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1. Applications of J. Radon’ s inequality in triangle

by D.M. Batinetu-Giurgiu, and Neculai Stanciu

In this paper we present some new inequalities in a triangle, which follows from Radon’s inequality.

1.1.) In any triangle ABCholds:

sin® A sin®B  sin®C (p2—4Rr—r2)3
o) + A2 + a2 2 2p4 ;
sin“B sin“C sin“A 8p°R

1.2)1f me R, then in any triangle ABC holds:

_ m+1 2m
sinzmésinzAJrsinZ”“EsinzBjtsinz"‘gsinzczl(2R rj — P —;
2 2 2 2 R (p*+(@R+r)7)"

1.3.) In all triangles ABCholds:

1

2 gsin2m A+ cos? %sin2m B + cos? %sin2m C 2—-(

Cos

4R+rjm+1. r2m
2 (

R p2+r2—8Rr)"‘;

1.4.) In all triangles ABCholds:

m+1 2m
sin‘“‘”z§+sin4m+2g+sin4m+2%2[2R rj r

2R ) (p’+r’—grn™’

1.5.) In all triangles ABCholds:

m+1 2m
COS4m+2§+COS4m+2%+COSAm+2%2[4R+rj ( p

2R (p?+(@R+1)?)"

Proof of 1.1.) We have:

- 6 - 6 - 6 - 2 3 - 2 3 - 2 3
V- s!n2 A+ s!n2 B +s!n2C _ (3|r1 2A) N (S|r1 2B) N (Slrl 2C) '
sin“B sin“C sin“ A sin“ B sin“C sin“ A
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and by J.Radon’s inequality we deduce that:

(sin2 A+sin? B +sin? C)3

V> -
(sin A+sinB+sinC)
Since,
2 2
sin? A+sin? B+sin?C =% ,and

sin A+sinB+sinC :g,

we obtain the conclusion.

Proof of 1.2.) We have:

m

m+1
A A A (smzzj
W = Zsian ASinZ E — p2m Zsin 2(m+1) Ecoszm E _p2m Z—

Using, J.Radon’s inequality we obtain that:

. 2\]

m

W >22m.

Z 1

cos? A
2
Because,
2 2
Zsin2§=22Rr§i Z 1 A=(4R+r)2 +p '
cos® — P
we are done.

Proof of 1.3.) We have that:
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, A m+1
A A A €%y
V =>sin’" Acos® 5= 2" sin®" Ecosz(m*l) 5 =22y~
1
sin? A
2
Applying J.Radon’s inequality we deduce that:
m+1
(Zcos2 Aj
V=2 2 —,
Z 1
sin? A
2
Using,
» A 4R+
D cos’ —= TR
3 1 p°+r®—8Rr
= > ,
sin® A r
follows the conclusion.
Proof of 1.4.) We have:
. A m+1
A A 2m+1 Sin E
W = sin*™? 5= Z(sin2 EJ =y~
1
sin? A
2

By J.Radon’ s inequality, we deduce that:

Since,
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we are done.

Proof of 1.5.) We have that:

2m+1 (
U => cos™? 2 = Z(cos2 gj =~

From the inequality of J.Radon, we obtain that:

Zé m+1
[Zcos 2}

m -

Uu2>

1
2 A
cos? —

It is well-known that:

, A 4R+r
> cos 5= om ,and

1 (AR +r1)? + p?
> = .

2
cos® A P

From above we easily obtain the desired result.

21)If X, y,2€ R:, m e R, , thenin all triangles ABC holds:

www.mateinfo.ro
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. A . B
sin 2m+2 M sin 2m+2 2

2 N 2 n
(xsin? A, ysin? B i zcos E)m (xsin? B, ysin? E+ zcos’ é)m
2 2 2 2 2 2

Sin 2m+2 9 (2R _ r)m+1 ’
+ 2 >

(XSin2C2:+ysin2':+zcosz S)m 2R2(x+y+22)R+(22—-x-y)r)

22)If X, y,2€ R:, m € R, , then in any triangle ABC holds:

. A . B
sin 2m+2 sin 2m+2 =

2 2
+ +
xcoszé+ COSZE+ZSiHZE m xcoszE+ coszg+zsinZé m
( y " y )
2 2 2 2

sinm2 & (2R—1)™ |
+ 2 2

(xcoszcz:+ycoszA+zsin2 E)m 2R(2(2x+ 2y + 2)R+ (X +y—2)r)

23)If X,y e R:, m e R, , thenin all triangles ABC holds:

. A . B . C
sin 2m+2 M sin 2m+2 = sin 2m+2 &

2 N 2 . 2

., B C . ,C A ., A B
xsin? —+ycos® =)™ (xsin®?—=+ycos’ —)™ (xsin?=+ycos® —)"
( , Y 2) ( , Y 2) ( y 2)

(2R _ r.)m+1
~ 2R(2(Xx+2y)R+(y=Xx)r)"

24)1f X,y e R:, m e R, , thenin any triangle ABC holds:

s~ 2M+2 é

sin H 2m+ZE fa 2M+2 9

Sin Sin
2 N 2 N 2

(xcos? E;+ y cos’ (2:)m (xcos? CZ:+ y cos :‘)m (xcos? AL ycos’ E)m

(2R-r)™*
- 2R(X+Y)"(4R+1)"

25)If X,y e R:, m e R, , then in all triangles ABC holds:
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. A . B . C
sin 2m+2 M sin 2m+2 = sin 2m+2 &
2 2 2

+ + >
., B C ., C A ., A B
xsin? —+ycos? =)™  (xsin?—=+vycos®* )" (xsin®—+ycos® —)"
( , Y 2) ( , Y 2) ( oY 2)

(2R-r)™*
~ 2R(2(Xx+2y)R+(y=x)r)"

26)If X,y e R:, m e R, , thenin any triangle ABC is true the inequality:

. A . B . C
sin 2m+2 M sin 2m+2 = sin 2m+2 ¥

2 2 2 5 _ 2R-r

+ + >
(xsinzlg’+ysin2c2:)m (xsin2C2:+ysin2'2A)m (xsin2'2A+ysin2|;’)m 2R(x+Y)

Proof of 2.1.) By J.Radon’s inequality we have that:

m+1
Sin 2m+2 é (Sinz Aj
2 2

., A ., B Cim
(xsm25+ ysm2§+zc0525) (xsm AL ysin BJrzcoszcj
2 2
>

2
m+1 m+1
(Zsinz'g) (Zsngj
B LA _,B e LA ZA)
A b hd x+y)Y'sin2 =+ 2> cos? =
(Z[xsm , T ysin® -+ zcos 2)] (( ) > > >

m

Since,

ZSIn2 A ZF\;F\_) r , and

S cost A A_4R+r
R 7’

we obtain the conclusion.

Proof of 2.2.) From J.Radon’ s inequality we have that:
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m+1
Sin 2m+2 é (Sinz Aj
Z A 82 :z 2 =
(xcos’ 5t y cos’ 5t zsin’ E)m (xcos2 A yeos B 4 zsin? Cz:j

) Am+1 ) Am+1
sin? — sin? =
[Zon'5) [z
A B .,C)) A LA
XCc0s® — +ycos’ —+zsin? = [ X + cos’ —+2 smzj
(Z( o TV T 2)) (y)2 008, +zp sin™

>

m

Since,

Z“Sln2 A 22; r , and

A _4R+r
Zcos ,
2R

we obtain the conclusion.

Proof of 2.3.) Applying J.Radon’s inequality we deduce that:

m+1
sin2m2 A (sm2 Aj
S 2 _>
(xsin® —+ycos” )" (xsin28+ COSZCJ
2 2 2 y 2

) zé m+1 - Zé m+1
(Zsm 2) ) (Zsm 2)
_, B c)) -, A A"
(Z(xsm22+ y cos® ZD (x25|n22+ yY_cos® 2)

>

Because,

Zsm2 A 2';; r _and

" cos' 2 A_MR+r
2R

yields the conclusion.

Proof of 2.4.) By J.Radon’s inequality we obtain that:
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m+1
s 2m+2 A (Sin 2 AJ
SIn — 2

2 = >
Z . B 2 Cim Z , B , C
(xcos E+ ycos E) xcos? — + ycos? —
2 2
m+1
(Zsin2 Aj
> 2 —
(X + y)m(Zcos2 2)
By the formulas,
ZSIn2 A 2R-r , and
2 2R
2 A AR+
D cos’ = = )
2 2R
we deduce the given inequality.
Proof of 2.5.) From the inequality of J.Radon we have:
m+1
sin 2m+2 é (Sin2 Aj
2 _ z 2 >

., B C m
xsin? — + ycos? —)" 2B . C
( , Y 2) (xsm , *ycos j

2
(ZSIn , Ajm+1
2
(stin2 '2+ yY cos’ ':j

>

Using,

ZSIn2 A ZF\;F\: d ,and

A _4R+r
Zcos ,
2R

follows the result.

Proof of 2.6.) By J.Radon’s inequality we obtain that:

www.mateinfo.ro
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m+1
Sin 2m+2 é (Sinz AJ
2 _ 2 >
., B . ,C
xsin? — +ysin® —)" 2B . C
( 2 y 2) (xsm 2+ySIn 2)

) A m+1 . A m+1
(Zsmzzj (Zsmzzj Zsinz'g

> - -
[stin22+ stin“zAj (x+ y)m(Zsinng

and taking account that,

2A 2R—T
D sin )
2R

we get the inequality to prove.

This completes the proof.
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2. Solutii trigonometrice pentru o problema de baraj, juniori 2022

Nela Ciceu, Bacau
La primul baraj pentru juniori din 2022 a fost propusa urmatoarea problema:

Se considerd triunghiul ABC cu <A = 30° si <B = 80°. Pe laturile AC si BC se considerd punctele D
respectiv E astfel incdt <ABD = <DBC si DE||AB. Determinati mdsura unghiului EAC.

Tn afara celor doud solutii oficiale, in [1] sunt prezentate opt solutii, sase dintre ele presupun
constructia unor triunghiuri echilaterale. In aceastd scurt notd dorim s3 prezentdm patru solutii
trigonometrice si sa propunem alte doua probleme similare.

Avem <C = 70°, <ABD = <DBC = 40°; deducem ca triunghiul BDC este isoscel cu BC = BD.

Solutia 1. Presupunem ca raza cercului circumscris triunghiului ABC este R = b Atuncia=sin30°, b=

sin80° = cos10°, ¢ = sin70° = cos20°. Din triunghiul isoscel CBD obtinem C

CD = 2asin20° = sin20°. Cum DE||AB, rezulta ca

CE _ CD CE __ 2asin20°

CB~ CA a b

de unde

2a?sin20° 2sin20°
CE = =
b 4c0s10°

= sin10°.
Aplicand teorema cosinusului in triunghiul AEC avem
AE? = co0s? 10° + sin? 10° — 2sin10°cos 10° cos70° = 1 — sin? 20° = cos? 20° ,

deci AE = AB. Atunci <EAB = 20°, <EAC = 10°.

Solutia 2. Deoarece CD = 2BCsin20° = 2asin20° si DE||AB, avem z—z = E—Z = % = Zasibn20°' Atunci
putem scrie
CE 2asin20° 2sin30°sin20° sin20° sin20° sin20°

EB b — 2asin 20° _ sin80° — 2sin30°sin20° _ sin80° — sin20° _ 2sin30°c0s50°  sin40°
_ sin10°sin80° B bsin10°
" sin20°sin70°  ¢sin20°

Consideram punctul E' situat pe latura BC astfel incat <E'AC = 10°. Folosind rapoarte de arii deducem

Ca
CE' _ Apce, _bsin10° CE

E'B~ Aupg  csin20° EB’

Rezulta ca punctele E si E' coincid, deci <EAC = 10°.

. N . “ - s S 1 .
Solutia 3. Cain solutia 1, presupunem ca raza cercului circumscris triunghiului ABC este R = > Fie P

proiectia punctului A pe latura BC. Obtinem imediat <PAB = 10°, <PAC=20°, PB =sin70°sin10°, CE =
sin10°, CP =sin80°sin20°. Atunci

PE = CP — CE = sin20°c0s10° — sin10° = sin10°(2 cos? 10° — 1) = sin10°cos20° = PC,

deci P este mijlocul segmentului BE; triunghiul ABP este isoscel si rezulta ca <PAE = 10°, <CAE = 10°.

10
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Observatie: Din aceasta solutie deducem ca AP si AE sunt ceviene izogonale; deoarece inaltimea din A
si diametrul ce trece prin A sunt izogonale, rezulta ca centrul cercului circumscris triunghiului ABC
apartine segmentului AE. Dreptele AE si AP sunt trisectoarele unghiului A.

Varianta de finalizare: Deoarece AP =sin70°cos10°, obtinem

AC cos10° sin10° CE

E - c0s20°c0s10°  sin10°cos20° ﬁ

Conform reciprocei teoremei bisectoarei, Rezulta ca <EAC = <EAP = 10°.

Solutia 4. Fie M intersectia dreptelor AE si BD. Notam x = < EAB = <AED; atunci <EAC=30°-x, <AEB=
110° - x. Folosind rapoarte de arii si teorema sinusurilor, avem

ME _ EBsin40° sinx

MA ~ ABsin40°  sin (100° —x)

ME _ DEsin40°  sin40°sin (30° — x)
MA ~ ADsin110° cos20°sinx

Obtinem ecuatia sin40°sin (30° — x)cos (x — 10°) = cos20° sin? x, care se scrie succesiv
25in20°sin(30° — x) cos(x — 10°) = sin? x & 2sin20°(sin20° + sin(40° — 2x)) = 1 — cos2x
2sin? 20° + 2sin20°sin(40° — 2x) = 1 — cos2x < 2sin20°sin(40° — 2x) = cos40° — cos2x

2sin20° sin(40° — 2x) = 2sin(20° + x) sin(x — 20°)
2sin20° sin(x — 20°) cos(x — 20°) + sin(x + 20°) sin(x — 20°) = 0.

Pentru 0 < x < 30° avem 2sin20° cos(x — 20°) + sin(x + 20°) > 0; rezultd x = 20°, deci <EAC =
10°.
n incheiere, propunem urmatoarele doua probleme similare:

1. Se considerd triunghiul ABC cu <A = 80° si <B = 40°. Pe laturile AC si BC se considerd punctele D
respectiv E astfel incat <ABD = <DBC si DE||AB. Determinati mdsura unghiului EAC. (<EAC = 50°)

2. Se considerd triunghiul ABC cu <A = 54° si <B = 84°. Pe laturile AC si BC se considerd punctele D
respectiv E astfel incdt <ABD = <DBC si DE||AB. Determinati mdsura unghiului EAC. (<EAC = 24°)

Bibliografie:

[1] Adrian Bud, O problemd propusd la barajul pentru juniori 2022, G.M.-B nr. 10/2022
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Art 5200

3. Generarea unor inegalitati in triunghi din inegalitati algebrice

Generating triangle inequalities from algebraic
Inequalities

(1)

Marin Chirciu !
Articolul prezinta inegalitati in triunghi obtinute din inegalitati algebrice, selectate din diverse

publicatii de specialitate.

Aplicatia50.
In acute AABC
secB+secC
Z—z 3.
sec” A
George Apostolopoulos, Greece, Mathematical Inequalites, 11/2023
Solutie.
Lema.

If X, y,Z > 0then

Demonstratie.

+7 1 1 )\AvM-GM™ 2 X 2) xPs0s2Y ' yz 1
e Y &) Y1)

X y* z yz X

Egalitatea are loc daca sinumaidaca X=y=12.

Folosind Lema pentru (X, Y, Z) = (sec A, sec B,SeCC) obtinem:
secB+secC 1 r 2r
D 22y ———=2) C0sA=2|1+— |=2+—.
sec” A sec A R R
Egalitatea are loc daca si numai daca triunghiul este echilateral .

Remarca.

1 Profesor, Colegiul National ,, Zinca Golescu”Pitesti

12
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In AABC

Z cscB+cscC 2_p
csc? A R

Solutie.

Folosind Lema pentru (X, Y, Z) = (CSC A, csc B, CSCC) obtinem:

ZcscB+cscC222 1 —ZZSIHA 22

csc? A csc A
Remarca.
In acute AABC
tanB+tanC
————— >243.
Z tan® A 3
Solutie.

Folosind Lema pentru (X, Y, Z) = (tan A, tan B, tan C) obtinem:

Z—ta”B“a”CLeé"azz—l =23 cotA=2. P~ ; P AR, 243,

tan® A tan A pr
Remarca.
In acute AABC
cotB+cotC
————— >64/3.
z cot’ A V3
Solutie.

Folosind Lema pentru (X, Y, Z) = (COt A, cot B, COtC) obtinem:

Lema
ZcotBJrcotC oy 1 :22tanA=2-L222'3\/§=6*/§-

cot? A cot A p?—(2R+r)
Remarca.
In acute AABC
ZcosBJrzcosC 56
cos” A

www.mateinfo.ro

Marin Chirciu

Marin Chirciu

Marin Chirciu

Marin Chirciu
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Solutie.

Folosind Lema pentru(X, Y, Z) =(cos A, cos B,cosC ) obtinem:

Lema 2 2_ 2
ZcosBJrzcosC 7 22 1 _pT+r 4R226.
cos’ A COSA  p?—(2R+r)

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
Zsmjntinc >2J3.
Marin Chirciu
Solutie.

Folosind Lema pentru(X, Y, Z) =(sin A,sin B,SinC)obtinem:

H 1 Lema 2 2
yonBisinC it 1 _PAr MR, L.

sin® A sinA 2pr

Aplicatia51.
S.2635. InAABC

4 4

ZM >8/3F 2.
b+c
D.M.Batinetu-Giurgiu, Daniel Sitaru, Romania, RMM-43, Winter-2024

Solutie
Lema
Ifa,b>0

3
a4+b42(a+b) |
a+b 8

Demonstratie

(a+b)4 ,
4| N4 —
a* +Db* Holder a+b
> 8 _ ( ) , cu egalitate pentrub=cC.
a+b a+b 8

14
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LHS = Z( )h Lemazwm;mé S[T(b+c)h, = H (b+c)3TTn. >

>g 4F (9R 2I’) (3!’) 28\/§F2 = RHS unde (1)rezult3 din H(b+c) > 4F (9R—2r)$i

Hh>3r

Remarca.

In AABC

(b3n+1 + C3n+1) ha
b+c

>9r(4FR)",neN.

2

Marin Chirciu
Solutie
Lema
Ifa,b>0

3n+l 3n+l 3n
a+b

™t +b 2( 3)
a+b 2°"

Demonstratie

3n+l

(a+b)
a%™ 4 3+ Holder 72% (b + C)Sn
_— > = 5 » Cu egalitate pentrub =cC.
a+b a+b 2

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

3n+1 3n+1 ema —
LHS — Zb +C aL_ z b;(r:] aAMZGM%.33!_H(b+C)3n h, -
:2—‘1 (b+c)’ ,3/Hha 25 -(32FR)"-(3r) (32FRJ r(4FR)" =RHS .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatia52.
S.2626. In AABC then

D.M.Batinetu-Giurgiu, Oana Simona Dascalu, Romania, RMM-43, Winter-2024

Solutie

15
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Lema

Ifa,b,c,t>0

(a+b+c)2t2.

Hlw

[T(a°+t)=
Hojoo Lee Inequality
Demonstratie
Demonstram mai intai inegalitatea:
Ifa,b,t>0
(a®+t)(b” +1) 2 §t(t +(a+ b)z),(*).
4

intr-adevér:

Avem(a’ +t)(b* +t)> %t(t+(a+b)z) < 4(a’ +t)(0* +t) = 3t(t+a’ +b’ +2ab) <

< t(a’ +b* —2ab)+t* — 2abt + 42’ > 0 < t(a—b)’ +(t-2ab) >0,

cu egalitate pentrua=bsit =2ab.
n continuare obtinem:

(6}
2%(a+b+c)2t2, unde (1) <

(a2 +) (b7 +1)(c2 +)= St (a+b) ) (c* 1)
= %t(t+(a+b)2)(c2 +t)2%(a+b+c)2t2 SN (t+(a+b)2)(c2 +t)=(a+b+c)t <

= (t —a(b+c))2 >0, cu egalitate pentrut = a(b+c).

Folosind Lema pentru(a, b,C,t) = [E,E,E,Zjobtinem:
abec
2
1 Lema 3 1 2 Leuenberger 3 \/§ 9
LHS = —+2| = = Z1 22 > IZ|=| 22=—=RHS.
H[az j 4(Zaj 4[ RJ R®

NG

1
Am folosit mai sus inegalitatea lui LeuenbergerZ— >—.
a

R
Remarca.
Problema se poate dezvolta.

If A >0, thenin AABC

16
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Marin Chirciu
Solutie
Folosind Lema pentru(a, b, C,t) :(l,l,l,ﬂjobtinem:
abec
2
Lema 3 1 2 Leuenberger 3 \/§ 9 /12
LHS = —+/1 > — =22 > Z == at= =RHS.
H( ) 4(ZaJ 4( R j 4R?

NG

1
Am folosit mai sus inegalitatea lui LeuenbergerZ— >—.
a

R

Aplicatia53.

Ifa,b,c >0 then

\/m> 4(a+b+c) |
2 a  J(a+b)(b+c)(c+a)

Nasa Neverdie, Vietham,THCS 11/2023

Solutie.

M> 4(a+b+c) - (b+c),/(a+b)(a+c)> .
2 a  J(a+b)(b+c)(c+a) ~ a 12

care rezulta din «/(a+b)(a+c) Cis a+J_

Ramane sa aratam ca:

Z(b+c)(a+\/_)

(b+c \/_

>4%a <> (b+c +Z

>4y a <

<:>22a+z >4Za<:>z \/_

Este suficient sa aratam ca:

> ZZa adevaratd dinb+c > 2&

Z—Zx/b_ca\/& 2223_ = Z%ZZa,vezi

Z% >y a < Y b’c?=abc) avezi » x* > yz, pentru(X,y,z)=(bc,ca,ab).

Remarca.
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Problema se poate dezvolta.

in AABC

Marin Chirciu
Lema.

Ifa,b,c > 0then

\/m> 4(a+b+c) |
2 a  J(a+b)(b+c)(c+a)
Solutie.

Se cunosc identitatile in triunghi Zra =4R+rsi H( h+r,)= 4Rp®.

Folosind Lema pentru (X, Y, Z) = (I’a, [ rc)obtinem:

Z\/r,DT ', Zﬂ/rb+r 4(4R+T) Z./r +1, _2(4R+T) |
JTT(n+1) r, \/4R 2 p«/ﬁ

Folosind inegalitatea lui Doucet 4R +r > p\/§ rezulta:

1/ +1, _ 2(4R+r) Doucetz pf 2\/_ ﬁ
2 n pJ_ R R a0 e \f

Aplicatia54.

$.2604. Ina,b,c, X, y,t >0 then

a’ ) 27t*
_—tt |z .
1_[((bx+cy)2 ] 4(x+ y)2

D.M.Batinetu-Giurgiu, Gheorghe Boroica, Romania, RMM-43, Winter-2024

Solutie
Lema
Ifa,b,c,t >0
l_I(a2 +t) 2%(a+b+c)2t2

Hojoo Lee Inequality

18
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a b c
bx+cy cx+ay ax+by

2 . 2 4
Lema 3 a 2 Nesbitt 3 3 27t
LHS = > = t*) > —(—j t'=—————=RHS.
H[ bx+cy J 4(be+cy]( ) 4\b+c 4(x+y)2

a>3

bx+cy Xx+y

Folosind Lema pentru (X, Y, Z,t) :(

,tzjob'ginem:

Am folosit mai sus inegalitatea lui Nesbitt extinsa: Z

Aplicatia55.

S.2572. In AABC then

[1(a*+t)=93t’F

D.M.Batinetu-Giurgiu, Romania, RMM-43, Winter-2024
Solutie
Lema
Ifa,b,c,t >0

[1(a®+t) 2%(a+b+c)2t2.
Hojoo Lee Inequality
Folosind Lema obtinem:
Lema 3 Hadwiger

LHs =[T(a*+1) = 2(Xa)'e

Am folosit mai sus inegalitatea lui Hadwiger p2 > 3\/§F .

:Z(Zp)2t2:3p2t > 3.3J3F -t*=RHS.

Aplicatia56.

$.2595. IfX,y >0, xp>ymax{a,b,c} then:

Z:a3'>8\/§

Xp—ya 3x-2y

D.M.Batinetu-Giurgiu, Romania, RMM-43, Winter-2024

Solutie.

19
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3 .
LHS=Z a® Ho;jer (Za) 3 (2p)3 B 8p3 ~ 8p2 Hadgger

xp—ya 3> (xp—ya) 3(3x-2y)p 3(3x-2y)p 3(3x-2y)

Hadﬁiger 83,\/§F B 8\/§

3(3x-2y) 3x-2y

F=RHS.

Am folosit mai sus inegalitatea Hadwiger: p2 > 3F\/§.
Remarca.

Ifx,y>0,xp>ymax{a,b,c} andneNthen:

a2 6 (4F)
> > — .
xp—ya 3x—-2yl.3

Marin Chirciu
Solutie.
Pentrun = O se foloseste inegalitatea lui Nesbitt.
Pentrune N’ se foloseste inegalitatea lui Holder.
ar e ()T () (e)"2p _(2p)"2
LHS =" > = = =

xp—ya 3" (xp-vya) - 31 (3x-2y)p 3"(3x-2y)p 3I"*(3x-2y)
(4p2)n-2 Had;iger(4'3\/§|:) -2-3_ 6 £4.3\/§an_ 6 (4\/§FJHZRH8_

T3 (3x-2y) ~ 9'(3x-2y) 3x-2y| 9 | 3x-2y| 3
Aplicatia57.
In AABC

4a* +b*+¢* _R

2a+bc " r
Adil Abdullayev, Azerbaijan,RMM, 11/2023

Solutie.
Lema.

Ifa,b,c > 0then

4a® +b* +¢? <b2+c2
2a’+bc ~  bc

Demonstratie.

4a® +b? +¢? - b? +c?
2a’+bc ~  bc

2
=S (b—C) >0, cu egalitate pentrub=cC.

20
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Folosind Lema obtinem:

43" +b° +c* temap?® 4 ¢?

LHS = 5 <
2a”+bc bc

< —=RHS.
r

b c Bandila R
—
C

Egalitatea are loc daca si numai dacé triunghiul este isoscel cub =cC.
Remarca.

n aceeasi clasi de probleme.

In AABC
4m’ +mZ+m?> R
2m>+mm,
Solutie.
Lema.

If X, Y,z >0then

4x2+y2+22<y2+z2
2x2+yz  yz

Folosind Lema pentru (X, Y, Z) = (ma, m,, m, ) obtinem:

2 2 2 2 2 Abdull
4m: +m, +m; Le<mamb+mc_ﬂ+ﬂ u<aerE—RHS
2 —_ - —_ - .
2m; +mm, mm, m, m r

C

LHS =

m m R
Am folosit mai sus: — + —2 < — (Adil Abdullayev, Azerbaijan).
m, m, r

Remarca.

Tn aceeasi clasd de probleme.

In AABC
4h? +h +h? R
2h?+hh ot
Solutie.
Lema.

If X, ¥,Z > 0then

AX* +y* +7° - y>+7°

2X2 +yz yz

www.mateinfo.ro

Marin Chirciu

Marin Chirciu

21
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Folosind Lema pentru (X, Y, Z) = (ha, h,, hc) obtinem:

www.mateinfo.ro

2S5 2S
2 2 2 2 2 e — i
s =Mty h e+ B R b e € B¥ERR_ g
2h§ +h,h, h,h. h. h § § b ¢ r
c b
L b ¢c_R . .
Am folosit mai sus: —+ — < — (Bandila, 1985).
c b r
Remarca.
In AABC
4ﬁ+ﬁ+ﬁ<5
2r7+rr,
Marin Chirciu
Solutie.
Lema.
If X, y,Z > 0then
4x2+y2+22<y2+z2
2x2+yz  yz
Folosind Lema pentru (X, Y, Z) = (ra, [ rc)obtinem:
S S
LHS=4¢+¢+{?%@$+¢_J£+£=p—b+p—c=p—c+p—W?
2r’ +rr, r. r r S S p-b p-c
p-c p-b
s0s Bandila
S BPERR pps,
b ¢ r
—C -b _c b
unde(SOS) < p—+p— <—4+—- & (b — C)2 >0, cu egalitate pentrub=c.
p—-b p-c b c
Aplicatia58.
S.2568. In AABC
3
>, M, 2,3 F.
Rm,+rm, R
D.M.Batinetu-Giurgiu, Romania, RMM-43, Winter-2024
Solutie.
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4 CS (Z ms )2 B (Z m; )2 SOS

m
LHS = £ > = >
2 Rmb +rm, 2 Rmm, +rmm, > (Rmm +rmm.) (R+r)> mm,
sis Zm Hadﬁlger 3\/_|: Euler 2\/_ F RHS
R+r R+r
Am folosit mai sus inegalitatea Hadwiger: st > 3\/§F .
Remarca.
In AABC
m2n+1 \/_
— 3F .
Z Rm, +rm, ( ) neN
Marin Chirciu
Solutie.
2n+1 2n+2 older m2 i
LHS =Y =3 e . (>om2) _
Rmb +rm, Rm mb +rm,m, 3> (Rm,m, +rm,m,)

(Xm)” e (Xmi) 0 (33F) s (VaF )nEuIer (V3F) =RHs,

TR+ Y mm 3T (R+r) 3 (R+r) R+r
unde (1) = st > 3\/§F ,(Hadwiger).

Aplicatia59.
S.2576. In AABC then
1 81

r

a

D.M.Batinetu-Giurgiu, Romania, RMM-43, Winter-2024

Solutie
Lema
Ifa,b,c,t>0
2 3 2.2
[1(a +t)zz(a+b+c) t2.
Hojoo Lee Inequality
Demonstratie
. 111 .

Folosind Lema pentru(a,b,C,t)z —,—,—, P |obtinem:

ra rb rc
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2 2
Lema 1 3 1 Mltrlnowc3 1 81
LHS=) | S+p| == > = | p’=>|=| p° =2 ==27r’=—=RHS.
Z[ pj 4[ij 4()p . ;

r,

a

Remarca.
In AABC then

2

Z(%ij 8L 0.
r, 4
Marin Chirciu
Solutie
. 111 _

Folosind Lema pentru(a,b,c,t): r—,r—,r—,kp obtinem:

Lema 2 2 Mitrinovic 2
R e Dl S

Aplicatia60.

$.2581. Ifx,y >0, M e Int(AABC),d, =d(M,BC),d, =d(M,CA),d, =d (M, AB) then:

Z a . 24

F
xh,+yd, 3x+y

D.M.Batinetu-Giurgiu, Dan Nanuti, Romania, RMM-43, Winter-2024
Solutie.

Lema.
IfM e Int(AABC), d, =d (M , BC), F = Aria[MBC] then:

ad, +bd, +cd, =2S.
Demonstratie.

Avemad, +bd, +cd, =2F, +2F, +2F, =2(F, +F,+F,)=2F;

L e (Za) (e

a
xah, +yad Zx-2F+y.2F1_Z(x~2F+y~2F1) ~ 6XF +2yF

=2

F=RHS.

LHS = th +yd,

_ 16-3F? _ 24
2F(3x+y) 3x+y

Am folosit mai sus inegalitatea Ionescu-Weitzenbock:Z:a2 24F\/§.

Egalitatea are loc dacd si numai daca triunghiul este echilateral siM =G .
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Remarca.

Problema se poate dezvolta. If X,y >0, M e Int (AABC),
d, =d(M,BC),db =d(M,CA),dC =d(M,AB) then :

Z g2t S 23 (4\j_F)

xh,+yd, 3x+y

Marin Chirciu
Solutie.
Lema.
IfM e Int(AABC),d, =d(M,BC), F, = Aria[ MBC] then :
ad, +bd, +cd, =2S.
Demonstratie.
Avemad, +bd, +cd, =2F, +2F, +2F, =2(F, +F,+F,)=2F ;
Folosind Lema obtinem:
n+l

2n+1 2n+2 2n+2 Holder a_2 1-W

LHS =Y o — ) p— 21(2) N
xah, + yad, X-2F+y-2F,  3") (x-2F +y-2F)

xh, +yd,

T (e e

~ 3(6xF+2yF) 3"2F(3x+y) 3x+y( 3

Aplicatia6l.

IfX,y,2>0,X+Yy+2z=1then

> xyx+2y <1.
Do Dinh Quang Khanh, Vietnam,THCS 11/2023

Solutie.

LHS = me D> x(x+2y)1 . GMZ x+2y )+1 ; (x +2xy+x)
:%(Z(x2+2xy)+2x):—((z )+ x ) (12+1) 1= RHS .

Remarca.
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In AABC
yi[lZ 1
ra I’-a r-b r~r
Marin Chirciu
Solutie.
Lema.
IfX,y,z>0,X+Yy+z=1then
D x{x+2y <1.
. ) N 1 1 1 r r r
Se cunoaste identitatea in triunghi —+ —+ —=—- < —+—+—=1.
r, b I r r, , L
. r rr .
Folosind Lema pentru(X, Y, Z) =| —,—,— |obtinem:
ra rb rc
r|r r 1 ]/1 2 1
Y- mt2—<led = [+ <—.
rL\r, r\r, o rJr
Remarca.
In AABC
vtz 1
ha ha hb r\/F
Marin Chirciu
Aplicatia62.
S.2562. If AABC then
[T(a’ +1)= 27F>.

D.M.Batinetu-Giurgiu, Claudia Nanuti, Romania, RMM-43, Winter-2024
Solutie
Lema

Ifa,b,c,t>0

(a+b+c)2t2.

nlw

l_I(a2 +t) >
Hojoo Lee Inequality
Folosind Lema pentru (a, b, C,t) = (ara, brb,crc,l) obtinem:
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Lema

LHS =] (a%; +1) 2 —(Zar) 233 6F) 1 =27F? =RHS,

unde (1) < Zar > 6F, vezi: Zara =2p(2R—r)E;er2p-3r=6F.

Remarca.
Problema se poate dezvolta.

In AABC and A > Othen
[1(a’ +2)=272°F>.
Marin Chirciu
Solutie

Folosind Lema pentru (a, b, C,t) = (ara, br,,cr,, k) obtinem:

LHS =T (a2 +x)Le>ma—(Zar) i%‘z(el:) = 27)?F? =RHS,

Euler

unde (1) <> Y ar, >6F, vezi: » ar, =2p(2R-r) > 2p-3r=6F.
Aplicatia63.
S.2620. In AABC then

> (a®+2) 2 108F .

D.M.Batinetu-Giurgiu, Romania, RMM-43, Winter-2024
Solutie
Lema

Ifa,b,c,t>0

(a+b+c)2t2

H(a2+t)2

nlw

Hojoo Lee Inequality

Folosind X° + y3 +22> 3Xyz pentru (X, Y, Z) = (a2 +2,b%+2,¢% + 2) obtinem

> (a%+2) 233 (a® +2)2108F .
Ramane s aratdm ca 32(&2 +2) >108F < Z:(a2 +2) >36F .

Folosind Lema pentrut = 2 obtinem:
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Lema Hadwiger

LHS =Y (2’ +2) 2 Z(Za)2 22 =3(2p) =12p®> > 12.3\3F,

Remarca.

In AABC then

> (a%+2) 2272°3F.
Marin Chirciu

Aplicatia64.

4890. Ifa,b,c >0, ab+bc+ca=3then

(ae’ +z)(b3 +EJ(03 +Zj 5125
3 3 3 27

George Apostolopoulos, Greece, Crux Mathematicorum

Solutie.

2)_125
H(a3 +§) > [1(3a°+2)=125.
Lema.

Ifa,b,c>0,ab+bc+ca=3then
H(3a3+2)2(ab+c+3)3.

Demonstratie.

1_[(3a3 +2) = (a3 +ad+a’ +1+1)(b3 +b*+1+b° +1)(1+1+ c+c? +c3)Ho£jer
HOIzder(ab+ab+ac+bc+c)=(ab+c+3)3.

3
; (> (ab+c+3)) . .
LHS =H(3a3+2)Le§aZ(ab+c+3) S 3 _(Xab+ e+ )3) s
3 3 27
3
s;sw =125= RHS vezi(s05): Y a > /3> ab =+/3-3=3.
Remarca.

Ifa,b,c>0,ab+bc+ca=3then

Marin Chirciu
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Solutie.

Ifa,b,c>0,ab+bc+ca=3then
1_[(2a3 +1) >(ab+bc+ca)’.

Demonstratie.

Holder

1_[(2a3 +1) :(a3 +a’ +1)(b3 +1+ bs)(1+ c +c3) > (ab+ac+hbc)’.

LHS =[] (287 +1) > (ab-+bc-+ca)’ =& =27 = RHS.

Remarca.
In AABC
A1l 27
3tan* =+= |>=.
[[sBen 5 3)2%
Solutie.
Lema.

Ifa,b,c>0,ab+bc+ca=3then

Demonstratie.

H(a?’ +%) > %7 < [](22°+1)=27.

Holder

H(2a3+1):(a3+a3+1)(b3+1+b3)(1+c3+c3) > (ab+ac+bc) =3 =27,

Se cunoaste identitatea in triunghi z tan % tan % =l Z\/§tan g . J§tan % =3.

Folosind Lema pentru (a, b, C) = («/§tan g , J§tan g , \/?:tan %jobtinem:

A 1 27
3J3tan®* = += |>2—.
13557

8

www.mateinfo.ro

Marin Chirciu
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Remarca.
In AABC
A 125
3y3tan®—
H( \/_ an 2 +3j 27
Marin Chirciu
Solutie.
Lema.
Ifa,b,c>0,ab+bc+ca=3then
(a3 +Zj(b3 +Ej(03 +E) > %
3 3 3 27
3 (Z(ab+c+3))3 ,
LHS:H(3a3+2)L§aZ(ab+C+3) S 3 NORLIDWIDNIRS
3 3 27
3
> @ —125=RHS ,vezi(s0s).. Y a>,[3) ab =/3:3=3.
. . N . B C B C
Se cunoaste identitatea in triunghi Ztan Etan E =l Z\/§tan E . J§tan E =3.
Folosind Lema pentru(x, Y,Z ) (\/§tan— \/_tal"l J_tan )obtinem:
A 2)_ 125
3 3tan3— = .
{3 52 )- 27
Remarca.
In AABC
[T(r+2)=(or)
Marin Chirciu
Solutie.
Lema.
If X, ¥,Z > 0then
H(x3+2)2(x+ y+ 2)3.

Demonstratie.
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Holder

H(x3+2):(x3+1+1)(1+y3+1)(1+1+z) > (x+y+z).

P’ +r° +4Rr

> 9r obtinem:
2R

Folosind Lema pentru(X,y,z)=(h,,h,,h,) SIZh =

H(h3+2) (Zh) >(9r)’

Remarca.

In AABC

\%

H(m: +2) (9r)’
Marin Chirciu
Solutie.

Lema.

If X, Y,z >0then

[T(x*+2)=(x+ y+z).

p® +r° +4Rr

Folosind Lema pentru(X, Y, Z) =(ma, m,, mc)siZma > Zha = R

> 9r obtinem:

[T(m:+2) B (>m, ) > (9r)’.

Remarca.

In AABC

H(W:+2)2(9I’)3

Marin Chirciu

Solutie.

Folosind Lema pentru(X, y,z) (W W,, W, 5|ZW >Zh —%};L‘Rr>9robtmem

H(vv§+2)Lem (Zw) >(9r)’.

Remarca.

In AABC

\%

[1(s3+2) (9r)’

Marin Chirciu
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Solutie.

Lema.

If X, y,Z > 0then

2 2
+r°+4Rr
Folosind Lema pentru (X, Y, Z) = (Sa, Sb,Sc)si Zsa > Zha = pT > 9r obtinem:

Lema

[T(s2+2) = (Zsa)32(9r)3.

Remarca.

In AABC

l_I(ra3 +2) > (4R + r)3

Marin Chirciu
Solutie.
Lema.

If X, y,Z > 0then
l_I(X3 +2)2(x+ y+ 2)3.
Folosind Lema pentru(X,Y,Z) =(r,, K, T, )si Zl’a =4R +r obtinem:

H(rj‘ +2)Le2ma(z ra)3 >(4R+r)’.

Remarca.

In AABC

H(sinngr 2) > (1+%)3.

Marin Chirciu
Solutie.
Lema.

If X, y,Z > 0then
H(x3+2)2(x+ y+z)3.

Folosind Lema pentru (X, Y, Z) = (sin ? ,sin %,sin %j si ZSin g >1+ % obtinem:
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Lema 3 3
H(sin3é+2j > Zsiné >l1+ L] .
2 2 R
Remarca.

In AABC

\%

3
1_[((3053 A + 2) 272 )
2 R

Solutie.
Lema.

If X, y,Z > 0then
[T +2)=(x+ y+z).

. A B C) .
Folosind Lema pentru(X, Y, Z) = cosE,cosE,cosE i

3J/3r 27r®
cos® —+2 cos— | > .
[1{eo# 32 (Zomg ) o 28] 2%
Remarca.
In AABC
H(tan3§+2)23\/§.
Solutie.
Lema.

If X, Y,Z>0then
[T(x*+2)=(x+ y+z).

Folosind Lema pentru(x, Y,Z ) (tang tan—,tan— ijtan A_

Remarca.

In AABC

COS?ZQZ

www.mateinfo.ro

Marin Chirciu
3J§r .
obtinem:
2p R
Marin Chirciu
4R+ r Doucet
> /3 obtinem:

P
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H(cote’ g + 2) >81./3.
Marin Chirciu
Solutie.
Lema.
If X, y,Z > 0then
l_I(X3 +2)2(x+ y+ 2)3.
Mitrinovic
Folosind Lema pentru (X, Y, Z) = (Cotg ,cot g ,cot %j Si Zcotg = $ > 3\/§ obtinem:
Lema
H(cot —+2) (Zcot—j > (3J§)3 - 81./3.
Remarca.
In AABC
1_[(sec3 g + 2) >244/3.
Marin Chirciu
Solutie.
Lema.
If X, Y,z >0then
l_l(x3 +2)2(x+ y+z).

. A 1 .
Folosind Lema pentru(x, y,Z ) (SeCE sec—,sec— )SI ZSeC— = Z A > 2\/§ obtinem:

COS
2

H(sec —+2j (Zsec ) 2(2\/5)3:24\/5.

Remarca.

In AABC

H(cscs 2 + 2) > 216.

Mari

Solutie.

n Chirciu
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Lema.

If X, y,Z > 0then

H(x3+2)2(x+ y+z)3.

A > 6 obtinem:

A
Folosind Lema pentru(X, y,Z ) (CSCE CsC—,CsC— j5| ZCSC— = Z
sin —

H[sec —+2) (Zsec j >6° =216.

Remarca.

In AABC
l_l(s,in6 é+2j > 27 )
2 64
Marin Chirciu
Solutie.

Lema.

If X, y,Z > 0then

H(x3+2)2(x+ y+z)3.

A Euler
Folosind Lema pentru(X, Y, )=(sm g sin % sin %jsqum —-1—% > %obtmem

2
H(sm —+2)Lema(23|n j 2(%)3=§.

Remarca.

In AABC

H[COSG '; + 2) (29; js

Marin Chirciu

Solutie.

) , A , B ,C , A r4R+r EU'ef o
Folosind Lema pentru(X, v,z ) cos? — COS — COS — S|ZCOS =2+—=
2’ 2’ 2 2 2R 2R 2R

obtinem:
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H(cos —+2j Lema(Zcos —j (s_;j

Remarca.

In AABC

H(tanngr Zj >1.
Marin Chirciu
Solutie.
Lema.

If X, Y,z >0then

H(x3+2)2(x+y+z)3.
4R+r 2_2 2 Doucet

Folosind Lema pentru(X, Y, Z) = (tan g tanzg tan? —JmZtan p)z P > 1
obtinem:
H(tan —+2) (Ztan J >1°=1.
Remarca.
In AABC

1_[((:ot6 é+ Zj >729.

2
Marin Chirciu

Solutie.
Lema.

If X, y,Z > 0then

H(x3+2)2(x+ y+z)3.

A p 2r _ 8Rr Gerretsen 9

A B
Folosind Lema pentru(X, Y, ):(COtZE COtZE cot’ = j E cot’ = 5= >
r

obtinem:

H(cot6—+2j (Zcot —j >9°=729.
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Remarca.
In AABC
1_[(5(906 é+ 2} >64.
2
Marin Chirciu
Solutie.
Lema.
If X, Y,z >0then
3 3
[T(x*+2)=(x+y+z).
Folosind Lema pentru (X, Y, Z) = (secz é ,5602 E ,5802 Ejsi
2 2 2
2L (AR +r1 % Doucet
Zseczézz ! A= P ( 5 ) > 4obtinem:
2 cos? — P
2
A Lema A 3
I_I(S,ec6 R 2) > (Zsec2 —) >4° =64.
2 2
Remarca.
In AABC
H[csc6§+ 2) >1728.
Marin Chirciu
Solutie.
Lema.

If X, Y,z >0then
[T(x*+2)=(x+ y+z).

Folosind Lema pentru (X, Y, Z) = (CSC2 g , csc? g,CSC2 %j si

2 2 — Gerretsen
chczézz 1 __p+r . SR 212 obtinem:
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Lema
H(sec6§+2j (Zsec gj >12%=1728.

Aplicatia65.
4887.1fa,b,c > 0then

2
Ja+b++b+c++c+a 23\/ (ab-+bc+ca)
a+b+c

Nguyen Viet Hung, Vietnam, Crux Mathematicorum, November 2023

Solutie.
LHS = zm ' SW 313, a+b s aZab(;)
g3\/2(ab+bc+ca) RHS  unde 3\/ B SaY ab >3\/ (ab+bc+ca) @
a+b+c a+b+c
QS—ZaZ ob > 2(ab+hbc+ca)

a+b+c
< p?>3q, vezi p* =(x+ y+z)2 >3(xy+yz+12x)=3

8 8
Jopaz] A pq_piép >90” <

P

Lema 8/9.
Ifa,b,c>0then
(a+b)(b+c)(c+a)2g(a+b+c)(ab+bc+ca).
Lema8/9
Demonstratie.
9(a+b)(b+c)(c+a)=8(a+b+c)(ab+bc+ca) <
< 9(D be( b+c)+2abc) (D bc(b+c)+3abc) <> > be(b+c) = 6abe <
= Za(b —C)2 >0, evident cu egalitate pentrua=b =c.
Remarca.
In AABC
A B 2p
= - >3 [—==
Z\/tan > +tan 5 _3\/4R+r
Marin Chirciu
Lema
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Ifa,b,c > 0then

Ja+b++b+c +\/0+a23\/2(ab+bc+ca) -
a+b+c

4R+r
p

B C A
Se cunosc identitatile Tn triunghi Z tan E tan E =1si Ztan >

A B
Folosind Lema pentru (a, b, C) = [tan E ,tan E ,tan %) obtinem:

Z\/tanéﬂanE >3 -21 <:>Z\/tané+tanE 23\/ 2p_
2 2 AR+r 2 2 AR+
p
Aplicatia66.
IfX,y,2>0,X+Yy+2z=23then
xyz(x2+y2+22)£3.
Vu Long, Vietham,THCS 11/2023

Solutie.

Folosind pQr -Method.

Notdm p=X+Y+2Z,0=Xy+YZ+2ZX,I = Xyz.

Avemp=3,9=p’=(x+y+z) =D X +2> xy=>x*+2q = Y x* =9-2q.

2

q> =(xy+ yz+zx)2 >3xyz(X+y+2)=3rp=9r =r s%.
o
Inegalitatea XyZ(X2 +y°+27° ) < 3se scrie I’(9— 2q) <3, carerezultd dinr < e
2

Rdmane sd ardtam ca %(Q—Zq) <3< 29°-90°+27>0 < (q —3)2 (20+3)>0
Remarca.
In AABC

i+i+i< RZ

(S O o ]

Marin Chirciu

Solutie.
Lema.
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IfX,y,2>0,X+Yy+2z=3then

xyz(x2+y2+22)£3.
. N 1 1 1 3r 3r 3r
Se cunoaste identitatea in triunghi —+—+—== < —+—+—=3.
r, r, I r r, Iy I
. 3r 3r 3r
Folosind Lema pentru(X, v, Z )— —,—,— | obtinem:
rLornor

2 2 2 3
iii{[i} +(3—rJ +(3—rj ]<3<:> 20 -9r2[i2+i2+i2JS3<:>
ra I’.b rc ra rb rc I’-a rb rc ra r-b rc

Lo

c

Folosind inegalitatea lui Mitrinovic p2 <

27R?
2 2
1,11 0 4 R
> or? r? 8u* 8wt 12r!

Aplicatia67.
S.2534. IfX, Y,z > 0then in AABC hods:

X _ 2
S[11)x.26
y h; F
D.M.Batinetu-Giurgiu, Claudia Nanuti, Romania, RMM-43, Winter-2024

Solutie

ve-a{ 2T T o

_63’Hh2 \/_F Zf RHS , unde (1) 3Hh2_«/_ , vezi:

2 Carliz ] 4F
3

www.mateinfo.ro

3 4 2
<::>27r -9r2(i+i+ij£3<:>81r (%+%+%)sl<:>(i2+i+i]s P .
ra

1

1 1 1 a
i = =3 =
3Hh§ %/th i/HA'FZZ H4F2
a

Remarca.

If X, Y, Z > 0thenin AABC hods:

> ——= .
4F* 3 J3F
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1 1)x 8
y z)r; 3R

a

Marin Chirciu
Solutie
1 1) x AM-GM 1 1 H y+z 1 Cesaro
LHSZZ —+—-l5 2 3 H —+= —2 H— > 3381—[—:
Yy Z I"a y 2 I"a
=63 Hi>6-[£J2—i—RHS unde (1)< 3 i>(ijz vezi:
ra2 B 3R 3R? ’ ra2 “\3R)’ '

Euler & Mitrinovic 1 2 2
3HI’_12:312: 12 > - 2 2:(§j'
VT () IR 2R?Y [(21R®

2 4 8
Remarca.
If X, Y, Z > 0thenin AABC hods:
s(1,1)x, 8
y z)m? 3R?
Marin Chirciu
Solutie
1 1) x AvM-GM 1 1 H(y+z) 1 Cesaro 1
LHS = —+—|— = 33 +—|—==33———=| |— = 338] | ==
z[y iji \/H(y iji \/ Xyz m; \ Hm§

{ 2 8 ( 1 2\

=63 H— >6- (—Rj :W: RHS , unde (1)< 3 HW 2(&) , vezi:

3 H i ~ 1 S 1 Mitr;ovic 1 ~ 1 _( 2 T
2 = = = =\ —— .

Come {Im i/(szjz i/(R, 27sz2 J{Z?Rjz 3R

2 2 4 8

Rp’

Am folosit mai susHm <— >

Remarca.

If X, Y,Z > 0then in AABC hods:
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Marin Chirciu

Solutie

LHS = Z[l 1) X 3i/1‘[(1+1)siz :3#% Sizceimss 81_[5% =

z Sa y z a a a

2 2
, ’ 1 2
=63 éZG(%j :%:RHS,unde(l)Q SHSa >(3Rj , vezi:

1_ 1 1 1 ok 1 1 (2Y
3HS_2_%/HSZ_%/Hm2_ N2 N2 .2 \3R)
a a a i/[Rpj 3J{R_Z?R j i/(27R j
2 2 4 8

R 2
Am folosit mai susl_[Sa < Hma < Tp .

Remarca.

If X, ¥, Z > 0then in AABC hods:

1 1)x 8
y z)w, 3R

a

Marin Chirciu

Solutie

S A [HER SR TS
_Gi/l_?_ (_j:i—RHs unde (1) < i/lT (2 jz,vezi:
w2 3R) 3R’ w2 (3R
.y 2
a A A i/(Rzpj i/[RQ?R } i/(27R j

2 4 8

2

Rp

Am folosit mai susl_[Wa < Hma < >

Aplicatia68.
S.2534. If X, Y,z > 0then in AABC hods:

2 2 )2 2.4
[Xa eL J+1 28 i1|>12F2
Yy+2Z Z+X (x+y)
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D.M.Batinetu-Giurgiu, Romania, RMM-43, Winter-2024

Solutie

Lema

Ifa,b,t >0
3
(a®+t)(b” +1) 2 Zt(t+(a+b)z).
Hojoo Lee Inequality

xa’ b®> zc®
Folosind Lema pentru(a,b,t) =( + y ,1 |obtinem:

Y+Z Z+X X+Y

2 2 \2 2,4 Lema 2 2 2 \? @
LHS = xa +—yb +1 ¢ >+1] 2 §1 1+ xa + yo + z >
Y+2Z Z+X (x+y) 4 Yy+Z Z+X X+Y

2

xa b  zc?
LY

Yy+Z Z+X X+Yy

2
>12F? = RHS ,unde(1) < ( j >12F?2, vezi

3 & =z[ X +1—1ja2 :Z(X+y+z—1]a2 (x+y+2) T2

Y+1 Y+1 Y+2

Czs(x+y+z)(Z—a))—z‘a2 =(x+ y+z)@—za2 =@—Za2 =

> (y+z 2(x+y+2)
2
:—Za +222ab -y’ =Zab—%2a2 =p°+r’ +4Rr—%~2(p2+r2 +4Rr):

Doucet

=2r(4R+r) > 2r-py3=23F.

Remarca.

IfX,Y,z,A4>0thenin AABC hods:

2 2 \? 2.4
(Xa L jm L8 A |z9aF?,
y+z Z+X (x+y)

Marin Chirciu

Solutie

2 2 2
xa b zc
Folosind Lema pentru(a,b,t) = + y , , A |obtinem:
Y+Z Z4+X X+Y

2 2 )2 2,4 Lema 2 2 2 \? (€))
LHS = xa +—yb +A ¢ s+A | 2 gk A+ xa + yo + z >
y+z z+X (x+Y) 4 Y+Z Z+X X+Y
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@
> 3x(x+12|: )>—x~12|:2 =9\F2=RHS,
4 4

3

2 2 2 \?
unde(1) <> ( xa_  yoo |z j >12F2 veri
Y+Z Z4+X X+Y

2 2 2 \2
>12F2 = RHS ,unde(1) < [ xa_  yb |z j >12F2, vezi
V+Z Z+X X4V

Z;jz_z[y+z+l_l] _Z(X;zzz_lja = y+z
S(x+y+z ﬂ— a’=(x+y+z) (Z ) a @— a’=
> (x+y )Z(y+z) 2.2 =(x+y (x+y+z P 2 2.2 =

2
:—Za +222ab -Ya’ =Zab—%2a2 =p°+r’ +4Rr—§~2(p2+r2 +4Rr):

Doucet

=2r(4R+r) > 2r-p\3=23F.
Aplicatia69.
IfX,y,Z2>0,Xy+YyzZ+zx=1then
zmg 2(x+y+2).
Vu Long, Vietnam,THCS 11/2023
Solutie.

Lema.

IfX,y,Z2>0,Xy+YyzZ+zX=1then

il 2XtY+Z
VRS Al

Demonstratie.

VX 1= X+ xy +yz+2x = [(x+y) (x+ Z)AM;GM (X+y);(x+z) _ 2X+2y+Z .

LHS =S 52 11 < 2X+y+z 22X o Res.
> > >

Remarca.

In AABC

Z,/tanzgjtlsz(Lerr).
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Marin Chirciu

Solutie.

Lema.

IfX,y,z>0,Xy+Yyz+zX=1then
SN +1<2(x+y+2).

B, C
Se cunoaste identitatea in triunghi Z tan EY tan 5 =1

Folosind Lema pentru (X, Y, Z) = (tan g ,fan % ,fan %j obtinem:

A A A AR +r
Y Jtan* = +1<2) tan— < D ftan* —+1< 2. .
2 2 2 p
Aplicatia70.
S.2518. InAABC
)
sin“ A
H ————+1|2>81.
- 2 B - 2
Sin® —SIN™ —
2 2
D.M.Batinetu-Giurgiu, Claudia Nanuti, Romania, RMM-43, Winter-2024
Solutie
Lema
Ifa,b,c,t >0
2 3 2.2
[1(a +t)zz(a+b+c) t2.
Hojoo Lee Inequality
sin A sinB sinC

Folosind Lema pentru(a,b,c,t) = , , ,1 | obtinem:

. . C' . C . A .
sin—sin— sin—_sin— sin—_sin—
2 2 2 2 2 2

2

Sin2 A Lema 3 sin A 2(2)3 ,

= - > e _sSinA - . >_ _ _

=l sinzBsinZC+1 4 ZsinBsinC ! _4(6J§) 81=RHS,
2 2 5 5
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sin A

Marin Chirciu

unde(2) < Z Z6«/§,vezi:
sin—sin —
2 2
. A A . A A
Z S|nA AM;GM3 H SlnA _3 HZSInZCOSZ _32 HSlnEHCOSE ~
. B.C ~ L B Cc % _B.C 7% LA
SIn—SIN — SIn—SIN — SIn —SIN — Hsm —
2 2 2 2 2 2 2
A Mitrinovic 3r\/§
:6,31 cot— =63— = 613’—:6 3
H 2 \/: r \/_
Remarca.
IfA >0, InAABC
sin? A
H — 4+ |>811%.
- 2 B - 2
SIn® —SINn™ —
2 2
Solutie
) sin A sinB sinC )
Folosind Lema pentru(a,b,c,t): ) < Cc A" _ , A | obtinem:
SIn—SIn— SIn—SIN— SIN—SIN —
2 2 2 2 2 2
2
sin? A Lema 3 sin A , @3 2, )
= _— > _— _— . >— . = =
is=[T —g—c+*|2 4| Z—F ¢ x_4(6J§) 32 =81\7 = RHS,
SIn® —SIN™ — SIn —SIN —
2 2 2 2

unde(2) < z% > 6\/§,
sin—sin —
2 2

Aplicatia71.
S.2516. Ifm,n>0 , In AABC

cot” — 2

p
> > .
mtan§+ntanC2: (m+n)r2

D.M.Batinetu-Giurgiu, Neculai Stanciu, Romania, RMM-43, Winter-2024

Solutie

46


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2023 www.mateinfo.ro

3 3
A A A
C0t3 E Holder (Z cot 2) ( cot 2)

LHS =) 5 = > = =

3(m+n
(men) ™
p 3
unde (1) < (rj > P’ o pi> r(4R+r) vezi p> >16Rr —5r
3(m+n)4R+r (m+n)r?
p
Remarca.

Ifx,y>0 andneN", InAABC

Cotn+1 é

> 2, 8 (ﬁj
B C x+yl3r)

Xtan —+ntan
2 2

Marin Chirciu

Solutie

. A zcoté n+1 Zcoté n+l
cot E Holder 2 3 2

LHS =" > = -
B C o B C e A
xtan§+ytan§ 3 12(“&”2”&”2) 3 1(x+y)ZcotE

Gl

AR+r

(p)”p
n 2 erretsen n
r)r _S(EJ p*  cer 3(£j.3=
r(

3 (x+y) 3n—1(x+y)4R+r x+y3r 4R+r)  x+y\3r
:L(ﬂj —RHS .

X+ y\3r
Aplicatia72.

J.2630. IfX,y,2>0,x+Yy+2=3,InAABC

Xa
Z(yﬂ)zzm:z.

4
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D.M.Batinetu-Giurgiu, Claudia Nanuti, Romania, RMM-43, Winter-2024

Solutie
x*a* xa’? jz ( xa’ ]2 )
LHS = Z o =Z(y+z)zc>s(zy+z = 2y (zl)(zﬁlz) =~ 4F?
(y+2)° X D ox 3 3 ’
a’ Xyz 1
unde(1) <:>Z >2\/§F si <—, vezi

3 ZCarI|t23 4F
abc)s > —-——2 3F.
2). Xyz <E, din Xz SE < xyz<1.

I[I(y+z) 8 : > x> yz—xyz 8

Am folosit mai sus Xyz <1, din: 3=X+Yy+2>3§/xyz = xyz <1.

4F )2
Inegalitatea lui Carlitzabc > [ﬁ , cu egalitate pentru triunghiul echilateral.

Remarca.
Problema se poate dezvolta.

IfX,y,z>0,x+y+z=3andneN, InAABC

Z(;jj)z 3(%

Marin Chirciu

Solutie

e (e ¥ (e Y| S[4ET
Z(yxfzn>2‘2(ylz)zc>s(2§?j [Zygj Z(fj =4

Remarca.

ProblelfX,y,z>0,X+Yy+z=3andneN InAABC
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Marin Chirciu
Solutie
LHS z X2a2n AM*GM3 H X2a2n XyZ H ) 3 H
= > = an> 3 a =
(y+z)2 { (y+z)2 H y+2) 2 \J64
E
3 n
2n Carliz 3| (AR \2 3( 4F
—3—3 a’" = abc 3 > S| — == —— | =RHS.
s VL1 5| =5l
Remarca.
IfX,y,2>0,X+y+z=3andneN InAABC
x| 3(4F Y
y+z 8(\3
Marin Chirciu
Solutie
xa2" AM oy xa>" \/
LHS = = a2”>3 a' =
Zy+z 1_[(y+z) \/H (y+2) H H
2n
3 n
2n carliz 3| ((4AF )2 3( 4F
—3—3 a®" = abc > Z|| —= ==|——| =RHS.
[ w5 s
Aplicatia73.

1.2624. 1fX,y,2>0,Xx+y+2<3,InAABC

ZM>32F2
Z

D.M.Batinetu-Giurgiu, Nicolae Musuroia, Romania, RMM-43, Winter-2024
Solutie

s = 3 0 (e g T e [ B9 e

z x*y*z X°y?’z

49


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2023 www.mateinfo.ro

3 2
1 xyz<1 4 Carlitz 4F 4F
=3.23—] ]a* = 63| |a* =6(abc)s > 6 =6| —— | =32F2=RHS.
(e [12" = S[1a" =6(abe) (ﬁj &

Am folosit mai sus xyz <1, vezi3> X+ y+2 > 33xyz = xyz <1.

4F \2
Inegalitatea lui Carlitzabc > (ﬁj , cu egalitate pentru triunghiul echilateral.

Remarca.
Problema se poate dezvolta.

IfX,y,2>0,X+y+z<3andneN InAABC

X
Marin Chirciu
Solutie
X+y a®" Am GM (X+y)azn H(X+y) nCesaro 8xyz .
LHS = ~—— 3i/]‘[ =% VT [12* = Xzyzzzl'[a2
2n
313 n
2n Carlitz 4F 2 4F
=3. 23— a® > 63 a”™ =6(abc)s > 6| —= =6/ — | =RHS.
{1127 = 81 5| %)
Aplicatia74.
1.2626. If AABC then
[1(a® +2s)>324F>.

D.M.Batinetu-Giurgiu, Daniel Sitaru, Romania, RMM-43, Winter-2024

Solutie
Lema

Ifa,b,c,t>0

(a+b+c)'t?

H(a2+t)2

Nlow

Hojoo Lee Inequality

Folosind Lema pentrut = 25 obtinem:
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Lema Mitrinovic

LHS =] ](a*+2s) = %(Za)2 -4s? =3(2s)" s =12s* > 324F2=RHS,

Remarca.
In AABC and A > Othen
[1(a*+4s)=812°F>.
D.M.Batinetu-Giurgiu, Daniel Sitaru, Romania
Solutie

Folosind Lema pentrut = AS obtinem:

LHS =] T(a%+2s) Lezma%(za)z (As)? = %(25)2 () =38 3227 =
~81\2F2 = RHS .

Aplicatia75.

1.2627. 1f AABC then

[T(a’r +2)>108F>.
D.M.Batinetu-Giurgiu, Daniel Sitaru, Romania, RMM-43, Winter-2024
Solutie
Lema

Ifa,b,c,t>0

(a+b+c)2t2.

[T(a°+t)=

Hlw

Hojoo Lee Inequality
Demonstratie

Folosind Lema pentru (a, b, C,t) = (ara, br,,cr,, 2) obtinem:

LHS =TT (a; +2)Le>ma—(zar) 233 ~(6F)"-2* =108F = RHS,

Euler

unde (1) <> Y ar, >6F,vezi: » ar, =2p(2R-r) > 2p-3r=6F.

Remarca.

In AABC and A > Othen
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[1(a’ +4)=272°F2.

Marin Chirciu

Solutie
Folosind Lema pentru (a, b, C,t) = (ara, br,,cr,, k) obtinem:

Lema 3

© 32
LHS =[](a%2 +1) > Z(Zara)z % ZT(BF)Z = 27).F2 =RHS,

Euler

unde (1) < > ar, >6F,vezi: » ar, =2p(2R-r) > 2p-3r=6F.

Aplicatia76.
1.2628. If AABC then
[T(a'r? +2)=432r°.
D.M.Batinetu-Giurgiu, lonut Ilvanescu, Romania, RMM-43, Winter-2024
Solutie

Lema

Ifa,b,c,t>0

(a+b+c)2t2.

[T(a°+t)=

Hlw

Hojoo Lee Inequality

Folosind Lema pentru (a, b, C,t) = (azl’a, bzl‘b , Czl‘C , 2) obtinem:

ema e 2 6
LHS =H(a“r§+2)Lz %(Zazra)z-zzg%v?; j 22 = 21847R =RHS,

3

unde (1) < Z:azra > 27R , vezi:

Gerretsen Euler 27 R3

> a’r,=4p’(R-r) > 4(4R*+4Rr+3r’)(R-r)=4(4R*~Rr*-3r°) >

Remarca.

If AABC and A > Qthen

. 21874°R®
[1(a*; +1)2—16 .

Marin Chirciu
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Solutie

Folosind Lema pentru (a, b, C,t) = (azl’a, bzrb,czrc,k) obtinem:

=RHS,

Lema 3 (1) 3 (27 R3 jz . KZ _ 21877\,2 RG

LHS =] (a‘r2 +1) = —(Za IR

3

unde (1) < Zazra > , vezi:

Gerretsen Euler 27 R3

> a’r,=4p’(R-r) > 4(4R*+4Rr+3r’)(R-r)=4(4R°*-Rr’-3r°) >

Aplicatia77.
J.2615. IfX,y,2>0, In AABC

y+z 2

2
H[(L+ﬂj a‘ +2J > 900F 2.

www.mateinfo.ro

D.M.Batinetu-Giurgiu, Daniel Sitaru, Romania, RMM-43, Winter-2024

Solutie
Lema

Ifa,b,c,t>0

Hojoo Lee Inequality

Demonstratie

Folosind Lema pentru (a, b, C,t) = ((L+u] a{(i.,.ﬂj bz,(i +ﬂ
Vy+12¢ z Z+X X X+Yy Yy

obtinem:

2
X+y Lema 3 X X4y @
LHS = H[(yﬂ . j a +2] > Z(Z[E+Tjaz] 225

@
2%(10«/§F)2 .22 Z900F2 = RHS

Tsintsifas

)

unde (1) < Z( X+yja =Y 2ty et 2 23R +8VEF <1043F.

y+z z y+2
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AM GM Cesaro 2 Carlitz
Zx+y 2 ,3/ x+y a’ a 38xy ?=3.2(abc)s > 6- aF _
J3
=8\/3F .

Am folosit mai sus Z—a > 2\/_F ,(G.Tsintsifas)si Z—a > 8\/_F
Vy+2

Remarca.

Ifx,y,z,4A>0, InAABC

H[[LJrﬂJZ a‘ +ﬁ,] > (154F Y.

y+12 z
Marin Chirciu
Solutie
X X+ +Z Z Z+X
Folosind Lema pentru (a, b, C,t) = [(— +—y] az,(i+y—jb2,(— +—jC2,kJ
y+z Z Z+X X X+y Yy
obtinem:

2
X+Yy e 3 X  X+y W
LHS = HL(E-F . ja-i-;\} 4(Z(E+Tja2J A2 >

@)
z%(loﬁF)2 A2 = 225)2F2 = RHS .

Aplicatia78.

1.2617. If AABC then

[1(r? +2)=2743F.
D.M.Batinetu-Giurgiu, Alecu Orlando, Romania, RMM-43, Winter-2024
Solutie
Lema
Ifa,b,c,t >0
| BIES +t)2%(a+b+c)zt2.

Hojoo Lee Inequality

Folosind Lema pentru (a, b, C,t) = (ra, L, I, 2) obtinem:
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Lema

s =[](12+2) £ (Ee) 2= J(eR ey 22088 =R,

3R\3
=

unde (1) < %(4R+ r)’ 22> 27\3F < (4R+r)" 2 93pr vezip<

Ramane sa aratam ca:

(4R+r)’ Z9J§-3R£/§-r < 2(4R+r)° 281Rr < 32R? —65Rr +2r2 >0 <

= (R—Zr)(SZR— r) >0, evident din inegalitatea lui Euler R > 2r .

Remarca.
In AABC then
2
H(rj+l)zm,l>0.
4
Solutie

Folosind Lema pentru(a b,c, t) ( T ,7») obtinem:

T3S a3 270 \3F

LHS = 2ea) > (O r) A ==(4R+r) - 9 roa2 =
[T +2) = Z(Xn) 27 =5 (4R+r)* 27> 2-93p :
unde (1) < (4R+ r)2 > 9\/§pr care rezulta din inegalitatea lui Mitrinovic p < 3R2\/§,
Ramane sa aratam ca:
(4R+1) 2943 ER\/_ -t < 2(4R+r)’ 281Rr < 32R? —65Rr +2r’ >0 <
= (R—2r)(32R— r) >0, evident din inegalitatea lui Euler R > 2r .
Remarca.
If AABC then
2.2
TT(r2+2)= 222 5s0.
4

Solutie

Folosind Lema pentru(a,b,c,t) =(h,,h, h,,A) obtinem:

www.mateinfo.ro

Marin Chirciu

———=RHS,

Marin Chirciu
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Lem:

a 2,2
LHS=H(h§+k) > %(Zha)z.ng%(gr)z-xz:2432‘ r =RHS, (1) @Zhazgr.

Remarca.
If AABC then
2,.2
H(Wa2+l)2243ﬂ r 150
Marin Chirciu
Solutie
Folosind Lema pentru(a, b,C,t) = (Wa,Wb,Wc,K)obtinem:
Lema 3 2 D3 2 243)\%r?
LHS = W2+A) > = W) -AZ>=(9r) A% = =RHS,
unde (1) < Zwa >9r.
Remarca.
If AABC then
2,2
H( ; 1)2243ﬂr 150
Marin Chirciu
Solutie
Folosind Lema pentru(a,b,c,t) :(ma, mb,mc,k) obtinem:
Lema @) 2,2
LHS =] (m2+2) = %(Zma)z-xzz%(gr)z.xz _ 2T R,
unde (1) < Zma >0r.
Remarca.
If AABC then
2,2
T1(s2+4)> 2220 250
4
Marin Chirciu
Solutie

Folosind Lema pentru (a, b, C,t) = (Sa, S, Sc» K) obtinem:
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LHS =T(s? +x)Le§"a—(zs )2 ()§ )-7&:#:%8,

unde (1) < Zsa >0r.

Aplicatia79.

J648.Ifa,b,c>0,ab+bc+ca=1then
at+b+c+3abc>——.

a+b+c

Marius Stanean, Zaldu, Romania, Mathematical Reflections 6/2023

Solution

B C
Using the identity in the triangle Z tan > tan 5 = 1substitution can be made

(a,b,c) :(tang,tang,tan %}

It is enough to show that:

Using the identitities in the triangle Ztan 2 4R+T and Htang = L, the above inequality is
p p
written:
4R +r 3_ 4 <:>4F2+4r2 4p <:>R+r2 p <:>(4R+r)(R+r)2p2,
p p 4R+r p AR +r P 4R+r

p
which results from Gerretsen Inequality: p* <4R? +4Rr +3r?.
It remains to show that:

(4R+ l’)(R+ r) > 4R* +4Rr +3r® < R > 2r,(Euler Inequality).

Equality occursifandonlyifa=b=c=

i

Remark.
The problem can develop.

IfX,y,Z2>0,Xxy+Yyz+2zx=1 and A <3then
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A+9
3(x+y+z)

X+Y+Z+AXyz >

Marin Chirciu

Aplicatia80.

1.2607. If X, Y,z > 0 then in AABC

5 X 2 16Fp-27R’
y+z ° B8R '

Mehmet Sahin, Turkey, RMM-43, Winter-2024
Solutie.
Lema.
Fie X,¥,2>0si f:D — R ofunctie. Are loc relatia
S 025(S0) - X0
y+12 2
Demonstratie.

avemY X £t :z(iﬂ_ljfza)_zw -3 (1

V+2 V+2 y+12

(%<f(+t)> R %:H)z) ) -2

Folosind Lema pentru f (a) =m, obtinem:

Z—m (zma)z_zmi:%(Zm§+22mbmc)—zm§:

y+1z

(x+y+z

1 , ., 27R?Eder16Fp—27R®
=yYymm —=> m->p° — > =RHS.
2. mym. 2Z 2= P 8 8R

27TR?
Am folosit mai susZ:mbmC > p? $i2m§ < .

Remarca.
Problema se poate intari.

If X, Y,z > 0then in AABC

Remarca.
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If X, ¥,z > 0thenin AABC

X esf2r 1)
Zy+z 2 (R ij

2). Z—Wz >27r* —= p

V+12Z

2
3). Zisﬁ 227r2—27R .
y+2 8

81
y+z2

. > X2 >sar2-SoR?,
8

Aplicatia81.

1.2608. In AABC

5

3 m? 264r5

(hbW )3 RG :

c

www.mateinfo.ro

Marin Chirciu

Zaza Mzhavanadze, Georgia, RMM-43, Winter-2024
Solutie.

g mym mc<—
5 3 maz\/\z/azhaz mi ~ Zma b Zm

2

h,w,) (mm.)*  (mmm,)’ (

(p)

T 7 8pt rErgomt artriedr o
- Rp* 27R® ~ 27R® R® T R°

8
Remarca.
In AABC

2k+3 2k+1
zma—mzzwz(i] keN.
(hch) 3R

Solutie.

Rp®

- - Zmazp
>

Marin Chirciu
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Rp?
2k+3 maZWazha M2+ Ak Mamym <= M4 cs
LHS = Z wT 2 Z T = z . T 2 Z—azmz
) (mbmc) (mambmc) (szj
2

(Z mi )2k+2 ( p2 )2k+2 p4k+4

cs 2k+1 2.mi=p? 3 mi=p? 2k+1 2k-+1 2 2l pagye? 2 2t
>3 > T 3 =3 == p = 271 =

—W = = R2k+1p4k+2 - R2k+1p4k+2 - 3R 3R
22k+1 22k+l 22k+1
2 2k+1
=27r? (ﬁj =RHS .
Aplicatia82.

J.2600. IfX,y,z2>0, In AABC

bem >2\/—\/—

yz,/m,m,
D.M.Batinetu-Giurgiu, Romania, RMM-43, Winter-2024

Solutie.

Hb 3Y1-1-abc =

LHS = Z y)z( bmmm AM;M 3 i/1_[ y)z( bmmm \/H H
jz‘ = 2427JF =RHS.

(abc)g Ca;htzB(A'Fj _3 4F

5 %

3

Carlitz 4|: 2
Am folosit mai sus inegalitatea lui Carlitz:abc > .

NG
Remarca.

Ifx,y,z>0, InAABC

2,42
2ﬂ24\/§|:_

yZ mbmc
Marin Chirciu

Solutie.
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LHs - Z;jﬁwﬁ% \/H%_s JH T - e -

2 Carlitz
=3(abc)3 < 3(4':}

7 §=3(4Fj 43F =RHS.

N

Remarca.

IfX,y,2,k >0, InAABC

Z X‘a’-m, >3(£j
yzfmm, 3
Marin Chirciu

Solutie.

LHS - zyxzj%”;“”sjn;j% JH T - o] -

3k
k Carlitz 23 E
=3(abc)s > 3[4Fj =3(£} =RHS.

&) B

Remarca.

IfX,y,z,k >0, InAABC

x2(b+c) -m, k
Zﬁz(m@r) .

Marin Chirciu

Solutie.

2(b+c) -m, em xz(b+c)k-ma: 3 x* m, o) -
-yl 3JH—yZ T T TT e o
=311 [ (b+c) =33 J(b+c) (>i)(4\/§r)k = RHS,

Am folosit mai sus unde (1) < 3 H(b+c) > 4\/3_’I’ , Vezi:

Gerretsen

1_[(b+c):2p(p2 +r? +2Rr) > 2p(16Rr—5r2 +r? +2Rr)=

Mitrinovic

:2p(18Rr—4r) " 64r?p > B4r?.343r = (4\/§r)3.

Aplicatia83.
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J.2601. IfX,y,2>0, In AABC

1y+z 18
L7 T

Mehmet Sahin, Turkey, RMM-43, Winter-2024

Solutie.
o e ST T TSI
6 D 6 18

itrinovi 2
4 Mitrinovic p 4 p

3
unde(1)<:>«3/HW§S%,veziHWﬁSHrazz(rpz)Z:rzp < E.p :E'

Remarca.

Ifx,y,z>0, InAABC

ly+z_ 8
3.2—— —
) s x  3R?

1y+z_ 18
4).y ——>—.

Sl

Marin Chirciu

Aplicatia84.
In AABC, | -incenter

George Apostolopoulos, Greece, Mathematical Inequalities, 11/2023

Solutie.
Lema.

In AABC:
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BC 1 A
~» asin—.
IA r 2

Inegalitatea din dreapta.

BC 1 ACBS 1 ) ) ALelbnlzl 2( r j
—== aS|n—< a~ ) sin < = 9R°|1-— | =
- HZeT "

3R 1_LEuIer BR\/i

2R

Inegalitatea din stanga.

BC 1 A AM-HM ] . A
=) asin— > —-33 asin— =—3/abc sm— =—3/4Rrp— =
2 \/ 2 \/ [ \/ P2

A T
Mitrinovic
3rp t> 3 Jr? 3 = ( )=§~J§r:3J§.
l' r
Remarca.

In AABC, | -incenter

1

2r b+c _6R
63| [ <X o /1
\/_(R) 2 IA 2R’

Solutie.
Lema.
In AABC:
b+c :EZ(b+c)siné.
1A r 2

Inegalitatea din dreapta.

thals (b Al \/ (b < 36R?([ 1
—— == +¢) sm— +¢) ) sin® = —— =
Y 3 (o)’ S 5]

_6R
r

1_§ unde (1) < Z b+C <36R25|ZSII’I—: —ZrR,vezi:

Gerretsen

> (b+c)’ =2(3p* 1 —4Rr) < 2(3(4R*+4Rr+3r*)—r’—4Rr)=

Euler 2
=8(3R2+2Rr+2r2) < 8. %—smz.

Inegalitatea din stanga.

www.mateinfo.ro

Marin Chirciu
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@
M:%Z“(b+c)sin§AM2HME 3\/H(b+c)sin§ :g\/H b+c Hsméi

1A

(i)—«3/(4f)—=— 4Bl =3 a2 ef( j

unde (2) < H(b+c) > (4J§r)3 , vezi:

Gerretsen

[T(b+c)=2p(p*+r*+2Rr) > 2p(16Rr—5r+r’+2Rr)=

—2p(18Rr—4 ) eartp > 64?330 = (43 r) .

Aplicatia85.
In AABC
3 2
sz +c? iia2+2bc 24\@%'
Konstantinos Geronikolas, Greece, RMM, 11/2023

Solutie.

Lema.

In AABC:

D a’ _ p*(2R-3r)+r?*(4R+T)
b?+c®—a*+2bc 2pr '
RHS =3 b? +¢? f; +2bc = T _3r2);rr2 e e

Ger;tsen(16Rr—5r2)(2R—3r)+r2(4R+r) 16R% — 27Rr +8r2 Eierng Mitri>novic 9R?
) 2pr ) p C2p L3R

Euler 2
- 3R > 4\/_%:LHS.

Remarca.

In AABC

Marin Chirciu
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Solutie.
Lema.
In AABC:
3 a _ p?(2R-3r)+r’(4R+T)
(b+c)’ —a’ 2pr .

Inegalitatea din dreapta.

3 L(ina pz(zR_3r)+r2 (4R+r)Gerretsen

i :

(b+c)2—a2 2pr

Gerztsen (4R2 +4Rr +3r2)(2R —3r)+ r2 (4R + r) 4R3 _ 2R2r _ er _4r3 Elier

2pr pr

cuer 2(2R3 —7r2) i 2(2R3 —7r2) _ 2\/§(ZR3 —7r3) |

- pr T3 9r?

Inegalitatea din stanga.

Z a

3 Lema P’ (2R-3r)+r?(4R+r) Gerrtsen (16Rr —5r2)(2R —3r)+r?(4R+r)

(b+c)2—a2 2pr 2pr

2 _ 2 Euler 2 Mitrinovic 2

:16R 27Rr +8r > 9R N 9R =«/§R.
p 2p ,. 3/3R
2
Aplicatia86.
1.2592. InAABC
Y (2b+a)(2c+a)<81R?

Daniel Sitaru, Romania, RMM-43, Winter-2024
Solutie.

Lema.

In AABC
> (2b+a)(2c+a)=2(5p+3r* +12Rr).

Gerretsen

LHS = (2b+a)(2c+a)=2(5p* +3r°+12Rr) < 2(5(4R*+4Rr+3r*)+3r’ +12Rr )=
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Euler
:4(10R2+16Rr+9r2) < 81R?=RHS.

Remarca.
In AABC
> (2b+a)(2c+a)>324r?
Marin Chirciu
Solutie.

Lema.

In AABC
> (2b+a)(2c+a)=2(5p+3r* +12Rr).

Gerretsen

LHS =Y (2b+a)(2c+a)=2(5p” +3r*+12Rr) > 2(5(16Rr —5r”)+3r” +12Rr ) =

Euler
=4(46Rr—11r2) > 324r2 =RHS .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC
324r* <) '(2b+a)(2c+a)<8IR’
Remarca.
220, In AABC
36(A+1)"r* <> (Ab+a)(Ac+a)<9(A+1)"R?.
Marin Chirciu
Solutie.

Lema.

In AABC
> (Ab+a)(Ac+a)=(A°+24+2) p° +(A* +22-2)r* +(42° +81-8).

Inegalitatea din dreapta.

Gerretsen

> (Ab+a)(Ac+a)=(A*+24+2) p* +(A* +24-2)r* +(44* +84-8) <
Gerretsen

< (/12+2/1+2)(4R2+4Rr+3r2)+(/12+2/1—2)r2+(4/12+81—8)=
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Euler

=4((24° +24+2)R* +(84° +164)Rr + (42> +84+4)r°) < 9(A+1)°R’.

Inegalitatea din stanga.

Gerretsen

> (Ab+a)(Ac+a)=(A"+24+2) p* +(2* +24-2)r* +(44* +81-8) >

Gerretsen

> (/12+2/1+2)(16Rr—5r2)+(/12+2/1—2)r2+(4/12+8/1—8)=

uler

=(204% +404+24)Rr —(44% +84+12)r? B 36(A+1)"r2.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatia87.
In AABC:
2
2Rr < My
A
3C0S—
2
Neculai Stanciu,RMM, 11/2023
Solutie.
Lema.
In AABC:
M > Joc.
A
COS—
2
2
2
Lema @
RHS=3| = _| >'% b =52bc21-18Rr =2Rr =LHS ,(1)<> > bc >18Rr.
3cosé 3 9 9
2
Remarca.
In AABC:
2
> M, N 2 Rr
AC0OS— A
2
Marin Chirciu
Aplicatia88.
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In acute AABC :
1 1
D [—2 + _2] >6
mb (o
Lan Tran, Vietham, Mathematical inequalities, 11/2023
Solutie.
Lema.
In acute AABC :
b? +c? A
, < COS— ;
2 2
h? +h? ., A
L% >8sin® .
ma
Demonstratie.
b?+c> A b? +¢° A 2b*+2c*—-a® _b*+c? -a
m, < Cos— < m? < cos’ — < < b(p )<:>
2 2 2 2 4 2 bc

2 2 .2 2, A2 _
- 2% +2¢"—a _b’+c (a+b+c)(b+c-a)
4 2 4bc
(b2 +c? —az) >0, in acute triangle si (b—C)2 >0, cu egalitate pentrub=c.

= (b2 +c? —az)(b—C)2 >0, care rezultd din

. _bc 2 2 @ 2, 2 2 2_4Rz 2, 2
Dmha—ﬁ: +h; _H(b +C ):>b +cC _?(hﬂ +hc).

Folosind Lema obtinem:

2R*(h?+h
_ ) a = () —
a 4Rsin— 4sin—
2 2
pinm, <,/2(hZ +h?) = m? <2(h? +h?)- L o bth
¢ 2A 2
4sin— 16sin 5 8sin“ —
2 2 A
= h¢ +h? >8m’sin® — = ¢ >8sin*—
m? 2
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Marin Chirciu

1 1 h? +h? ., A ., A r \Euer 3
| S+= =) 2—=>)8sin°—=8 sm2—=8-(1——j28~—=6.
e R e L
Remarca.
In acute AABC :
2—2(h§+h§)28—£.
Solutie.
Lema.
In acute AABC :
2 2
, +2h° > gsin? 2
m; 2
Demonstratie.
b2+czcosé<:>m2<b2+czcoszé 2b2+2c2—a12<b2+cz_p(p—a)<:>
a 2 2 a2 2 4 2 bc

20°+2¢*—a’ _b*+c® (atb+c)(btc-a)
4 2 4bc
(b2 +c? —az) >0, in acute triangle si (b—C)2 >0, cu egalitate pentrub=c.

(b2 +c? —az)(b—c)z >0, care rezults din

Marin Chirciu

Remarca.
In acute AABC :
Zmasecgs&@R.
Solutie.
Lema.
In acute AABC :
2, 2
aS b” +c COSA,
2 2
Demonstratie.
2, 2 2, .2 2 2 .2 2, 2
_ —a
m < [P COS_A@mjgb +C oA 2°r2ci-a’ _brc’ p(p-a)
2 2 2 2 4 2 bc
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2b* +2¢* —a® _b’+c? (a+b+c)(b+c-a) -

< (b2+C"2—<’:1.2)(b—C)2 >0, care rezults din
4 2 4bc

2
(b2 +c? —a2) >0, in acute triangle si (b—C) >0, cu egalitate pentrub=c.

Aplicatia89.
J.2590. InAABC
3(a+b)(b+c)(c+a)=43r
Daniel Sitaru, Dan Nanuti, Romania, RMM-43, Winter-2024
Solutie.
Lema.
In AABC

(a+b)(b+c)(c+a)=2p(p*+r’+2Rr).
Inegalitatea se scrie:
2p(p°+r®+2Rr) 2(4J§r)3 < 2p(p®+r° +2Rr)264-3y3r° vezi p>3y3r.
Ramane sa aratam ca:
2-3\3r(p® +r° +2Rr)=64-33r* < p’+r? +2Rr >32r?, vezi p* >16Rr —5r°.

Remarca.

In AABC

g/(a+b)(b+c)(c+a) <2J3R

Marin Chirciu

Inegalitatea se scrie:

3/3R
>

2p(p*+r? +2Rr)2(2«/§R)3 < 2p(p*+1”+2Rr)=8-3J3R% vezi p <

Remarca.

In AABC

43r < g/(a+b)(b+c)(c+a) <23R.
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In AABC

5J§r£3/(p+a)(p+b)(p+c)£5§R.

Marin Chirciu
Solutie.
Lema.

In AABC

[T(p+a)=p(4p*+r®+8Rr).
Remarca.

In AABC

8\3r sg/(2p+a)(2p+b)(2p+c) <4J3R.
Marin Chirciu
Solutie.

Lema.

In AABC
H(2p+a)=2p(9p2+r2+6Rr).

Remarca.

In AABC

4r£§/(r+ra)(r+rb)(r+rc)SZR.

Marin Chirciu
Solutie.
Lema.

In AABC

1_[(r+ra):2r(p2 +r? +2Rr).
Remarca.

In AABC

2r sg/(ra -r)(r,—r)(r,—r)<R.

Marin Chirciu
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Solutie.
Lema.

In AABC

Remarca.

In AABC

Solutie.
Lema.

In AABC

Remarca.

In AABC

Solutie.
Lema.

In AABC

Remarca.

In AABC

Solutie.

[(r.—r)=4Rr?.

gr(Z—Rer <2 e 2m) (o) < 2

6r sg/(ra +0)(n+r)(r+r,) <3R.

[(r,+r.)=4Rp*.

Gr(%)S <3(h,+h,)(h, +h,)(h +h,) <3R.

www.mateinfo.ro

Marin Chirciu

Marin Chirciu

Marin Chirciu
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Lema.
In AABC
rp?( p®+r*+2Rr
H(hb+h0): ( RZ )
Remarca.
In AABC
2r \3
6r(E] < (b rr)(hor)(h o r) <3R
Marin Chirciu
Solutie.
Lema.
In AABC
p*(p*+r?+2Rr)
h = .
H( a+ra) 2R
Remarca.
In AABC
2r \3
2ri — | <3(h, - -r)(h. -r)<R
(2] <R R
Marin Chirciu
Solutie.
Lema.
In AABC
2
H(ha—r)zﬁ(p%r%zm).
Remarca.

n aceeasi clasd de probleme.

In AABC

N | o
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Marin Chirciu

Solutie.

Lema.

In AABC

2rt
h —2r)=—.
Remarca.

Tn aceeasi clasd de probleme.

In AABC

g/(ra —2r)(r,—2r)(r,—2r)<r.

Marin Chirciu
Solutie.
Lema.

In AABC
[1(r.—2r)=r(16Rr—4r*—p?).

Remarca.

In acute AABC

gg/(b2 +c?—a’)(c*+a’ —b?)(a” +b* —¢*) <3R.
Marin Chirciu
Solutie.

Lema.

In AABC
[1(0*+¢? —az):32r2p2(p2 —(2R+r)2).

Aplicatia90.
Ifx,y,z2>0,in AABC

Mehmet Sahin, Turkey,RMM 4/2023

Solutie.
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Lema.

Fie X,¥,2>0 si f:D — R ofunctie. Are loc relatia

z¥f2(a)zzzf(b)f(c)

Demonstratie.

AvemZ% fz(a):Z(uﬂ—l)fz(a):zw - f2(a

X X

(Zf ) SDRNE! x+y+z(Zf ) SANE!

X+Yy+2 (X+y+2)

x+y+z
=X f(a)) - f2(a)=X f*(a)+2X f (b) f(c)- D f2(a)=2D f (b

r
SFolosind Lema pentru f (a) =-2 obtinem:

a

r y+z Lema c rr " p +r _8Rr Gerretsen
LHS:Z(hj > 2> f(b) Zho' Z =2 >
e 16Rr —5r” +1* —8Rr _8Rr—4r’ _2(2R-r) e
- 2r? 2r? r -

Lr.  p>+r’—8Rr
h.h 4r?

C

Am folosit mai sus:z

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
Problema se poate intari.

Ifx,y,z>0,in AABC

N X r
Marin Chirciu
Solutie.
r
Folosind Lema pentru f (a) =-2 obtinem:
Lema _ Gerretsen
LHS:Z y+z sz Z .c Zrbc_2p+r28Rr 3
m h, h 4r
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L2 16Rr —5r* +1° —8Rr _8Rr—4r’ 2(2R-r) 4R

— = =—-2 > 6.
2r? 2r? r r

L, _ p’+r’—8Rr

Am folosit mai sus: Z hh Ar2
r

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

IfX,y,z>0,in AABC

Marin Chirciu
Solutie.
. h, ..
Folosind Lema pentru f (a) =—2 obtinem:
ra
Lema
LHS = Z y” > 23" 1 (b) )=225.h—=2zhbh°=2-2(2—£j=
r rr. R
—4(2——) Am folosit mai sus: Zh" <= (Z—Lj.
R L. R
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC
Z rbrc > Z hbhc
hbhc rbrc
Marin Chirciu

Demonstratie.
Folosind sumeIeZ:t:ihC p +:‘1r—8RI‘ |z I'C (2—%jlnegalltatea se scrie:

2 2
% > 2(2—%} = sz > I’(8R2 +15Rr —8I’2), care rezultad din inegalitatea lui

r

Gerretsen p° >16Rr —5r”. Rdmane s aratim c:
R(16Rr —5r*) > r (8R* +15Rr —8r*) <> 2R* ~5Rr +2r° >0 <> (R-2r)(2R-r) 2 0.
Egalitatea are loc daca si numai daca triunghiul este echilateral.
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Aplicatia91.
In AABC
r? 2
2 _>(a+b+c).
> r2(atbo)
SIn™ —
2
Marian Cucoanes, Mardsesti, Mathematical Inequalities,4/2017
Solutie.

2 2 2 ergstrom
LHS =3 s ¢ (2n) _(4Rer) e 4p* =(a+b+c)’ =RHS.

.o AT ., A r h
sin? — sinf- 1-—
2 Z 2 2R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca
In AABC
2 R+2r 24 2
(4R+1)"- o szSinzAs§(4R+r)
2
Marin Chirciu

Solutie.
Lema
In AABC

2

fa = p?+(4R+1)’.
LR

sin® —
2
Inegalitatea din dreapta.
r2 ) 5 Gerretsen R (4R + r)z 2 2 R
a_ — 4R < ———~2 +(4R =(4R —+1|=
LR PR s Sy TR =R SRy
2
BR—2r Euler > 4 4 2
=(4R+r1) ——=— < (4R+r1)"-==Z(4R+r1)".
(4R+T) 22R-1) (4R+T) 2 3( +1)

Inegalitatea din stanga.

2

N

2
pP4(4R+r) = m+(4R+r)2 =(4R+rY’ {Lﬂ}:

o3

R+r R+r

N

A
SiIn® —
2
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2 R+2r

=(4R )
( +r) R+r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca
In AABC
r? 4R
2R(4R+r)gzcoszAs4(7+1j(R2_3r2).
Marin Chirciu
Solutie.
Lema
In AABC
r’ (4R+r)3
& —=(4R+r)| r-12R+ _
Z | 2|
Inegalitatea din dreapta.
2 8 erretsen 3
W arer) ro1ors BRI gn ol _1or ARETD |
2 2
cos' ) p (@R )
2 R+r
2 2 Euler 2 2
=(4R+f)[r—12R+(4R+r2(R+r)}=(4R+r)-4R —7:’:2['-{—2[' ESI (4R+I’)~4R r12r _
4R ) )
=4 —+1|(R°-3r°).
(Fer)iw-a)
Inegalitatea din stanga.
2 8 erretsen 3
W (4R ro12rs RS p o _gopy ARHTD) |
2 2
cos’ 5 P R(4R 1)’
? _ 2(2R-1) |
- 2_ — 2 uler
=(4R+r){r—12R+2(4R+rFZ(2R r)}=(4R+r).4R 3§r 2r° &y
Euler 2R2

> (4R+r)?:2R(4R+I’)
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC
2 r2

Solutie
Lemal
In AABC
2

I’-a
2R

sin® —
2

= p2+(4R+r)2.

Lema2

In AABC

r (4R+r)3].

2
a :(4R+4j{r—12R+ 7

2 A
2

2

COS

Inegalitatea se scrie:
3

(4R+T)

— | =

p?+(4R+r) <3(4R+ r){r—12R+ >

www.mateinfo.ro

Marin Chirciu

=2 ( p? +160R* +32Rr — 2r2) <3(4R+ I‘)4 , care rezulta din inegalitatea lui Gerretsen

2
p? < m <4R?+4Rr +3r. Ramane s3 aritam ca:
2(2R-r)
2
RURST) (452 4 4Rr +3r7 +160R? + 32Rr —2r7) <3(4R+1)"
2(2R-r)

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca

In AABC

< 28R ~36R?r -37Rr’ —6r° >0 < (R—-2r)(28R?+20Rr +3r2) >0, veziR > 2r .
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2
(4R+r) RE2T <y haAsf(4R+r)2.

R+r 2

sin® —

Marin Chirciu
Solutie.
Lema

In AABC

h? p° + p*(3r® —16Rr)+ p°r® (32R* ~8Rr +3r)+r* (4R + r)’
Z = 4R2r2 *

sinzé
2

Inegalitatea din dreapta.

2

he  p°+p*(3r’—16Rr)+ pr*(32R*—8Rr+3r°)+r*(4R+r)’
- 4R’r?

sinZé
2

p?| p?(p? +3r? —16Rr)+r?(32R? ~8Rr +3r?) |+ r* (4R +r)’ ereter
_ |: ( ) 4(R2r2 )] ( ) G St

cerraen P° | P? (4R +4Rr +3r” +3r” ~16Rr )+ 1 (32R” ~8Rr +3r°) |+ r* (4R +r)’
< -
4R%r?

p?[ p? (4R* ~12Rr +6r7)+ 17 (32R* ~8Rr +3r?) |+ r* (4R +1)” Gervtsn
) 4R%r? )

e p’[ (4R” +4Rr +3r”)(4R* —12Rr+6r22)J2rr2(32R2 ~8Rr +3r”) |+ r* (4R -+ 1) i
4R°r

p*(16R* —32R%r + 20R?r* — 20Rr® +21r* )+ r* (4R + 1)’ Gerresen
) 4R’r? =

cereen (4R? +4Rr +3r? ) (16R" —82R°r + 20R"r* —20Rr* +21r*) + * (4R + r)’
B 4R%r?

_ 64R° —64R°r +64R°r® + 240R%r* +12Rr® +64r°
4R?r?

_ 16R® —16R°r +16R°%r® +60R?r* +3Rr® +16r° _
Bl R2r2 a

Inegalitatea din stanga.
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r2 , , Gerretsen (4R + r)z ) ) |: r :|
a 4R > T L (4R+r) =(4R o=
ZsinZA p’+(4R+r) . +(4R+r1)" =(4R+r) R+r+
:(4R+r)2'R+2r.
R+r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca
In AABC
ha2 4R 2 2
2R(4R+1)<>’ 2A34(T+1)(R -3r?).
COS™ —
Marin Chirciu

Solutie.

Lema

In AABC

ht  p°+p*(3r’—8Rr)+ p’r’(-16R*+8Rr +3r’)+r’ (4R+r)’

2%

cos2 2 4p2R2
Inegalitatea din dreapta.
2 8 rretsen 8
y L A—(4R+r){r—12R+M}Ge§ete(4R+r) r—12R+(4R—+r)2 _
cos? p r(4R+r)
2 R+r
2 2 Euler 2 10,2
:(4R+r){r—12R+(4R+r2(R+r)}:(4R+r)-4R _7fr+2r "< (4R+r)-w:
=4(ﬁ+1j(R2—3r2).
r
Egalitatea are loc daca si numai daca triunghiul este echilateral
Inegalitatea din stanga.
2 3 erretsen 3
y L A=(4R+r){r—12R+MT > (4R +1) r—12R+(4R—+r)2 _
cos? = p R(4R+I‘)
2 ] 2(2R-r) |
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- 2— — 2 uler
=(4R+r){r—12R+2(4R+er(2R r)}z(mﬂ).‘m 3§r 2r° &y

uler 2
S (AR ) 2 <R (4R ).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
h? h2
a > a
z HJ _32 2 A
sin® — cos? =
2
Marin Chirciu
Solutie
p®+ p*(3r*—16Rr)+ p*r’(32R* —8Rr+3r° )+ r* (4R +r)’ N

4R?r?

5+ p*(3r?—8Rr)+ pr?(-16R? +8Rr +3r?)+r2 (4R +r)*
L PP 3r -8R p (4sz2 Jrr(4R+r)

o pz[p6 +p* (3% ~16Rr) + p?r? (32R? —8Rr+3r2)+r4(4R+r)Z} >

> 3r? [ p°+ p* (3r> ~8Rr )+ p?r? (~16R? +8Rr +3r2 ) + 1 (4R+r)4} o=

& p°—16p°Rr + pr®(32R* +16Rr —6r )+ p’r* (64R* —16Rr —8r*) >3r* (4R+r)"
PN pz[pG ~16p“Rr + pr? (32R? +16Rr —6r2 )+ r* (64R? —16Rr—8r2)]z 3r*(4R+r1)’"

pz[pz (p*(p?—16Rr)+r" (32R? +16Rr —6r2 )+ r* (64R? —16Rr—8r2)] >3r* (4R+r)", care
2
rezultd din inegalitatea lui Gerretsen p> >16Rr —5r” > M
R+r
Ramane sd aratam ca:

2
%[ p’ ( p*(p*—16Rr)+r?(32R* +16Rr —6r2))+ r*(64R* —16Rr —8r2)} >3r* (4R +T)
(16Rr —5r?)((16Rr —5r*)(16Rr ~5r* ~16Rr )+ r* (32R* +16Rr —6r° ) )+ r* (64R ~16Rr —8r”) >

>3r(4R+1)’ (R+r) =
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(16R—5r)((16R—5r)(~5r)+(32R* +16Rr —6r”) )+ r (64R° ~16Rr —8r°) > 3(4R+r)’ (R+r)
464R° —1192R?r +581Rr? —106r° > 0 <> (R —2r)(464R* —264Rr +53r*) >0, vezuR > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2 2
z ha > E Z ra
. 9 R 2
Sin Sin
Marin Chirciu
Solutie.

Folosind sumele:

he P+ p*(3rP~16Rr)+ p°r?(32R* —8Rr +3r?)+r* (4R +r)’

z 2.2 Si
Sinz';\ 4Rr
r2 2 2
Z 2 A= p +(4R+r) inegalitatea se scrie:
sin? —
2

5+ p*(3r? —16Rr )+ p?r?(32R* —8Rr +3r2)+r* (4R +r)’°
PP ( )+p lERZI’Z . )+ ( i ) 2%[p2+(4R+r)2}<:>

< p’ [ p*(p*+3r* —16Rr)+r?(32R* —16Rr +3r2)] >r®(4R+r)’ (8R-T),

r(4R+r)2

care rezult din inegalitatea lui Gerretsen p? >16Rr —5r? > R
+r

Ramane sa aratam ca:

2
—r(4RR++rr) [(16Rr —~5r®)(16Rr —5r” +3r® —16Rr ) +r* (32R* —16Rr +3r2)] >r®(4R+r)"(8R-T)

24R? —55Rr +14r°> >0 < (R—2r)(24R—7r) >0, evident din inegalitatea lui Euler R > 2r .
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatia92.
In AABC
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S Y on
42 +nr +4r7  9R’

Zaza Mzhavanadze, Georgia, RMM 3/2023

Solutie.

Lema

If X, y,Z > 0then

Z X (ZX)Z

> .
4y? +yz+472 ~ 4Y XD yz-9xyz

Demonstratie.

5 DL S S V) (2%)

Ay 1 yz 4472 “axy? 1 xyz+4xz? > (4xy? +xyz +4x2°) B 4% x> yz-9xyz’

Folosind Lema pentru (X, Y, Z) = (ra, [ rc)ob'ginem

> — =
A2 4rr+4r? 4> > nr-9ornr 4(4R+r)-p?-9rp®  p?(16R-5r) 9R’

2
vy 6w () (4R+r)" _ (4R+r) 02

2
(4R+ r) o 2 oo . 2
unde —————2>—, rezultd din inegalitatea Blundon- Gerretsen: p° <

p’(16R-5r) 9R

R(4R+r)’
2(2R-r)

Ramane sa aratam ca:

(4R+r)’ 2
. >— < 9(2R-r)>16R-5r < R>2r,(Euler).
R(4R+T) 9R
ST (16R—5r)
2(2R-r)

Egalitatea are loc daca triunghiul este echilateral.
Remarca.

In AABC

Z h, >(ZJGL
4h? +hh +4h> \3) R*’

Marin Chirciu
Solutie.
Lema

If X, ¥,Z > 0then
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Z X (ZX)Z

> .
4y? +yz+472 ~ 4Y XD yz-9xyz

Folosind Lema pentru (X, Y, Z) = (ha, h,, hc) obtinem

, (p2+r2+4Rrj2
v e (2N 2R

402 +hh +4h2 4> > hh —9hhh, _4‘ p’+r*+4Rr 2rp* o 2r’p’

2R R R
( p2 +r? +4Rr)2 Gerretsen (16Rr —5r? 412 +4Rr)2
= 2 2 2 Z 2 =
8rp*(2p°+2r°—Rr) g 27R (2(4R? +4Rr +3r?)+2r —Rr)

_ Br(sR-2r) e gr 32 256r _(ETL
27R2(8R2+7Rr+8r2) T 27R? 27 729R?* \3) R%*’

Egalitatea are loc daca triunghiul este echilateral.

Aplicatia93.
In AABC
2
3 aifbo < R* (Ya+ 4B+ ¥
Daniel Sitaru, RMM 3/2023
Solutie.

Tripletele (a2 ,b?,c? ) si (%, 3ea, %) sunt invers ordonate.

Cu inegalitatea lui Chebyshev obtinem:

Chebyshev 1

Zazﬂ < 3 a

Leibniz 1

S 3be < §.9RZZ€/E5253R2%(Z%)2 =R?(Ya+3b +3k).

Egalitatea are loc daca triunghiul este echilateral.

Remarca.
In AABC
5
> a*fhe < 2 BR
r
Marin Chirciu
Solutie.
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Tripletele (a“, b*, c* ) si (\3/bC, 3[ca,3/ab ) sunt invers ordonate.

Cu inegalitatea lui Chebyshev obtinem:

Za43

Chebyshev 1

£y ety e G°ﬁ”“1.£zr S°39R = (%) -

T ((ad+36) L (olarbre)| =X (4020 <32ir[ 18. MTR] -
32R5 (m)z 3RS (3\/7) 27R® (\/—)2 ZZRSQ/S’R_Z

Egalitatea are loc daca triunghiul este echilateral.

Remarca.
In AABC
27R* |9R?
2
> m23mm, < 2 43/7.
Marin Chirciu
Solutie.
Lema

If X, y,Z > 0then

> x*3fyz < 3/%(2%)4 :

Tripletele (XZ, y2, 22) si (i/y_z, 3/&, E/W) sunt invers ordonate.

Sy ST < 5T -
~ 2 (i y ) T e (v ) - (o) -
ST 2 IR - () - (T ()

Folosind Lema pentru (X, Y, Z) = (ma, m,, m, ) obtinem:

ema 2\* 2 2
Zm23,mm I_< 3’ (zm§)433’%(274R ] =274R 3/95 '

Chebyshev 1 SOS 1

86


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2023 www.mateinfo.ro

Egalitatea are loc daca triunghiul este echilateral.

Remarca.
In AABC
> highh, < pze/% p?.
Marin Chirciu
Solutie.
Lema
If X, y,Z > 0then
S <X
Folosind Lema pentru (X, Y, Z) = (ha, h,, hc) obtinem:
Lema (1] 4 1 2 1
SRR S (S <3 (0 =
Remarca.
In AABC
ZWE 3\leWc = pzﬂé p2 .
Marin Chirciu
Solutie.
Lema

If X, Y,z >0then

> x?3fyz < 3’%(2x2)4 .

Folosind Lema pentru(X, \ Z) =(Wa,Wb,WC) obtinem:

swegfr < L (sw) <50 oo

Egalitatea are loc daca triunghiul este echilateral.

Remarca.

In AABC
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2 2
ZS§3SbSCS27R JoR*

4 4

Marin Chirciu
Solutie.
Lema
If X, y,z>0then

Sl <X
Folosind Lema pentru (X, Y, Z) = (Sa, S,,S; ) obtinem:
s T () <l 2] 2R R
v v~/ N3l 4 4 4
Egalitatea are loc daca triunghiul este echilateral.
Remarca.
In AABC
S <ok s/g(st -8r?)".
3

Marin Chirciu
Solutie.
Lema

If X, y,Z>0then

szijy_zs 3 %(Zx2)4 .

Folosind Lema pentru (X, Y, Z) = (ra, [ rc)ob'ginem:

zrzg/rb_“é”as_(zr) \/(247(3R2 8r ))4_%13/2(3# 8re)' .

Am folosit mai sus

Gerretsen Euler

2 =(4R+r)"—2p* < (4R+r) —2(16Rr—5r*)=16R* —24Rr +11r* <
Euler 27
< 7(3R2 8re).

Egalitatea are loc daca triunghiul este echilateral.
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Remarca.

n aceeasi clasi de probleme.

In AABC
4
Zsinzée:/sinEsinE <3 1 -
2 2 2 3 2R
Marin Chirciu
Solutie.
Lema
If X, Y,z >0then
Sy <Lz
. .A . B .C )
Folosind Lema pentru(x, y,z): SInE,SInE,SInE obtinem:
Lema 4
ZSinzéﬁ/smEsm— < | Zsm = 331 -,
2 2 3 3 2R
L .2 A
Am folosit mai sus:ZSln ——1——
2 2R
Remarca.
In AABC
, A [ B C 9 \F
D cos® —3lcos—cos— <=3~
2 2 2 4\4
Marin Chirciu
Solutie.
Lema

If X, y,Z>0then
Sl <X

. A B C )
Folosind Lema pentru(x, Y, Z) = COSE'COSE'COSE obtinem:

Lema 4 4 4
Zcoszéi‘fCOSEcosE < 3£(Zcoszéj ssl(2+Lj gsl(gj :93’1 9 9\/5.
2 2 2 3 2 3 2R 3\4 4\N3 4 4\4
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Am folosit mai sus: ZCOS2 2 = 2+$ < % .
Remarca.
In AABC
Ztanzgsftan%tan% S?i/;
Marin Chirciu
Solutie.
Lema

If X, y,Z > 0then

S ia(Ex)

Folosind Lema pentru (X, Y, Z) = (tan g\ ,tan g ,tan %j obtinem:

4
Lema 4 4R rz_ 2 4

Ztanzés tanEtanE < Sl(Ztanzéj Sgl # S3E(Bj :Esﬂ'

2\/ 2 2 3 2 3 p 3r r \ar

Am folosit mai sus:

2— 2 2 erretsen 2
Ztanzé=(4R+r2 P =(4Rtr) 1 (4R+r)2—1=R+r—1_5.
2 p p r(4R+r) r r
R+r

Egalitatea are loc daca triunghiul este echilateral.

Remarca.
In AABC
D cot? g,Slcotgcot% < 3/%[2;—1j8 :
Marin Chirciu
Solutie.
Lema

If X, y,Z > 0then

Zx?‘%/y_zs 3 %(Zx2)4 .
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Folosind Lema pentru (X, Y, Z) = (COtg , cot % , cot %) obtinem:

Lema 4 2 2 4 2\4
Zcot"’é?/cotgcotE < 3E(Zcot2§j <t LZSRr <3t (2—R—1) =
2 2 2 3 2 3 r 3(\Lr
1(2R jg
= 3= — — .
3Ur

Am folosit mai sus:

3 tan? A p®—2r>—8Rr Geretsen AR* 4 ARr +3r° —2r* —8Rr  4R*—4Rr+r?
2 r h r’ r

Egalitatea are loc daca triunghiul este echilateral.

Remarca.
In AABC
D sec’ gs /sec%sec% < 3’%(2+$T :
Marin Chirciu
Solutie.
Lema

If X, y,Z>0then

xS (Te)

. A B C )
Folosind Lema pentru(X, Y, Z) = SGCE,SGCE,SeCE obtinem:

4 4
Lema 4 2 AR +r 2 2
Zseczés/secEsecE < 31[23%25) e M e (2+BJ =
2 2 2 3 2 3 p 3 r
8
3 r

Am folosit mai sus:
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2 2 2 erretsen 2

Zseczézz 1 P +(4|2?+I‘) :1+(4R-|;r) G St 1+(4R—+r)2:2+5.
2 COSZA p p r(4R+r) r
R+r
Remarca.
In AABC
2 4
chczé#cscgcscE <43 4 R—z—l .
2 2 2 3Lr
Marin Chirciu

Solutie.
Lema

If X, Y,z >0then

> x¥3fyz < 3/%(2%)4 :

A B Cj .
—,CSC—,CSC— |obtinem:
2 2 2

ema 4 2, 2 4 2 4
chczés CSCECSCELS 31 ZCSCZA 331 w §31 4 R__]_ =
2\! 2 2 3 2 3 r? 3 r?

4 2 4 2 4
S Ll L) R ol AR
3Lr 3Lr

Am folosit mai sus:

Folosind Lema pentru (X, 7 Z) = (CSC

, A 1 p? +r? —8Rr Cerreten 4R? L ARr +3r° + 1> —8Rr  4R® —4Rr +4r?
Sochoy Lo : _ i
2 2 A r? r? r’

:4(R2—Rr+r2)EuS|er4(R2—r2)=4(R2 J
r r

Aplicatia94.

G441. In AABC

Y aya®=2> (b+c)hl.

Nguyen Viet Hung, Vietnam, Recreatiii Matematice 1/2023
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Remarca.

In AABC

36r’p<> (b+c)hi <9R’p.
Solutie.

Lema

In AABC

p| p?(p®+2r?—10Rr)+r?(8R?*+6Rr +r?
S (b+c)h? = P 2F)<2 ( )|

Inegalitatea din dreapta.

) p|: pz( p2 +2r? —10Rr)+ r2(8R2 +6Rr + rz)} Gerretsen

Z(b+c)ha = oR2 <
e p[(4R2 +4Rr +3r”)(4R + 4Rr +3r22+2r2 ~10Rr)+r*(8R? +6Rr+r2)} _
2R

p(16R* ~8R’r +16R°r* +8Rr® +16r*) 4p(2R*—R% +2R’r*+Rr’+2r*) cuer
- 2R? - R?

9R*
Euler 4pT
< =9R%p.

< RT

Am folosit mai sus:

4
2R* —R*r + 2R%r? + Rr® + 2r* 39% < R*+4R* —8R’r’—4Rr*-8r*>0 <

= (R —2r)(R3 +6R’r +4Rr? +4r3) >0, evident din inegalitatea lui Euler R > 2r .

Inegalitatea din stanga.

" p|: pz( p2 +2r? —10Rr)+ r2(8R2 +6Rr + rz)] Gerretsen

Z(b+c) a = oR2 2

G p[(lGRr—Srz)(mRr—Srz +2r22—10Rr)+ r*(8R+6Rr + rz)] _
2R

pr?(104R* —72Rr +16r°) _ 4pr?(13R*—9Rr +2r?) e 4pr?.9R?

=36pr?
2R? R? R? P

Am folosit mai sus

13R? —9Rr +2r° 29R* <> 4R’ —9Rr +2r* 20 < (R—2r)(4R—r)>0,veziR > 2r.
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Remarca.
In AABC
3
18Rrp < (b+c)r’ < 9'; P
r
Solutie.
Lema
In AABC

> (b+c)r? =2p(8R®+6Rr+r°—p?).

Inegalitatea din dreapta.

Gerretsen

> (b+c)r? =2p(8R*+6Rr+r’—p?) < 2p(8R*+6Rr+r’—16Rr+5r")=

Euler oR® 9R3p
=4p(4R*-5Rr+3r’) < 4p-—= .
p( ) P 8r 2r

Am folosit mai sus:
2 2 9R® 3 2 2 3
4R* —5Rr +3r £8—<:>9R —-32Rr+40Rr*-24r°>0
r

= (R — 2r)(9R2 —14Rr +12r2)2 0, evident din inegalitatea lui Euler R > 2r .

Inegalitatea din stanga.

Gerretsen

> (b+c)r? :2p(8R2+6Rr+r2— pz) > 2p(8R2+6Rr+r2—4R2—4Rr—3r2)=

Euler 9

=4p(2R*+Rr—r?) 2 4p-%:18Rrp.

Am folosit mai sus:

2R*+Rr—r? 29—? < 4R*-7Rr-2r’>0 < (R-2r)(4R+r)>0,veziR> 2r.
Remarca.
In AABC
Y (b+c)hZ <> (b+c)r?.
Solutie.

Folosind Lemele de mai sus avem sumele

www.mateinfo.ro

Marin Chirciu
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; p[ p?(p®+2r* —10Rr)+r?(8R* +6Rr + rz)]

Z(b+c)ha = oR2 si

> (b+c)r? =2p(8R*+6Rr +r”—p?).

Inegalitatea se scrie:

p[ p*(p®+2r* —10Rr)+r?(8R* +6Rr + rz)J
2R?

<2p(8R*+6Rr+r’ - p’) <

< p*(p°+2r° ~10Rr +4R*) <32R*+ 24R°r —4R*r* —6Rr’—r*,

care rezults din inegalitatea lui Gerretsen p> <4R?+4Rr +3r°.

R@mane sd aratam ca:

(4R2 +4Rr +3r2)(4R2 +4Rr +3r® +2r> —10Rr +4R2) <32R*+24R°r —4R*’r* —6Rr’-r* &
2R®—3R*r—Rr?—2r*>0 < (R-2r)(2R*+Rr+r*)>0,veziR>2r.

Remarca.

In AABC

9R3p.

36r’p< > (b+c)hi <> (b+c)r’< or

Marin Chirciu

Remarca.

In AABC

9R®
2r

©

36r’p<> (b+c)m <

Solutie.
Lema

In AABC
> (b+c)m? :% p(5p* ~11r* —26Rr).

Demonstratie.

Inegalitatea din dreapta.

Gerretsen 1

Z(b+c)m§=%p(5p2—11r2—26Rr) < Ep(5(4RZ+4Rr+3r2)—11r2—26Rr)=
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Euler 9R3 9R3p
=p(10R*-3Rr+2r’) < p-—="—=L.
p( ) P 2r 2r

Am folosit mai sus:

3

10R? —3Rr +2r? < ? < 9R®—20R*r +6Rr’—-4r®>0 <
r

Dt (R —2I‘)(9F\’2 —2Rr + 2r2) >0, evident din inegalitatea lui Euler R> 2r .

Inegalitatea din stanga.

Gerretsen 1

> (b+c)m? :% p(5p*~11r’ —26Rr) > > p(5(16Rr ~5r*)-11r —26Rr) =

Euler

= pr(27R-18r) > pr-36r =36r’p.

Remarca.
In AABC
3
36r’p<> (b+c)ll < gzrp :
Solutie.
Lema
In AABC

p*(p®+2r* —4Rr)+r*(4R+T)
p®+r’+2Rr

> (b+c)lZ=2p-

Inegalitatea din dreapta.

pz( p2 +2r? —4Rr)+ r3(4R + I’) Gerztsen

> (b+c)lZ=2p-

p®+r’+2Rr

Garn_ (4R +4Rr +3r?)(4R® +4Rr +3r° +2r* —4Rr)+r°(4R+r)
= P 16Rr —5r° +r*+ 2Rr -

8(2R* + 2R3r + 4R°r? + 3Rr® + 2r* ) euter 3 3
_2p. 8 o . L IR _OR’D.
2r(9R—2r) 2r 16 2r

Am folosit mai sus:

www.mateinfo.ro

Marin Chirciu
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2R* +2R°r +4R’r? +3Rr® + 2r* < oR’

< 49R* —50R% —64R’r? —48Rr®-32r* >0 <«
9R-2r 16

< (R — 2r)(49R3 +48R?r +32Rr? +16r3) >0, evident din inegalitatea lui Euler R > 2r.

Inegalitatea din stanga.

2 2 2— 3 erretsen
p*(p®+2r*—4Rr)+r°(4R+r)s r

> (b+c)li=2p-

p’>+r2+2Rr

Gerrosen  (16Rr —5r” )(16Rr —5r +2r” —4Rr )+ r° (4R +7)

2 2 Euler
PTY 2 24R"—13Rr+2r Ezl

=8pr

4R +4Rr +3r? + 1%+ 2Rr 2R? +3Rr +2r?

Euler 9

> 8pr?-==36r’p.

2
2 2

24R2 13Rr +2£ >Y . 30R?-53Rr-14r >0 = (R-2r)(30R+7r)=0,vezuR>2r.

2R +3Rr+2r 2
Remarca.
In AABC

3
36r’p< > (b+c)si< gzrp :
Marin Chirciu

Solutie.

3
Folosind h, <'s, <m, si inegalitatile de mai sus Z(b+c)m§ < 92 P ,36r°p < Z(b+0)ha2 ,
r

) o2 . _9R%p
rezultd concluzia 36r pSZ(b+C)SaS o
r
Aplicatia95.
Ifa,b,c>0,ab+bc+ca=3then
Z 2+b >g'

1+a*> 2
Imad Zak, Lebanon, Mathematical Inequalities 2/2023
Solutie
Lema

Ifa,b,c > 0then
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2+b2_2 a+b—£ab
1+a 2
Demonstratie
2 2
L1 @ 5 @2 200,55, b)[l—§]=2—a+b—1ab.
1+a 1+a 2a 2 1+a? 2 2

LHS = Zz+b i"az(z a+b—§abj 6—§Zb _6—% 3—%=RHS.

Remarca.

In AABC
2+\/_ta 5 g
1+3tan? é 2
2
Solutie
Lema

IfX,y,2>0,Xy+ Yyz+zX =3then

Z2+3£2

1+x

N | ©

Demonstratie

2 2
12:1_ X 51 X 1 :>2+y
1+x 1+x

X X 1
- >(2 1-= |=2—-X+Yy—=Xy.
1+ x° 2x 2 ( +y)( Zj Y 2xy

LHS = 22” 2-x+y—txy|=6-2Fyz=6-L.3=2_RHs.
2 2 2 2
Se cunoaste identitatea in triunghiZtangtan%=l = Z«/étang-\@tan% =3.

Facem substitutia (\/§tan g\ , J§tan % , \/§tan %j = (X, Y, Z) in Lema de mai sus.

2+\/_ta

1+ 3tan®

\V4
N | ©

Rezulta: Z

N\>.\,

Remarca.

Ifa,b,c>0,a+b+c=3then

www.mateinfo.ro

Marin Chirciu
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Marin Chirciu
Solutie
Lema
Ifa,b,c > 0then
2+b222—a+b—£ab.
l+a 2
Demonstratie
2 2
L & 5 &g a2+ 2(2+b)(1—§):2—a+b—1ab.
l1+a l1+a 2a 2 l+a 2 2
2+b Lema 1 1 11 2 11 9
> 2—a+b—-=ab |=6-=) bc=6—-=-=() a) =6-=-=. 3¥==I,
Sy & X(orarb-jab|-6g N homo] 3(Fa) <65 192
Remarca.
In AABC
2+g
Z—rbzzg
1+(3rj
ra
Marin Chirciu
Solutie
Lema

IfX,y,2>0,X+Yy+Z=3then

22+y29
1+x* 2
Demonstratie

L X >1—X—2—1—5:>2+y>(2+y)(1—5j—2—x+y——xy
1+ X2 1+x*  2x 2 T 1+x% 2 '
Obtinem:
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2+y 2 11 9
2> (2 x+y——xy) 6——Zyz—6—— —(Zx) :6—5-5-32:5

1+X
Cu identitatea n triunghi1+£+1 = l = L+L+£ =1l g+i+i =3 facem substitutia
r, b . r r, I, I r, Iy I,
3r 3r 3 2+g 9
[—r,—r,—rJ=(X,y,Z) in Lema de mai sus. Rezulta: Z—“’z-.
nh K 3r 2
1+( j
ra
Remarca.
In AABC
2+:ir
Z—hb>g
3r) 2
1+(J
ha
Marin Chirciu
Solutie
Lema
IfX,y,2>0,X+Yy+Zz=3then
Z2+y>g
1+x* 2
Demonstratie
L X —X—2—1—§:>2+y>(2+y)(1——}—2—x+y——xy
1+ %2 1+x*  2x 2 1+x*
2+Yy 1 1 11 2 11, 9
> 2—X+y—— =6—— 1=0——-— X) =6—=-=- ==
X N SR U & PR S R
Cu identitatea in triunghiiJriJri = 1 = L+L+L =l g 3r 3r = 3 facem substitutia
ha hb hc r ha ho hc ha ho h
2+g
h

(i— ::]— i—j (X, y,z) in Lema de mai sus. Rezulta: Z—b %

Aplicatia96.
In acute AABC
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> m,~/cot A > 6r.

Vasile Mircea Popa, RMM 2/2023

Solutie

Tripletele (ma, m,, m, ) si (\/COt A,JcotB,/cotC ) in acute sunt la fel ordonate.

Cu inegalitatea lui Chebyshev obtinem:

Chebyshev 1

LHS => m,JcotA > 3 maza/cotA>%-9r-2=6r=RHS.

Am folosit mai sus Zma >0rsi zx/COt A > 2, care rezults din:

Cu substitutia (X, y,z) =(cot A,cot B,cotC), xy + yz + zx =1avem:

Ky 72 2 Nx(Jy+z) =

{MJ zx(\/er\/E)z:x(y+z+2\/y_z)>xy+yZ+ZX=1.

Remarca.

In acute AABC

ZmacotAZB«@r.

Marin Chirciu
Solutie

Tripletele (ma, m,, m, ) Si (cot A, cot B, COtC)in acute sunt la fel ordonate.

Cu inegalitatea lui Chebyshev obtinem:

Chebyshev 1

LHS =>'m,cotA > 3 maZCotAZ%-Qr-\E:&@r =RHS.
. . . p®—r®>—4Rr
Am folosit Zma >0rsi Zcot A> 3\/§, care rezulta din ZCOt A= 2— > 3\/§ .
pr
Remarca.

In acute AABC
> h, cot A>33r.

Marin Chirciu
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Solutie

Tripletele(ha, h,, hc)si (COt A, cot B,COtC)in acute sunt la fel ordonate.

Cu inegalitatea lui Chebyshev obtinem:

Chebyshev 1

LHS => h,cotA > ZhaZcotAZ%-9r-\/§:3\/§r: RHS .

3
Am folosit Zha >0rsi Zcot A> 3\/§, care rezulta din ZCOt A= %p;mr > 3\/§ )
Remarca.
In acute AABC
> w, cot A>33r .
Marin Chirciu
Solutie
TripIeteIe(Wa,Wb,Wc)si (cot A, cot B,COtC)in acute sunt la fel ordonate.
Cu inegalitatea lui Chebyshev obtinem:
LHS =Y w, cotAChebzysm%ZwathAz %-9r~4§=3J§r —RHS .
Am folosit Zwa >9rsi Zcot A> 3\/3_’, care rezulta din Zcot A= %p?m‘ > 3\/§ .
Remarca.
In acute AABC
>s, CotA>33r.
Marin Chirciu
Solutie

Tripletele (Sa, S SC) si (cot A, cot B, COtC) in acute sunt la fel ordonate.

Cu inegalitatea lui Chebyshev obtinem:

Chebyshev 1
S

LHS =5, cotA > =3 aZcotAZ%-Qr'«@:&@r:RHS.

2 2
Am folosit ZWa >0rsi ZCOt A> 3\/§, care rezultd din ZCOt A= %prlﬁ\’r > 3\/§ .

Remarca
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In acute AABC
ZracotA23J§r.
Marin Chirciu
Solutie
Tripletele(ra, I, I’C)si (COt A, cot B,COtC)in acute sunt la fel ordonate.
Cu inegalitatea lui Chebyshev obtinem:
Chebyshevl 1
LHS =>"r,cotA > EZraZCOtAzg-Qr-\E:fS\Br =RHS .
p®>—r?—4Rr
Am folosit Zra >Orsi Zcot A> 3\/5, care rezultd din Zcot A= 2— > 3\/§ )
pr
Remarca.
In acute AABC
r
> m,cos A=3r| 1+— |.
R
Marin Chirciu
Solutie
Tripletele(ma, mb,mc)si(cos A, cos B,COSC) in acute sunt la fel ordonate.
Cu inegalitatea lui Chebyshev obtinem:
Chebyshev 1 r r
LHS=>m,cosA > =>'m > cosA>=-9r-|1+— |=3r|1+— |=RHS.
3 3 R R
r
Am folosit mai sus Zma >90rsi ZCOS A:l+E .
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In acute AABC
r
D h,cos A> 3r(1+—).
R
Marin Chirciu
Solutie

Tripletele (ha, h,,h. ) si (COS A,cos B, COSC) in acute sunt la fel ordonate.
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Cu inegalitatea lui Chebyshev obtinem:

Chebyshevl 1 r r
LHS=>"h,cosA > §ZhaZCosA2§~9r~ L+— |=3r| 1+ |=RHS.

r
Am folosit mai sus Zha >0rsi ZCOS A=1+E .

Remarca.
In acute AABC

r

D w,cosA>3r|1+— |.
R
Marin Chirciu
Solutie
Tripletele (Wa,Wb , W, ) Si (COS A, cosB, COSC) in acute sunt la fel ordonate.
Cu inegalitatea lui Chebyshev obtinem:
Chebyshev 1 1 r r
LHS =Y w,cosA > Z>w,» cosA>=-9r-|1+— |=3r|1+— |=RHS.
3 3 R R
r

Am folosit mai sus Zwa >0rsi ZCOS A=1+ R
Remarca.
In acute AABC

r

D s,CosA>3r|1+— |.
R
Marin Chirciu

Solutie

Tripletele(sa,sb, SC) Si (COS A, Ccos B,COSC) in acute sunt la fel ordonate.

Cu inegalitatea lui Chebyshev obtinem:

Chebyshev

LHS =»s,cosA > éZsaZcosAZ%-gr -(1+%] :3r(1+%)= RHS .

r
Am folosit mai sus ZSa >9rsi ZCOS A:l+E .

Remarca.

In acute AABC
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ZracosA23r(1+%J.

Marin Chirciu

Solutie
Trlpletele( N )si (COS A, cosB, COSC) in acute sunt la fel ordonate.

Cu inegalitatea lui Chebyshev obtinem:

Chebyshevl 1 r
LHS =) r,cosA > —2 ZcosA>§ - (1+Rj 3r(1+E)=RHS.

r
Am folosit mai sus Zra >0rsi ZCOSA=1+E .

Aplicatia97.
In AABC
W, (W +w
2 W( +W,W, )29r.
Zaza Mzhavanadze, Georgia, RMM 2/2023
Solutie
Lema
If X,y,2>0

2 2
s 7).

X° +yz

S 0 BN o R N
2 X* +yz Z\/(X2+y2)(xz+zz) H\/(x2+y2)(x2+zz) \/7

Folosind Lema pentru (X, 7 Z) = (Wa,Wb,Wc) obtinem:

( W W Le>mas\/1‘[w >33/27r° =9r = RHS, vezi [ [w, > 27r°.

LHS = ———=~

Egalitatea are loc daca si numai daca triunghiul este echilateral.

W2 + W, W,

Remarca.

In AABC
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h, (W +h?)

Solutie
Lema

If X,y,2>0

2 2
)

X* +yz

Folosind Lema pentru (X, Y, Z) = (ha, h,, hc) obtinem:

h2+h Lema
LHS = zh(zT > 3y Th, 23%27r* =9r =RHS vezi[ Th, > 27r°.
Remarca.
In AABC
Zm (m§+m )29r.
m; +mym
Solutie
Lema
If X,y,2>0

2 2
s 7).

X° +yz

Folosind Lema pentru (X, Y, Z) = (ma, m,, mc) obtinem:

(mb =+ m Lema

LHS = ————~

Remarca.

> 3 >3327r® =9r = RHS > 27r3,
m Fmm. \/Hm \/ r r veZ|Hm r

In AABC

Z%(L_'_Ss)zgr'

2
Sy 5,5

www.mateinfo.ro
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Marin Chirciu
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Solutie
Lema

If X,y,2>0

2 2
D)

X*+yz

Folosind Lema pentru(x, y,Z):(S 1Sy S )obtlnem

S +S Lema
LHS = (% > 33T [s. >3%27r® =9r = RHS s. >27r°.
Z s +S,S, \/H \/ VeZIH
Remarca.
In AABC
r(r®+r?
ZMZQ[‘_
ro+nr,
Solutie
Lema
If X,y,2>0

2 2
s D),

X° +yz

Folosind Lema pentru (X, Y, Z) = (r LT )obtmem

LHS =3, r(rb:r: Le>ma3\/]‘[r >33/27r* =9r = RHS vezi [ [r, > 27r°.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

www.mateinfo.ro
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Zaza Mzhavanadze, Georgia, RMM 2/2023

Aplicatia98.
In AABC
3 m; +mm, _ 16
mi(m,+m,) 27R*
Solutie
Lema
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If X,y,2>0

X2 +yz 3
> .
sz(y+Z) (x+y+z)4

Demonstratie

2<2+y2 AM;MZ EX\/y_Z :z 42\/y_z AM£GM2~33H \/y_z AMQ;M
X°(y+2) X°(y+2) X (y+z) (y+2) Xyz\/H (y+z)

AM-GM 6 35

; (x+y+zjgz(y+z 7(2 )szzx (> )4

3 3 3

Folosind Lema pentru (X, Y, Z) = (ma, m,, mc) obtinem:

Lema 5 5
LHSZm+mm> 3 3 _16_HS

m(m+m) (Y m,)’ Z(SJZRT S 2TR

Leuenberger Euler gR
Am folosit mai susZma < 4R+r < >

Remarca.
In AABC
Z h? +hh, S 16
hi(h,+h) 27R*’
Marin Chirciu
Solutie
Lema
If X,y,2>0

X2 +yz N 3
X*(y+z)  (x+ y+z)4'

Folosind Lema pentru (X, Y, Z) = (ha, h,, hc) obtinem:

2 Lema 5 5
Z2+hh 7 3 > 3 - 164=RHS.
h; h +h) (Zha) (QR) 27R
2
2 2 Gerretsen Euler
Am folosit mai suthaz%F:ArRr < 4R+r < 97R
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Remarca.
In AABC
Z W2 + W, W, 16
WE (W, +W,) SR
Solutie
Lema
If X,y,2>0

x> +yz 3
2> .
ZX5(y+Z) (x+y+z)'

Folosind Lema pentru (X, Y, Z) = (Wa,Wb,WC) obtinem:

W2 + W, W, Lema 3 3 16
LHS = = =RHS.
ZW5 Wb+W) (ZW) ( T 27R*
2
Leuenberger Euler 9R

AmfolositmaisusZWaSZmé1 < 4R+r<7.

Remarca.
In AABC
S2+S,S . 16
ss(s,+s,) 27R*
Solutie
Lema
If X,y,2>0

x> +yz 3
2> .
ZX5(y+Z) (x+y+z)'

Folosind Lema pentru(X, y,z):(s 1Sy S )obtlnem

Lema 5 5
LHS = ZS(+SbS 3 5 3 10 _pus.

S, +5¢) (Zsa)“ (QZRT 27R*

www.mateinfo.ro
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Leuenberger Euler 9R
Am folosit mai susZ:Sa < Zma < 4R+r < -

Remarca.
In AABC
3 L+nr, o 16
o(r,+r,) 27R*’
Marin Chirciu
Solutie
Lema
If X,y,2>0

X* +yz 3
> .
ZX5(y+Z) (x+y+z)'

Folosind Lema pentru (X, Y, Z) = (ra, I, I’C) obtinem:

2 Lema 5 5
Hs = fathl 5% 3, 3 _ 16 _pps
ra

(r,+r,) (Zra)“ N (QRJ“ " 27R°

2

Euler QR
Am folosit mai susZ:ra =4R+r < ER

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatia99.
If a,b,c>0

8( 42

gdlabe), 3y
(b+c) 512
Zaza Mzhavanadze, Georgia, RMM 2/2023

Solutie
Lema

IfX,y,zZ>0andn e Nthen

sz(x2+yz)>( X T.

(y+z)10 \y+z

Solutie
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xs(x2 + yz) _ X
(y+Z)10 (y+z)10

e[ 5

8 8 8
YA

X __ ¥
(y+z)10 (z+x)10 (x+y)

Tripletele(X, y,Z)si( lOJ sunt la fel ordonate.

8
Are loc inegalitatea lui Schur generalizata: Z(X—)m(x— y)(x — Z) >0, neN,(2).
Y+1

8( 2 9
Din (1) si (2) obtinem: ZX(X—erZ) > Z(L] .

(y+z)10 y+z

Folosind Lema pentru (X, Y, Z) = (a, b, C) obtinem:

Za8(a2+bc) ZZ( a j" Hmzder(zbicjg e (2)9 3

(b+c)” b+c 3 I S
Remarca.
In AABC
a"(a’+bc) 3
>—,neN
z (b+C)n+2 2n
Solutie
Lema

IfX,y,Z>0andn e Nthen

pulusedNENY

(y+z)n+2 y+Z

Folosind Lema pentru (X, Y, Z) = (a, b, C) obtinem:

n+l n+l
a 3
Zan(a2+bc)>z a n+1H0;1er Zb+c Nes>bitt 2 3
(b+c)n+2 = b+C = 3n - 3n 2n+l :
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC

www.mateinfo.ro
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n 2
IUSLLUTEE PR
(h,+h,) 2"

Solutie
Lema

IfX,y,Z>0andn e Nthen

iU

(y+z)n+2 y+Z

Demonstratie.

x”(x2 + yz) X
(y+2)""  (y+2)

Y+1Z

nu(X—YXX—Z)+(—5—Iﬂ4n.

n n n

' y
(y+z)n+2 (z+X)

n+2 !

Tripletele(x, y,z)s{ n+2Jsunt la fel ordonate.

(x+Y)

n

Are loc inegalitatea lui Schur generalizata: z(y N Z)n+2

n 2 n+l
Din (1) si (2) obtinem: ZX(X—:{:) > Z[Lj .

(y+z) y+2

Folosind Lema pentru (X, Y, Z) = (ha, h,, hc) obtinem:

h n+1 3 nil
Zhg(hs +hbhc) >Z( ha ]n+l H0|>der (z hb :hcj Nes>bitt (2) _ 3

(h+h)" “h+h - 3" o3
Remarca.
In AABC
ZW;‘(Wj +Wch) _i TN
(Wb +WC )n+2 2n
Solutie
Lema

IfX,y,Z>0andn e Nthen

(x—y)(x-2)=0, neN, (2).

www.mateinfo.ro
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i

(y+z)n+2 y+Z

Folosind Lema pentru (X, Y, Z) = (Wa,Wb,Wc) obtinem:

n+l n+l
| 2 >
2 n+ ) —
W;‘(Wa+wbwc)> [ w, j rotr (S wy w, ) e 3

(Wb " Wc)n+2 Wb + Wc - 3n - 3n - 2n+1 :
Egali
Remarca.
In AABC
2
mi(m+mm.) 3
Z n+2 =an’ ne N
(m,+m,) 2

Solutie
Lema

IfX,y,z>0andn e Nthen

pulusedNEN

(y+z)n+2 y+Z

Folosind Lema pentru (X, Y, Z) = (ma, m,, mc) obtinem:

n+l Nl
| 2 :
2 n+ =
z m;‘ (ma + mbmc) S 2£ m, j HOI>der m, +m, Ne;bm 2 B 3

5 > > .
(mb n mc )n+ mb + mc 3n 3n 2n+1
Remarca.
In AABC
s"(s?+s.S
galarss), 3y
(s, +5:) 2
Solutie
Lema

IfX,y,Z>0andn e Nthen

www.mateinfo.ro
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obtinem:

\/A
+

Folosind Lema pentru(X, y,z)=(s 1551 S¢

n+l N4l
1 Zisa 3
Sn(52 +S,S ) S ™ Holder S +§ Nesbitt E 3
z a\va b~c >z a > b c S _
c

(s, +8)"" s +s - 3 T3 oM
Remarca.
In AABC
2
0 () 3
z n+2 — An’ neN

(r,+r,) 2
Solutie
Lema

IfX,y,Z>0andn e Nthen

s

(y+2) \y+z
)

Folosind Lema pentru (X, Y, Z) = (ra, I, I, ) obtinem:

c

n+l Nl
2 n+l Z ra 3
n =
Z ra (I’a + rb I’C) S Z( ra ] Ho;ier rb + rc Nes>b|tt 2 B 3

(rb n rc )n+2 - rb + rc - 3n - 3!’1 2n+l :
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatial00.
In AABC, G -centroid, R, R,, R, -circumradii of AGBC, AGCA, AGAB . Show that

Z% 2 (RAR4R,).

www.mateinfo.ro
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Ertan Yildirim, Turkey,RMM 2/2023

Solutie

Lema

In AABC, G -centroid, R, -circumradii of AGBC
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_ambmc
R 38
Demonstratie
2m 2m a
. . PRLL PR
Folosind R —Em AGBC obtinem: R, = GB-GC-BC_3* 3 _am,m
45 4[GBC] 4.§ 3S
3
am,m, amm 4R« mm m,m,
+R+R = b c __ 7% bc:> b +R+R
. Z Zg.abc 3 2 be be 4R(R1 5)-
4R

Remarca.

In AABC, G -centroid, R, R,, R;-circumradii of AGBC,AGCA, AGAB . Show that

24r° 3R5
Solutie
Lema
In AABC, G -centroid, R, -circumradii of AGBC
_ ambmc
Ri= 35
Inegalitatea din dreapta.
sz R? 27R?
mmm T R2p2 R3p2 Mitrinovic ’ 4 3R5
R, +RR,+RR =—2"2 ¢ hcm_ < . = < = .
RR +RR R, 92 2 bem, 9pr? r  18r’ 18r° 8re

Am folosit mai sus:

Panaitopol b2 2 Goldstone 2.2 2.2
> bem, < ZbcRp szbC—RpZ C T RpRP_Rp

abc ARrp ot

Inegalitatea din stanga.

m,m,m, rp2 216r* _ 24r°
R,+R,R;+R;R = bcm =
R R = 9s? Tog7  2hom: > 9p’r* R R

Am folosit mai sus:

www.mateinfo.ro
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Rp? 9R

2 .
rp”<mmm, < $|9r£ma+mb+mcs7.

2S bc szcz Goldstone 16r2 p 8r p2 Mltrmowc
bcm. > » bch =) bc-— =25 —=2S < 2S. <
2bem, 2 3 oehy =2 e 5 =250 b 4RS R

abc

Mitrzovic 8r2.27r2 _ 216r*
-_— R R )

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC, G -centroid, R, R,, R, -circumradii of AGBC, AGCA, AGAB . Show that

> po < 3R
12r* <R*+RZ+R?< <3
Marin Chirciu
Solutie
Lema

In AABC, G -centroid, R, -circumradii of AGBC

am,m,

Ri="3s

2 RZ4R2=S[ MM j aZm?m?.
RTR R, Z( 3S 93ZZ

Inegalitatea din dreapta.

RpY(Rp) Rp a
R12+R22+R32 2za2m§ (:2_ SZZaZ[ij [_pj 2 ZZbZ 2 p ;b2 2

C 9or?

R DAt R Satc R2R SR
or? 16R“p2 144r* T 144r* 2r  32r°

Am folosit mai sus:

Rp . 4 2 2R® 27R®
m, <— ,(Panaitopol), » a" <(4R+r) - ——< .
. (Panaitopol) Z ( ) ar or

Inegalitatea din stanga.

1 2
RZ+RZ+R? :@Zazmjm2 _—ZZazp( p-b)p(p-c) :#Zaz(p—b)( p-c)=
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1
=¥-4p2r(R—r):

4p*r(R-r) . 4.27r%-r(R-r)

=12r(R-r)>12r-r =12r>.
or? or? ( )

Am folosit mai sus:
mZ > p(p-a)si »_a’(p-b)(p—c)=4p*(R-r).
Remarca.

In AABC, G -centroid, R ,R,, R, -circumradii of AGBC, AGCA, AGAB . Show that

www.mateinfo.ro

Marin Chirciu

2
o' (1.1, 1 R

R® R R, R, 4r?
Solutie
Lema
In AABC, G -centroid, R, -circumradii of AGBC

_ambmc
R 38

Folosind Lema obtinem:

bcm
i+i+izz 3 _35 2 bem, 5 Zbcma:—3 > bem, .
R R, R am,m, abcmmm. 4RSmmm, 4Rm,m,m,
Inegalitatea din dreapta.
1,10 8 sy 3 guRe_ 3 gbe,
R R, R, 4Rmmm, 4Rm_ m,m, a 4dmmm “~a
< 8p_Rp_3R
T 4rp? v 4r?

Am folosit mai sus:

be szcz Goldstone 4R’p? . @

a abc ~ 4Rrp T

R
m, < ?p ,(Panaitopol), m,mm, = rp2 Si Z

Inegalitatea din stanga.

1,11 8 ey, 8
R R, R, 4Rmmm, ARmm,m_

> bch, LZbc-é =

~ 4Rmm,m, a

3S ZE> 3rp 4rp _12r°

T DM Mo = 2 3
2Rmmm. < a 2R-R§ R R
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Am folosit mai sus:

2 bzcz Goldstone 252
Rp siZ@_ Z S 16r°p 4rp
2 a abc 4Rrp R

Remarca.

In AABC, G -centroid, R, R,, R, -circumradii of AGBC,AGCA, AGAB . Show that

48 1 1 1 _3R?
< + + < .
R® “RR, RR, RR 16r*

Solutie

Lema

In AABC, G -centroid, R, -circumradii of AGBC

_ambmc
R= 35

Folosind Lema obtinem:

am.m
1, 1,1 5 3 35 _9s > oM.
RR, R,R, R;R bm.m, cm,m, 4R (mambmc)

Inegalitatea din dreapta.

3 2 2
1,1 1 _9s pamm _9rp 1 9R’p_ 8IR* _ 8IR

www.mateinfo.ro

Marin Chirciu

3R?

RR RR+RR1 4R (mmm)2 4R ( 2\>  4r  16r’p® " 16r2-27r
2 a 'bc rp) p

Am folosit mai sus:

Zamm Panagopolz Rp Rp R2 ZZ 2 ZZa Lelbnlsz 2 9R 9R3p
e = b ¢ abc arp 4r

za Lelbnlz 9R?2 _9R
bc abc = 4Rrp 4rp’

R
m, < ?p ,(Panaitopol), mmm, > rp2 Si

Inegalitatea din stanga.

3 4 4
1 N 1 N 1 =QS.Zambmc >9rp. 1 .36r p_8lr S 4-81r

T 16rt

48r*

RR, RR, RR 4R (mmm) 4R (RDZT R R'p? 4 2TR’ -

2 4

Am folosit mai sus:

R®
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3
> amym, 5 >ahh, = Za§§_4522 2rz-ﬂ:36r P,
Rp R
Neuber: 2
Za 2936r o simmm_ < _R_p-
bc abc 4Rrp Rp 2

Remarca.

In AABC, G -centroid, R, R,, R, -circumradii of AGBC, AGCA, AGAB . Show that

48r* 1 1 1 9R* 6
s St ot orSia oz
R® "R’ R RZ 16r' R
Marin Chirciu
Solutie

Lema

In AABC, G -centroid, R, -circumradii of AGBC

am,m

R="35

2 22,42
i2+i+izz( 3S j_gszz _og?. szbcm

R? R R: am,m, am,m ) (abc) (mambmc)z'

Inegalitatea din dreapta.

bZCZmZ R2 2 R2 2_72r4
111 gy JYOM . opr 1 RE(RG7)

R1 Rz R; (abc)z(mambmc)z 16R?r 2p2 (rp2)2 r

9(R%p*-72r') 9 (R® 72r)_ 9 |R® 72r’ | 9 (R* 32r’)_
16r*p? 16r? p? ) 16r*| r? 27R® T16r7\ r? 3R?
4

3(3R4—32r4) 9R? 6
~ 16R¥*  16r* R?’

Am folosit mai sus:

R*p?(R*p® —72r*)

mmm, >rp*, > b%c’m; < = , vezi:

Panaitopol

sz om 2 < sz zR p Rzpzzbc Rzp

, R?p?—72r* RZDZ(R2p2—72r“)
r.2 r2 *
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b%c? Zb4c4Gold<stonel6R2p2(R2p2—72r4) R?p? —72r*
a>  ahic? 16R’r?p? = 2 :

2

Goldstone

St =(3bic?) ~2a%%?Y @’ < (4R?p?) —2-16R%r?p?-36r2 =
=16R*p*(R*p® —72r*).

Inegalitatea din stanga.

bZCZmZ 2p2 4 Mitrinovic
iz+i2+i2=982- Zzl > gplrz = ! 2.144r“p2:3?r2 >
RO R R (abc)’(m,mm,)° 16R’r*p® (Rp? Rp
2
Mitr;ovic 324r4 _48r4
T e 2ZIRR
4

Am folosit mai sus:

2
m,m,m, < RTp , > b?e’m? >144r*p? vezi:

Z:bZ(;Zm2 > b%c?h? _ZbZCZA'_SZ _4522ﬁ SAr2p2.36r2 =144r*p? -
a — a a2 = a2 > p — p ’
b2c? _Meold;tonew ~ )
22_222 = 557 =300
a a’bc 16R"r“p
uberg

Ne
> bict >a%hc®y a® > 16R’r’p*-36r° =576R’r*p’;

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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4. O inegalitate si aplicatii in triunghi
De Gheorghe Ghita, Buzau
Articolul prezinta o inegalitate si aplicatii ale acesteia in special pentru triunghi.
Propozitie

ab,c,x,y,z>0=>

ax+bz+cy by+cx+az cz+ay+bx
+ +

a? b2

>(x+y+z)( +%+%). (D

Gheorghe Ghita, Buzau

. ax+bz+cy 1 x bz+cy 1 bz+cy 1 x bz+cy
5°'“t'e-2—222x25@2(;+ ) EDEDEDN S NENFEIE sk

a

Z__ _(:)szﬂ:y ZZZX—X =Zy+z{:>zbz+zcy_ZYT-I-Z2 0 c>z:(bz+cy y+z) >0

a? a a a a? a

1 (b+c)(b—c)?
Zx( +——;——)>0<:>2 x 22 > 0,

Egalitatea are loc daca si numaidaca a = b = c.
Corolar.a,b,c,x,y,z> 0=

ax+bz+cy+by+cx+az+cz+ay+bx>9(x+y+z)

= 2
a? b? c? a+b+c @
ax+bz+cy by+cx+az cz+ay+bx 1 WM M9(x +y +2)
R A + 4 m(x+y+z)< += +—> s 2TY7RY
a b c b c a+b+c
Lema.AABC =
+ B N C Zpr
COS — COS — COS —
2 2 2 ‘RZ"
Gheorghe Ghita, Buzdu
A (p—a) 2 (p—a) 2 Mazme (p- a)
. A _ p(p-a) _ 2p alp-a) _ p ,_ _ 2 7 - [ L.
DemonStrafle'Z cos 2 2 bc Z abc 2 abcz (p a) = 4pRr Z —+p a 2Rr
2a(p—-a) Fuler 2 walp-a) 2 W 2 2(p?-r?-Rr)  2p(p?—4Rr—3r?) 4pr(3R+271) 2pr
2alp—a) Q e _ 2 - o . - _ _ — — ful )
Z 2p—a = EZ b+c R( Z Zb+c) - R( pZ+1r242Rr p2+1r2+2Rr ) " R(p2+7r2+2Rr) = R2 At
Gerretsen

6R% + 2Rr — r2 > p?, adevirats, deoarece p> < 4R2 + 4Rr + 3r2 5i 4R? + 4Rr + 3r2 <
6R?>+2Rr—r? o (R-2r)(R+1r) = 0;

2

D): Z Z(p — 12 —Rr) a 4p*(p* — 4Rr — 31%)
b+c p +r2+2Rr 'Lub+c  2p(p® +71%+2Rr)
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Aplicatii
Al.a,b,c > 0>

(+b+)(1+1+1)>3(1+1+1)
¢ Nz 2" 2) =G T )

Solutial. Se aplica (1) pentrux =y = z.
Egalitatea are loc daca si numaidaca a = b = c.

Solutia2. a,b,c >0=>x=b+c,y =c+ a,z = a+ b sunt laturile unui triunghi,). a = % = s(semiperimetrul)

—Xty+z X—y+tz X+y—z
a=T,b= > ,C = > ,Ss=a+b+ca=s—x,b=s—-y,c=s5—2z

x+y+z
abe = (s ==Y —2) =175, ) a= Y 2" =p, ¥ ab=r@AR+7), ) a® = s> — 8Rr — 21
21_4R+r 1 (Xab)*—abcYa (4R +71)*—2p?
a pr 'Lua? (abc)? B p2r2

(@+b+0)(F+m+5)23(G+7+2) @ (R-21(Q2R+7) 2 0.

A2.a,b,c > 0=

2bc+2ca+2ab+3>( +h+ )<1+1+1>
a? b2 c? =4 ¢ a b c

Solutie. Se aplica (1) pentru (x,v,2) = (a, b, ¢).
Egalitatea are loc daca si numaidacaa = b = c.

A3.a,b,c>0=>
2

b>+bc+c*> c?*+ca+a® a?+ab+b?
+ >abc<—+—+—
a

+
a b c

Solutie. Se aplica (1) pentru (x,y,2) = (i,%,%).

Egalitatea are loc daca sinumaidacaa =b =c.

Ad.a,b,c>0>
b4+ bc+c* c*4+ca+a* a*+ab+b? 1 1 1
+ + 2(ab+bc+ca)(—+—+—)
a b c a b c

Solutie. Se aplica (1) pentru (x,y,z) = (bc, ca, ab).

Egalitatea are loc daca si numaidacaa = b =c.
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A5.a,b,c > 0=
a1 + b"c + bc"
02

Solutie. Se aplica (1) pentru (x,y,2z) = (a™, b™,c™),n =0

c™1 4+ a"bh + ab™ 1 1 1
2(a”+b"+c“)<a+—+z>

b1t + a™c + ca™
b

b2 c?

Egalitatea are loc daca si numaidacaa =b =c.

A6.a,b,c>0=
2 kc? 4+ 2kab + 2nca + nc?

ka? + 2kbc + 2nab + nc? kb? + 2kca + 2nbc + na N
a? b2

1 1
>(n+k)(a+b+c)( +p+2)

c2

Solutie. Se aplica (1) pentru (x,y,z) = (ka + nb, kb + nc, kc + na)

Egalitatea are loc daca sinumaidacaa = b =c.

A7. AABC =
che +ahy + bha 9V3r

ah, + bh, + chy N bhy, + ch, + ah, 4 Che
b2 c? - R

a2
Gheorghe Ghita, Buzau

Solutie. Pentru (x, v, z) = (hg, hp, h.) atunci:
(2) 9(h +h, + hC)Zha or 81r MltT‘:OUlC 9\/—7,

ch, +ahb+bha,« S
a+b+c - 2p - R

ah, + bh. + ch, bhy+ch, + ahc
+
b? c?

Cl2
Egalitatea are loc daca si numai daca triunghiul este echilateral
A8. AABC =

amg, + bm, + cm,
B +
a

bmy + cm, + am, N cm, + amy, + bm, - 93r
- R

b? c?
Gheorghe Ghita, Buzdu

Solutie. Pentru (x, v, z) = (mg, my,, m.) atunci:
bmy + cm, + am,

am, + bm, + cm,
a? * b?
mg=9r
cm, + amy, + bma S 9(ma +my + mc) a; "81r ltrzomc 9V3r
- a+b+c - p '

2
Egalitatea are loc daca si numai daca triunghiul este echilateral

A9. AABC =
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ar, + br, +cr, br,+crg+ar, cr.+ar, +br, 9\3r
+ + >
a? b? c? R

Gheorghe Ghita, Buzau
Solutie. Pentru (x,y, z) = (r,,1p,7,) atunci:

ary + br, + cry, 4 bry + cr, + ar,

a? b?
s + ar, + b, (,;) 9y +1, +71,) Zr“j_:m” 9(4R + 1) Eugler g1y Mitrinovic g, /3
c2 ~ a+b+c B 2p - 2 = R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A10. AABC =

awg + bw, +cw, bwy, +cw, +aw, cw, +aw, +bw, 9V3r
+ + >
a? b? c? R

Gheorghe Ghita, Buzau
Solutie. Pentru (x,y, z) = (w,, wp, w,)atunci:

aw, + bw, + cw, N bwy, + cw, + aw, N cw, + awy, + bw, (;) 9w, +wp +w,) Zw,fgr 81r Mitrgomc 9V3r

a? b? c? - a+b+c - 2p - R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Al11. AABC =

asq + bsg +cs, bwy+cw, +aw, cw, +aw, +bw,  9V3r
+ + >
a? b? c? R

Gheorghe Ghita, Buzau

Solutie. Pentru (x, v, z) = (sg, Sp, Sc) atunci:

as, + bs. +cs, bs,+cs,+as, cs.+as,+ bs, (i) 9(sq + sp + s.) Zsfgr g1y MITIIOvIE 9. /3y
+ + = = =
a? b? c? a+b+c 2p R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A12. AABC =

asind + bsinC + csinB  bsinB + csind + asinC csinC + asinB + bsin4 9
+ + >——
a? b2 c? 2R
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y, z) = (sinA, sinB, sinC) atunci:
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asinA + bsinC + csinB  bsinB + csinA + asinC  csinC + asinB + bsinA (,i) 9(sinA + sinB + sinC) ZSi:A%
a? * b? * c? = a+b+c N
9
o1

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Al13.AABC =

csin% + asin% + bsin% 3v3
+ + >
a? b? c? 2R

Gheorghe Ghita, Buzau

asin% + bsin% + csin% bsing + csin% + asin%

. . A . B . C
Solutie. Pentru (x,y,z) = (sm;,sm;,sm;):

A . C . B . B A . C . C . B A A, . B, .C
asinz + bsin + csinw  bsinz + csinz + asin csm2+asm2+bsm2ﬁ9(sm2+sm2+sm2)
+ + >

a? b? c? a+b+c
ensen itri [
J s 27MLCT:ILOU163\/§
=z — =2 o
4p 2R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Al14. AABC =

acos% + bcos% + ccosg bcosg + ccos % + acos% ccos% + acosg + bcos% or

a? + b2 + c? = R2

Gheorghe Ghita, Buzau

. A B c .
Solutie. Pentru (x,y,z) = (cos;, cos >, cos ;) atunci:

A B C
acosé + bcos% + ccos% bcos% + ccosé + acos% ccos% + acosg + bcos%(i) 9 (6057 +cos =+ cos 7)
+ + =
a? b? c? a+b+c
<o 2DPT
L‘g’a‘)ﬁ _or

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A15. AABC =

atgé+btg£+ctgE btg§+ctgé+atg£ ctg£+atg§+btgé 61
2 2 2+ 2 2 2+ 2 2 2>
a2 b2 c? ~ R?

Gheorghe Ghita, Buzdu
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Solutie. Pentru (x,y,z) = (tg%, tgg, tg %) atunci:

A_4R+r
A C B B A C C A A B C\ Xtgz=
atg7+btg7+ctg7+btgi+ctg7+atg7 ctg2+atg2+btg (2)9(tg7+tg7+tg7) 2;‘ p
a? b? c? ~ a+b+c -

9(4R + T‘) E1i>€\er 81r Mitriélovic 61
2p? ~ 2p%? — R%

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Al6. AABC =

A C B B A C C B A
actg~ + bctg 5 tectgy N bctg 5 tectgs +actg N cctg +actg + bctg 3

a? b2 c?

9
=>—.
2r
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (ctg %, ctgg, ctg %) atunci:

actg é + bctg % + cctg % N bctgg + cctgé + actg%

a? b?
cctg g + actg g + bctg';1 2 g (ctgé + ctgg + ctg %)
+
c? a+b+c
th g

279
2 _p = i.

2pr 2r

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A17.AABC =

homg + hym.+ h.m, hymy,+ h.my+ h,m, h.-m,+ hym,+h,m,
+ -~ + >9
h2 h? h?

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (my, my, m.) si (a, b, c) = (hy, hy, h,) atunci:

Y mg29r;
5 1, <2F
a=
hom, + hym, + h,m,, N hym, + hom, + hym, N h.m, + hym, + hym,, ,; 9(ma +my, +m) z

N 9.
h2 h? h2 ~  hg+thy, + h, -

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A18. AABC >

hory + hypre + hery,  hyry + hery + hyr,  her. + hyry + hymy
+ > + > >
hZ h;; h?
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Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2z) = (1,1, 7.) si (a, b, ¢) = (hy, hy, h,) atunci:

> 1rq=9r;
yi-1
h,r, + hy7. + h.r, hyr, +h.r, + h,T, hr+hr+hr(1) 1 1 1 a T
a'a b'c c'b b'b cla alc clc b'a a'b &
+ + =g +mn+r (—+—+—) = 9
h2 h2 h2 (o + 1+ 72) hg, hy h,

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A19.AABC =

h,w, + hyw, + howy,  hpywp + howy + hyw,  h.w, + hyw, + hawy
h3 hlzJ hz -

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (wg, wp, w,) si (a, b, c) = (hg, hy, h,) atunci:

how, + hyw, + h.w,  hyw, + how, + hyw,  h.w, + hyw, + howy, (,},)

1 1 1
> (W“+Wb+WC)(h_+h_b+_>
a

h2 hZ h2 h,
> wWq29r;
1_1
ZE—r 1
> 9r-—=09,
T

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A20. AABC =

hy,Sq + hps. + hes, hpspy +h.sq, +hys,  hes. + hys, + hysy
2 + 2 + 2 2
h2 h? h?

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (sq, Sp, Sc) si (a, b, ¢) = (hy, hy, h,) atunci:

> 5q297;
1_1
haSa + hpSec + heSy  hpsp + heSa + haSe  heSe + hySa + hasp 1 1 1 M 1
ara b°c c°b b°b c a ac coc b a a”b )
+ + =(Sqg+sp+s (—+—+—) = 9r-—
h2 h2 h? (Sa 5 +5c) h,  h, h, r

=0.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

A21. AABC =

h,sinA + hysinC + h.sinB N hysinB + h.sinA + h,sinC N h.sinC + hysinA + h,sinB > 9
hZ h? h2 -

Gheorghe Ghita, Buzau
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Solutie. Pentru (x,y, z) = (sinA, sinB, sinC) si (a, b, c) = (hg, hy, h,) atunci:

hysinA + hysinC + h.sinB hbSLnB + h.sinA + h, smC h.sinC + hysinA + h,sinB (,3

h2 h? hZ
1 1
z:ha T
(sind + sinB + si C)<1 + ! + 1)25”’3_2 p Mitrgovicg‘/g
sinA + sinB + sinC) (- et 2 o 2 R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A22. AABC =

hasin% + hbsin% + hcsing hbsing + thin% + hasin% hcsin% + hasing + hbsiné - 3

hZ * hZ * hZ =2r

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (sin%,sing,sing) si (a,b,c) = (hg, hy, h,) atunci:

hasiné + hbsin% + hcsing hbsing + hcsiné + hasin% hcsin% + hasing + hbsiné(i‘)
a b Cc
Jensen
y1_1
(, A B C)(1+1+1) hér?, 1 3
Sy sy S, Thy "R T 27 T 2r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A23.AABC =
h cosA+hbcosC+h cos§+hbcosB+h cosA+h cosg+h cosC+h cosB+hbcos';1 - 637
h3 h? hZ - RZ

Gheorghe Ghita, Buzau

Solutie. Se aplica (x) pentru (x,y,z) = (cosg,cosg,cos g) si(a,b,c) = (hy, hy, he):

A C B B A C C B A
hacosi + hycos >+ h.cos Vi hbcosi + hcc057 + h,cos 5 hcc057 + h,cos >+ hbcosi(l)

+ S + >
h2 h? h?
Lema;
1 1
h_a_F . . .
< A+ B+ C)(l N 1 N 1) o 2pr 1_2letTg°”lC6\/§r
Oy ey )\, "y, "R T R r RE T TR
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

9

A24. AABC =
hqtg= + hptg ¢ + h.tg B hytg B + h.tg 4 + hatg ¢ h.tg=+ hatgE + hptg >
2 2 2 + 2 2 2 + 2 2 2 <2
h2 hp h2 p
Gheorghe Ghita, Buzau
. A B c\ . .
Solutie. Pentru (x,y,z) = (tg > tg5,tg 5) si(a,b,c) = (hg, hy, h,) atunci:
hatgé + hptg ¢ + h.tg B hptg B + h.tg 4 + hytg ¢ h.tg ¢ + hytg B + hbtgé(l)
2 2 2 n 2 2 2 n 2 2 2 3
hZ h? hZ B
A_4R
xt 7= p+r;
y1_1
<tA+t B, C><1+1+1) hér 4R + 71 1E1i>£”9
95795795 he hy, h. - p r p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A25. AABC =

B B A C
hactg7 + hbct97 + hcct97 N hbctg7 + hcctg7 + hact97 N hct097 + hactg7 + hbctg7 - 3v3
hZ T or

12 n2

Solutie. Pentru (x,y,2) = (ctg 2, ctgg, ctg g) si (a,b,c) = (hg, hy, h,) atunci:

hqctg = + hyctg ¢ + h.ctg B hyctg B + h.ctg 4 + hyctgs  hctcg= + hyctg 5 + hyctg 5
2 2 2 n 2 2 2 n 2 2 2
h?

Gheorghe Ghita, Buzau

A )
S

n r
ZCt‘g%=$;
gl 1
ng ng ng he hy, h. = 2 = o

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A26. AABC =
mg

amg, +cmy, +mb, bmy, + am, + cmy, 4 cme + bmg + amy, - 12+/3r
z

m2 m2

Solutie. Pentru (x,y,z) = (a, b, c) si (a, b, c) = (my, my, m,) atunci:

Gheorghe Ghita, Buzau
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1.2
Y=z
(€Y)] mg R
am, + cmy, + mb, bmy, +am,.+cm cm, + bm, + am 1 1 1 4
e ”E(a+b+c)<—+—+—) s 2
mg mj mé mg mp Mg R
Mitri:tovic 12\/§T
> 7

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A27. AABC =

mgh, + myh, + m:h, N myhy, + m:hy + myh, 4 m.h, + myhy, + myh, - 18r
m2 ma m2 - R’

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (hg, hy, h,) si (a, b, c) = (mg, my, m,) atunci:

mgh, + myh, + m hy N myhy, + mchy + mgh, N mche + mghy, + myh, (i)

111
S (ha+hy +h) (=t —+—)

2 2 2
m3 mg m2 m, m, m,
Y hg=9r1;

1 _2
_— >Z
mg R
~  18r
> —

R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A28. AABC =

Mgty + Myt + mery, + myty + merg + mgr; 4 mcr, + myr, + myry, - 18r
m2 m? m2 R’

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (15,1, 7.) si (a, b, c) = (my, my,, m,) atunci:

Myly + Myt + M1y + myty + mgr, + myr;

m2 m?
Y 1q297;
ZL>£
R
Ml + M1y, + My, w 1 1 1y & 18r
> >+ +r)|(—+t—+—) = —
mé mg, m, m R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A29. AABC =

MWq + Mpw, + mwy + mywy, + m.w, + myw, + mew, + mywy, + myw, - 18r

mg mp m2 ~ R
Gheorghe Ghita, Buzdu
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Solutie. Pentru (x,y,z) = (Wg, wp, w,) si (a, b, ¢) = (my, my, m,):

(1)
m,w, + myw. + m.w myw, + m.w, + m,w m.w. +m,wy, + myw 1 1 1
aVa bWc¢ cb_l_bb cWa ac+cc aVp bag(wa+wb+wc)< + + )

m2 mé m2 mg, m, m,
> wga=9r;
1.2
Y%
mg R
- 18r
= —
R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A30.AABC =

mgS, + myS, + mesy N my,Sy + MmSq + mgs, N meSe + mySp + mys, - 18r

m2 ma m2 ~ R
Gheorghe Ghita, Buzau

Solutie. Se aplica (x) pentru (x,v,2) = (sq, S, S.) si (a, b, ¢c) = (mg, my, M,):

MgSq + MpS, + M5y n mySp + mes, + mys.

m2 ma
Y wWq29r;
1.2
“R
meSe. + mgs, + mys, W 1 1 1\ @
> = (Sg+spt+s)|—+—+—] =
mg mg my me
18r
R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A31. AABC =

mgsinid + mysinC + m,sin B 4 mysinB + m.sinA + m,sinC 4 m.sinC + m,sinB + mysinA - 6V/3r
m2 m? m2 ~ R%Z

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (sinA4, sinB, sinC) si (a, b, ¢) = (m,, my, m,) atunci:

mgsind + mysinC + m,sin B 4 mysinB + m.sinA + m,sinC 4 m.sinC + m,sinB + mysinA (é)

m2 m2 m2

Y sinA=

1

1 1 1 z:m_az 2p Mitrinovic 6\/§T‘

(sinA + sinB + sinC) (— +—+ —) > = 2 :
m, m, m, R? R?

eSS

y

x| N

Egalitatea are loc daca si numai daca triunghiul este echilateral.

133


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2023 www.mateinfo.ro

A32. AABC =

A . C . B . B A . C . C . B . A
m,Sins + mysin5+m,sins mysins + m sin= + mysins msin5 + mysin+ + mysin=
2 2 2 2 2 2, 2 2 2

| w

m2 m? m?
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (Sing,sin ,Sin— ) si (a,b,c) = (mg, my, m,) atunci:

mﬁm%+mﬁm%+mﬁmg mﬁm§+m§m%+mﬁm% mgm%+mﬁm§+mﬁmgﬁ
2 + > + > >
mg mb me¢
Jensen
Eizz
<,A+_B+,C)<1+1+1)m,>‘:3
sin-+sinz+sinz||—+—+—| = —
Mo sy TSy ), T my, T m, R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A33.AABC =

macos% + mbcos% + m, cos% mbcosg + m.cos % + macos% mccos% + macos% + mbcos% 124/3r2
+ + >
m2 m2 m2 R3

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (cos— cos— cos >§| (a,b,c) = (my, my, m.) atunci:

macosé + mbcos% +m, cos% mbcosg + mccosé + macos% mccosg + macos% + mycos % (i‘)
+ + =
m2 m2 m2
Lema;
L E
A B O\l 1 1y " Rgpy Mitrinovic 15 /3,2
<cosz+cos—+cos—><—+—+—> = 3 =

2 2/\m, m, m, - R3
Egalitatea are loc daca si numai daca triunghiul este echilateral.

A34. AABC =

matgA +mytg 5 ¢ + m, th mpytg = B + mctgA + mytg = ¢ mctgg + math + mbtgé 4\/§r
2 2 2 2 2 2 2 2 2 >

m3 m2 m2 ~ R%°

Gheorghe Ghita, Buzdu

Solutie. Pentru (x,y,z) = (tg g, tgg, tg g) si (a,b,c) = (mg, my, m,) atunci:
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A C B A C C A
Matg >+ mptg=+m, tg2 mytgo 5+ mtg s +metg = Z, metg = +matg S 5+ mytg s 72 (1)

m3 ma mé
A 4R+T,
2 t97= D 3
s 1,2
mg R itri i
é: 2(4R +1) E’i>£" 18y Mitrinovic 4 /3.

(t A+t B+t C)(1+1+1) =
g3 79575 m, m, m, PR ~ DpR - RZ °
Egalitatea are loc daca si numai daca triunghiul este echilateral.

A35.AABC =

mactg;1 + myctg g +m, ctg 2, mbctg >+ mcctg;1 + mgctyg g mcctg % + mactgg + mthg% . 6V3

m3 m? m2 ~ R
Gheorghe Ghita, Buzau
. A B c\ . .
Solutie. Pentru (x,v,2z) = (ctg 2 Ctg >, ctg 5) si (a,b,c) = (mg, my, m,) atunci:

mactg';1 + myctg g + m, ctg 2, mbctg >+ mcctg;1 + mgctg g mectg g + mactg >+ mbctg';1 W

ma mb mC
thgg%;
1.2
A B C\/1l 1 1y el ogpMitrinovic g 3
(“95+“95+“95)(m—+m—b+m—) = ®m = R
a c

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A36. AABC =

ar, + cr, + br. bry,+ar.+cr, cr.+ br, + ar
a b c_+ b c a_+ c a b 2:6\ﬁ§

2 12 2
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (a,b,c) si (a, b,c) = (1,,1,,7,) atunci:

1 1
ar, + cry + br, bry +ar.+cr, cr.+bry+an, (ﬁ) 1 1 1 ZE_F 2 p Mitrinovic
+ + (a+b+c)<r +—+T—) —
c

2 2 2
Tq 1 e a 14

S 6V3.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A37.AABC =

Tahg + 1phe + 1.0y N ryhy + 1.hy + 150, N .h, + r,hy + 10y,
T2 2 2 -

Gheorghe Ghita, Buzau
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Solutie. Pentru (x,v,z) = (hy, hy, he) si (a, b, ¢) = (1,1, 7.) atunci

r h, + ryh, + 1.hy

Y hq297;
wi-l
rphy + 1.hy + 17,0, 1 h. + 1R +ryhy W 11y e
m -
_ +2b e ec,cc ab b (h+hb+hc)<++>29.
Ta Ty e Ta Tp e
Egalitatea are loc daca si numai daca triunghiul este echilateral.
A38. AABC =

TaMg + pyme + 1.my, N rpmy + .My + 1,me N reme + 1r,my + 1,mg
2 2
T4 0

2

Gheorghe Ghita, Buzau
Solutie. Pentru (x,y,z) = (mg, my, m.) si (a,b,c) = (v, 1, 7.) atunci

tymg + rpyme +1r.my

Y mg29r;
1.1
nym, +r.mg +r,m,  r.m;+r,m +rm(1) 1 1 1 e 7
) +bce e cpcc a2 P ag(ma+mb+mc)( +—+—) S
T4 4 T Ty Ty T
Egalitatea are loc daca si numai daca triunghiul este echilateral
A39. AABC =

TaWq + pW, + 1wy,

TpWp + 1w, + 1w,
> +
ra

+ W, + 1wy + 1w,
2 2
4 T

Gheorghe Ghita, Buzau
Solutie. Pentru (x,y,z) = (wg, wp, w,) si (a, b, c) = (1,,1,,7.) atunci

TaWq + 1pW, + 1.Wy

X wa29r;
1.1
TpWp + W, T, W, W, + T W +rw(1) 1 1 1 T
. + 2t R “9(wa+wb+wc)< +—+—> S o
Ta Ty re Ta Tp e
Egalitatea are loc daca si numai daca triunghiul este echilateral
A40. AABC >

1qSq + 7pSc + 7:Sp

TpSp + 1eSq + 14Sc
> +
ra

" 1.Sc + 13Sp + 1S,

2 2
14 T

Gheorghe Ghit, Buzdu
Solutie. Pentru (x,y,z) = (s, Sp,S¢) si (a, b, ¢) = (1,1, 7.) atunci

TaSq + 1pSc + 1.Sp

TpSp + 17.Sq + 14S¢
> +
ra

€Y
1.Sc + 138y + 1pSq -~
> +
T
b

2

1
S (0t s+ 50 (=
a

> 5q297;
1.1
1 1 ri T
+—+ —) = 9.
Tp e
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

A41. AABC =

17,SinA + 1,sinC +1,sinB  1,sinB + 1.5inA + r;sinC  1.5inC + 1,sinB + r,sinA _ 3v/3
+ 2 + 2 2 )
4 T¢ R

g

Gheorghe Ghita, Buzau

Solutie. Pentru (x,v,z) = (sin4, sinB, sinC) si (a, b, ¢) = (1,1, 7.) atunci:

7,SinA + 1,sinC + r.sinB N 1,8inB + 1.5inA + r,sinC 4 17.5inC + 1,sinB + 1, sinA (ﬂ>13

12 172 2
ZsinA:%;
g1l
- . , 1 1 1y =T p Mitrinovic 3. /3
(sinA + sinB + sinC) (— +—+ _) s 2 g .
Tw T T Rr R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A42. AABC =

rasiné + rbsin% + rcsing rbsing + rcsin7 + rasin7 rcsin7 + rasin7 + rbsin7 3
+ + >,
T 2r

r2 2 r?

Gheorghe Ghita

Solutie. Pentru (x,y,z) = (sin%,sing,sin %) si(a,b,c) = (1, 1,1)

rasin'% + rbsin% + rcsing rbsing + rcsin7 + rasin7 rcsin7 + rasin7 + rbsin%(i\)
2 + 2 + 2 =
T4 Ty e
Jensen;
11
(, A, B C)(1+1+1) r,é;f 3
sin—+sin—+sin=||—+—+—] = —.
2 2 2)\r, 1, T 2r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A43. AABC =
A C B B A
12C0S 7% + 1pC0S 5 + T.C0S % TpC0S 75 +T.C0S 75 + 1,008 5  T.C0S = + 1,C08 % + T,C0S > 6v/3r
T2 + r2 + .2 = RZ °
a b ¢

Gheorghe Ghita, Buzau

. A B c\ . .
Solutie. Pentru (x,y,z) = (cos;, cos —,cos 5) si(a,b,c) = (1,1, 1.) atunci:
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A B B A B A
1aC0S 7 + TbCOS% + r.cos 7 T, COS 7 + 1.cos 7 + TaCOS% TCCOS% + r,cos 7 + T‘bC057 ,,1_‘
2 + > + > >
Tq 4 Te
Lema;
1_1
r,'i‘ r 2p Mitrrlz‘zovic 6\/§T

A B C\/1 1 1
(COSE+COSE+COSE)(E+E+E> RZ = RZ
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Ad4. AABC =

A C A C C B A
ntgs +1tgs +rctg 5 rbtgz +rctg2 +7atg > rctg7+ratg7+rbtg7> 243
2 12 2 —or

Gheorghe Ghita, Buzau
Solutie. Pentru (x,y,z) = (tg %, tgg, tg %) si (a, b, c) = (1,1, 7.) atunci:

A C A C C A
mm2+@m2+nm2 %m2+nm2+mm2 Qm2+mm2+@m2m

2 12 2

A 4-R+r

xtg

N
%Ir—\.c

AR + 1 Elﬂ‘er 9 Mitr’il‘lovic 2\/§
> — > _—

pr —p r

Ivys|=

CErT A LT
‘gZ g2 ‘g2 Tu, Tp T¢

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A45. AABC =

A C B B A C C B A
T ctg2 +7‘bctg2 +r.ctg = > rbctg2 +rctg2 + 7 ctg2 rctg7+ractg7+rb ctg7> 33

2 2 - '
1 2 T r

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2z) = (ctgg,ctgg, ctg g) si(a,b,c) = (1,1,1.)

ractg‘;1 + npctg g + r.ctg g rpctg g + rcctg';1 +rctg (2: r.ctg g +r,ctg g +1p ctg';1 )

2

Ta rb -
A
Sctgg=t;
Bl o
<tA+t B+t C>(1+1+1> rér letrgOVLc3\/§
ng ng ng T, T, T = 2 > —

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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A46. AABC =

aw, + cwy, + bw, 4 bwy, + aw, + cw, 4 cw, + bw, + aw, - 12+/3r

w2 wf wi R
Gheorghe Ghita, Buzau

Solutie. Pentru (x,v,2) = (a,b,c) si (a, b, c) = (wy, Wy, W,) atunci:

1.2 o
aw, + cwy, + bw,  bwy, +aw, + cw,  cw, + bw, + aw, ~ 1 1 1, Wa R mitrinovic
+ + 2(a+b+c)<—+—+—) 5 — =

Wqg Wp W R

w2 wi wé

12+/3r
TR

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A47.AABC =

wghe + wyh, + w hy, N wphy +wohy +wgh, N wche + wahy + wyhg - 18r
w2 wi w2 ~ R’

Gheorghe Ghita, Buzau
Solutie. Pentru (x,y, z) = (hy, hy, h,) si (a, b, c) = (wy, wp, W) atunci:

1)

wy,h, + wyh, +w.hy, wph, +w.h, +w,h, w.h,+w,hy, +wyh, - 1 1 1
a'ta b'tc cb+bb c'ta ac_l_cc a'tb baZ(ha+hb+hc)(—+—+—>

2 2 2
wg wp W2 w, w, Ww,
Y hg=9r;

1_2
_— >z
wqg R
= 18r
S

R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A48.AABC =

W,mg + wpym. +w,my N wpymy, + w.mg + womg + wem, +w,my, + wymg - 18r

wé wi wé ~ R’
Gheorghe Ghita, Buzdu
Solutie. Pentru (x,y,z) = (my, my, m.) si(a, b, c) = (wy, wy, w,) atunci:

womg + wym, +w.my 4 wymy, + wemg + wymg + weme + womy + wpym, (,-1»‘) ( 1 1 1 )

- i : = (mg+my+m)|—+—+—
W§ wj W{ w, Wwp, W,
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> mg=9r;
1_2
YW 2R
~ 18r
= —
R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A49. AABC =

Wqly + Wyt + Wy + WpTp + Wy + Wy 4 Wl + Wty + Wty - 18r

w2 wi wg - R’
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (15,1, 7.) si (a, b, c) = (wg, wy,, w,) atunci:

Y 1q297;

Zl>z
w,r, + wpr. + w.r wpty, +wW.r, +w,r. w.r.+w,r +WT'(1) 1 1 1 Wa_R18r
ala bzc cb_l_ pTp cza ale | Wele azb bag(ra+rb+rc)<_+_+_) E .
Wa Wp we w, W, W, R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A50. AABC =

WqSq + WpSe + WSy + WpSp + WeSq + Wy S, 4 W¢Se + WgSp + Wy S, - 18r
wé wi wé ~ R’

Gheorghe Ghita, Buzau

Solutie. Pentru (x,v,2) = (sq, S, Sc) si (a, b, ¢) = (wg, wy,, W,) atunci:

Y 5q297;
Zi>£
W,S, + WpS. + w,.S WyS, + W.S, + w,S W.S. +w,S +WS(1) 1 1 1 Wa R
e e
ara bzc cb+ b°b c2a ac_l_ coc azb baZ(Sa+Sb+SC)(—+—+—> N
wg wp W§ W, W, W
18r
R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A51. AABC =

WgsinA + wysinC + w,sinB 4 wpsinB + w.sind + w,sinC + w.sinC + w,sinB + wysinA - 6+/3r

w2 wi w2 ~ R%Z

Gheorghe Ghita, Buzau
Solutie. Pentru (x,y, z) = (sinA, sinB, sinC) si (a, b, c¢) = (w,, wp, w,) atunci:

WgSinA + wysinC + w,sinB 4 wpsinB + w,sind + w,sinC 4 w.sinC + w,sinB + wysinA (é)

w2 wi w2
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. _D.
ZsmA—R,
1_2

_ _ 11 1y WaR g mitrinovie g 3,
(sinA + sinB + sinC) (— +—+ —) > = = :
w, W, W, R? R?

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A52. AABC =
WaSiTl% + Wbsin% + WCSl'Tl% wbsin% + wcsin% + Wasin% Wcsin% + wasing + wbsiné 3

+ + >
w2 wi w2 R

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (sing,sin ,sin— ) si (a,b,c) = (wg, wy,, w,) atunci:

Wasin% + WbSiTL% + Wcsing Wbsin% + Wcsin% + Wasin% WCSlTlg + Wasmg + W,,sm;1 (i‘)
2 + 2 +
i Wy WC
Jensen;
1.2
Yozn
<_A+ B C><1+1+1> W§R3
sin-+sinz+sinz || —+t—+—| = =
Mo sty TSy \w, Tw, T w, R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A53. AABC =

WaCOS% + WbCOS% + chosg WbCOS% + chos% + WaCOS% chos% + Wacosg + WbCOS% 12+/372
+ + >

W wh wé E
Gheorghe Ghita, Buzau

. A B c\ . .
Solutie. Pentru (x,y,z) = (cos;, cos >, cos ;) si (a,b,c) = (wg, wp, w,) atunci:

wacos% + WbCOS% + chosg N wbcos% + chosé + WaCOS% N chos% + WaCOS% + Wbcosé%)
wg wi 0 -
Lema,;
1. E
Wa pr p Mitrinovic 15 /3.2

A B C\/1 1 1
<cosE+cos—+cos—> (—+—+—)

R4
2 2)\w,  w,  w, R3

= R3
Egalitatea are loc daca si numai daca triunghiul este echilateral.

A54. AABC =

C B B A C C B A
Watg > +wptg > > +w.tg > 2 wytg 5 > +w.itgs > +witg 5 > Wct97 + Watg7 + Wbtg7 - 4/3r

wg wi wg -~ R
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Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (tg%, tgg, tg %) si(a,b,c) = (wg, wy,w,) atunci:
watgé + Wbtgg + wctgE wbtgE + wctgé + watg£ Wctgg + watgE + Wbtgé(l)
2 2 2 + 2 2 2 + 2 2 2 ~
wé wi w2 -
A 4R+
Xt VRl r
P o
(t A B, C)( L 1) ‘”é: R 8R+2rE’i>ieT18ertrﬁ>’3°"lC4\/§r
957575 We W, W, - PR - pR — R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A55. AABC =

w,ctg a + wyctg ¢ + w.ctg B wyctg B + w.ctg 4 + w,ctg ¢ w.ctg ¢ + w,ctg B + W,,ctgé 6v3
2 2 2 4 2 2 2 4 2 2 S

w2 wi w2 ~ R’
Gheorghe Ghita, Buzau

Solutie. Pentru (x,v,2) = (ctg%, ctg g, ctg %) si (a,b,c) = (Wg, wy,, w,) atunci:

wqctg é + Wthg% + chtg% N wyctg % + wcctgé + Wactg% N chtg% + Wactgg + wyctg % (é)
w2 wi wg -
thgg%;
ZWiaZ% Mitrinovic
A B c\/1 1 1 o~ 2p MRV 63
<Cth+Cth+Cth)<W—a+W—b+WC> = E = S

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A56. AABC =

asg + csp + bs, N bs, + as. + cs, 4 cS. + bs, + asy, - 12+/3r
s2 st s2 - R

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (a, b, ¢) si (a,b,c) = (sq, Sp, Sc) atunci:

1_2
Yoz o
as, + cs, + bs, bs, +as, +cs, cs,+ bs, + as, w 1 1 1y o RgpMitrinovic 15 /3,
> + > + > 2(a+b+c)<—+—+—) = — = :
s Sj; Sé a Sp Sc R R
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

A57. AABC =
Sqhg + sphe + s hy 4 sphy + schg + sgh. 4 Sche + sghy + sphy - 18r
s2 st s2 - R’
Gheorghe Ghita, Buzau, Buzau
Solutie. Pentru (x, v, z) = (hy, hy, he) si (a, b, ¢) = (sg, Sp, Sc) atunci:
> hg=9r
1.2

€Y
sghy + spyh, + s h syhy +s.h, +s,h, s.h, + s hy, + sph, - 1 1 1 ~ 18r
a'ta b2c cb_l_bb clta ac_l_cc azb baZ(ha+hb+hc)(—+—+—) N
Sa S¢ Sa Sp S¢

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2
Sp

A58. AABC =
SqMmg + spm; + s,my, 4 spmy +s;mgy + some + Scme + sgmy, + spmg - 18r
s2 sg s -~ R’
Gheorghe Ghita, Buzau
Solutie. Pentru (x,y,z) = (mg, my, m.) si (a,b,c) = (g, Sp, Sc) atunci:
SqMg + Spm, + s.my, N SpMmy + Scmy + s,m.
s& g
Y mg29r;
1.2
)
ScMme + samy, + spm, w 1 1 1y &f
> Z(ma+mb+mc)(—+—+— =
Sc Sa Sp Sc
18r
=—
Egalitatea are loc daca si numai daca triunghiul este echilateral.
A59. AABC =
Salq + Spte + Sc1p 4 SpTy + Scrq + Sate + ScTe + Sa1p + Sp1y - 18r
s2 sg s2 - R’
Gheorghe Ghita, Buzau
Solutie. Pentru (x,y,z) = (1, 13,7.) si (a, b, c) = (sg, Sp, S¢) atunci:
D 1rq=9r;
1.2
SaTq + SpTe + ScTy  SpTy + Sc1q + SaTe ST+ST+ST(1) 1 1 1 *5aR 18r
a'a blc cb+bb cla ac_l_cc azb bag(ra+rb+rc)<—+—+—) "2‘1 — .
S¢ a Sp Sc R

s2 sg
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

A60. AABC =
SaWq + Spw, + S.wy, 4 SpWp + ScWq + SgW, 4 ScWe + Sgwp + Spw, - 18r
s2 st s ~ R’
Gheorghe Ghita, Buzau
Solutie. Pentru (x,y,z) = (Wg, wy, w,) si (a, b, ¢) = (sg, Sp, Sc) atunci:
SaWq + Spw, + S.wp, N SpWp + S.W, + SgW,
s& Sp

Y wq=9r;

1.2

*R
SeW, + SgWp + SpWg 1 1 1y 2® 1gr
> Z(Wa+Wb+WC)(—+—+—> > —

S& Sqe Sp Sc R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

6V3r

A61. AABC =
SqSinA + spsinC + s sinB 4 SpSinB + s sinA + s ,simC + 5cSinC + sgsinB + s, sinA -
s2 st s ~ R% -
Gheorghe Ghita, Buzau
Solutie. Pentru (x,v, z) = (sin4, sinB, sinC) si (a, b, c) = (sg, Sp, Sc) atunci:
SqSIinA + spsinC + s sinB 4 SpSinB + s.sinA + s simC + 5cSinC + sgsinB + s, sinA (,;)
s2 st s2 -
ZsinA:%;
1.2
2525 Zp Mitrfz‘lovic 6\/§T‘

. . (11 1y
(smA+smB+smC)<S—+§+;> > =2z Z TR

a

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A62. AABC =
A . . . B . . . C . .
SgSIN = + SpSin= + S.Sin+  SpSIN = + S SiN5 + 545N+ S.Sin5 + SgSin+ + spSins 3
2 2 2 n 2 2 2 n 2 2 2. °
s2 st s R
Gheorghe Ghita, Buzdu
. . A . B . C\ . .
Solutie. Pentru (x,v,2) = (sm;,sm;,smz) si(a,b,c) = (sy Sp, Sc) atunci:
sasin% + sbsin7 + scsing sbsing + scsin7 + sasin7 scsin% + sasin7 + sbsiné (,,13
+ + =
st sé
144
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Jensen;

Zizz

<, AL B C>(1+1+1) SS§R_3
sin > sin ) Slnz 5 s, 5 = = R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A63. AABC =
sacos% + SbCOS% + Sccosg sbcosg + sccos% + sacos% 5.C0S % + sacosg + sbcos% 124/3712
+ + > .
s2 st s2 R3

Gheorghe Ghita, Buzau

. A B c\ . .
Solutie. Pentru (x,y,z) = (cos;, cos =, cos ;) si(a,b,c) = (sg, Sp, S¢) atunci:

sacos% + sbcos% + sccosg sbcosg + 5.0 %5 + 5,C05 5  S.C05 5 + sacos% + s, c0s % )
+ + >
s2 st s2
Lema;
1.2

A B Cy/1 1 1y & 12v3r2
<cosi+c055+cosz><g+;+;) = RF

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A64. AABC =

satgé+sbtg£+sctgE sbtg§+sctgé+satg£ sctgg+satg§+sbtgé 437
2 2 2 + 2 2 2 + 2 2 2 -
sZ sg sé — 3R?%°

Gheorghe Ghita, Buzau
Solutie. Pentru (x,y,z) = (tg %, tgg, tg g) si (a,b,c) = (sg, Sp, S¢) atunci:

%mé+%m£+%m§ %m§+&wé+%w£ &m£+%m2+%mém
2 2 2 n 2 2 2 n 2 2 2 ~
52 St s2 -

< A B C)(l 1 1) & 8R+2rElg"r 18y Mitrinovic 4 /3,

— - ) — > .
tg2+tg2+tg2 sa+sb+sc PR PR - 3R?

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A65. AABC =

Sqctg 4 + spctg ¢ + s.ctg B Spctg B + s.ctg 4 + sqctg ¢ scctg ¢ + sqctg B + sbctgé 6vV3
2 2 2 n 2 2 2 + 2 2 2 S

s2 st s2 R’
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Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (ctg g, ctgg, ctg %) si(a,b,c) = (sy Sp, Sc) atunci:

Sactgé+sbctg£+scctgE sbctg§+scctgé+sactg£ SCCtg£+SaCth+Sthgé(,}_‘)
2 2 2 2 2 2 2 2 23
sé st s2 -
ECfg%=%
Zl>z
A B cN /1 1 1 Sa R 2p Mitrinovic 6\/§
tg—+ctg=—+ctg=||l—+—+—) = — -
(C92+C92+C92)(sa+sb+sc) - Rr R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A66. AABC =

h,sinA + h.sinB + hy,sinC N hysinB + hgsinC + h.sinA 4 h.sinC + hy,sinA + h,sinB

> 18V 3r.
sin2A sin?B sin%C > 18V3r

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (hy, hy, h.) si (a, b, c) = (sinA, sinB, sinC) atunci:
hesinA + h.sinB + hysinC  hysinB + hysinC + h.sinA  h.sinC + h,sinA + h,sinB (,alq)
; + - + - =
sin?A sin?B sin2C

Y hq=9r;
> 1 9%
(he +h +h)( t ! Sinf»;«l_p81Rr’V’it”',,>t}0mc18\/§
a T T AINSind T sinB " sinc) T Tp T r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A67. AABC =

m,SinA + m_ sinB + m,sinC mysinB + m,sinC + m_.sinA m,sinC + m;sind + m,sinB
a c b + b a c + c b a > 18\/§T‘.

sin2A sin?B sin?C
Gheorghe Ghita, Buzdu
Solutie. Pentru (x,y,z) = (my, my, m,) si (a,b,c) = (sind, sinB, sinC) atunci:

mgsind + m.sinB + mysinC 4 mysinB + m,sinC + m_sinA + m.sinC + mysinA + m,sinB (,3

sin2A sin?B sin2C -
Y mg=9r;
1 __9R
( + +m,) ( ! + ! + 1 Sing_ " B1Rr Mitrgovic 183
my, +my, +m > — > T.
@ b ““\sinA * sinB  sinC p

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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A68. AABC =

7,SinA + 1.sinB + r,sinC 4 1,8inB + 1,5inC + 1.sinA 4 17.5inC + r,sinA + r,sinB

> 18V 3r.
sin2A sin?B sin%C Var

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (1, 1p,7.) si (a, b, c) = (sin4, sinB, sinC) atunci:

17,SinA + 1.sinB + 1, sinC 4 1,8inB + 1,5inC + 1,.5inA 4 7.sinC + r,sinA + r,sinB (ﬂ>13

sin2A sin?B sin%C -
Y ra=4R+T1;
TR
1 1 SinA™ p 9R(4R + r Euler 81Rr Mitrinovic
(a1 +12) (sinA + sinB + sinC 2 ( p ) 2 2 18V3r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A69. AABC =

wySsind + w.sinB + wysinC + wpSinB + w,sinC + w,.sinA + w,sinC + wysinA + w,sinB

> 18V 3r.
sin2A sin?B sin?C var

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (wg, wp, w,) si (a, b, c) = (sinA, sinB, sinC) atunci:

w,SinA + w.sinB + wysinC 4 wpSinB + wgsinC + w.sinA 4 w.sinC + wysinA + w,sinB (é)

sin2A sin’B sin?C -
> wq=9r;
1 _9R
1 1 1 SinA~ p 81Rr Mitrinovic
Wo + Wy + W +—+ 5 — 2 18V3r
(Wo +wp +we) (sinA sinB sinC) p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A70. AABC =

SqSIinA + s.sinB + s,sinC 4 SpSinB + sgsinC + s.sinA 4 s¢sinC + s,sinA + s,sinB

> 18V 3r.
sin2A sin?B sin2C Var

Gheorghe Ghita, Buzdu

Solutie. Pentru (x,y,z) = (sg, Sp, S¢) si (a, b, ¢) = (sinA, sinB, sinC) atunci:

SqSInA + s sinB + spsinC  spsinB + s,sinC + s.sinA + 5cSinC + spSinA + s sinB (,3

sin?A sin?B sin?C -
Y 5q297;
1 _9R
1 1 1 SinA™ p 81Rr Mitrinovic
~ -
+sp + + + = — = 18V3r
(Sa + s +5c) (sinA sinB sinC) p Var
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Egalitatea are loc daca si numai daca triunghiul este echilateral.
A71. AABC =
sin % sind + sin %sinB + sin % sinC  sin %sinB + sin é sinC + sin % sinA

- + -
sin2A sin?B

sin%sinC + sin%sinA + sin%sinB
+ = > 6v/3.
sin*C

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (sin%,sing,sing) si(a,b,c) = (sin4, sinB, sinC) atunci:

singsinA + sin%sinB + SingsinC sin%sinB + sin%sinC + SingsinA

sin2A + sin?B T
sin%sinC + SingsinA + sin%sinB (i‘) A "B - C 1 1
sin2C = (sz + Smi +sin E) (sinA + sinB
]e;zse:;;_R
1 sin:l“ p 27R Mitrinovic

> —— 2 63
sinC - 2p o V3

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A72. AABC =

cosgsinA + cos%sinB + cosgsinC cosgsinB + cos%sinC + cos%sinA

+
sin?A sin?B
C . B . A .
cos 5 sinC + cos = sinA + cos 5 sinB  18r
n 2 2 2 >
sin?C -~ R

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (cosg,cosg,cos ;) si(a,b,c) = (sinA, sinB, sinC) atunci:

cosgsinA + cos%sinB + cosgsinC cosgsinB + cos%sinC + cos%sinA

+
sin?A sin?B
Lema,;
1 9k
cos%sinC + cosgsinA + cos%sinB (i‘) A B C 1 1 1 SmATP gy
+ ; 2( ~+cos=+ —)<.+.+. S —
sin2C 0S5 T oSy TS5 \sina " sinB " sinC R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A73.AABC =
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tgésinA + tg%sinB + tg%sinC tg %sinB +tg %sinC + tg%sinA tg%sinC + tggsinA + tg%sinB
+ +

sin2A sin?B sin?C
12r

=
R

Gheorghe Ghita, Buzau

Solutie. Se aplica (x) pentru (x,y,z) = (tg%, tgg, tg g) si (a,b,c) = (sin4, sinB, sinC):

tg %sinA +tg %SinB + tggsinC tggsinB +tg %SinC + tg%sinA tg%sinC + tggsinA + tg%sinB
+ +

sin?4 sin?B sin?C
Ztg%=4Rp+r;
198
(,;)(t A B C)( 1,1 1 S‘”g P 9R(R +7) LT B1RN ML 127
=\ 795795 \sina " sinB ™ sinC - p? - p? - R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A74. AABC =

ctg %sinA + ctg %SinB + ctggsinC ctg gsinB + ctg %SinC + ctg%sinA
+

+
sin2A sin?B

ctg %sinC + ctg gsinA + ctg%sinB

> 18.

sin?C
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (ctg 2, ctgg, ctg g) si(a,b,c) = (sin4, sinB, sinC) atunci:

ctg %sinA + ctg %sinB + ctggsinC ctg gsinB + ctg %SinC + ctg%sinA
+

+
sin?A sin’B
thg%%;
1 _9R
Yot
ctg %sin(] + ctg gsinA + ctgésinB (}3 A B C 1 1 1 simA=p g Euwler
- 2ct—+ct—+ct—)(,+,+, = — = 18
sin?C ( g 2 g 2 g 2/ \sinA sinB sinC T
Egalitatea are loc daca si numai daca triunghiul este echilateral.
A75. AABC =
asiné + csing + bsin% bsin% + asin% + csiné csin% + bsiné + asin%
i + 5 + > 36V/3r.
24 in2 D in2 S
sin?> sin? = sin® >

Gheorghe Ghita, Buzdu
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Solutie. Pentru (x,y,z) = (a,b,c) si (a,b,c) = (sin%,sing,sin g) atunci:

csin% + bsiné + asin

~
=
—

B
2

V3

asiné + csinE + bsin+ bsinE + asin= + csin=
2 2 2 n 2 2 2 n
sin? A sin? B sin? =
2 2 2
) .1A26
1 1 Siny Mitrinovic
(a+b+c) +—5+ > 12p = 36V3r.

ins Sin+ in—=
sin- 5 Siny

Egalitatea are loc daca si numai daca triunghiul este echilateral.

B

A76.AABC =

C A
h.sins + hysins + hysin=
2 2 Y2554,

. B . C . A
hbsmi + hasmi + hcsmj N

hasiné + hcsinE + hpsin ¢
2 2 2 4
sin? 4 sin? B sin? =
2 2 2
Gheorghe Ghita, Buzau

Solutie. Se aplicd (x) pentru (x,y,z) = (hg, hp, h¢) si (a,b,c) = (sing,sing,smg):

hasin% + hcsing + hbsin% N hbsing + hasin% + hcsiné N hcsin% + hbsin% + hasing(é)
sin? 4 sin? = sin? ¢ -
2 2 2
) _1 26;
smf
1 1 Zha;29r s
+ B + C = T.

(ha + hb + hc)
sin7 sin7 sin7

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A77.AABC =
mcsin% + mbsiné + masin7
> 54r.

mﬁm%+m§m§+mﬁm7 mﬁm§+mﬁm7+m§m7
+ +
sin? 4 sin? B sin? ¢
2 2 2
Gheorghe Ghita, Buzdu
. . . A . B . C .
Solutie. Pentru (x,y,z) = (mg, my, m,) si (a,b,c) = (sm;,sm;,smz) atunci:
. C . . B
m.Sin= + mysins + mysin=
¢ 2 2 a 2 "2‘“

. B . .
mysin= + mgsin + m.sin=
2 2 2 4

. A . .
MeSinz + mesin> + mpsin
+
sin? 4 sin? B sin? =
2 2 2
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1 1 1 -
(mg + my +m) It g5t ¢ > 54r.

sins Sins Sins
2 2 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A78. AABC =
rasiné + rcsing + rbsin% rbsin% + rasin% + rcsin% rcsin% + rbsin7 + rasing

+ > 54r,
A B
a2 2 022 2L
sin?> sin? sin® >

Gheorghe Ghita, Buzau

Solutie. Se aplicd (x) pentru (x,y,2) = (17,7, 7.) 5i (a,b,¢) = (sin%‘,sing,sing);

~

1

—

rasin% + rcsing + rbsin% rbsing + rasin% + rcsin% rcsin% + rbsin% + rasing

+ =
sin? 4 sin? B sin? ¢
2 2 2
Y rq=4R+T;
Y 1A26
sins

1 1 2 Euler
(rg+m+1) 2t—pgt C >  6(4R+71) = 54r.
sini sin7 Sinj

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A79.AABC =
wasin'% + wcsin% + wbsin% wbsing + wasin% + Wcsin% wcsin% + wbsiné + wasing

A B + C > 54r.
in2 in2 . 5
sin?> sin? > sin? >

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (g, wp, w,) si (a, b, c) = (sing,sing,sin g) atunci:

wasin% + wcsing + wbsin% wbsing + wasin% + wcsiné wcsin% + wbsin% + Wasing(i)
+ + =
24 sin28 sin?$
sin‘ = > >
X .1A26‘
sm§
Y wg=9r

1
(wg +wy +w,) —t— Bt > 54r.
siny  sinz  sinz
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

A80. AABC =

. B . . . C A .
SpSin= + SgSin= + s.sins  S:Sin+ + SpSins + s,Sin=
2 a 2 ¢ 2 ¢ 2 2 a 2 > 54r.

sasiné + scsing + sbsin%
+ +

., A . ., C

2 22 22
sin?> sin? = sin? 5
Gheorghe Ghita, Buzdu

. ) . A, , .
Solutie. Pentru (x,y,z) = (s4, Sy, S¢) si (a, b, ¢c) = (sm;,smg,smz) atunci:

. A , , . B . . . . . B
SqSin> + s.sin > + SpSinz  spsin + SqSin + ScSin= scsm% + SpSin + SqSin= (,,13
+ >
sin? 4 sin?+ sin? ¢
2 2 2
E 1A26;
sini
1 1 Zsf‘)r
+ > b54r

(sq +sp +5s.) Y] +
siny  sinz  sinx

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A81. AABC =

sinBsinE =+ sinAsin£ + sinCsin=
2 2 2 n

sinAsiné + sinCsinE + sinBsin+
2 2 2 n

A B
o .,
sin?= sin? >

. . C . . A . . B
sinCsin > + sinB sin > + sindsin > - 18+/3r
= R .

C

in2 =
sin®
Gheorghe Ghita, Buzau

Solutie. Pentru (x,v,z) = (sin4, sinB, sinC) si (a, b, c) = (sin%,sing,sin g) atunci:

sinBsin% + sinAsin% + sinCsin7

sinAsin% + sinCsing + sinBsin7
A + B +
in — in2 =
sin?> sin? 5
ZsinA:%;
> .1 >6
sinCsin% + sinB sin% + sinAsin % (i\) 1 1 1 S‘::E 6p Mitrinovic
C > (sinA + sinB + sinC) 7+ + > = >
2L A . B . C
sin? > siny  sins  sins
18+/3r
152
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Egalitatea are loc daca si numai daca triunghiul este echilateral.
A82. AABC =
AinA 4 cosCsinB 4 cosBsinC  cosBsin® + cosAsinC + cos Esind
C0S 7 Sin= + C0S 5 SiN% + 0S5 SiNm  COS=Sin= +cos7sin~ + cos5sinz

A B +
in2 4 in2=
sin‘ sin‘ -

c . C B . A A . B
COS = SiN= + C0S % Sin7 + C0S % sin = - 724/373

., C R3
22
sin 2

Gheorghe Ghita, Buzau

. A B c\ . . A . B . C .
Solutie. Pentru (x,y,z) = (cosz,cosz,cos 5) si(a,b,c) = (sm;,sm;,sm;) atunci:

A, A, C. B, B.C BB A C_ . C_A
coS 7 Sin 2 coS 7 Sin 2 coS 2 Sin 2 coS 2 Sin 2 coS 2 Sin 2 coS 2 Sin 7

A + B +
. A in2 2
sin = sin® =
Lema;
>6
c.C B . A A . B Zsmg
cosism7+cosfsm7+cosism7ﬁ A B C 1 1 1 o~
= (COSE + cosE + cos E) + + C =

-, C AT BT C
sin ) Sln2 St 2 smz
12prMitr£r_\wvic 36\/§T2

R? = R?

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A83.AABC =

A A . B, C . C,_ B . B B . C, A A, C
smitg7+sm7tg7+smjtgi_l_smitg7+smitg7+sm7tgf+

A B
a2 4 2D
sin? = sin?

. C C . A B . B, A
smitg7+sm7tg7+sm7tg7>12\/§r
—_— R .

C
in2 =
sin‘ -

Gheorghe Ghita, Buzau

Solutie. Se aplica () pentru (x,y,2) = (tg%, tgg, tg g) si(a,b,c) = (sin%,sing,sing):
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. A , C . C, B . B B . C, A A, C
smitg7+sm7tg7+SLnitg7+SLn7tg7+SLn7tg7+smitg7+
1 Zé Sinzg
Sin 7 2
A_4R+
Xtgz= pr;
X 1Az6
sinstgG+sindtgSrsinSegd0 4 5 of 1 1 1 Y7 6(4R+7)
2(tg—+tg—+tg—> + + = —_—
sin2£ 2 2 27\ sins SinE sin£ p
2 2 2 2
Euler;
Mitr:;:ovic 12\/§T

- R
Egalitatea are loc daca si numai daca triunghiul este echilateral.

A84. AABC =

sin%ctgé+ sin%ctg%+ sin%ctg%_l_ singctgg+ sin%ctg%+ sinéctg%+

A B
in2 4 in2=
sin® - sin‘ -

. C C . A B . B A
Slnjctg 5 + Sm?ctgj + Slnjctg 5 - 18+v3r
sin2£ - R
2
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (ctgg,ctgg,ctg g) si(a,b,c) = (sing,sing,sing) atunci:

singctgg+ singctg%+ sin%ctgg_l_ singctgg+ Siﬂ%Ctg%-l— sin%ctg%_l_

A B
., A 22D
sin® - sin® -
sin%ctg%+sin%ctg%+sin%ctg%(2 A B C 1 1
C Z(Ctg5+ctg5+ctg5> —t+t—F
: 2 ~ ’ il y —_
sin® = sins  siny
thg%=%;
T—126
1 Sl:? 6p Mitrrigovic
+ = & =
sin~
18+/3r
7

Egalitatea are loc daca si numai daca triunghiul este echilateral.
A85. AABC =
154
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acos = A + ccos + bcos+ bcos B + acos= + ccos= ccos » ¢ + bcos 5 + acos =
2 2 2 2 2 2 2
+ + > 24r.
2 é cos2 B cos2 &
cos? > >
Gheorghe Ghita, Buzau

Solutie. Pentru (x,v,z) = (a,b,c) si (a,b,c) = (cos%, cos -, cos 2) atunci

acos 4 + ccos 5 + bcos=  bcos B + acos ¢ + ccos5 ccos ¢ + bcos 5 + acos Bw
2 2 2 4 2 2 2 4 2 2 22
B C -
2 2 2 2
cos? > cos® = cos? >
z 1A22\/§
COSE
1 1 1 -
(a+b+c) 7+ 5t C > 4pV3 > 24r.
COS= COS=» COS~
Egalitatea are loc daca si numai daca triunghiul este echilateral
A86. AABC =
hq cosA + h, cosB + hycos = ¢ hbcosB + h, cosC + h, cosA hccos ¢ + hbcosA + h, cosB
2 2
+ + 2 > 18V3r.
22 22
cos?~ cos? =

A
24
cos?
Gheorghe Ghita, Buzdu

~
=
—

Solutie. Pentru (x,y,z) = (hg, hy, he) si (a, b, c) = (cos;, cos —,cos ) atunci
hccosg + hbcosg + h,cos >

V3

B C A
hb6057 + hccosj + ha6057 N
2=
cos?>

hacosé + hccosg + hycos ¢
2 2 2 n
A B
cos? > >
Y hq29r1;
y—1 5273

1 1 COS%_
+—F+—¢ S 18V3r.
CcoS 7 CcOoS 7 CcoS 7

(ha + hb + hc)

Egalitatea are loc daca si numai daca triunghiul este echilateral

A87.AABC =
mbcosg + mccos % + mcosé mccos% + mbcos';1 +mycos> B
+ 7 2 > 18V3r.
cos? >

macos% + mc.cos Vi + mycos >
+
24 cos? B
cos % >
Gheorghe Ghita, Buzdu

Solutie. Pentru (x,y,z) = (mg, my, m,) si (a,b,c) = (cos; c0S —, oS )atunu
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macos% + mccosg + mbcos% mbcosg + macos% + mxcos% mccos% + mbcos% + m,cos % (j?
>
LA ¥ 2B ¥ ,C =
coS 7 2 cos 7
Y mg=9r;
v 22v3
COSi
1 1 1 2
(mg + my + me) Tt+t—p+ > 18V3r.

C
CoSw COS% COS%

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A88. AABC =
racos% + rccosg + rbcosg rbcosg + racosg + rccos% mccosg + mbcosé + macosg
+ > 1837
24 cos2 B cos2 &

Gheorghe Ghita, Buzau

. . A B c .
Solutie. Pentru (x,v,2) = (1,1, 1) si (a,b,¢) = (cos;,cos;,cos E) atunci:

~

1

~—

racosé + rccos% + rbcos% rbcosg + racos% + rccosé mccos% + mbcosé + macos%

.
>
cos? 4 cos? B ’ cos? ¢ B
2 2 2
Y rq=4R+T;
% 1A22\/§
1 1 1\ 77 Euler
(g +m,+1) 2t—Fgp*t S 2(4R+1)V3 = 18V3r.

cos 7 coS 7 coSs 7
Egalitatea are loc daca si numai daca triunghiul este echilateral.

A89. AABC =

A B
wccos% + WpC0S 5 + WeC0s

A B C B Cc A
WaCOS ~ + WcCoS = + WpCOS =  WpCOS— + WaCOS ~ + WcCos > >
> 18v3r.

+
A B C

2 2= 22
coS i cos 2 coS )

Gheorghe Ghita, Buzau

. ) A B c .
Solutie. Pentru (x,y,z) = (wg, wy, w,) si (a,b,c) = (cos;, cos =, cos E) atunci:

~

1
-

~—

WaCOS% + chosg + WbCOS% Wbcosg + WaCOS% + chos% WCCOS% + wbcosé + WaCOS%
+ +

v

A B C
22 22 22
cos® cos‘ = cos®
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1 1 1 2
+—g+ > 18V3r.

COS7 C057

(Wa + Wp + Wc)
cos 7

Egalitatea are loc daca si numai daca triunghiul este echilateral

A90. AABC =

S~COS ¢ + S, coS + s,cos
C D) b 5
2 2 0725 183

sbcos% + 54C05 5 + ScC0S 5
+

sacos% +5.C0S > + 5C05 %
+

B
22 22
cos‘~ cos®

A

24
cos?

Gheorghe Ghita, Buzdu

Solutie. Pentru (x,y,z) = (s4,Sp,S¢) si (a, b, c) = (cosg,cosg,cos E) atunci:
B 1

A
sccos% + SpC0S 7 + 5,008 5

~
—

sacosg + sccosg + spc08 > sbcosg + 540055 + 5.C05 5
+ >
cos? = cos? B co0s? =
2 2 2
Y. 5q297;
y—L 5273
1 1 COSf
S 18V3r

(sq +sp +5.) + B + c
C0S% CO0S% (OS5

A91. AABC =

. A . . , B . C .

SinAcos 5 + sinCcos =5 + sinBcos= sinBcos= + sindcos = + sinCcos =
2 2 2 n 2 2 2

A B
2 2
cos? > cos? =

. C , A .
sinCos > + sinBcos > + sinAcos >

* ,C
coS 2

> 18r.
Gheorghe Ghita, Buzdu

Solutie. Pentru (x,y,z) = (sin4, sinB, sinC) si (a,b,c) = (cos%, cosg, cos g) atunci:

sinAcos é + sinCcos E + sinBcos= sinBcos § + sinAcos 5 + sinCcos =
2 2 2 n 2 2 2

A B
2 2
cos? > cos? =

, C , .
sinCos > + sinBcos > + sinAcos Vi

¥ cos? ¢
2
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inA=L.
ZsmA—R,
> 1A22\/§
® cosy 73 Mitrinovic
) . . . 1 1 1 ) 2v3 A
> (sinA + sinB + sinC) | — + —5+ —¢ > =22 > 18
coss  cosy;  coss R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Gheorghe Ghita, Buzau

A92. AABC =

tgécosé+ tg%cos%+ tg%cos% tg%cos%+tg%cos%+ tg%cos%
+ +

A B
22 22
cos® cos‘ =

c C B A A B
tg5cos+tg=cos5+tgscos= 12
gc057Ttg5c055 71975 2 5 RT_

C

22
cos? >
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (tgg, tgg,tg g) si(a,b,c) = (cosg,cosg,cos g) atunci:

tgécos%+ tg%cos%+ tg%cos% tg%cos§+tg%cos%+ tg%cos%
+

+
A B
24 2D
cos? > cos? >
tg%cos%+tggcos%+tg%cosg(}.‘) A B C 1 1
+ 2(tg—+tg—+tg—) +
cos? ¢ 2 2 2 cosé cosE
2 2 2
Zl’gg=4Rp+Ti
)y 1A22\/§
COSH
1 2 2(4R+7)V3
+ > —_—
= p
cos >

Elﬁi‘er 18\/§T Mltr’gomc 127

p - R’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Gheorghe Ghita, Buzau

A93. AABC =

A A C B B C B B A C C A
ctg=5coS=5+ ctg=cos++ ctg=cos5 ctg=cos=+ ctg=cos+ ctg=cos
2 2 2 2 2 2 4 2 2 2 2 2 2 4
A 2B
cos? > >
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C C B A A B
ctg+cos++ ctg5cos5 + ctg5cos=
2 2 2 2 2 2 > 18.

C

22
cos? 5
Gheorghe Ghita, Buzdu

Solutie. Pentru (x,y,2z) = (ctg%,ctgg,ctg %) si(a,b,c) = (cosg,cosg,cos g) atunci:

A A C B B C B B A C c A
ctg=5cos=+ ctg=coS5+ ctg=cos5 ctg=cos=+ ctg=cos=+ ctg=cos=
2 2 2 2 2 2 4 2 2 2 2 2 2

_|_
4 B
25 22
cos‘ = cos®
% ctg§=%
c ¢ B A A B T—22v3
Ctg 5 oS 7 + ctg > cos» + ctgjcosj(i) A B C 1 1 1 Cosz
C = (ctg—+ctg—+ctg—> + + >
‘g 2 2 2 cosé cosE cosg
cos‘ = 5 5 5
2\/§ Mitr}j:ovic
" P = 18.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A94. AABC =

,A A B C ,B B C A ,C C A B
ctg E(atgz + cth + btg E) + ctg E(btg ) + atg > + ctg E) + ctg 5 (ctgi + bth + atg E) > 54r.
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (a,b,c) si (a,b,c) = (tgg, tgg,tg g) atunci:

t ZA( t A+ t B+bt C)+ t 2B(bt B+ t C+ t A)+ t 2C(t C+bt A+ t B)
G Z\HIZ TGy TGS ) TG 5\ Pt TGy TG ) TG 5\ g5 T otg5 T 4G5
A B C B C A
:atg7+ctgj+btgf+btg7+atg7+ct97
t Zé t 22
973 93
ctg%+btg%+tag§(i‘) 1 1 1
+ C 2(@+b+o)| —3+—F+—F
tgzi t‘g7 tg? tgi
zt%f%
A B C g’z 2p2 MitT’l:l;lO‘UiC
=(a+b+c) (ctg5+ctg5+ctg5) = - > 54r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A95. AABC =
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,A A B C , B B C A ,C C A B
ctg E(hatg5+hctg§+hbtga)+ctg E(hbtg5+hatg§+hctg§>+ctg E(hctgz+hctg5+hatg5>

> 27+/3r.
Gheorghe Ghita, Buzau

2

Solutie. Pentru (x,v,z) = (hg, hp, he) si(a, b, c) = (tg g, tg g, tg C) atunci:

,A A B C , B B C A ,C C A B
ctg E(hatg5+hctg§+hbtga)+ctg E(hbtg5+hatg§+hctg§>+ctg E(hctgz+hctg5+hatg—>

2
A B C B C A C A B
B hatg7 + h.tg 5 + hbtgi N hbtgi + hat97 + hct97 N hct.97 + hct.97 + hatgi(é)
tgzé tgzg tgzg -
Y hq=9r7;
7
tgy ;Mitrinovic
1 1 1 - T .
(ha thy +h)| —+—F+—F| = 9 = 27/3r.

tg7 97 93
Egalitatea are loc daca si numai daca triunghiul este echilateral.

A96. AABC =

ctg? 4 (matg 4 + m.tg 5 + mytg E) + ctg? 5 (mbtg 5 + mytg ¢ + m.tg é)
2 2 2 2 2 2 2 2
+ ctg? g (mctg g + mctgg + mgtg g) > 27/3r.
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (mg,my, m,) si(a,b,c) = (tgg,tgg, tg %) atunci:

2A A B Cc 2B B C A
ctg E(matgz + mcth + mytg E) + ctg E(mbtgz + math-F mqtg E) +

,C c A B
Ctg E (mctg E + mctg E + matg E)

A B C B C A C A B
Matg >+ metg =+ mytg= N Myt +matg=+metg> N metg =+ metg 3 +matg ="

N
A B C -
2 2 2 2
tg > tg > tg >
Y mg29r;
1 _p
AT r
tg> ;Mitrinovic
1 1 1 - -
(mg + my +mg) Vi + > 9p = 27V/3r

B C
t'g? tg7 tgi

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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A97.AABC =

2A A B C ZB B C A ) C C A B
ctg E(ratg5+rctg5+rbtg5) + ctg E(rbtg5+ratg§+rctg E) + ctg E(Tctgz+7‘ctgz+7‘atg§) =
27/3r.

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (1, 1,,7.) si (a,b,c) = (tg g, tgg, tg g) atunci:

2A A B C 2 B B C A ) C C A B
Ctg E (Tatg E + T'Ctg E + T'btg E) + Ctg E (Tbth + T'atgz + T'Ctg E) + Ctg E(Tctgz + T'Ctgz + T'atg E) =
rtg a4 rtgS 1 rtgs mtgB+rtgS gt rtgS+rntgd +regB®
2 2 2 + 2 2 2 + 2 2 2 N
t 2é t ZE t 2£ N
9°3 9°32 93
Y 1q297;
1 p
A" r
1 1 tay Mitrinovic

1 - -
(g +m+1) 2t—pgt > 9p = 273
t97 97 93

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A98. AABC =
LA A B c ,B B c A
Ctg E (Watg E + Wctg E + Wbtg E) + Ctg E (Wbtg E + Wat.g E + Wctg E)
C C A B
+ cth E (wctg E + w.tg E + w,tg E) > 27\/§r.

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (Wg, wy,,w,) si (a, b, c) = (tgg,tgg, tg %) atunci:

2A A B C ) B B C A
ctg > (Watg > + w.tg > + wytg E) + ctg > (Wbtg > + wytg > + w.tg E)
) C C A B
+ctg 5 (Wctg 5 +w.tg 5 + w,tg E) =
w,tg é + w.tg E + wytg g wptg E + w,tg g + w.tg é w.tg g + w.tg é + w,tg E )
2 2 2 + 2 2 2 n 2 2 2 ~
zA 2B 2 c -
tg 7 tg 7 tg 7
> wqe29r;
1 p
A r
tg> ;Mitrinovic
1 1 1 - -
(wWg +wp +w,) 1t g5t ——¢ > 9 = 273
tgj tg? t‘gf
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

99. AABC =
ctg? 4 (satg A + sctg 5 + sptg E) + ctg? 5 (sbtg 5 + sty ¢ + s.tg é) + ctg? ¢ (sctg ¢ + sctg 4 + 1,tg E) >
2 2 2 2 2 2 2 2 2 2 2 2
27V3r.
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (sg,Sp,Sc) si (a,b,c) = (tgg, tg g, tg g) atunci:

2A A B C 2B B c A 2C c A B
Ctg E(Sath-FSCth-FSbth)'i‘Ctg E(Sbtgi'i‘Sath'i‘Scth)'i‘Ctg E(SCth—i_SCth—i_rath):
%mé+&m§+%m£ %m§+%m£+%mé &m—+%m—+%m§m

2 2 2_|_ 2 2 2 n 2 2 23
t 2é t ZE t 2£ N
9°7 9°7 9°7
Y. 5q297;
1 .p
A r
tg5 :Mitrinovic
1 1 - -
(sq + sp +5¢) 17+ +—¢ > 9p S 273r
t97 Y93z 93
Egalitatea are loc daca si numai daca triunghiul este echilateral.
100. AABC =
tzA('At A+ nCt B+ inBt C)+ tzB<'Bt + sinAtg — + sinCt )
cgzsm g2 sin g2 sin gz cgzsm gz sin g2 sin gz
+ ct ZC< nCt C+ nBt A+ At B)>27r
ctg > sin gz sin gz sin gz =
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y, z) = (sinA, sinB, sinC) si (a,b,c) = (tgg,tgg, tg g) atunci:

A A B . ¢ 2By . :
ctg > (smAtg 5 + sinCtg ) + sinBtg E) + ctg ) (sthg ) + sinAtg 5 + sinCtg E) +

2. c . A
ctg ) (smCtg 5 + sinBtg 5 + sinAtg E)
B sinAtg% + sinCtg% + sinBtg % N inBtg% + sinAtg >t sinCtg >
- tgzg tgzg
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ZsmA—%
1P
C A B (1 Ztg% r Lo
sinCtg ~ + sinBtg = + sinAtg % 1 1 1 o p?Mirinovic o7y
+ > (sinA + sinB + sinC) + + > = = —
,C A B Rr R
tg > tg7 tg7 tg7
Egalitatea are loc daca si numai daca triunghiul este echilateral.
101. AABC =
; A( At A+ Ct B+ Bt C)+t B( Bt B+ At C+ Ct A)
cgzsm2 gz sngz sm2 gz cgzsm2 g2 sngz sm2g2

ot c< ctc+ BtA+ AtB> 93
cgzsngz sngz sngz -

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (sing,sin ,sin )§I (a,b,c) = (tg tgg,tg g) atunci:

tZA('AtA+'CtB+'BtC)+tB( BtB+ AtC+ CtA)
cgzsm2 g2 sngz Sln2 g2 cg25m2 g2 sngz sm2 g2
A A C. B B C
ot C( Ct C+ Bt A+ At B) sztg2+5m2tgz+sm2tg2
Cg251n2 gZ Sln2 gZ Slnzg2 tgA
2

. B, B A C . C. A . C, C . B, A A B
smitg7+smftg7+sznjtg7+5m7t97+sm2 tg7 + sinz tgz(l)

B C
25 2>
) tg* 7
Zsingz%
1
D
. A . B . C 1 1 1 ’:2‘ 3p Mltrgomc 9\/§
<smz+smz+smz> . é+t §+t g = 3 = —
97 Y97 93
Egalitatea are loc daca si numai daca triunghiul este echilateral.
102. AABC =
. A( At A+ Ct B+ Bt C>+t B( Bt B+ At C+ Ct A)
cgzcoszg2 coszg2 cos2 gz cgzcos2 ‘92 coszg2 coszg2
C c C B A A B 54r?
+ ctg? > (cos tg + cos— tg + cos — tg > PR

Gheorghe Ghita, Buzdu

Solutie. Pentru (x,y,2) = (cos%,cosg,cos g) si(a,b,c) = (tg%,tgg, tg g) atunci:
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; A( At A+ Ct B+ Bt C)+t B( Bt B+ At C+ Ct A)
Ctg=\cosStg5 +cosotgo+cosotgs |+ ctgi o\ cosStgo +cosotgo cos2 95
A A C B C
,C c C B A A B cosztg2+c052tg2+cosztg2
+ ctg? Z(COSEth+cosEtg2+coszth> v +
tg7

B, B A, C c, A c, C B, A A, B
cositg7+cositgi+cosftg7+c057tg7+cosztgz+cosztgz(1)

B ,C
t9°7 tg?7
Lema;
A
< A N B N C) 1 N 1 .\ 1 thf_?:g sz Mitrg‘zovic 547‘2
cos 2 coS 2 coS 5 = 7z > -

A B C
tgi tg? tgi

Egalitatea are loc daca si numai daca triunghiul este echilateral.

103. AABC =
t 2A(l+ t Ct B+ t Bt C>+ t 2B<1+ t At C+ t Ct A)
93 Agotd5Tegy g5 Tetg s got95 735495
+t2C(1+tBt A+tAt B)>27
95 Ag5t5TtgZt a5 ) =2/

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (ctg%, ctg g, ctg %) si(a,b,c) = (tg%, tgg, tg %) atunci:

A C B B ¢ B A C c A
ctg E(1+ctg5tg5+ctg5tgz)+0tg 2<1+Ct9 tg5+ctgs tg)

A C, B B, C
C A B Ctgftgf-l_dg?tg?-l_dgftgf
+ ctg? (1 + ctg—tg +ctg-tg ) +
2 2772 2772 Y
2

)

B. B A C c. A c, C B, A A B
ctgftg7+ctgitg7+ctgjtg7+ctg7tg7+ctg7 e +ct97t‘g2 a

B C
2= 2%
tg 2 tg )
A B C 1 1 1 A B I 2 ECtgézgpz Mitrzlovic
<ctg5+ctg5+ctg5> . é+t §+t g =(cth+cth+cth> = r_2 > 27.
97 W7 W3

Egalitatea are loc daca si numai daca triunghiul este echilateral.

104. AABC =

) A A B C ) B B C A ) C C A B
tg 5 (actg 5 + cctg 5 + chtg E) +tg 5 (bctg 5 + actg 5 + cctg E) +tg 5 (cctg 5 + bctg 5 + actg E) >

18r.
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Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (a,b,c) si (a,b,c) = (ctg g, ctgg, ctg g) atunci:

t ZA( t A+ t B+ bt C)+t 2B(bt B+ t C+ t A)+t ZC( t C+bt A+ t B)—
g° 5 \actg5 +cctg o+ cbtg s g° 5 \betg= +actg- +cctg g° 5 \cctg 5 ctgs +actgz )=
actg%+cctg§+cbtg% bctg§+actg%+cctg% cctg%+bctg%+actg§(i)
= + + =
2 A 2B 2 C
Ctg 7 Ctg 7 Ctg 7
1 _4R+T
y——=
1 1 1 ctg%l p Mitrril:tovic
(a+b+0) Tt—F+t—¢ = 8R+2r > 18r.
Ctg? Ctg? Ct’gj
A105. AABC =
, A A B C ,B B C A
tg E(haCth + hccth + hyctg E) +tg E(thth + hactgz + h.tcg E)
+t ZC<h t C+h t A+h t B>>18\/§r
g 2 chz chz acgz = R .

Gheorghe Ghita, Buzau

Solutie. Pentru (x,v,z) = (hg, hp, he) si(a, b, c) = (ctgg, ctgg, ctg %) atunci:

ZA A B C ) B B C A
tg 5 <haCtg > + h.ctg > + hyctg E) +tg > (thtg > + h,ctg > + h.ctg E)

,C C A B
+tg E(hCCth + hccth + h,ctg E)

B hactg% + h.ctg g + hbctg% N hbctgg + hactg% + hcctg% N hcctg% + hcctg% + hactgg(l)

N
A B C -
ctg27 ctg27 ctg27
Y hq=9r;
1 _4R+r
ctg%_ P Euler Mitrinovic
1 1 1 - 9r(4R + 1) "R 81r2 MOV 184/3r
(ha +hy +he) | —4 + + = — 2 > :
P P R

ctg= ctg% ctg%

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A106. AABC =
,A A B C ,B B C A
tg E (mactg E + mcctg E + mbctg E) + tg E (mbctg E + mactg E + mcctg E)
,C C A B\ _ 18V3r
+tg E(mcctgz+mcctg5+mactg E) = R
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Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (mg,,my, m,) si(a,b,c) = (ctgg, ctg g, ctg g) atunci:
,A A B C\ _,B B C A
tg > (mactg 2 + mcctg > + myctg E) +tg > (mbctg > + mgyctg > + mcctg E) +

,C C A B
tg 3 (mcctg —+ m.ctg =+ myctg —) =

2 2 2
mwm§+mwm§+mwm% mww%+mww%+mww% mﬁm%+mﬁmé+mﬂggw
+ + >
Ctgzé ctg2§ ctgzg
2 2 2
Y. mg29r;
1 _4R+r
tegd P L
1 1 1 Zm 9T(4R + T) E%er 817‘2 Mltr::zovlc 18\/§T
(mg +mp +me)| —— +—p+—F¢ > > = :
ctgy ctgs ctgs p p R
2 2 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A107. AABC =

LA A B ¢y ,B B c A
tg E (TaCtg E + T'CCtg E + T'thg E) + tg E (Tthg E + T'aCtg E + T'CCtg E)
c( C A B>>1&@r

+ thE TeCtg o +TeCtg 5+ 1actg 7

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (1,1, 7.) si (a, b, c) = (ctgg,ctgg,ctg g) atunci:

LA A B ¢\ _,B B c A
tg E (TaCtg E + T'CCtg E + T'thg E) + tg E (Tthg E + T'aCtg E + T'CCtg E)

,C C A B
+tg 5 (rcctg 5 + r.ctg 5 + ryctg E) =
TaCtgé + TcCtgg + rthg% Tbctgg + Tactg% + rcctg% T.Cctg % + chtgé + 1,ctg % (;{)
A + B + C 2
Ct’g 7 Ctg 7 Ctg 7
Y 1q297;
_1 _4R+r
ctgg p

1 1 1 . 9(4R + r) Brer g1y Mitrinovic 1 g /35
(g +1mp+1,) Tt—pt¢ > = =

C
Ctg7 Ctg7 tg7 p

D R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

A108. AABC =
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2A A B C ) B B C A
tg > (WaCtg 2 + wetg > + wyctg E) +tg > (Wthg > + wgctg > + wctg E)

,C C A B
+tg 5 (chtg 5 + w.ctg 5 + w,ctg E) 2.

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (Wg, wy,w,) si (a, b, c) = (ctgg,ctgg,ctg g) atunci:

2A A B C ) B B C A
tg > (WaCtg 2 + wctg > + wyctg E) +tg > (Wthg > + wgctg > + wctg E)

,C c A B
+tg E <WCCtg E + WCCtg E + WaCtg E) =

wyctg % + w.ctg g + Wthg% N Wthgg + wactg% + chtg% N chtg% + chtgg + w,ctg g (L

S
A B C -
ctg27 ctg27 ctg27
> wg=9r;
1 _4R+r
ctg%l P Euler Mitrinovic
1 1 1  9(4R + 1) P 81r MOV 1837
(wg +wy, +w,) 7+ + C > —p > _p > B

Ctg? Ctg% Ctg?

Egalitatea are loc daca si numai daca triunghiul este echilateral.

109. AABC =
, A A B C ,B B C A
tg 5 (sactg 5 + s.ctg 5 + spctg E) +tg 5 (Sthg 5 + sqctg 5 + s.ctg E)

,C C A B
+tg 5 (scctg 5 + s.ctg 5 + ryctg E) =

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (sg,Sp,Sc) si (a,b,c) = (ctg%, ctgg,ctg g) atunci:

,A A B C ,B B C A
tg 5 (sactg 5 + s.ctg 5 + spctg E) +tg 5 (sbctg 5 + sqctg 5 + s.ctg E)

,C C A B
+tg 5 <scctg 5 + s.ctg 5 + ryctg E) =

Sactg g+ scctg 5+ syetg S N SpCtg >+ sactg 5+ sctgy . Sectg s+ s.ctgh + sactggg

ctgzg ctgzg ctgzg
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Y. Sq297;
1 _p
ctg%_r Euler Mitrinovic

< 9(4R +71) o 81r S 18V3r
= - - R

p

1 1
+ +—¢ .

(Sa + Sp + Sc) A B
Ctg7 Ctgi Ctgj

Egalitatea are loc daca si numai daca triunghiul este echilateral.

B C
sinBctg 2 + sinActg > + sinCtcg E)

110. AABC =
tZA('At A+ inCct B+ inBct C)+tZB(
gzsmcg2 smcg2 smcg2 gz

+tZC<'Ct C+ inBt A+ inAct B>>9r
gzsmcg sin cg2 smch_R.
Gheorghe Ghita, Buzau
. . . . . A B c .
Solutie. Pentru (x,y, z) = (sin4, sinB, sinC) si (a,b,c) = (ctgz,ctg E,ctg E) atunci:
tZA('At A+ inCct B+ inBct )+t2B('Bt B+ inAct C+ inCct A)+
gzsmcg2 Slncg2 smcg2 gzsmcg2 smcg2 smcg2
tZC<'Ct C+ 'BtA+ inAct )
g > sin cgz sin cg2 sin cg2
. . B . c . . .
sinActg >t sinCctg >t sinBctg > inBctg 5+ sinActg >t sinCctg >
= 2 + ": i+
ctg® > ctg®~
ZsinA:%;
g1 _4R+T
A" p
sinCctg % + sinBctgg + sinActgg(i) 1 1 Cthﬁ AR + 7 Euler
C > (sinA + sinB + sinC) A+ B+ > B 2
ctg27 ctgz ctg ctgs
Or
R
Egalitatea are loc daca si numai daca triunghiul este echilateral.
111. AABC =
tzA('AtA+'CtB+' tC>+tzB('BtB+'AtC+'CtA)
g > smzcg2 smzcg2 smzcg2 g 5 smzcg2 smzcg2 smzcg2
+t2C<'CtC+'BtA+‘AtB)>
g > smzcg2 smzcg2 smzcg2 >.
Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = (sin%,sing,sing) si(a,b,c) = (ctg%,ctgg,ctg g) atunci:
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Af A A C B B ¢ By, B B A C _C A
tgzz(sm—ctg—+sm—ctg—+sm—ctg—)+thE(sm—ctg—anm—ctg—+sm—ctg—)+

2 2 2 2 2 2 2 2 2 2 2 2
C C C B A A B sinétgé+sin%tg%+sin§tg%
+tg? = (sin—ctg —+ sinzctg = + sin< ctg —) = +
2 2 2 2 2 2 2 , A
Ctg 7
. B B . A C . C A . C C . B A . A B (1)
Slnjctg7+smfctg7+5m7ctgj+Slnjctg7+Slnjctgj+smictg7 g
B C -
25 22
ctg®> ctge >
Zsin%z%;
g1 _4R+r
A7 p o
(, A, B C) 11 97 B4R + 1) PET 277 ML 33
sin—+ sin—+ sin— = .
2 2 2 A B C 2p - 2p - R
Ctg? Ctgi Ctg?
Egalitatea are loc daca si numai daca triunghiul este echilateral.
112. AABC =
tZA( AtA+ CtB+ BtC>+tzB< BtB+ AtC+ CtA>
gzcoszcg2 coszcg2 coszcg2 gzcoszcg2 coszcg2 coszcg2
+t2C( CtC+ BtA+ AtB)>18r2
gzcoszcg2 coszcg2 coszch_RZ.

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,z) = (cos%, cosg, cos g) si(a,b,c) = (ctg g, ctg g, ctg g) atunci:

tZA( AtA+ CtB+ BtC)+tZB< BtB+ AtC+ CtA>
g > coszcg2 coszcg2 coszcg2 g > coszcg2 coszcg2 coszcg2
A A C B B C
C C C B A A B cosjctg7+cosfctgf+c057ctg7
+tgz—<cos—ctg—+cos—ctg—+cos—ctg—)= +
2 2 2 2 2 2 2 2 A
ctg >
cosgctg§+cos%ctg%+cos%ctg%_i_cos%ctg%+cos%ctgé+cos%ctg§(£
B C -
22 22
ctg®> ctgs >
Lema;
5 1 _4R+r
ctgé p Euler 2
< A+ B+ C) 1 + 1 + 1 2: 2r(4R + ) S 18r
cos2 cos2 cos2 = RZ = 7

ctg% ctg g ctg %
Egalitatea are loc daca si numai daca triunghiul este echilateral.

113. AABC =
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t 2A(l+ t Bt C+ t Ct B)+t 2B(1+ t Ct A+ t At C)
93 gt o T IRt a5 )T got95 T35

+t 2C<1+ t At B+ t Bt A)
93 gt95 TIN5

Gheorghe Ghita, Buzau

Solutie. Pentru (x,y,2) = tgé,tgﬁ,tg£ si(a,b,c) = ctgé,ctgg,ctg£ atunci:
2 2 2 2 2 2

,4A B C C B ,B c A A C
tg E(1+ctg5tgz+ctg5tg5)+tg E<1+ctg5tg5+ctg5tgz)

+t 2C(1+ t At B+ t Bt A)
93 g7 t95 TIN5

A, A C, B B, C B, B c, A A, C
:Ctgftgf‘l'“gitgf"'Ctgitgi_l_“gitgi"'Ct97t97+Ct97t97+
ctgzé ctgzg
ctgStgS+ctgatgS +ctgBrgl+ctglagB® B o 1 1 1
2'92 2973 2973 2925 (10l 0B iial 4 + _
C =\"9, 7575 A B c|~
ctg27 ctgz ctg ctgs
§=4R+r o ]
<t A+t B+t )2 2’: p (4R+r)2E1£‘er81T2Mltrgomc6r2
g5 795795 = pz = pz = Rz

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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