2+7»Zab)_7»+6:

=RHS ,unde
3(2+fzab) > xia ©A+623(2+1) ab) < A231) ab < (Za)2 >3 ab, inegalitate
cunoscuta.

. . N 1 1
Se cunoaste identitatea in triunghi —+ —+—=- < —+—+—=1.
L nor L ror

a c a c

1lrrr
r

r rr
Folosind Lema pentru (X, Y, Z) = (—,— ) —J obtinem o inegalitate in triunghi.
r,nr

a c

Remarca.
If a,b,c>0,a+b+c=1andn>0, 1 >0then

Z (a+nb)3 >(n+1)3
a+b+xab  A+6

Marin Chirciu

Aplicatia48.

If a,b,c>0,a+b+c>3abc then

1,1 .1 .3
(a+1)2 (b+l)2 (c+1)2_4'

Nguyen Thau An, Vietnam,THCS 4/2023
Remarca.
Problema se poate dezvolta.
If X,y¥,Z2>0,Xy+ yz+zX=3then

2 2 2
X z 3
+ y + >—.,

(x+1)2 (y+1)2 (z+1)2 4

Marin Chirciu

Demonstratie.
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s (D) (S) w0 ug
(x+1)2 Z(xjtl)2 > X +2) x+3 D42 x+ > xy 4

unde S +(ZZZX>)(+ny 2% = 4(2x)2 >3) X2 +6) x+3D xy <

(Zx)z+32x2+6ny232x2+62x+32xy@(Zx)2—62x+32xy20,

care rezulta din ny =3.

Ob’ginem(ZX)z—GZX+3ZXy:(ZX)2—62X+9:(ZX—3)2 >0.

Remarca.
In AABC
tan? A tan? B tan? ¢ 1
A2 >+ 82 >+ C2 > ZZ.
(\/§tan2+1j (\/§tan2+1j (\/§tan2+1j
Marin Chirciu

Solutie

Lema

If X,y¥,Z2>0,Xy+ yz+zx=3then

Demonstratie.

s e (D (50w () ug
(x+1)2 Z(xjtl)2 > X +2) x+3 DK+ x+ ) xy 4

(zx)z >3 x) >335 2 +63 x+3% xy <
unde ZX2+22X+2Xy_4@4(2 ) 23D X +6) x+3) " xy

(Zx)2+32x2 +6D xy 23> x*+6> x+3> xy < (Zx)2—62x+32xy20,

care rezulta din ZXy =3.

Obtinem(ZX)z—GZX+3ZXy:(ZX)2—62X+9:(ZX—3)2 >0.
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Se cunoaste identitatea in triunghi Z tan %tan % =1.
AvemZBMh%t&ﬂ%zS = Zﬁtang-\@tan%:&

Folosind Lema pentru(X, y,z) = (\/§tan ? A/3tan g A/3tan %j obtinem:

3tanzé 3tan? B 3tan29 3
A2 -+ 55 + 02 - ZZ =
(«/§tan2+1j («/§tan2+1) («/§tan2+1j
tan® A tan® B tan® c 1
2 . 2 . 2 =3

& A 2 B 2 C 2
[\/§tan2+1j (\/C?tan 2+1) («/:?tan 2+1j

Aplicatia49.
In AABC
2 2
Z a y+z 81r
b+c) x  2p*’
Mehmet Sahin, Turkey
Remarca.

Problema se poate dezvolta.

In AABC
Z( h, jz y+z _ 9r’
b+c) x 2R*’
Marin Chirciu
Solutie.
Lem3.

Fie X,¥,2>0si f:D — R o functie . Are loc relatia

> L% (a)2 231 (b) f(c).

Demonstratie.

pvem 3 Y2 £ (a) :Z[u+1—1j 12(a)= Y XY 22 (0) 3 12(a)S

X X
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x+y+z(Zf ) -> f%(a x+y+z(Z ) -> f%(a

X+y+z (x+y+z
=(Xf(a) X 2 (a)=f*(a)+2X f (b) f (c)- Y F*(a)=2Y  f (b
Folosind Lema pentruf( ) L— h, obtinem:
2p—a b+c
y+ Vi Lema hb hC hbhc
LHS = f =2 . =2y — b ¢
Z( ] Z (c) Zc+a a+b Z(a+b)(a+c)

r(p2+r2+4Rr) ® or?

=2R(p2+r2+2Rr)_2R2

=RHS,

(p +r +4Rr);9

2 _ 2 _ _ 2
R(p7 7 2rr) 2R < p*(4R-9r)+r(16R* ~14Rr —9r*) 2 0.

unde 2

Distingem cazurile:

Cazull).Dacd (4R —9r) >0, inegalitatea este evident3.

Cazul2).Dacd (4R —9r) <0, inegalitatea se rescrie: r (16R2 —14Rr —9I‘2) > p? (9!‘ —4R),
care rezults din inegalitatea lui Gerretsen p> <4R* +4Rr +3r°.

Ramane sd aratam ca:

r(16R* —14Rr —9r*) = (4R + 4Rr +3r?)(9r —4R) <> 8R° —2R’r —19Rr* ~18r° >0 <
< (R —2r)(8R2 +14Rr +9r2) >0, evident din inegalitatea lui Euler R > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

hh, ~ r(p2 +r? +4Rr)
(a+b)(a+c) R(p?+r*+2Rr)’

Am folosit mai sus: Z

Remarca.
In AABC
m Yy+z_ Or?
Z a y > )
b+c X 2R?
Marin Chirciu
Solutie.
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. m
Folosind Lema pentru f (a) —a = obtinem:
2p-a b+c
yHzm h yrze h,
LHS = > —2 > 2 f
Z(bJrc) Z(b+cj Z cra a+b
+r?+4Rr) o
(¥ )z o _Res,

hh _
ZZ(aer)(aJrc)_2 R(p®+r’+2Rr) 2R’

(P +4Rr)(§9r2 p? (4R—-0r)+1(16R* ~14Rr —9r?) > 0.

unde 2 R(p®+r®+2Rr) 2R’

Distingem cazurile:

Cazull).Daci (4R —9r) >0, inegalitatea este evidenta.

Cazul2).Daci (4R —9I‘) <0, inegalitatea se rescrie: r (16R2 —14Rr —9r2) > p? (9r —4R) ,
care rezults din inegalitatea lui Gerretsen p* <4R* +4Rr +3r°.

Ramane sd aratam ca:

r(16R* —14Rr —9r®) > (4R +4Rr +3r”)(9r —4R) <> 8R*—2R*r —19Rr* ~18r° >0 <
Rt (R —2I‘)(8R2 +14Rr +9r2) >0, evident din inegalitatea lui Euler R > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

hh - r(p2 +r? +4Rr)
(a+b)(a+c) R(p2+r2+2Rr)'

Am folosit mai sus: Z

Remarca.
In AABC
> w, Y y+z Jor’
b+c) x 2R*’
Marin Chirciu
Solutie.
. W,
Folosind Lema pentru f (a) = obtinem:
2p-a b+c
LHS — Z( J y+Zwa§haZ( ha j y+Z Lemazzf Z
b+c X b+c X c+a a+b
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or?

hh, (p +r +4Rr) @
2 =2 > =RHS,
Z(a+b)(a+c) R(p*+r +2Rr)>2R2

((p il +1F;r))(§§:2 p? (4R—-0r)+1(16R* ~14Rr —9r?) > 0.
p?+r°+2Rr

unde 2

Distingem cazurile:

Cazull).Daci (4R —9r) >0, inegalitatea este evident3.

Cazul2).Daci (4R —9r) <0, inegalitatea se rescrie: r (16R2 —14Rr —9|’2) > p? (9r—4R),
care rezult3 din inegalitatea lui Gerretsen p® <4R? +4Rr +3r°.

Ramane sd aratam ca:

r(16R* —14Rr —9r®) = (4R +4Rr +3r*)(9r —4R) <> 8R*—2R*r —19Rr* ~18r° >0 <
< (R —2r)(8R2 +14Rr +9r2) >0, evident din inegalitatea lui Euler R > 2r .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

hh - r(p2+r2+4Rr)

Am folosi i : = .
m folositmai sus Z(a+b)(a+c) R(p2+r2+2Rr)

Remarca.
In AABC
2 2
Z S, y+z or
b+c) x 2R*
Marin Chirciu
Solutie.
. S
Folosind Lema pentru f (a) —2 = obtinem:
2p-a b+c

LHS = Z(b%j yrens: Z(LJZMLeﬁasz(b)f(c):zZL. h,

X b+c) x c+a a+b

oy L (p +r +4Rr)£9r RS

a+b a+c) R(p®+r®+2Rr) 2R’

(p +r +4Rr);g
R(p®+r +2Rr)_2R2

unde 2

< p*(4R-9r)+r(16R* ~14Rr —9r*) 2 0.
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Distingem cazurile:

Cazull).Daci (4R —9r) >0, inegalitatea este evident3.

Cazul2).Daci (4R —9r) <0, inegalitatea se rescrie: r (16R2 —14Rr —9r2) > p? (9!‘ —4R),
care rezults din inegalitatea lui Gerretsen p> <4R® +4Rr +3r°.

Ramane sd aratam ca:

r(16R* ~14Rr —9r*) = (4R + 4Rr +3r”)(9r —4R) <> 8R° —2R’r —19Rr* ~18r° >0 <
= (R —2I‘)(8R2 +14Rr +9r2) >0, evident din inegalitatea lui Euler R > 2r.

hh. B r(p2+r2+4Rr)

folosi i sus: = )
Am folosit mai sus z(a+b)(a+C) R(p2+r2+2Rl’)

Remarca.
In AABC
2
Z( r, j y+zzg
b+c X 8
Marin Chirciu
Solutie.
. r. r. .
Folosind Lema pentruf(a): & =—2 obtinem:
2p—a b+c
y +z Lema L
LHS = — >2>» f(b —be -
Z(b+cj X 2.1 (O)f( Zc+a a+b Z(a+b)(a+c)
—_rc— ()]
M g—RHS,
p’+r’+2Rr 8

2_ 2_ )
P AR DY s 7p2 >82Rr 4 25¢,
p>+r°+2Rr 8

unde 2

care rezult3 din inegalitatea lui Gerretsen p> >16Rr —5r?.
Rdmane sd aratam ca:

7(16Rr —5r2) >82Rr +25r2 <> R > 2r,(Euler).
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C

a+b)(a+c) p*+ri+2Rr’

L _ pP-r’—4Rr

Am folosit mai sus: Z(

Remarca.
n AABC
h,h. r,
__bec < b
Z(a+b)(a+c) B Z(a+b)(a+c)
Marin Chirciu
Solutie.

Avem sumele:

3 hh. B r(p2+r2+4Rr) - rr =P —4Rr
( (

a+b)(a+c) R(p?+r?+2Rr) 'Z(atb (a+c) p*+r’+2Rr’

Inegalitatea se scrie:

r(p®+r°+4Rr 2 _p2_
(p )sz r2 4Rr
R(p®+r®+2Rr)" p*+r’+2Rr

lui Gerretsen p> >16Rr —5r°.

< p?(R-r)= r(4R2 +5Rr + rz), care reyult3 din inegalitatea

Rdmane sd aratam ca:
(16Rr—5r*)(R—r) = r(4R* +5Rr +r°) < 6R* ~13Rr +2r* 20 <

= (R—ZI‘)(GR—r) >0, evident din inegalitatea lui Euler R > 2r.

Remarca.
In AABC
A 2
tan —
Z 2| y+z S g
b+c X 8
Marin Chirciu
Solutie.
fan é tan é
Folosind Lema pentru f (a) = = 2 obtinem:
2p—a b+c
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B C B, C
tan— tan— tan—tan —
B B O[OS s s 5 s el 8
b+c c+a a+b (a+b)(a+c)
2 2 1)
—9 2p 2r 24Rr S 92:RHS,
p*(p*+r’+2Rr) 8p
p’—r’—4Rr © 9 ) )
unde 2———— 22— <& 7p° 282Rr +25r°,
p*(p*+r’+2Rr) 8p
care rezult3 din inegalitatea lui Gerretsen p> >16Rr —5r?.
Ramane sa ardtam ca:
7(16Rr —5r”) = 82Rr +25r” <> R > 2r (Euler).
tan B tan c
—_ —_ 2 2
Am folosit mai sus: Z 2 2__ 2p > r 24Rr .
(a+b)(a+c) p°(p®+r’+2Rr)
Remarca.
In AABC
tanA 2
Z E M>9
b+c X 8
Marin Chirciu
Solutie.
tané tané
Folosind Lema pentru f (a)= = 2 obtinem:
2p—a b+c
tanE tal’]9 tanBtancz:

=gt | TR 1028 R B

p®>—r>—4Rr ©9
p*(p*+r°+2Rr) 8p?

2 L2 )
p°—r°—4Rr >9

pz(p2+r2+2Rr) Z 807 <> 7p® >82Rr +25r2,

unde 2

care rezult3 din inegalitatea lui Gerretsen p> >16Rr —5r?.
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Ramane sa aratam ca:

7(16Rr —5r2) >82Rr +25r2 <> R > 2r,(Euler).

t Bt ¢

(a+b)(a+c) - p*(p*+r’+2Rr)

Am folosit mai sus: Z

Remarca.
In AABC
tA 2
> co 2| y+z_ 81
b+c | x  8p*
Marin Chirciu
Solutie.
COté CO'[é
Folosind Lema pentru f (a) = = obtinem:
2p—a b+c
y+z cotE cot(2: cotzcotg
LHS = — 222> f =2y —& £ =
Z(b+cj 21 Zc+a a+b Z(a+b)(a+c)
2(R+r @
o AR 981 o

r(p*+r®+2Rr) 8p?

2(R+r)  ® 81

unde 2- >
r(p2+r2+2Rr) 8p?

< p’(32R-49r)281r (r* + 2Rr),

care rezult3 din inegalitatea lui Gerretsen p® >16Rr —5r°.

Ramane sd ardtam ca:

(16Rr —5r)(32R—49r) 281r (r® + 2Rr ) < 256R* ~553Rr +82r* >0 <>
P (R —2r)(6R— I’) >0, evident din inegalitatea lui Euler R > 2r .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

B .C
COtECOtE B 2(R+I’)

folosit mai sus: - '
Am folosit mai sus Z(a+b)(a+0) r(p2+r2+2Rl‘)

Remarca.
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In AABC
tan 2 tan & cot S cot &
. 2 _ 22
3 Z(a+b)(a+c)_z(a+b)(a+c)
Marin Chirciu
Solutie
Lemal
In AABC
5 tanI:tancz:  pordRr
(a+b)(a+c) p*(p°+r’+2Rr)
Demonstratie
(p-a)(p—c) |(p-2a)(p-b)
ztanztancz: —ZJ p(p-b) \/ p(p-c) ——Z )
(a+b)(a+c) (a+b)(a+c) a+b a+c)
_1)(p-a)(b+c) 1 2(p’-r’-4Rr)  p’ r’ 4Rr
p [1(b+c) p Zp(p +r +2Rl’) p*(p*+r*+2Rr)
Lema2
In AABC
cotgcotcz: i 2(R+1)
(a+b)(a+c) r(p2+r2+2Rr)'
Demonstratie
C p(p-b) p(p-c)
Z@_Z\/(p a)(p- )\/(p a)(p- b)_Ioz 1 )
(a+b)(a+c) (a+b)(a+c) —a)(a+b)(a+c)
_2.(p-b)(p—c)(b+c) _ arp(R+r) _ 2(R+r)

[1(p-a)[(b+c) ~ r*p-2p(p*+r*+2Rr) r(p*+r*+2Rr)

Inegalitatea se scrie:

p’-r’—4Rr _  2(R+r)

> p*(p*+r’+2Rr) " r(p*+r’+2Rr)

< p?(2R-7r)+9r*(4R+r)>0.
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Distingem cazurile:

Cazull). Dacd (2R —7I‘) >0, inegalitatea este evidenta.

Cazul2). Dac3 (ZR —7I’) <0, inegalitatea se rescrie 9r? (4R + I’) > p2 (7I’ —ZR),

care rezult3 din inegalitatea lui Gerretsen: p> <4R* +4Rr +3r°.

Ramane sa aratam ca:

9r® (4R +r) 2 (4R* +4Rr +3r”)(7r - 2R) <> 4R° —10R°r + 7Rr* —6r° > 0 <

= (R —2r)(4R2 —2Rr +3|‘2) >0, evident din inegalitatea lui Euler R > 2r .

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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3. Metoda polinoamelor reciproce

De Gheorghe Ghita, Buzau

Articolul propune utilizarea metodei polinoamelor reciproce (polinoame care au
coeficientii egali departati de extreme egali intre ei) pentru demonstrarea unor inegalitati,
metoda care se bazeaza pe pozitivitatea unor polinoame reciproce cu coeficienti intregi ce
admit pe 1 ca radacina dubla. Fie P(t), t > 0 polinomul reciproc atasat inegalitatii respective.

x2+2 3x3+3 4.x4-+4 x3+3
1)x,y>0=>\/ ZyS\/ Zys\/ ZyS Y

2xy

Gheorghe Ghita, Buzau

3
2.2 323403 2 3
Solutie. xx:yy > /" = @(t “) Zt+1,t:§<:)P(t)=t6—3t5+3t4—2t3+3t2—

t+1 2
3t+1= (t—D*(t?+t+1)=>0;

2 2 3 3 2 3
Jx+y ss\/"” @\/”133\/”1,1::%@ P(t) =t6 —3t*+4t3 —3t2+1 =

2 2 2 2
(t—1D2(*+2t3+2t+ 1) > 0;

3 3 4 4 3 4
3\/" "< i/" - @i/tz'”s i/tz'”,tzg@ P(t) = t'2 — 4t° + 6t — 6t° » 6t+ — 4¢3 +

1=0{—-1)2@0 +2t° +3t8 + 3t + 6> +3t* +3t2 + 2t + 1) = 0;

4

4/"4”4 <2 (t3+1) S8 X o p(6) = £12 4 4¢° — 88 + 616 — 8t* + 4¢3 +
2 - g y

2xy 2t 2
1=(t—1)%(t"" +2t° + 3t® + 8t7 + 5t° + 2t> + 5t* + 83 + 3?2t + 1) > 0.

x2n+k+y2n+k y2n+k+22n+k 22n+k+x2n+k

xnyn(xk+1+yk+1) + ynzn(yk+1+zk+1) + ann(zk+1+xk+1) =

2) Vx,y>0;neN"keEN=

9
x+y+z

Gheorghe Ghita, Buzau

x2n+k+y2n+k 2

Solutie. Lema: Vx,y > 0;ne€ N* , k E N =

xnyn(xk+1+yk+1) - .X'+y.

xk+2 g yhe+2 2 24 2

Pentrun=1kEN=> ——F—F—F—=2—& —F == —
’ xy(aktlpykt1) = xiy t(tht141) = t+1’

X
= — P =
t y(:) (t)

x2n+k+y2n+k 2

_ 2(+k+1 k > 0- > > —_—
-1+t +-+t+1)=0;pentrun =2,k > 1, Ty TR 2 71y

il 2 _x _ p2n+k+1 2n+k n+k+1 n _
me) 2 t=, S PO =t +t 2t 2"+t +1=

tk+1(tn _ 1)2 + t2n+k —2t"h — tk+1 +t4+1= tk+1(tn _ 1)2 + tk(tn _ 1)2 + 2tn+k _
2t — Rkt + 1 = (P = D2 ) 2t (R - 1) —t(tF - 1) - (tF - 1) =
=D+ )+ - D -1+ (@™ = 1)) = (" — D2+ ) +
rF—DE-DE" "+t 24+t + D+t - DE-DE 2+t 3+t + 1) =
-2+ " 2+t + D2+t + - D2 Rt D +
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"2t D) F (= DA 2 e e+ D4t D) =
E— DA T+t 2+ e+ e+ D2+ )+ T+ 2 e e+ DR+
2t"2 4. 42t +1)] = 0;

Lema MA-MH
x2n+k+y2n+k ~ ~ 18 18 9

2
> _— > = = —.
xyn(xktipyk+l) = 2:x+y = JYx+y) 2¥x  ¥x

xn+k+myn+k yn+k+mzn+k Zn+k+mxn+k (Z x)k

xM+mymn yh+mzn zn+mx™ T 3k-1 7

3) x,y,zm>0;kkneEN"=>

Gheorghe Ghita, Buzau

xn+k+myn+k - xk+myk )

Solutie. Lema. Vx,y > 0;k,n € N, m >0 =

xM+my™®  —  1+m '

atkpmyntk  xkimyk t"tkem _ them x
= = - - (= P = k_ 1 n_ 1 =
xM+my™ T 1+4m th+m — 14m’ t y >0 ® = ) )

(= D2+t 4+ e+t + DT 24 e+ 4+ 1) 2 0;

Lema Radon

xR pmyntk S Fimy®  TaxkimTyk  m+DTxk Tk =y xk S (T x)k
xN+myn - 1+m m+1 m+1 k-1 —  3k-1°
4) AABC m(rZt+ri™)+2rdrf o mEtrE)+2rprl o m(rF i) +2rle < R(m+1)
) = P22 2 + P22 Ly 2n + A ante ="

m(x?"+y2")+2x™y" _ m+1
X2N+2 4 y2n+2 - xy '

Solutie. Lema. Vx,y,m > 0;n € N* =

m(x2"+y2")+2x"y" _ m+1  m(2"+1)+2t" _ m+1 |, x _ n+2 41
X2NH2 4 yy2n+2 S xy And F2n+2 41 = t b= ; < P(t) - (m + 1)t T —meAntt —

2t —mt+m+1=mt>™ (- D+ (" -1 -mE -1 =m - D" -1 +

E—-D*"+t" T+ o+t + D2 = - DM + 2+t + D) +

"+t e+t +1)2) >0,Ve,m > 0;

Lema Y ra=4R+r

Zm(rgn+r§”)+2rgr{} © Zm+1 —(m+1) 1. - (m+1)(4R+1) _ (m+1)(4R+1) _
rEntzpppntz - Talp Tal'pTe s3 ps3
(p—-a)(p—-b)(p—c) s2
Mitrinovic Euler
(m+1)(4R+71) 2 (m+1)(4R+71) 2 (m+1)R
p2r - 27r3 - 613

n+1 n+1
5)Vx,y>0;nEN:x hed SJ

xnt2 +yn+2 3 xn+3+yn+3 xn+2+yn+2
<
xM+yn

xn_l_yn xn_l_yn - xn+1+yn+1'

Gheorghe Ghita, Buzau

) nHl g yn X2 4ynt2 £+ L1 2 £n+2q x
[utie. a < = ( ) < =P = t"(t — 1)2(t"
Solutie. R ) S et (&) =t"(t—-D(t" +

1) > 0;
xMH24ynt2 3 [yn+3yyn+s x (t”+2+1)3 (tn+3+1)2 x
< = = < = = =
\/ xM+yn T \/ x+ym 't y < tn+1 — \ tn+41 't y  P(t)
th(E" 4+ D2 — 3¢ 4 2t 4+ 263 — 312 + 1) =t (t — DA + 12 + 2t 3 +
2t+1) > 0;

104


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - SEPTEMBRIE 2023 www.mateinfo.ro

3 ’xn+3+yn+3 X2 pyn2 £n+34q (tn+2+1)3 x P e
< < = - = —
xM4yn - xn+1+yn+1 < th+1 — \tnt+l4q 4 t y < P(t) t (t 3t +
1) =t"(t - D*E*" 2+t 1+ .+ t+1) > 0.

x+ x2+x + 2 x2+ 2 xn+1+ n+1
6)Vx,y>0:>—yS Y < yS\/xz—xy+y2S—y,nEN,n22.
2 3 2 xM4yn

Gheorghe Ghita, Buzau

2 2 2
Solutie. = < /%@%s ! +3”1,t=§<:> P(t) = (t — 1)% > 0;

\/x2+x;/+y2 < \/xzw;yz - \/t2+3t+1 < Jt2+1,t = % e P() =(-1?*=0;

2

#Sw/xz—xy+y2@ /tzz—+ls\/t2—t+1,t=§<:>P(t)=(t—1)220;

n+1 n+1 n+1 2
JxZ—xy+y2 < ﬁﬁtz—tﬁls(t “) t=$<:>P(t)=t2”+1—t2"—

xT4+yn t"+1
202 4t 2t — 2 4t = t(t - D) =2t (e - 1) = 1) = t(t — 1) (% +
EA S e T (R -t D) AT+ 2+ 1) 2 0.

n+2 n+2 4 4
7) Vx,y>0,n€N,n22=>x n+y > ’x hed
xM4yn 2

Gheorghe Ghita, Buzau

| 242 P M2 N2 p4aq
Solutie. —>—> 2L o >t =2 P(t) = t2nt — 20— gt 4
xM+yn 2 y

tn+1 2
42— 2t — 1=t - ) - 2" (P - )2 = (¢t - D) = (2 - D[+ D) -
2t"(2 - D= (2 +1D) =(¢-De+ D2+ DE -1 - 2"t -1+ 1) =
(t— D2+ D)2 + 20 + 2020 4 o 4 282 4 2T 242 4 4 283+ 262 + £ +
1) =>0;

an+5+bn+5 bn+5+cn+5 Cn+5+an+5

8) AABC = > 144+/373.

ab(a™+b™) bc(b™+c™) ca(c+an)
Gheorghe Ghita, Buzau

n+5 4 .,n+5 3.,3
X + 2x
Yy > Yy ;

Solutie. Lema. Vx.y > 0 = e

xn+5+yn+5 > 2x3y3 tn+5+1 > 2t3

> > t=2>0P(t) = "6 4 ¢"5 —2¢"¥3 _ 243 4t 4
xM4yn x+y tn+1 t+1 y
1=t"3{3+t2-2)- 3 —t—-1D)=t"3t-Dt*+2t+2) - (t—1DQt*>+ 2t +
1) = —-DE™> +2e"H* 420" =202 -2t — 1) = (6t — D™ — 1+ 2¢e(t + (™2 -

D)=¢-D2("*+t" 3+t t+ 1+ 26+ DE + "+ 4+t 4+ 1)) = 0;
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Y - - ) Bergstrom R 2. ab=18Rr ) ,_, Mitrinovic
a +b ) 2a°b ab > 2(3,ab > 2(18RT 324R*r >
5 ¢ S CLOGN S TOUT) G SR Tet D 2
ab(a™+b™) ab(a+b) a+b Y (a+b) 2Ya D
Euler

= 723Rr? S 144+/3r3.

648R21?2
3V3R

an+1bn+1 bn+1cn+1

*
9) AABC' n E N 4 m > 0 = (an+2_bn+2)2+ma3b3(an—1+bn—1)2 + (bn+2_cn+2)2+mb3c3(bn—1+cn—1)2
a1’l+1 1

Cn+1

(c"*2—qn+2)24mc3a3(c~1+qn-1)2 = 16mr2

Gheorghe Ghita, Buzau
Solutie.Lemd.n € N*,m > 0;a,b > 0 = (a"*? — b™*2)2 + ma3b3(a™ 1 + b 1)2 >
Ama™?p"? o ("2 — 12 + me3 (V1 + 1)? > 4mt" et = % >0 ("2 -1)%2+
me3(" 12 =t -D*(t""  +t"+ o+t + D2+ mt3 (2 + 3+ 4+ 1)2) >

0;
Lema. Euler
5 an+ipntt - 5 antipntl 5 1 Ya _ 2p 1 ,2
(ant2—pn+2)24ma3p3(an~—1+pn—1)2 — 4mant2pnt2 “amab  4mabc  16mpRr  8mRr
1
16mr2’
1P~141  2P714q nP~14+1
* 1 e cee —
10)p € N,n € N* = sirul ap, = =+ 55—~ + - + -~ este convergent.

Gheorghe Ghita, Buzau

tP~141 2
— P+2 _ +p+1 _ 4D _ 42 _ —
T S o © P(t) =2t t tP =t —t+2

2tP(t—1)2 + 3tP+L —3tP —t2 =t + 2 =2tP(t — 1)? +3tP(t— 1D - (t - 1)(t+2) =
2tP(t— 12+ (t—1D({P —t+2tP = 2) = (t — 1D?*(2tP + 3tP 1 + 3tP2 + ..+ 3t + 2) >

Solutie. Lema.p € N,t > 0=

0;
Lema
kP11 ™ 2 1 1 1 2n
n n n
iy I WS L (U 6 JPY GRS U JE 14
n k=1pp+244 k=1k(k+1) =1\  k+1 n+1 n+1
_ (n+1)P 7141

. < 2n
Oni1 = Gn = (o mvegy 0 = (a,)psq Strictcrescator=>a, =2 a; =1=>1<a, < — <

2 = (a,)n>1 marginit = (a,),s, convergent.
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