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1. Applications of the inequality of means to obtain

new inequalities in triangle

By D.M. Batinetu-Giurgiu and Neculai Stanciu

In this paper we present some new and interesting inequalities in triangle they are built using the well-known
equalities and inequalities.

Theorem 1.

1.1.)If u,v,we R_, then in all triangles ABCholds:
23,6 6.6
usin® A+vsin? B+wsinC zglvw ;
2R\ 2°.3°-R

1.2.)If m,n € R, then in any triangles ABCoccurs:

2 2
msinﬁé+nsin3Esin392 37 _4mn :
2 2 2 16R*\ 4

1.3.)If m,n € R, , then in all triangles ABC holds the inequality:
. A ., B . r_|mn°r
msm“—+nsm2—sm2923—31/ ;
2 2 2 B8RV 2R

1.4.) If m,n € R, then in any acute triangle ABC the folowing inequality is true:

2
mtg? A+ ntgBtgC > 3-2 pm m;
s P

1.5.)If m,n € R, then in all acute triangle ABCoccurs the inequality:

2 2\? 2
mctng+ncthctgAzg-s\/(p (2R+T) ) .mn”

pr 2
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1.6.) If m,n € R, then in all triangles ABCholds:

2
mtng+ntggtgAZS-3 m T
2 272 2p

1.7.)1f m,n € R, , then in all acute triangles ABC is true the inequality:

2 2\\°
mcthC+nctgActhz4-d£n(p _éiF:Jrr) )J m:

1.8.)If m,n € R, then in any triangle ABC holds:

32
> P /MNP

2R\ 27RZ ’

6 A 2 B 2
meos® -+ neos” - cos

1.9.)1f m,n e R, thenin all triangle ABC holds:

n(p—a)ZJz;

A B. C
mctg? — + ntg—tg — > 3-3/m
: 2 g2 g2 \/ ( 2pr

1.10.) If m,n € R, , then in any triangle ABC holds the inequality:

mc? +nab > 3-3/m(2nprR)* ;

1.11.) If m,n € R, then in all accute triangles ABC occurs the inequality:

2 2\\°
mcos3A+ncosBcosC21-4\/(n(Io —(§R+r) )] i—T

0

Proof of 1.1.) We have:
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usin® A+vsin? B+wsinC :%sin3 A+%Sin3 A+%Sin2 B+%sin2 B+%Sin2 B+

+ﬂsinC + WsinC+ ﬂSinC-i- WsinC+ ﬂSinC-i- ﬂsinC >
6 6 6 6 6 6

2 3 6
21\!/;—2-;—3~\g—6~(sin AsinBsinC)’ .
Since,

pr

sin Asin BsinC =—,
R

we obtain the conclusion.

Proof of 1.2.) We have:

msin® é+nsin3Esin39 = msin6é+ﬂsin3Esin39+Esin3Esin39 >
2 2 2 2 2 2 2 2 2 2

2 6
>3 m~n—2~ sinésinEsing )
2 2 2 2

.A. B .C r
sin —sin —sin— = —,
2 2 2 4R

Because,

we are done.

Proof of 1.3) We have:

msin4é+nsiansin29 = msin“é+ﬂsin2 Esin2 E+Esin2 Esin2 c >
2 2 2 2 2 2 2 2

2 4
>3 m~n—2~ sinésinEsing )
2 2 2 2

.A. B .C r
sin —sin —sin— = —,
2 2 2 4R

Since,

the proof is complete.

Proof of 1.4.) We have that:
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m-tg®?A+n-tgB-tgC =m-tg° A+ -1gB - th+— tgB-tgC >

2
23-3\/m2 -(tgA-tgB -tgC)* .

If we taking account the fact that,

2pr

tgA-tgB-tgC=————,
gA-1g=-1g p? —(2R+r)?

we obtain the desired inequality.

Proof of 1.5.) We have:

m-ctg®B +n-ctgC- ctgA= m~ctng+g-cth-ctgA+2-cth-ctgA2

2
> 3-3\/m2 -(ctgA-ctgB-ctgC)” .

Using,
2 2
CtgA-ctgB - ctgC = p™—(2R+1)
2pr
we obtain the given inequlity.
Proof of 1.6.) We have that:
, B C,_A , B C._ A C A
m-t —+nt—t —=m-t —+—t —t —+—t —tg—
) g > g > g g > g > g > g 2

mn? A B . CY
>33 Jtg—tg—tg— | .
\/22 (gzgzgzj

A B . C r
tg-tg—tg— =—,
929292 p

Applying the well-known,

we deduce the conclusion.

Proof of 1.7.) We have:
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m-ctg>C +n-ctgA-ctgB = m-ctg®C +%-ctgA-cth+g~ctgA~cth+%-ctgA- ctgB >

3
> 41&/”3)’2 -(ctgA-ctgB - ctgC)’ .

Because,

— (2R +7)?

2
CtgA-ctgB - ctgC = P
2pr

we are done.

Proof of 1.8.) We have that:

o A ,B_,C sAn ,B ,Cn ,B ,C n ,B ,C
mcos  —+Nncos” —Cco0s" — =mcos" —+—C0S° —C0S” —+—C0S" —C0S” — + —C0S" —C0S™ — =
2 2 2 2 3 2 2 3 2 2 3 2 2

3 6
>4-4 m-n—s- cosécosEcosE :
3 2 2 2

Since,
A B C bp
COS—COS—CO0S— = ——,
4R
we easily deduce the result.
Proof of 1.9.) We have:
A B, C A n B, C n B, C
m-ctg® = +n-tg—tg—=m-ctg’ =+ —-tg—tg— + —-tg —tg — >
g2 9292 g2 29292 29292

mn? A. B. CY
>33 -lctg—tg—tg— | .
\/22 (gzgzng

A, B, C (p-a)’
ctg—tg—tg— = ,
g29292 pr

Using the well-known,

we obtain the desired result.

Proof of 1.10.) We have:
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2
mc? + nab = m¢? +%m+n%b23-31/m-2—2-(abc)2 .

abc =4RS =4Rpr,

We use the fact,

which yields the result.

Proof of 1.11.) We have:

n n n
m-cos® A+n-cosB-cosC = m-cos® A+§-cosB-cosC +§-cosB-cosC +§-cosB-cosC >

mn® 3
>4-4|——-(cosA-cosB-cosC)’ .
3
Because,

coSsA-cosB-cosC =

p? —(2R+r)?
2pr '

the proof is complete.

Theorem 2.

2.1).If X,y € R, thenin all triangle holds:

(2x+ y)p2 "“'r(y—ZX)F\’F+(y—2x)r2 >0.3 4Xy2 pZRzrz ;

2.2.).1f X,y € R, the in all triangle holds:
(4R +1)%x+ p*(y —12xR) > 4p-W;
2.3.).1f X,y € R_, then in all triangles holds:
2p(p? —6Rr—=3r?)x + (p? +4Rr+r2)y28-‘{/12x-(Try3;

24)1f mne R:, then in any acute triangle holds:

2-B3m-2n)-R*+4-R-r-n+(m+n)-r>+(n—-m)-p°>=>

7

2%-3\/m-n2-RZ-(pZ—(Z-R+r)2)2

6
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2.5)If X,y € R, , thenin all triangles holds:

(px+ Ry)p? + (Ry—3px)r? + 2(2Ry —3px)Rr > 8R4/6R?(pry)’x ;

2.6.)If m,n € R,, then in any triangle holds:

8(2m—n)R? + (2m+n)r? +(n—2m)p* > 9r -3 4mn*R°r .

Proof of 2.1). In any triangle ABC holds:
P\
xsin® A+ ysinBsinC >33 x(%) .

At ysin 2smC N ysin Izsmc >

2 2 2
zs-i/i(sin AsinBsinC)’ =33 &(p_rzj ,
4 4 (2R

Indeed,

xsin® A+ ysin BsinC = xsin?

where we use the fact:

pr

sin Asin BsinC = 5
R

So,

2
xsin® A+ ysinBsinC >33 x(i/pr) )

R2

and other two analogous, and by adding we obtain that:

2..2.2
XY sin? A+y> sinBsinC 29-%}x~%,

2 2
Z:Sin2 A=%,and

where we use

2 .2
. . +r°+4Rr
ZSIn BsinC = pT, and we deduce that:


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2024 www.mateinfo.ro

.. p? —4Rr-r? ry. p? +r2+4Rr>9.3/xy2p2r2
2R? 4R? B 16R* '

and after some algebra we obtain the given inequality.

Proof of 2.2.) In any triangle ABC occurs the inequality:

Xp2y3r3
Xrl+yrr, >4p- 4=
a yb c p 27
3
xrl +ynr = xrl + Yole | Yhofe | YPole 24-41/i(rarbrc)3 ,
3 3 3 27

_ n2
rarbc_pr'

Indeed,

and by

we obtain g.e.d.

We write other two inequalities and by adding we deduce that

2,,3,3
x(r{f+r,03+rf)+y(rarb+rbrc+rcra)212p-41/—)(p2y7r =4p-4/3xp’y°r? .

Since:
r+rd+r’=(4R+r)°-12p°R, and

N2
L +h+rr=p",

we are done.
Proof of 2.3.). In all triangles ABC holds:

3lk3A3,,3
bchrbchrbcyZZL4 a’b’c’y x.

a’x+becy =adx+
y 3 3 3 33

We write other two inequalities and we obtain that:

3
(@®+b*+c®)x+(ab+bc+ca)y >12-4 (al;cy) X .

Using:
abc=4pRr,a’ +b’ +¢ =2p(p* —~6Rr—3r’), and

ab+bc+ca=p®+4Rr+r?,
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then we obtain the conclusion.

Proof of 2.4.) First we prove that:

3 3\/mnz(pz - (2R + r)z)2

mcos? A+ ncosBcosC > —-
4R

R
Indeed,
, N n -n? 2
mcos’ A+ cosBcosC +-cosBeosC 235 -(cosAcosBcosC)’
and since
2 2
—(2R+r
cosAcosBcosC = P~ —( 5 ) ,
4R
we get what we said.
Written other two inequalities and adding we deduce that:
2
9 ./mn?(p?=(2R+r)
mY»_cos” A+n» cosBcosC > —3\/ (p ( ) ) ,

4R R

and we taking account that:
2R+r) +2R? — p?
ZcosZAz( ) - P and
2R
2 2 2
+r°—4R
> cosBcosC :p—z,
2R
after some algebra we are done.
Proof of 2.5.) In all triangles ABCholds:
. o 2 |2x- ’
xsin® A+ ysinBsinC > = -4 (—przy) .
R 27R

Indeed,

_ xsin® A+ ysinBsinC N ysin BsinC N ysin BsinC >

xsin® A+ ysinBsinC
3 3 3

3
> 4J§/Xy (sin AsinBsinC)?,

B
and since, Sin AsinBsinC = Zpr

—— , we get what we said.
R

Writing othe two similar inequalities, and than adding we deduce that:
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: o 6 [2x(pry)’
A BsinC > —-4|——~,
x> sin® A+ y> sin Bsin = S7R?

and using:

2 2
S sin® A= p(p 3r3 6Rr)'
4R

respectively
2 2
> sinBsinC = L:A'Rr
4R

after some algebra we obtain the conclusion.

Proof of 2.6.) In any triangles ABC holds:

3r _[mn?r

msin4é+nsin2Esin292—-
2 2 B8R 2R

Indeed,

.. A .,B.,C .,A n.,B.,C n.,B.,C
msm45+nsm2—sm2—=msm“—+—sm2—S|n2—+—sm2—sm252

2 2
2 4
>3-3 mr; sinésinEsinE ,
2 2 2 2

. A.B.C r
sin —sin —sin — = —,
2 2 2 4R

where we taking account that

and we get what we claimed.
We write other two similar which we adding we deduce that:

’r

7

4 A _,A . ,B_9r _mn
mz sm“—+n§ sin® —sin? —>—.3
2 2 2 B8R 2R

and than using the formulas:

After some algebra we are done.

10
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2. Inegalitati cu radicali. Inegalitatea lui Minkowski
de Nela Ciceu, Bacau

Inegalitétile care contin radicali pot ridica uneori dificultiti in gdsirea unor modalititi de abordare. in cele
ce urmeaza prezentam o inegalitate ce poate fi folosita in astfel de situatii - inegalitatea lui Minkowski.

O forma utila este urmatoarea:

Dacd a,b,c,x,y,z,p,q,r sunt numere reale nenegative, are loc inegalitatea

Va2 +x2 +p? + /b2+y2+q2+\/cz+22+r22

>J@+b+c)2+(x+y+22+(p+q+r)

Demonstratie: Folosind modulul unui numar complex si inegalitatea triunghiului, avem
Va2 +x2+ [b*+y2 +c2 422 =|a+ix| + |b+iy| + |c +iz| =

>latb+c+ilx+y+2)|=y(@a+b+c)?+(x+y+2)0>

Aceasta inegalitate poate fi demonstrata si prin ridicare la patrat; dupa reducerea termenilor asemenea,
ramane de aratat ca

\/(az +x2)(b* + y2) + \/(bz +32)(c2 + 22) + /(2 + 722) (a® + x%) >
>ab+bc+ca+xy+yz+zx (1)

Conform inegalitatii lui Cauchy-Buniakovski-Schwarz avem (a? + x2)(b% + y?2) > (ab + xy)?, si atunci
inegalitatea (1) este adevarata.

Trecerea de la doi termeni sub fiecare radical la trei termeni este simpla:

Ja+x%+p+ /b2+y2+q2+\/cz+zz+r22

2
2\/(a+b+c)2+(\/x2+p2+Jy2+q2+vZ2+r2) >

2\/(a+b+0)2+(\/(X+y+Z)2+(p+q+r)2)2=

=J@+b+c)2+(x+y+2)>2+(p+q+1)>2

Cateva exemple de aplicare a inegalitatii lui Minkowski:

1. Dacaa,b, c sunt numere reale, atunci

\/(a+c)2+b2+\/(a—c)2+b222 a? + b*.

11
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Solutie: Avem

\/(a+c)2+b2+\/(a—c)2+b22\/(a+c+a—c)2+(b+b)222\/a2+b2.

2. Dacaa,b,c > 0,atunci

V1942 + 2ab + 4b2 ++19b2 + 2bc + 4c2 +/19¢2 + 2ca + 4a% = 5(a+ b + ¢).

Daniel Sitaru, G.M.-B 10/2016

Solutie: Avem

V19a% + 2ab + 4b? +/ 196% + 2bc + 4c2 +/19¢% + 2ca + 4a? =

= \/18a2 + (a+b)? + 3b* +\/18b2 +(b+0)?+3c2+/18¢2 + (c + a)? + 3a2 >

2 2
2\/(\/1_8(a+b+c)) +(a+b+b+c+c+a)2+(\/§(a+b+c)) =5(a+b+c).

3. Dacdx,y,z=0cux+y+z = xyz, determinati minimul expresiei

1 1 1
=x*+1+ |zyt+14+ |24+ 1
3 3 3

George Apostolopoulos, Crux 4/2016

Solutie: Avem

1 1 1 x> y*  z
-x*+1+ §y4+1+ §z4+12 —+—=+—=] + (1 +1+1)=

3 NN RN
) J<x2+y32+22)z+9_

9 _ xyz

Deoarece x2 + y2 + z2 > xy +yz + zx > 5 T T i 9, rezultd ca minimul ciutat este 6.

Xy yz zx

Probleme propuse:

1. Fie a, b, c numere reale pozitive cua + b + ¢ = 1. Sa se determine minimul expresiei

, 1 1 ) 1 1 1 1
a+b"+S+5+ [+ +S5+5+ [Ptat+ 5+
a“ b bs ¢ cc a

George Apostolopoulos, Crux 3/2015

2. Sa se arate ca in orice triunghi ABC are loc inegalitate

12
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Vab + vVbc + Vea > 2\/3r(ra + 7, + 7).

Dan Stefan Marinescu si Leonard Giugiuc, Crux 4/2015

Indicatie: substitutiile Ravi.

3.
lql.

S& se determine minimul functiei f(x) = Vx2 —2mx +n + \/xz — 2px + q,unde [m| < |n|,|p| <

Tatiana G. Misacova

.Dacd x,y,z > 0, atunci

VX2 —xy +y2+ [y —yz + 22 > /x2 — xz + 22,

United Kingdom 1990

.Dacax,y,z=0cuxy+yz+ zx =1, atunci

(\/x+y+\/y+z+\/z+x)226\/§.

Turcia 2000

.Dacaa,b,c =0cuab + bc + ca =1, atunci

\/a3+a+\/b3+b+\/c3+cz2\/a+b+c.

Iran 2008

. Dacd a, b, c sunt numere reale, atunci

a’*+ (1 -b)*+ /b2+(1—c)2+\/c2+(1—a)22?.

.Dacd a, b, c sunt numere reale cua + b + ¢ = abc, atunci

1 1 1
Ttgt [T+ 1+C—222\/§.

.Daca a, b, c sunt numere reale cu ab + bc + ca = 1, atunci

\/a4+b2+\/b4+c2+\/c4+a222.

Titu Zvonaru, Mathematical Reflections 5/2015

10. Daca x, y sunt numere reale, atunci

11.

X2\ 1+ 292 + y2 1+ 2x2 > xy(x + vy +V2).
Tuymaada 2003

Daca x,y,z = 0, atunci

V24142 +14V2+12J6(x+y +2).

13
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3. A new year: 2024.

by Bela Kovacs, Satu Mare

Itis a leap year 2024, therefore it has 366 days. The extra day is the day after February 23, i.e.
February 24, and this is called Leap Day, based on historical calendar explanation The remaining
days of February are shifted, so it will have 29 days.

Practically acceptable and convenient to call 29 February a leap day.

How many times will we write 2024 down, how many times will we meet see it, read it? And not
just in mathematics-related writings. What can we know about the number 2024? Let's investigate
it, let's construct it in different ways, let's shape it. Here's a little tutorial on this that can be enriched
by the reader.

2024 is an even natural number.

It is a composite number between the nearest prime numbers: 2017 < 2024 < 2027
Prime factorization: 2024 =23 -11-23

Divisors: 1,2 ,4,8,11,22,23,44,46,88,92,184, 253,506, 1012, 2024.
The number of its proper divisors is 16. The sum of divisors is 4320.

The arithmetic mean of its divisors is 270, which is a natural number, and therefore 2024 is an
arithmetic number

The sum of its divisors that are strictly less than the number:
1+2+4+8+11+22+23+44+46+ 88+ 92+ 184 + 253 + 506 + 1012 = 2296 ;
This is greater than 2024, and is therefore it is an abundant number.

It has an abundance of : 2296 - 2024 = 272.

The sum of six of its divisors is: 2024 = 1012 + 506 + 253 + 184 + 46 + 23, therefore it is a
semiperfect number.

The 16 divisors can be grouped into two groups of equal sum, each group totalling 2160.
(1+2+4+8+11+22+88+2024)+(23+44+46+92+ 184 +253+506+1012)=2-2160
= 4320. Numbers with this property are called Zumkeller numbers.

Divisible by the sum of its digits: 2024 = (2 +0 + 2 + 4) - 253

14
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The number 2024 forms with 2295 quasi-amicable numbers, because the sum of the proper divisors
of either number is one more than the value of the other number. 2295 also has 16 divisors, and the
sum of its proper divisors is 2025.

2024 is an untouchable number, because it is not equal to the sum of the proper divisors of any
number less than it.

But is also a practical number, because such that all smaller positive integers can be represented as
sums of distinct divisors of 2024.

For example: 2000 = 1012 + 506 + 253 + 184 + 44 + 1,
1000 =506 + 253 + 184 + 46+ 11 or 500=253+184+46+11+4+2

Can be written in three ways as the sum of two or more consecutive natural numbers, so it is a
polite number, its politeness 3. Here it is:

2024=77+78+79+80+81+82+83+84+95+86+87+88+89+90+91+92+93+94 +
95 + 96 + 97 + 98 + 99. Here is the sum of 23 consecutive natural numbers.

2024 =119+ 120 + 121 + 122 + 123 + 124 + 125 + 126 + 127 + 128 + 129 + 130 + 131 + 132 +
133 + 134. Here the sum of 16 consecutive natural numbers.

2024 =179 + 180+ 181 + 181 + 182 + 183 + 183 + 184 + 184 + 185 + 186 + 187 + 188 + 189. Here
we found it as the sum of 11 consecutive natural numbers.

Decomposition into the sum of consecutive even natural numbers:

2024 = 246 + 248 + 250 + 252 + 254 + 256 + 258 + 260

2024 =174 +176 + 178 + 180 + 182 + 184 + 186 + 188 + 190 + 192 + 194
2024=66+68+70+72+74+76+78+80+82+84+86+88+90+92+94+96+98
+ 100 + 102 + 104 + 106 + 108 + 110

Decomposition into sums of consecutive odd natural numbers:
2024 = 1011 + 1013
2024 =503 + 515 + 507 + 509

2024 =163+ 165+ 167+ 169+ 171 +173+ 175+ 177+ 179+ 181 + 183 + 185+ 187 + 189 +
191 + 193 + 195 + 197 + 199 + 201 + 203 + 205

15
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Can be written as the sum of consecutive cube numbers:

2024 = 224334434531 634+7° 488498

Can be written as the sum of consecutive even perfect squares:

2024=22 + 4% 1 6% +8% +10% +12° +14% +16° +18° +20% + 222

Writing down using the powers of 2 in several ways:
2024= M _2*_28

2024= M_224+2°

2024 = 20429428 427 420 42423

2024 =210 199 1 28 o7 96, 95 94 93

Written using the powers of 3:

2024 = 37 —3P 434 30 2024= 3/ -3 3% _30

It cannot be decomposed into the sum of two squares.

Can be decomposed into the sum of three squares:

2024 = 22 4162 + 422 2024 = 2% 4242 4382
2024 = 82 +142 +422 2024 = 10° +182% + 402
2024 = 10° +302 +322 2024 = 162 +18% +382

2024 = 18% + 26° +32°
Decomposing to the difference of two square numbers:
2024 = 5072 — 5052 2024 = 2552 — 2512
2024 = 57% — 352 2024 = 45% — 12 based on this last it is a Cunninghan number.
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Decomposition of its reciprocal into the sum of two Egyptian fractions:

= +
2024 2025 4098600

1 1

1

+
2025 2024-2025

1 1

= +
2024 2026 2050312

1 1 1

= +
2024 2028 1026168

1 1 1

= +
2024 2032 514096
1 1 1

= +
2024 2035 377440
1 1 1

= +
2024 2040 258060
1 1 1

= +
2024 2046 188232
1 1 1

= +
2024 2047 180136
1 1 1

= +
2024 2056 130042
1 1 1

= +
2024 2068 95128
1 1 1

= +
2024 2070 91080
1 1 1

= +
2024 2088 66033
1 1 1

= +
2024 2112 48576
1 1 1

= +
2024 2116 46552

+
2026 2024-1013

1 1 1

= +
2024 2145 35880
1 1 1

= +
2024 2200 25300
1 1 1

= +
2024 2208 24288
1 1 1

= +
2024 2266 18952
1 1 1

= +
2024 2277 18216
1 1 1

= +
2024 2376 13662
1 1 1

= +
2024 2392 13156
1 1 1

= +
2024 2508 10488
1 1 1

= +
2024 2530 10120
1 1 1

= +
2024 2553 9768
1 1 1

= +
2024 2728 7843
1 1 1

17
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1 _ 1 1 1 _ 1 1
2024 2992 6256 2024 3496 4807
1 _ 1 1 1 _ 1 1
2024 3036 6072 2024 3960 4140
1 _ 1 1 1 _ 1 1
2024 3082 5896 2024 4048 4048

Decomposition of its reciprocal into the difference of two Egyptian fractions:

it 1 t 1 1
2024 88 92 2024 1672 9614
11 1 11 1
2024 552 759 2024 1771 14168
1 1 1 1 1 1
2024 966 1848 2024 1782 14904
1 1 1 1 11
2024 1012 2024 2024 1840 20240
1 1 1 1 1 1
2024 1056 2208 2024 1848 21252
1 1 1 1 1 1
2024 1283 3542 2024 1903 31832
1 1 1 1 11
2024 1320 3795 2024 1932 42504
1 1 1 1 11
2024 1495 5720 2024 1936 44528
1 1 1 1 1 1
2024 1518 6072 2024 1960 61985
1 1 1 1 11
2024 1540 6440 2024 1978 87032
1 1 1 1 1 1

2024 1656 9108 2024 1980 91080

18
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1 1 1 1 11
2024 1992 125994 2024 2013 370392
1 1 1 1 11
2024 2001 176088 2024 2016 510048
1 11 1 11
2024 2002 184184 2024 2020 1022120
1 11 1 11
2024 2008 254012 2024 2022 2046264
11 1 1 1

2024 2023 4094552 2023 2023-2024

As a member in a Pythagorean triple:

902 + 20242 = 20262 14072 + 2024? = 24652 15182 + 20242 = 25302
16322 + 20242 = 26002 2415% + 2024% = 31512

Written up with factorials:

| | I. 1 1.091
2024=2818" 41 3140 2024 = 2H1ATLOL
Y 21.51.91
| | |
2024 = %—%-5!-4”3! +21 2024 = 7!—9—;+3! + 21
10! 9!
2024 = 3-61 - 51 - 41 + 31 + 21 2024= -2 431+ 2

Written up with combinations
2024 = C3,+C3, 2024 = C3+C3, - C3,

2024= C5+C3+C3+C2+...+C5,=C3,

www.mateinfo.ro

This latter is the sum of successive triangular numbers and 2024 as a tetrahedron number.
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It is not a square number, not a pentagon number, not a hexagon number, and so on, and we
will find it soon enough among the 74-angular numbers. 2024 is the 8th 74-angular number as
one of the elements of the series b, = 36n? —35n :

1, 74,219, 436, 725, 1086, 1519, 2024, 2601, 3250, . . . .

Similarly, 2025 is the 9th 58-angular number as a member of the series ¢, = 28n? — 27n:
1,58, 171, 340, 565, 846, 1183, 1576, 2025, 2530, , , , ,
Finally, 2023 is the 7th 98-angular number as a member of the series a, = 48n? — 47n :

1,98, 291, 580, 965, 1446, 2023, 2696, 3465, 4330, . . .

2024 can only be written using one kind of digit:
2024=7-(7-7=-7)-7=T-7T+T7+7+7:7
2024=88-(8+8+8)—88
2024=(333+3+3:3)(3+3)+(3+3):3

2024 = (1111 - 111+ 11+ 1) - (1 +1)
2024 = 2222 — 222 +22 + 2

3333-333+33+3 3+3
3 3

2024 =

4444-444+44+4 4+4
4 4

2024 =

9555-555+55+5 5+5
5 5

2024 =

6666 —666+66+6 6+6
6 6

2024 =

(=777 +77+7 71+7
7 7

2024 =

8883-888+88+8 8+8
8 8

2024 =

9999-999+99+9 9+9
9 9

2024 =

20
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Transcribed from a decimal number system to another number system:

202410 = 11111101000 202440 = 56217
202410 = 22022223 202440 = 37508
202410 = 1332204 202410 = 26889
202410 = 310445 202410 = 158011
202410 = 132126 202410 = 120812

With elements of the Fibonacci sequence:

2024 = F(2) +F(3) + F(7) + F(9) + F(14) + f(17) = 1 + 2 + 13 + 34 + 377 + 1597

One solution to the Pell equation x? — 2023y =1 is x = 2024 and y = 45
One solution to the Pell equation x? —2024y? = 1is x =45andy = 1.
Another solution: x = 4049 and y = 90

In inequalities: 1936 = 442 < 2024 < 452 = 2025
1.17° < 2024 < 1.1%0

63 64
Y k<2024< >k
k=1 k=1

17 18
Y K <2024 < Y K2
= kL

8 9
Y k® <2024< Y K3

k=L k=L
209 210

Y Jk <2024 < Yk

k=1 k=1

403 404

Y Ink <2024 < Y Ink ~ 2024.49
k=1 k=1
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816 817
> lgk <2024 < ) Igk ~23.4
k=1 k=1

1 2024
27176 < |1+ —— <2.718<e
2024

Written with consecutively increasing or decreasing digits:

2024=12-34-5-6+7-8-9
2024 = 1234 — 5 + 6 + 789
2024=9+8-7+654-3-2-1
2024=(9-8-7+6-5)-4+3+2-1

Writing natural numbers with digits of 2024, in that order:

1=2+0+2):4
2=2+0-2-4
3=20-2+4
4=2+0-2+4
5=(2+0):2+4
6=2-0+2+4
7=2-01+2+4
8=2+0+2+4
9=2+01+2+4
10=2+0+2-4
11=2+01+2-4
12=20-2-4

22
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(Note: 0!'=1)

Finally, 2024 = (expressed as fractions with the numbers 2, 3, 4,5, 6, 7, 11, 12, 13 and 14 using
elementary operations)

244 35 57 1113
, 24, 35 57 1113
3 4 6 12

2024 =14 +

2024 with Roman numerals: MMXXIV = MXII + MXII

The year 2024 contains 366 days, 8784 hours, 527040 minutes and 31.622.400 seconds.

Some interesting facts:

2024! (factorial) is an incredibly big number, ending in 503 zero digits, much bigger than
googol.

22924 s also a very big number, containing the sequence of 666 number symbols, hence it is
called the apocalyptic number

In this article the number 2024 occurs 167 times.

Bibliography: www.numbersaplenty.com

Satu Mare, December 30, 2023.

Kovécs Béla
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Art 5500
Math Journal

-1-

Marin Chirciu *

Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de specialitate .

Problemal.
In AABC
2 2 2
%(Lj sZ(secEsecE sﬂ(ﬁj .
3R 2 2 3ur
George Apostolopoulos, Greece, Mathematical Inequalites, 2/2024
Solutie.
Lema.
In AABC
( B cjz 8R(4R+T)
D |sec—sec— | =———=.
2 2 p
Solutie.
2
8R(4R+r
> secEsecE => ! = ( )
2 2 2B »C p
COS™ —CO0S™ —
2 2
Inegalitatea din dreapta.
B_CY B8R(4R+r)®w4(RY
Y |sec—sec— | =———~<—| —|,
2 2 p 3\r
8R(4R+r ?
unde (1) < %S%[?) = 8R(4R+I’)3r2 S4p2R2, care rezulta din inegalitatea lui

Gerretsen p° >16Rr —5r7.

Ramane sa aratam ca:

1 Profesor, Colegiul National ,, Zinca Golescu”Pitesti
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8R(4R+r)3r* <4R’(16Rr —5r”) < 2(4R+r)3r <R(16R-5r) <> 16R* —29Rr —6r° >0 <
(R —2r)(16R +3r) >0 evident din inegalitatea lui Euler R > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din stanga.

2

2 @

p

8R(4R + r)
unde (1) < >

64r?
>

3R?

Gerretsen p° <4R? +4Rr +3r°.

Ramane sa aratam ca:

3

7

= 8R(4R+ I’)BR2 > 64 pzl‘2 , care rezult3 din inegalitatea lui

8R(4R+r)3R’ > 64r* (4R +4Rr+3r”) < 3R’ (4R +r) 2 8r* (4R* +4Rr +3r*) <
12R* +3R°r —32R°r® —32Rr’ —24r* >0 < (R—2r)(12R*+ 27R’r + 22Rr* +12r*) 2 0 evident

din inegalitatea lui Euler R > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
Problema se poate intari.

In AABC

Remarca.
Se pot scrie inegalitatile:
In AABC

64
3

[

n aceeasi clasé de probleme.

In AABC

Remarca.

Solutie.

r
R

28R _

r

E

16

B cY B8R
< Sec—Ssec— < —.
3 Z[ 2 2) 3r

<8_R<ﬂ

~3r 3

16

3 5

B CY
< sec—Ssec—
Z( 2 2)

( B CT SR(ZR
csc—ecsc— | £ —| ——
2 2 r r

)

25
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Lema.

In AABC

B CY B8R(2R-r
Z(CSCECSCEJ =¥.
Solutie.

2
Z(csc%csc%) => !

siansinzg
2 2

8R(2R-r)
= r2 .

Inegalitatea din dreapta.

2
Z(csc%csc%] =w =%(E—1].

r r r

Inegalitatea din stanga.

B _CY 8R(2R—r)eur 24R
— — | = >
Z[csczcsczj > > =

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

B_CY B _CY
QZ(secEsecEj < Z(CSCECSCEJ :
Dezvoltari,Marin Chirciu
Solutie.
Folosind Lemele de mai sus avem sumele:
Z(sec%sec%jz = W si Z(csc%csc%)z = w

Inegalitatea se scrie:

8R(4R+r) - 8R(2R-T)
) 2 = 2

p r
Gerretsen p> >16Rr —5r°.

9 < or? (4R+ r) < p2 (2R—r), care rezulta din inegalitatea lui

Ramane sd aratam ca:
9r®(4R+r1)<(16Rr —5r*)(2R—r) <> 9r (4R+r)<(16R-5r)(2R-r) <
< 16R?-31Rr-2r’>0 < (R—Zr)(lGRJr r) >0 evident din inegalitatea lui Euler R > 2r .
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Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema2.

Ifa,b,c>0,a+b+c=1then

M
o))

I\
N|©

MathTime 2/2024

Solutie.

2 2
(Z . ) (3J
2 cs Nesbitt
a__y & S\Tb+e) 21 %zRHS.

b+c)’ “a(b+c)  Da

LHS=Z(

Egalitatea are loc daca sinumaidacda=b=c= 5 .

Remarca.
In AABC
Z;Z > ar
r|—+—
rb rc
Solutie.

r r r
Se cunoaste identitatea in triunghi— + —+—=1.
I L T

a c

X 9 rrr
Folosind Z—ZZZ pentru(X, y,Z):(—,—,—J obtinem:
ra I’b rc

r 9 I 9 1 or
Z—aZ—QZ—aZZ—QZ—ZZ—.
4 1 1) 4 11 4
r—+-= =+
rb rc r-b rc
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
Problema se poate dezvolta.

Ifa,b,c>0,a+b+c=1and A >0then
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2 5 O

(b+4c)  (A+1)"

Dezvoltari,Marin Chirciu

Solutie.

a(b+ac) Da 1 (2+1)°

2 2
2 cs Nesbltt
LHS — Z :Z a 3 b+ Ac A+1 _ 9 _RHS .

b+/1c

Egalitatea are loc dacd sinumaidacda=b=c==

Problema3.

Ifa,b,c>0,abc =1then

a 3
z 25.

bc+c

Konstantinos Geronikolas, Greece, MathTime 2/2024

Solutie.

Folosim pqgr -Method.

Notam p=a+b+c,q=ab+bc+ca,r =abc=1.

2 a+b+c)’ 2
Avemp23§iqs%,vezip:a+b+023\3/abc=3$iq:ab+bc+caﬁ%:%.
@ s (o) (Za) ¢ F p
LHS = Z => => > = = > =
bc+c abc +ac l+ac Y (l+ac) 3+) ac 3+q 3. P
3
2 p>
_ 3P 23 Rus
9+p* 2
Egalitatea are loc dacd sinumaidacax=y=z=1.
Remarca.
Ifa,b,c>0,abc=1and A >0then
> a_, 38
c+Abc A+1
Marin Chirciu

Solutie.
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a
Pentru A = Oinegalitatea Z— > 3rezultd dinAM-GM.
C

Tn continuare lusm 1 > 0.

Folosim pqgr -Method.

Notam p=a+b+c,q=ab+bc+ca,r=abc=1.

2 b 2 2
Avem p23§iq£%,vezi p:a+b+c23\3/abc=35iq:ab+bc+casw:p—.

sy oy @ _gas (S (S g Py

= = > = = 7
¢+ Abc Aabc +ac A+ac Y (A+ac) 31+ ac 31+q 314 P
2 p=3
- 3P %3 _Rks
94+ p A+l

Egalitatea are loc dacd sinumaidacaix=y=z=1.
Problema4.

IfX,y,2>0,X+Yy+2z=23then

o [(x+yz)=8(xy+yz+ 2x)’.
Tran Cong Hung,Vietnam, Mathematical Inequalities 2/2024
Solutie.

Folosim pqgr -Method.

Notdm p=X+Yy+2=3,q=Xy+ Yz +2X,I = Xyz.

2 2 3
AvemqS3,veziq=Xy+yZ+ZX£%=%=%=3,

[T(x+yz)=xyz+ >y’ 2> +xyz> " X* + X°y*2* =r+(g* = 2pr)+r(p* —2q) +r’.
Inegalitatea O] J(x+yz)>8(xy+yz+ zx)2 se scrie:

9(r+q2—2pr+ pzr—2qr+r2)28q2 < o° +9r° +9p°r—18gr —18pr+9r >0 <

< (q*—6qr+9r*)+3r(3p* —6p+3-4q) >0 < (q-3r) +3r(3-3°~6-3+3-4q) >0 <
< (q-3r)"+3r(12-49)>0 < (q-3r)" +12r(3-q) >0, veziq < 3.

Egalitatea are loc dacd sinumaidacax=y=z=1.
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Remarca.
In AABC

3[(rr. +3rr,)=8F2(4R+r).

Marin Chirciu
Solutie.
) ) . r rr 3r 3r 3r

Se cunoaste identitatea in triunghi —+ —+—=1< —+—+—=3.

ra rb rc ra rb r-c

Folosind 9H(X+ yz) > 8(xy+ yz+ ZX)2 pentru (X, Y, Z) = [%,% , %J obtinem:

a b c
o[22 g3 3, 330 33y
L, T r, L L, I, r, r,

C a

2 22
9.(3r)31_[[r1a :’TJ 8(?2 E:rrc+i+aJ < 3[ [(rr, +3rr,)=8F*(4R+T).

Am folosit mai sus LK =rp°sir, +1 +1 =4R+r.
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemab.

X.577. Rezolvati in R, sistemul

abc =8
2, A2 2 2 2 | 12 .
2a_b +cC +2b_c +a +2c.a +b _48
a b c

Mihaela Berindeanu, Bucuresti, RMT 1/2024

Solutie.

2 2 505 2a+1 _bZCZ 2a+1 . bZCZ AM —GM
LHS:Zza-b e zZza.z—t"::z“zaﬂ.@:z _2 >
a a a abc 8
22a+1 b2C2 AM—GM 1

> 33 2a+b+c+3 abC 3,2a+b+c+384 . 3’2a+b+c+323~4 —

a+b+c+15 a+b+c+15 3 athic o AM-GM 3

3’2a+b+c+3234 g . 3f2a+b+c+15 — g .2 3 — g 2 .2 3 > 8 2@4—5

8

ooloo OOIOJ

%5 _ ;.22+5:%.27 =3.2" =48 =RHS, cu egalitate pentrua=b=c=2.

Deducem ca (a, b, C) = (2, 2, 2) este solutia unic3 a sistemului.
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Remarca.

Rezolvati in R, sistemul

abcd =81
3, .3 3 3 3, .3 3, A3 | K3 3, 13, A3
36\'b +c”+d L. C +d°+a +3C.d +a’+b Lg¢.8 +b*+cC _ 2916
a b c
Marin Chirciu

Solutie.

. bP+c®+d®sos . 3bed ., abcd an 3 3245 AM-GM
LHS =>"3 — >3 'TZZS .7223 ';=Z ~ >
AM —GM a+b+c+d+20 a+b+c+d+20 a+b+c+d+20 arbrord+12 atbrcid .

> 443 > :443 5 :44{/3 - :44/3a+b+c+d+12:4.3 2 —4.3 4 3:
(abcd) (34) 3

a+b+c+d

—4.3 ¢ U430 _ g3 _g.330 4.3 _4.709- 2016,
cu egalitate pentrua=b=c=d =3.
Deducem c3 (a, b,c, d) = (3, 3,3, 3) este solutia unica a sistemului.
Problema6.
Aratati ca
5% 4 (6-5 ) +(8-5%%) < 2%,
Gheorghe lacob, Pascani, RMT 1/2024

Solutie.
a= 5866 + (6 . 5432 )2 + (8 . 5432 )2 _ 5866 +36- 52-432 +64. 52-432 _ 5866 +100- 5864 _ 5864 (52 +100) _

289

— 584,53 _ 5867 _ 53289 _ (53)

b — 22023 — 27~289 — (27 )289 .

289

Deoarece5’ <2' <= 125<128 = a= (53)289 < (27) =b.

Deducemcia<h.
Remarca.

FieK numar natural. Comparati numerele

a = 5o%+2 +(6_53k )2 +<8‘53k )2 sib = 27<7
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Marin Chirciu
Solutie.
a=5%" (6.5 )2 +(8-5% )2 =552 4 36.5% 1 64.5% =55+2 1100.5% =
— 53k (52 +100) — 53k _53 — 53k+3 — (53 )k+l.

k+1

b= 27k+7 — (27)

k+1

Deoarece5® <2 < 125<128 = a= (53)k+1 < (27) =b.

Deducemcaa<b.

Problema?.

Ifa,b,c<1,z =4 then

a2

1-a
a+b+c<2.

Panagiotis Danousis , MathTime 2/2024

Solutie.

Cu substitutia (a, b, C) = (1— X,1-y,1- Z) problema se reformuleaza:

(1-x)’
|ﬂgmz>0,§}—;7—:4ﬂmnx+y+221.

Y _ 2
obsinem: 4= 3" XX) S I 15 ) TS U a0 38
. 1 s 9 9
REZU“:alO:Z;'FZXZﬁ'FZX:B'Fp.

Dm102p+9~:>ﬁ—10p+9£0¢>13ps9.
p

Dinp>1=x+y+z2>1.

2
Egalitatea are loc dacd sinumaidacaX=y=2= § < a=b=c= 5
Remarca.
aZ
If >0, 0<a,b,c<1,) ——=4Athen
A-a
a+b+c<24.

Marin Chirciu
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Problemas.

0.1X.384. Ifa,b,c >0 then

a’+b? +c? a b c
+ + + >3
2 be(b+c) ca(c+a) ab(a+b)

Mihai Vijdeliuc, Baia-Mare, RMT 1/2024

Solutie.

B TTIJAS S DL

bc(b+c) 2 b+c 2 3 abc > (b+c)

(X)) 1 (X)) _af(Xa) | Falme (Xa) Ta_

2 3 abc 2>a 2 3 abc 3 abc

2
cu egalitate pentru (zsa) = is si (z a)3 =27abc < acha =3sia=b=c.

Egalitatea are loc dacd si numaidacd a=b=c=1.
Remarca.
Ifa,b,c>0and A >0 then

a’ +b? +c? a b c 6
+ + + > .
A+1 bc(b+4c) ca(c+4a) ab(a+4ib) A+1

Marin Chirciu
Problema9.

0.VII.543. In AABC

a+b*+¢c? b+c c+a a+b
Z - 43> + + .
abc a b C

Gheorghe Stoica, Petrosani,RMT 1/2024
Solutie.

Folosind identitatile Tn triunghi:

b+c  p?+r’—2Rr
a 2Rr

inegalitatea se scrie:

abc=4Rrp,> a’ :Zp(p2 —3r? —6Rr)siz
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2p(p2 —3r? —6Rr)

3> p?+r°—2Rr - p2—3r2—6Rr+3> p® +r°>—2Rr

+ > < R>2r.
4Rrp 2Rr 2Rr 2Rr

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
If A <1thenin AABC holds:

a®+b®+c? b+c c+a a+b

———+3(22-1)> 1 + + .

abc a b c
Marin Chirciu

Problemal0.

IfX,y>—-landn e N,n>2then

S+ +4f(y+2y s%(x+y+n).

Traian lanculescu, Mathematical Inequalities 2/2024

Solutie.
Lema.

IfX>-1andne N,n>2then

"(x+1)2§2X+n,
n
Solutie.
(x+1)+(x+1)+1+...+1
AM -GM — 2x+n
Q/(X+1)(X+1)1...1 < . 2 = . , cu egalitate pentruXx+1=1 < x=0
n-2

Lema 2x +n  2y+n 2
LHS = o/(x+1) +§/(y+1)° < == =RHS .
\/(x+ ) +\/(y+ ) - + - n(x+y+n)

Egalitatea are loc dacd sinumaidacax=Yy=0.
Remarca.

IfX,¥,Z>—-1andn e N,n>2then

Q/x+1+£/y+1+2/z+1£%(x+ y+2z+3n).

Solutie.
Lema.

IfX>—-1andne N,n>2then
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«“/x+1£ﬂ.

n
Solutie.
(x+1)+1+..+1
AM -GM — X+nN
n (X+1)1...1 < nl - , Cu egalitate pentruX+1=1< x=0
n-1 n n

Lema

LHS =3 Ux+1 < z”” ~(x+y+2+30)=RHS

Egalitatea are loc dacd sinumaidacax=y=2z=0.
Remarca.

IfX,¥,Z>-1andne N,n>2then

Q/(x+1)3 +Q/(y+1)3 +Q/(z+1)3 S%(x+ y+z+n).

Dezvoltari,Marin Chirciu

Problemall.

V.581. Determinati perechile de numere( P, abc) ,unde p este prim, pentru care avem

(a+b+c)’ = p*-abc.

Gheorghe Stoica, Petrosani si Alexandru Blaga, Satu-Mare, RMT 1/2024

Solutie.

Este necesar ca abc s fie cub perfect = abc e {53, 6°, 73,83,93} )
Convine( p,ﬁ) = (2, 729)

Remarca.

Determinati perechile de numere(n, abcd ) ,unde N este numar natural, pentru care avem

(a+b+c+d)3:n3-abcd.

Marin Chirciu

Solutie.

Este necesar caabcd sa fie patrat perfect = abcd e {103,113,123, ey 213} )

Pentrun=1siabcd =17° = 4913se obtine (4 +9+1+3)’ =13.4913,
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Convine N, abed ) = (1,4913).

Problema12.

X.576.1fa,b,c >0,a’ +b*+c’ =3then
(a+1)(b+1)(c+1)<8.

Emanuel Munteanu si Ovidiu Pop, Brasov, RMT 1/2024

Solutie.

|_Hs=(a+1)(b+1)(c+1)AM§GM[Z a”} {2“3} [\/327a+3]

3

3 3

Iy s 3

Egalitatea are loc dacd si numaidacda=b=c=1.

Remarca.
Ifa,b,c,d >0,a*+b*+c*+d? =4then
(a+1)(b+1)(c+1)(d +1)<16.

Solutie.

LHS:H(a+1)AMgGM{z a”} {Za+4] £@+4J

4

4 4

_[va-4+a =(—4+4j =2 =16 =RHS.
4 4

Egalitatea are loc dacd si numaidacda=b=c=d =1.

Remarca.

|fa1’a2""!an >0,312+a22 ++a§ =nNthen
(3, +1)(a, +1)..(a, +1) < 2",

Dezvoltari,Marin Chirciu
Problemal3.

X.576.1fX, Y,z > 0then
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3
5
ZX\F >18.
y

Catalin Cristea, Craiova, RMT 1/2024

Solutie.
X3 +5MM-6M 345 X% +5 AM_GM x°+5 J xX*+5®
LHS = > =2 > 2. =6 >
2 Jy 2 y+1 2 y+1 \/ y+1 155

2

@
>63] [3=6-3=18=RHS,

3

S >3 X-3x+220 < (X—l)z(x+2)20, cu egalitate pentru X =1.

unde (1) <
X+1

Egalitatea are loc dacd si numaidacax=y=2=1.
Remarca.

If X, Y,z >0then

Remarca.

IfX,¥,Z>0andn e N,n>2then

Zx +2n—1>6n
Jy
Dezvoltari,Marin Chirciu
Solutie.
AM GM n _ AM —

LHS — Zx +2n-1 S Zx +2n 1=22x +2n-1 > 23 x +2n— 1

Jy y+1 y+1 Cy+l

2
X" +2n— 1(1)
6,3’ ————>63| [In=6-n=RHS,
H X+1 H

unde (1) < X+—2n_12n<:>x”—nx+n—120<:>

X+1

= (X—l)2 (X”_2 +2x"3 4 3x™ +...+(n—2)x+n—1) >0, cu egalitate pentrux =1.

Egalitatea are loc dacd si numaidacax=y=2z=1.
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Problemal3.

IfX,y,2>0,X+Yy+2z=1then

2xy +y

Marin Chirciu, IneMath 2/2024

Solutie.
3 3
Holder (Z X) (ZX ZX 1
LHS =" > 5 =Z==RHS.
2xy+ y? 32(2xy+y ) 3(ZX) 3 3
1
Egalitatea are loc daca sinumaidacaX=y =2 = 3
Remarca.
IfX,¥,2>0,X+y+z=1andne N,n>2then
X" 1
Z 2 2 n-2 °
2xy+y- 3
Remarca.
In AABC
Yo vy
2r7 rd 3r
t 7
h T
Dezvoltari,Marin Chirciu
Solutie.

. . s . r o r
Se cunoaste identitatea in triunghi — + —+—=1.
I f I
b

a C

3

X 1 rrr

Folosind Z—ZZ— pentru(X,y,Z): —,—,— |obtinem:
2xy+y° 3 L nr

3
D (rJ 3
r, 1 1 1
"3 & 7o

273 r> 3r
r r r a a
2— | — +5

r r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problemail4.
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Ifa,b>0,a+b=1then find min of

B \/1—a \ \/1—b
1+7a \1+7b°
Khoi Nguyen Pham, Vietnam,THCS 2/2024

Solutie.

,_1-a 1-b \/1a_\/1b b a ., ab _
1+7a 1+7b 1+7a \1+7b 1+7a 1+7b (1+7a)(1+7b)

a+b
7(a2+b2)+1 ab cs 7 *+1 ' ab
= —|— =
(1+ 7a)(1+ 7b) (1+ 7a)(1+ 7b) 8+49ab 8+49ab 8+49ab \/8+49ab
9 ab
= +2
2(8-+49ab) \f8+49ab
. ab 8x? 1-49x° 1 Py 1
Notand =X=ab= = — = X<,
8+49ab 1—49x> 8 8+49ab 81 9
9(1-49x? ®
Rezulta P? = S +2 ab___ S +2X:Q+2X>ﬂ
2(8+49ab) 8+49ab , 8 9’
1—49x?
9(1-49x) 4 )
unde (1) I +2X> 5 < 3969x* —288x—17 <0 < (9x—1)(441x+17) <0, vezi
x<t.
9

Dianzﬂ:PZE.
9 3

Egalitatea are loc dacd si numaidacda=b =

. 2 1
Deducem camin P = gpentru a=b= 5"

Remarca.

Let A > 5fixed. Ifa,b >0, a+b =1then find min of

_\/1—a +\/1—b
“\1+aa N1+ab~

Marin Chirciu
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Solutie.

Deducem camin P =

2 1

pentrua=b==.

NA+2 2
Problemal5.

Ifa,b,c >0 then

1 1
Za2+b2+2SZ

(a+1)2 '
Imad Zak, Lebanon, Mathematical Inequalities2/2024
Solutie.

Lema.

Ifa,b >0 then

1 1 ( 1 1 j
<-— + .
a’+b*+2 4la’*+1 b*+1
Demonstratie.

1 ! ! C<Sl 1+l L ! + ! cu egalitate pentr
= = Sl =+—|== —— |, cu egali u
a’+b’+2 (a’+1)+(b*+1) x+y 4lx y) 4la’+l b*+1 & P

X=y < a=b.

1 Lema 7] 1 1 1 1 &1 1 1
- <=z + = <z =
Za2+b2+2 4 ( b2+lj 22a2+1 2 2

a’+1 (a+1)2 (a+1)2 '
2
Egalitatea are loc dac si numaidacsa=b=c=1.
Remarca.
Ifa,b,c,d >0 then
1 2 1
Z 2 |12, A2 S_Z 2"
a“+b°+c°+3 3 (a+1)

Marin Chirciu
Lema.

Ifa,b,c >0 then

1 1 1 N 1 N 1
a?+b?+c?+3 9la’+1 b*+1 c?+1)
Egalitatea are loc dacd si numaidacda=b=c=d =1.
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Problemal6.

Ifa,b,c>0,a+b+c=6 then

4
Z:a +125_1.
b’+1 5

Batbold Egshit, Mathematical Inequalities 2/2024

Solutie.

2 2 2
LHS:Za:—l_lCZS(zaz) +(zl) :(Zazz) +9:t2+9(21)§: RHS’
b?+1 > (b*+1) >a’+3  t+3 5

2
unde (1) < tt +: 25—51 < 5t2 -51t-108>0 < (t—12)(5t+9)20, vezi
+

t=2azz@=6—z=12.

3
Egalitatea are loc dacd si numaidacda=b=c=2.
Remarca.
Ifa,b,c>0,a+b+c=6and 1>0 then

a‘*+21 3(A1+16
zbzmz (1+4 )'

Marin Chirciu
Problemal?.

If X, Y,z >0then

D xy3xF +6y” 2 (x+y+ z)".
Amir Sofi, Kosovo, Mathematcs(College and High School) 2/2024

Solutie.

> xy3x% +6y? = > xy3x? + 3y? + 3y =Zx\/3(x2+y2+y2)C§SZx4[(x+ y+z) =
=Y X(x+y+y)= D x(x+2y)=> (¥ +2xy)=(x+y+2)".

Egalitatea are loc dacd sinumaidacaX=y=12.

Remarca.

In AABC
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Z 2 1
2 \/—r
Marin Chirciu
Solutie.
. . N rr . r
Se cunoaste identitatea in triunghi— +—+—=1.
ra rb rc
r rr
Folosind ZX»\/SXZ +6y° 2(X+ y+ Z)2 pentru(X, y,z)=(—,— —J obtinem:
r-a rb rc

2 2 2
ZL\/{L] +6[LJ 2(L+L+LJ oyl i 32
r, r, r, L ror r, J_r

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal8.
IfX,y,Z>0 then
2x°(y+12
Z% <SX+Y+2Z.
Vedula N.Murty, USA

Solutie.

2 2 2
Z(ZX(LZ)SX+y+Z<:> 2.2 (y+2) <X+y+zZ o

X+Y)(x+2) (x+y)(y+2)(x+2)
= ZZXZ(y+z)2 <> x[[(y+2).
Folosim pgr -Method.
Notdm P =X+ Y +2,q =Xy +YZ+2X,I = XyZ.
AvemZXz(y+Z)2 =29’ -2prsi[ [(y+z)=pa-r.
Inegalitatea 2 x°(y+2)° <> X[ [(y+2) sescrie:2(20” —2pr)< p(pg-r) <
< p°q—4q° +3pr =0, care rezults din p> > 3qsi p° —4pg+9r >0,(Schur).

intr-adevar:

2
L

p’q—4q° +3pr >0 < p’ 4q+3p >0 p° 4pq+3|oq >0 & p’—4pq+9r>0.
q
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Egalitatea are loc daca sinumaidacd X=y=72.

Remarca.
in AABC
1) > r2(r,+1,)° <2(4R+r)Rp?.
Solutie.
FoIosde y ) < X+Yy+zpentru(X,Y,z)=(r,,1,,)obtinem:

(x+y)(x+2)
2Z"—c\z(nﬁrc)2 SZraH(rb+rc) = 22rj(r,0+rc)2 <(4R+Tr)-4Rp? =
Sr2(r, +1.)" <2(4R+1)Rp?.

Egalitatea are Ic daca si numai daca triunghiul este echilateral.

2)> m?(m,+m,)’ <(4R+r)- R2

3)ZW§(Wb+WC)2 <(4R+r)-

O R (R +h) <(4R+r)- 2

Dezvltari, Marin Chirciu

Problemal9.

Ifa,b,c >0 then

a’ _3
S)Z(b+c)325'
MathTime 2/2024
Solutie.
(Zate) ]
LHS = Zb+c 2 gj ¢/ "5t gz =§=RHS

Egalitatea are loc dacd si numai dacda=b=c.
Remarca.

Ifa,b,c>0and A >0 then
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Remarca.

Ifa,b,c>0andA>0,neN then

Solutie.

a’ .3
(b+c)’  (2+1)"

2

a" 3
(b+c)"  (2+1)"

Y

Dezvltari,Marin Chirciu

Pentrun = 0 se obtine egalitatea 3=3.

a

Pentrun =1se obtine z >

3
b+ic A+1

, vezi inegalitatea lui Nesbitt.

Pentru n > 2 se foloseste negalitatea lui Holder.

a n
' Hoer (Z b+ﬂcj

sl

Nesbitt 3
LHS = - — > = -=RHS .
(b+4c) 3 3 (A+1)
Egalitatea are loc dacd si numaidacda=b=c.
Problema20.
IfX,¥,2>0,X+y+2=2 then
> X 2
Xy+2z 8
OLM-2020-Bihor
Solutie.
Lema.
IfX,¥,2>0,X+y+2=2 then
> 2 _o.
Xy + 22
Demonstratie.
X-y _ X—Yy _ X—Yy X—y _
ny+22 ny+(x+ y+12)z Zzz+xy+ yz+zxz(z+x)(z+y)

U2 (x=y)(x+y) XX -YY)

0.

[1(y+2)

- Ty+2)
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X tema] x+y 1 X+Yy X+y
Z Y __Z __Z 2

Xy +22 2 xy+2z xy+(x+y+z z +xy+yz+zx

2

Am folosit mai sus: Za=Z(X+ y) = ZZX =2-2=4.

1 xty _1ga_12ass13bc 161501 9 _
% 53 i iva

19 139

z+x)(z+y) bc 2 abc 2 abc 2 2 4 8
. . N 2
Egalitatea are loc dacd sinumaidacia=b=c=2< x=y=2= §

Remarca.

IfX,y¥,Z,A>0,X+Yy+2=A1 then

> X .9
Xy+Az 44

Marin Chirciu
Problema21.

Ifa,b,c >0 then

2
a b
2z
b a
Titu Andreescu, USA, Mathematical Reflections

Solutie.

2 2 AM-GM 2
CHLS a2 EPLY
b®  c? b c

Se scriu si celelalte doua inegalitati analoage si se aduna.
Egalitatea are loc dacd si numaidacda=b=c.
Remarca.

Ifa,b,c>0and A >0 then

(/1"'1)2 2—2 ﬂz_'
Marin Chirciu

Problema22.

Ifa,b,c >0 then

\Y4
N w

b? +c? —a?
Z a(b+c)
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Darij Grinberg, Mathematical Inequalities

Solutie.
2 . i (b+c)’
b* +c? b®+c a~ a
S =2 o) a(b+c) _za(b+c)_za(b+c)Zza(b2+c)_zb+c:
b+c Flgb+c_ 1 1) 1(a b)) 1(a b
e T ¥ (2 (e
=Zz(%+ )AMZGM% 6:g=RHS.
Egalitatea are loc dacd si numaidacda=b=c.
Remarca.
Ifa,b,c>0and0< A <2 then
2, .2 2
Zt’;(z—;c’;azg(bﬂ).
Remarca.
In AABC
Z CosA _ 3
a’(b+c) 4abc’
Dezvoltari,Marin Chirciu
Solutie.
Folosind teorema cosinusului COS A= bZJrZC—bZC—aZ obtinem:

b? +c? —a?
COsA 2bc  _ybtct-a’ 3
Zaz(b+c)_Z a’(b+c) _ZZazbc(b+c)_4abc'

Egalitatea are loc dacd si numaidacda=b=c.

Problema23.

IfX,y¥,2>0,X+Yy+X=6 then

Z«/x2+x+423\/1_0.

Dinh Hieu, Vietnam,THCS 2/2024

Solutie.

46


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2024 www.mateinfo.ro

2X+1 3

Functia T (X)=+X* + X+ 4 este convex3, vezi f'(X) = —————, f"(X) = >0.
b= RPN rorrew S TG

LHS =S} x+4 = 3f (M) 3f(6j 3f (2)=3V10 = RHS..

3

Egalitatea are loc dacd sinumaidacdx=y=2=2.
Remarca.

IfX,y,2>0,X+Yy+X=1then

SN +x+424.

Remarca.
In AABC
2
>, [Lj LY
ra ra
Solutie.

. . N rrr
Se cunoaste identitatea in triunghi—+—+—=1.
Lo

a C

2
r rr r

Folosind z\/X +X+4>4 pentru X Y, Z) (— — —Jobtlnem Z [ ] +—+4 >4,
r, L r r, I

a

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

2
z il iasa,
ha ha
Remarca.
1
IfX,y,2>0,x+ y+x=1andizz then
S +x+2200+4,

Remarca.

IfX,y,z>0,x+ y+X=1andOSﬂ.£% then
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S+ x+2<J0i+4.

Dezvltari,Marin Chirciu
Problema24.

IfX,y,2>0,X+y+X=6 then

> 3xt+2yz <332,

Nikolaos Kallos, Greece, MathTime 2/2024

Solutie.

Notéand(a,b,c) = (i’/x2 +2yz,%/y2 +22x,$/z2 +2xy)ob'ginem

&’ +b° 00 = X2+ Y2+ 22+ 2xy + 2yz + 22 = (x+ y+2) =67 = 36.

3
36=a’+b+C’ ngr(z—a):(Zaf <36-9= Y a<3i12.

32

Egalitatea are loc dacd sinumaidacia=b=c=312 < x= y=2=2.
Remarca.

IfX,y¥,Z2>0,Xx+Yy+X=1 then

2
st_'_—zyzgl_
\J 9

Remarca.
Problema se poate dezvolta.

In AABC

Solutie.

Lema.

r r r
Se cunoaste identitatea in triunghi— +—+—=1.
r, r o

a C

2
X +2yz rrr
Folosind 23 X +eyr <1 pentru(X, Y, Z) = (—,—,—J obtinem:
9 rLnr
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Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

Remarca.

IfX,y,2>0,X+y+Xx=1andneN,n>2 then

ZQ/XZ +2yz <Y3.

Dezvltari,Marin Chirciu

Solutie.

Notémd(a,b,c):(Q/x2 +2yz,2/y2 +22x,Q/z2 +2xy)ob'ginem
a"+b"+c" =X +y* +2° +2xy + 2yz + 22x = (X + y+z)2 =17 =1.
1=a"+b"+c" ngr@ :(Za)n <=y a<iEt,

3n—1

3

1
Egalitatea are loc dacd si numaidacda=b=c= S X=Yy=17= §

Problema25.
IfX,y>0,X+Yy=>3then
3 3
(y+1)" (x+1)° 25

Nguyen Nghi, Vietnam,MathTime 2/2024

Solutie.

3 3 adon 3 3
so X Y R (x#y) € 92

>—=RHS,
(y+1)2 (x+1)2 (x+1+y+1)2 (t+2)2 25
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27
(tr2) 25
t=x+y=>3.

unde (1) <

S & 25° - 27t* ~108t —108 > 0 <> (1 —3)(25t7 +48t+36) >0, vezi

Egalitatea are loc daca si numaidacaXx=Yy =—

Remarca.
Problema se poate dezvolta.
IfX,y>0,X+Yy=>3and A >0then

3

X, y® .2
(y+}b)2 (x+i)2_(2/1+3)2'
Remarca.

IfX,y>0,X+Yy>3and A >0then

x* y* 81
3+ 3 2 3°
(y+4) (x+4) (22+3)

Dezvltari,Marin Chirciu

Problema26.
In acute AABC
1 1
sz +c?-a’ - 2Rr
MathTime 2/2024
Solutie.

2

b2+c —a®

Y- s (X)) apr  apt
( c—a) Zaz(b2+cz—az) 2> b’ ->a* 16F?

2 uler
4p 1 e g

C16p’r?  4r?  2Rr’

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In acute AABC

1 1
E 2 .
2. c2_a2  4r?

b+c —a

IneMath
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Problema27.
In AABC
> I;a >2./3.
MathTime 2/2024
Solutie.
Lema.
In AABC
I, = 4Rsiné.
2
I 4Rsin'§ sinE ) , sin?singsing
Zf:ZT:‘lRZ a =12R abc -
r
=12R3£=12Ri/TzMim>_"m12 R,|— =23,
4Rrp 16R“p 8R3(\/§)
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC
I 2r 3
2 b +ac = \/é(ﬁj '
Marin Chirciu
Problema28.
If X, Y,z >0then
szJlryz : X;i/y;rz '
THCS 2/2024
Solutie.
Lema.

If X, y,Z > 0then
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Demonstratie.

1 Av-GMm 1 1 /1 1amem 1 1(1 1 1(1 1 .
> £ —=——— £ —+—| —+—|=—| —+—|, cu egalitate pentru
X°+Yyz 2\x%yz  2x\y z 2x 2\y z) 4x\y z
5 11
X“=YyZsi—=— <S> X=y=1Z.
y ¢
Folosind Lema obtinem:
1 1(1 -2 12X X+y+z
D I ) S D
X°+yz 4x\y z) 4<yz 2 xyz 2Xyz
Egalitatea are loc daca sinumaidaca X=y=12.
Remarca.
In AABC
Yoho<l
r’+rr. 2r
Solutie.
. . N rorr
Se cunoaste identitatea in triunghi— + —+—=1.
ra rb rc
1 X+y+2 rrr
Folosind Z 5 < y pentru(X, y,z)= —,—,— | obtinem
X°+yz 2Xyz rLnr
r r r
1 P 1 1 1
LA Bl Jrar e DI et
ry,rr o rr reoro,r rZ+er - 2r
_ - 5
r, L I Lh L r, fyle I

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

Dezvltari,Marin Chirciu

Problema29.
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IfX,y,2>0,Xxyz=1then

2 2

Yy
z

+3.

X
Z(x4+y3+z)zz
Problem 2/2, Upper School 2/2024

Solutie.

2 2 2 2
Avemzxz_;y2 22xy(x Y ):ZXy(X ty )=ny(x2+y2).

Xyz 1

Inegalitatea se scrie:

ZX4 +Z:X3 +ZX > Z)Q/(xz + y2)+3, care rezulta din inegalitatea lui Schur:

D X" (x=y)(x—2)=0,pentruXx,y,z>0sir >0.

D X +3xyz = > xy(x+Y), pentrur =Lipunxyz =1=> > x> > > xy(x+y)-3.
DXt xyz(x+y+z)= ny(x2 + yz), pentrur =2; punxyz =1=

> xt ZZ:xy(x2 + yz)—Zx.

Pentru demonstrarea inegalitatii ZX4 + Z X3 + z X= Z Xy(X2 + y2 ) + 3, folosind inegalitatea lui

Schur este suficient sa aratam ca:
ny(x2+y2)—2x+2xy(x+ y)—3+2x22xy(x2+y2)+3 =N
= 2xy(x+ y) > 6, vezi inegalitatea mediilor si xyz =1.

Egalitatea are loc dacd si numaidacax=y=2z=1.

Remarca.
Problema se poate dezvolta.

IfX,y,2>0,xyz=1and A > 0then

2 2
Z(x4+ly3+z)2zx ery +31.

Marin Chirciu
Problema30.

$.2418.1f X > 0 then in AABC holds:
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D.M.Batinetu-Giurgiu, Romania, RMM-42, Autumn-2024

Solutie
Lema
Ifa,b,c,t >0
2 3 2.2
H(a +t)zz(a+b+c) t
Hojoo Lee Inequality
mx+2 mx+2 mx+2

Folosind Lema pentru(a,b,c,t) = a =, b = & —,1 | obtinem:

(mR+mr)" (mR+m,r) (mR+mr)

x+2 2 L X+2 2 X+2 2
ema3 m ) 3 m m Holder
LHS =] ||| ——"— | *1| 2 ~| 2 —— | =~ =
H[( m, R+m r) } i } 4[Z(mbR+mcr)xJ 4[2 a(mbR+mCr)Xj
242 2 2\t 2 2\** 2
HoIZder§ Z m; =§ Z (ma) Ra§0n§ (Zma) _
4 (mambR+mamcr)X 4 (ma\mbR_'_mamcr)X 4 Z(mambR"'mamcr)x
N 2 )2 2 2
_ 3 (z ma) sgs 3 (Z m, c) :E Z:mbmC Sa§a|o§ 3F\3 _
4 (R+T1) (me) A (R+1) (me) 4L (R+r)" ) 4((R+r)
27F? 81F?

3. _ = _ = RHS.
4 (R+r) 4(R+r)

Am folosit mai sus inegalitatea lui Santalo Zmbmc 2 3F«/§.

S.2419. If X > O then in AABC holds:

D.M.Batinetu-Giurgiu, Romania
Remarca.
Problema se poate dezvolta.

If X >0and A > 0then in AABC holds:

In AABC
H ma2>(+4 2+/1 81/12F2
(m,R+m,r)” C4(R+r)”

v
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Marin Chirciu
Problema31l.
0.X.385. Fien € N, n > 2 fixat. Rezolvati in R ecuatia

_2n°+9n®+13n
5 :

Dorel I. Duca, Cluj-Napoca, RMT 1/2024

(1+ 2X)(1+ 2’*)+(2+3X)(2+3’X)+...+(n+(n +1)X)(n+(n +1)_X)

Solutie.
Lema.

IfXxeRandneN,n>2then

2n® +9n +13n

(1+2")(1+ 2‘X)+(2+3X)(2+3‘X)+...+(n+(n +1)X)(n+(n +1)7X) >

6
Demonstratie.
Folosind inegalitatea mediilor obtinem:
k=n k=n
(e (k)" (ko ) ™) = Sk (ko 2) o (k+2) ) +2) =
k=1 k=1
2 X = ST < 2 2n°+9n° +13n _
= (k +k-2\/(k+1) (k+1) +1)= (k +2k+1): (k+1) = 5 , cu egalitate
k=1 k=1 k=1

pentru(k +1)X =(k +1)_X < x=0

Folosind Lema rezult3 ca ecuatia admite solutia unicax =0.
Remarca.

Fie n € N fixat. Rezolvati in R ecuatia:

_4n’+6n° +2n

(1+3)(1+87)+(3+5)(3+5™)+...+(2n-1+(2n+1)") (2n -1+ (2n+1)” .
S

olutie.

(1+3X)(1+3’X)+(3+5X)(3+5’X)+...+(2n—l+(2n +1)X)(2n—1+(2n +1)_x)2 4n°+6n°+2n

3
Ecuatia admite solutia unicd X =0.
Remarca.
Fie n € N fixat. Rezolvati in R ecuatia:
‘ x\  4n*+12n* +11n
244 ) 2+47)+(4+6")(2+47 )+...+|2n+(2n+2) |[2n+(2n+2) " )=
(+)(+ )+(+)(+ )++(n+(n+))(n+(n+)) 3

Dezvltari,Marin Chirciu
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Solutie.

4n® +12n° +11n
3

(2+4°)(2+47)+(4+6")(2+4 )+t (2n+(2n+2) ) (2n+(2n+2) ) >

Ecuatia admite solutia unica X =0.

Problema32.
Calculate
tan 50" —tan 40°
tan10° '
Elton Papanikola, MathOlymp 2/2024
Solutie.

2tan’5’ _
—————obtinem:

Folosind tan50° = tan(45° +5°),tan 40" = tan(45° —5°),tan10° =T
—Tlan

1+tan5 1-tan%
tan50 ~tan40" _1-tan5 I1+tan5 _,

tan10° 2tan5’
1-tan®5
Remarca.
Calculate
1) tan 46° —tan 44°
tan2’ '
Solutie.

1+tanl 1-tanl

tand6 —tandd’ j_tanl" 1+tanl _,
tan2° 2tanT’

1-tan’1

tan47° —tan 43’

2)
tan4°

Solutie.

1+tan2° 1-tan2?’

tan47 —tan43 1 tan2 1+tan2 _,
tan 4° 2tan 2’

1-tan®2°

3) tan140° —tan130°
tan10° '
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Solutie.

-1+tan5 -1-tan%’
tan140° —tan130° _ 1+tan’° B 1—tan5’

=2.
tan10° 2tans’
1-tan’5
2) tan70° —tan 20°
tan 50° '
Dezvltari,Marin Chirciu
Solutie.

1+tan25 1-tan25

tan70' ~tan20° 1 tan25 1+tan25 _,
tan50° 2tan 25°

1-tan?25°

Problema33.

Ifa,b,c >0 then

D ayb?+c? 2J§(ab+bc+ca).

Daniel Sitaru, RMM1/2024

Solutie

LHS = > avb’® +¢’ CZSZa«/@ :%Za(b+c):%-22bc:
:\/E(ab+bc+ca): RHS .

Egalitatea are loc dacd si numaidacda=b=c.
Remarca.

Ifa,b,c >0 then

> (b+c)Vb?+c? > 2\/§(ab+bc+ca).

Marin Chirciu

Problema34.

Ifa,b,c>0,a’b? +b%?® +c’a® =9abc then

Arhimede Mathematical Journal, 2014
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Solutie.

Lema.

Functia f :(0,00)—)R, f (x):

este convexa.

1
IYx+1

bc ca ab
Avem a’b? +b%c? +c%a® =9abc < _+F+_:9'
a C

Folosind inegalitatea lui Jensen obtinem:

be  ca ab
f(@ +f(9 +f(a—bj23f a b c zsf[gjzsf(s)zssl.
a b C 3 3 4

Egalitatea are loc dacd si numaidacda=b=c=3.

Remarca.
ab
Ifa,b,C>O,E+E+—:QandZZOthen
a C
Z 3 M >3
Aa+bc
Marin Chirciu
Solutie.
Lema.
. . 1 .
Let A > Ofixed. Functia f : (0, oo) >R, f (X) = ﬂ este convexa.
X+

Problema35.

IfX,¥,Z € Rthen

8) X —4> x+324) xy.
Neculai Stanciu, RMM 1/2024

Solutie.
8) X —4Y x+324) xy < 2> (x—y) + > (2x-1)" >0.

Egalitatea are loc daca sinumaidacaXx=y =2 =

N |-

Remarca.

IfX,¥,Z€ Rand A,n>0then
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(22+4n)D> x> —4n> x+3n=22> xy.
Marin Chirciu
Problema3é.

J.2356.1f X, y,2>0,m,n>0,m+n =1then in AABC

X7 e (VR

y+z)h! 2"
D.M.Batinetu-Giurgiu, Sorina Tudor, Romania
Solutie

Lema

IfX,y,z>0,Iln AABC

1
* L 3[4E
y+z  2\3)

Demonstratie

Ifx,y,z>0,0<n<1

Crux Math.12/1986,M.S.Klamkin, Canada

1
2
Pentrun—1:>Z— a2§ E .
4 2\\3

y+12

1

X-a
-y __

(y+2)-(2F)

m+n

x-a™ x-a™-a"
LHS = = =
Z Z Z y+Z a

(y+2z)h] (y+z)-a'h]

(ah,)"

1
L ¢ x 9 1 .§(£j2:427(ﬁ)1_2":RHs.

C(2F)“y+z o (2F) 2\WB) 2
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

IfX,y,Z>0,0<n<1thenin AABC

x-a _3(8FY
0" s Z I
Z(y+z)h§ _2( 3 j '
Marin Chirciu
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Problema37.
In AABC
Marian Ursarescu, Olympic Mathematical Energy,lasi 2018
Solution.
Lemma.
In AABC

Euler Euler
Using Lemma we getz A:II-Z :r—lz(l—#j > 4_::2 > %

Equality occurs if and only the triangle is equilateral.

Remark.
In AABC
1 2R—r
—X .
Al? 4r3
Solution.

, 1 1 r \Buer2R—r
Using Lemma we get2—2=—2 1-— | < -
Al r 2R 4r
Equality occurs if and only the triangle is equilateral.
Remark.

In AABC

Inequality on the right.

Using Lemma we getzi— L (1— r }EierZR_r
AIZ 2" 2R) T 4t

Equality occurs if and only the triangle is equilateral.

Inequality from the left.
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l r Euler 3 Euler 3
Using Lemma we getZAIZ :F(l_ﬁj > P > F

Equality occurs if and only the triangle is equilateral.
Remark.

In AABC

3 <> L 32.
2Rr BI-Cl 4r
Dezvltari,Marin Chirciu
Solution.

3r . B. C 3
Usi —X< SIn—sin— < — t:
sing >R Z > 5 4wege

3 1
= < < .
2Rr Z BI-Cl ~ 4r?

Equality occurs if and only the triangle is equilateral.

Lemma.
In AABC
<sin —SI E < §
2R 2 4
Proof.

Inequality on the right.

. B. C 3
sin—sin—<—.
2 2 4

Mathematical Gazette 1939, J.M.Child

2
1(3 3
Sln—SIn—< SIn S—|—=| =—.
Z (Z j (2] 4
Equality occurs if and only the triangle is equilateral.

Inequality from the left.

B C_3r
Zsm—sm— >
2 2 2R’
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AM -GM Euler 3r
Zsm—sm— > 33 Hsm ——3 4R

Equality occurs if and only the triangle is equilateral.

Problema38.
Q96. Prove that the equation xX* + y4 +z* = 2u? has infinite solutions in positive integers .

Florin Rotaru, Focsani, Romania, Sclipirea Mintii Nr32/2023

Solution

The infinite set {(X, y,Z, u) = (O, 2n, 2n, 4n2)/ ne N} is a solution to the equation X* + y4 +724 =20%.
Remark.

1)Prove that the equation x* + y4 = 2u%has infinite solutions in positive integers .

Solution

The infinite set{(x, y,u)=(2n,2n,4n’)/ne N} is a solution to the equation X* + y* = 2u?.

2)Prove that the equation X + y4 +z* =3u?has infinite solutions in positive integers .

Solution

The infinite set {(X, y,z,u) = (2n, 2n, 2n, 4n2)/ ne N} is a solution to the equation X* +y* +z* =3u®.

3)Prove that the equation )(14 + X: +..+ X,f = (k —1)u2 has infinite solutions in positive integers
Dezvltari,Marin Chirciu, Pitesti, Romania

Solution

The infinite set {(Xl, Xpeier Xy, U) = (0, 2n,2n,...,2n, 4n2)/ ne N} is a solution to the equation

X 4%+t x =(k-1)u?

Problema3s.

V.2024. Aratati cd numéarul 2024" se poate scrie ca suma de cinci patrate perfecte nenule distincte,
oricare ar fi numarul natural nenul n.

Mihai Marinca Chirciu, elev Bucuresti, MathlJournal 1/2024

Solutie
Avem 2024 =17 + 2% +5° + 25° + 37751 2024% =17 + 2° + 3* + 229* + 2011°.

n continuare distingem cazurile Nimpar si N par.
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Daca N este impar atuncin =2k +1, k numér natural.

20247 = 2024% - 2024 = 2024% -(1* +2° +5° + 25" +.37° ) =

=2024% (1" +2° +5° + 25" +37°) =

=(2024* 1) +(2024 -2 +(2024" -5 + (2024 -25)" + (2024 -37) =
=a’+b*+c*+d*+e%

Daca N este par nenul atuncin = 2K + 2, K numar natural.

20247% = 20247 - 20247 = 20247 (1 + 2° + 3 + 2297 + 2011° ) =

= (2024* 1) +(2024*-2)" + (2024 -3)" +(2024" -229)’ +(2024*-2011) =
=X+ Y+ 27+ + V.

Problema39.

S646. |fa,b,c>O,ab+bc+ca=2(a+b+c)then

a b c 3
S+ >—,
b°+4 c¢c“°+4 a“+4 4

Nguyen Viet Hung, Vietnam, Mathematical Reflections 6/2023
Solution
Lema.

Ifa,b,c >0 then

bzi42%(4a—ab).
Wehavebzi‘l=%(1—b2bi4JAM§M%(1 2;) %(1—%) 116(4a ab), equally forb = 2.
Using Lema we get:
LHS = Zb2+4Le_ma216 4a—ab)= (4Za > ab) ab:2 al(4Za 2y a)=
=;Za(>l)% 6—%=RHS,

where (1) & Za26, seeZ:ab=ZZ:aand(Z:a)2 23Zab :>Za26.

Equality occursifand onlyifa=b=c=2.
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Remark.

Ifa,b,c,4>0,ab+bc+ca=A(a+b+c)then

a b c 3
2 7T 3 7T 3 2 Z .
b*+A° Cc°+A° a“+A° 21
Marin Chirciu
Solution.
Lema.

Ifa,b,c, A > 0then

a 1
mzﬁ(zxa—ab).

Problema40.
S631. Find all positive integers Nfor which
(n—1)k+(n+1)° =(n* —41)(n’ +49).
Adrian Andreescu, Dallas, USA, Mathematical Reflections, Nr.5/2023

Solution.

We have: N=7 for which (n—1)k+(n+1)" = (n? —41)(n” +49) see 61+8° = (49— 41)(49+49) <
784=784.

We prove by mathematical induction that:
(n—1)!>(n* - 41)(n’ +49) - (n+1)’ forn>7.
We deduce that N =7 is the only solution of the problem.

Remark.

Find all positive integers Nfor which
nkn’ =(n? - 23)(n” - 24).

Marin Chirciu

Solution.

We have: N =6 for whichn+n? = (n2 —23)(n2 —24),

see 64+ 6° =(36—23)(36—24) < 156=156.
We prove by mathematical induction that:

nt-n? > (n2 —23)(n2 —24),forn >6.
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We deduce that N = 6is the only solution of the problem.
Problema41l.
U635. Evaluate

j-sin xsin nx

2X_1dx.

0 cos

Vasile Lupulescu, Universitatea Targu-Jiu, Romania, Mathematical Reflections,4/2023

Solution.
oL 5 sin t+1 sinm t+1 3 sintcosl+sinlcost cos mit
mnxmnnx 2 2 2 2 2
j ST = j dt:j dt =
2 COoS bt cost el cost
2 2
1. 1 1 .1 1
2 sintcos = cos rtt 2 Sin = cost cos rtt 12 1smnt
:j m+j 2 m:0+§n—jammm—mn— =
% cost % cost 2° 2 m |2
2 2 2
Tfodd:O
ﬁnﬁ—ww:ﬁ
.1 2 2 .12 2.
=sin—- =sin=-—=-=sin=
2 T 2T T
Remark.
Evaluate
”25H1xsh12nxdx
4x -1 '
0 CoS
Solution.
Y2 sin xsin 2mx 1.1
dez—mnz.
0 cos T
Remark.
Evaluate
1/n
sn1xsn1nnx .
.[ eN .
! 2nx 1
2n

Dezvoltari,Marin Chirciu
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Solution .
sm Xsin nnx 2 .1
J- =—SIn—.
! 2nx 1 nm n
2n
Problema42.
S615. In AABC
2 2 2 2 b2 2
a~ b® c (a +b +C ) 2r
—_—t -t
bc ca ab ab+bc+ca R
Titu Zvonaru, Romania, Mathematical Reflections, Nr.1/2023
Solution .

a3+b3+c3>4(a2+b2+c2)_£
abc  ab+bc+ca R’

Wee have

Usinga® +b% +¢° :2p(p2—3r2—6Rr),a2+b2+c2 :2(p2—r2—4Rr),
ab+bc+ca= p?+r°+4Rr and abc = 4Rrp, the inequality is written:

2p(p?-3r>—6Rr) 8(p°-r*—4Rr 2_3p2_ 8(p®—r°—4Rr
p(p ). (g 2 ) 2r _ pP-3r-6Rr 2r (F: 2 )
4Rrp p +r°+4Rr R 2Rr R pc+r°+4Rr

2 g2 2_r?_4R
o Pr 6Rr>8(p r r)

< phe p2(2r2 —18Rr)+ r2(40R2 +14Rr + r2) >0,(%).

2Rr PP+ r?+4Rr
Lemma
In AABC
p*>2p°r(10R—r)—r*(4R+r)(16R+r).
Problema43.

U615. Evaluate

- cos(sin(cosx))-1

p 2
X—— T
X——

( ZJ

Mircea Becheanu, Canada, Mathematical Reflections1/2023

N

Solution

Answer:lim=—.
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0
The indeterminancy is of form 6 and we use |-Hospital-s rule.

Problema44.
In AABC
> cos? gsec% < 2—%(? +1j :
Marian Ursdrescu
Solutie.
Lema(VASC)

If X, Y,z >0then
3(X°y+yz+2°x) < (X +y? +22)2.

GM 7-8/1992, Vasile Cartoaje

A ) A AR+1Y’
A cos
A1 ZCOS ZcoszLema(z 2) ( R j i

A C
Ms =>cos’ —sec— =) cos’ < -
2 2 7 coscz: Hcos— 3Hcos— 3. P

4R
2
:(4R+r) n o1 (ﬁﬂ) Md

3Rp 2[

unde (1) (4R+r) 1 (4R

—+1| < 3Rp=> 2«/§r AR +r), care rezultd din inegalitatea lui
3Rp 2J_ j P ( )

Mitrinovic p > 3.3r.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC

,A_C_p(R .Y

1 sec’ —C0S— < ——| —+2 | .
2 22 12R( j
_,A _C 3(RY

2)Y sin=csc—<=| — | .
2 27772 2(2r)

LA . C °
3 csc? —SI —<6| —
)Z 2 (er
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Dezvltari,Marin Chirciu
Problema45.

J.472.1fa,b, ¢ > 0 such thatab +bc+ca =1then

ab? +1+byc2 +1+cya2+1>2.
An Zhenping, China, Mathematical Reflections, Nr1.2019
Solutie.

Folosind numere complexe obtinem:

Ms=Za\/b2+1:Za|b+i|=Z|ab+ai|2|ab+bc+ca+(a+b+c)i|:

:\/(ab+bc+ca)2 +(a+b+c)2 2\/(ab+bc+ca)2 +3(ab+bc+ca) =J1+3=2=Md.

Egalitatea are loc dacd si numaidacda=b=c=

-

Remarca

1)Ifa,b,c > 0suchthatab+bc+ca=21and A > 0then

a2+ A +bcP + A +cai+ A4 >J1+31.
2)Ifa,b,c,d > Osuch thatab+bc+cd +da =1then
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avb? +1+byc? +1+cVd? +1+da? +1> 5.

3)Ifa,b,c,d > Osuch thatab+bc+cd +da =1then

ab? +2 +byc? +2 +cyd? +2 +da’ +2 > 3.

4)Ifa,b,c,d > Osuch thatab+bc+cd +da=21and A > 0then

avb? + AL +bVct + A +cd2+ A +dai+ A >1+44 .
Dezvltari,Marin Chirciu
Problema4é.

MH-83. Let a,b, c, d be the lengths the sides of a quadrilateral. Prove that

Z b+c+d-a o4
\/ a

Dorin Marghidanu, Arhimede Mathematical Journal, Vol.7,No.2, Autumn 2020
Solutie.
Lema.

Let a,b,c,d be the lengths the sides of a quadrilateral. Prove that
b+c+d-a S 2\/§(b+c+d —a)
\ a ~ a+b+c+d

Cu inegalitatea mediilor(GM-HM) obtinem:

Demonstratie.

2> =
a a L1 a+b+c+d

b+c+d—-a 2

_ _ 22 _
M=2<:>b+c+d=3a,deunderezulté b+c+d a2 \/_(b+c+d a).
a \/ a a+b+c+d

Ms:z b+c;d—a ZZ2\/§(b+c+d—a)

a+b+c+d
Egalitatea are loc daca si numai daca patrulaterul este patrat.

, Cu egalitate pentru

\/b+c+d—a. 2 _4(b+c+d-a)

=42 >4=Md

Remarca.

1)Let a,b,c,d,ebe the lengths the sides of a pentagon. Prove that

Z\/b+c+d +e—a 63

a
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2)Let a,b,c,d,ebe the lengths the sides of a pentagon. Prove that

Z:\/b+c+d +e-2a 43

a

3)Let a,b,c,d,e, f be the lengths the sides of a hexagon. Prove that

z\/b+c+d +e+f-a -8y,

a

4)Let a,a,,...,a, be the lengths the sides of a polygon. Prove that

Q.43 =8 o,
Z\/ : >(2n-4)4/2.

Dezvltari,Marin Chirciu

Problema4?.

Determinate

x+tan smx
—j dx.

2+cosx

Florica Anastase, RMM-25, 2021
Solutie.

b b
Folosindj f (X)dX :j f (a+b—x)dx obtinem:

a

x+tan sin x) ¢ 2m— x+tan (sin(2n - X)) £ 21— X+ tan (sin (—x))
o- [ iy oc- |
: 2+cosx 2+cos(2m—X) 2+cos(—x)
_ % 2m—x—tan(sin X)dx.
0 2+COS X
2n v H

Adunand Q = .[Md X si Q2 I 2m—X—tan (Sm X)dX obtinem:

2+COos X 0 2+Cos X

2n H v H 2n 2
Q+Q = I X+ tan (Sm X) + 2n—x—tan (Sm X) dx = J. 2m dx = 2m , care rezult3 din:
2+C0S X 3

2 +C0S X 2 +COS X
t=tan> Zidt
Izj dx P14t j 2dt 2 arctan—L .
2+C0S X 2+1_t t?+3 \/_ 3
1+t2
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2n 2
j 2+2(:T([)sx X:%(g_oj:%'
0
Problema48.
Evaluate the indefinite integral:
)

5 dx.
(x“ +5x2 +4)arctan(x+xj

Yen Tung Chung, THCS 4/2021

Solutie.

2
Cu substitutia X+ — =t obtinem:
X

1 2
2 _ T2
1= X 2 ~ix=] " o= [
(X4 '|‘5X2 +4)arCtan (X'i‘) |:(X+2j +1:| arctan (X'FZJ (t +1) arctant
X X X
:jd—uzln|u|+C .
u
. x? =2 2
In final deducem cé.[ 5 dx =Inlarctan| x+— ||+C .
(x“ +5x%2 +4)arctan (x+j X
X
Remarca.
Let A > Ofixed. Evaluate the indefinite integral:
2 —
X2 dx, x €(0,0).
(x“ +(2A+1)x? +k2)arctan(x+j
X
Marin Chirciu
Problema49.
1 1
If A= find A", neN.
2 4
Anh Tran, Matematika 4/2021
Solutie.

1 -1y (-1 -1) (2 O
Avem A= = + =B+2l,.
2 4 2 2 0 2
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Folosind formula binomului lui Newton obtinemm:

A" =(B+2l,)" =C°B"(21,)’ +C!B"*(21,) +C?B"?(2l,)" +..+CB°(21,)" =
=B(1+2C} +2°C +..4+2"'C[ )+ 2°Cll, = B((1+2)” —2")+2“|2 -

=B(3n—2n)+2n|2=[ 2n+1_3n on _gn ]

2.3n_2n+1 2'3n_2n

. 2n+1_ n 2n_ n
in final A" = 3 . 3 ,neN.
2.3"-2" 2.3"-2"

Remarca.
a-1 -1 |
IfA= find A", neN.
2 a+?2
Marin Chirciu
Solutie.

o[ 2a"-(a+1)"  a"—(a+l)
A' = . ] ,neN.
2(a+1) —2a" 2(a+1) -a"

Problema50.
Solve in real numbers

ax+by=5
ax’+by’ =9
ax®+by* =17
ax* +by* =33

SSMA, 5/2018
Solutie.
Se impune conditia xy(x— y) #0.

Din primele doua ecuatii, cu regula lui Cramer obtinem:

:

2
Avema = d y = 5y—9 .
x y|l x(y-x)

X2 y2

Din cele doua ecuatii de la mijloc, cu regula lui Cramer obtinem:
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‘9 ,

Y y)|_ 9y-17 .
XZ yz xz(y—x)
X3 y3

Din ultimele doua ecuatii, cu regula lui Cramer obtinem:

17 y°

o138 y'| 17y-33
X3 ys N ( y— X) :
X4 y4

Rezulta

{5xy=9(x+y)—17 @{X:Z _{x:l

SI .

9xy =17(x+y)—-33 y=1"|y=2
Tn final obtinem:

Solutie. (a,b,x,y)€{(2.12.1),(121,2)}.

Remarca.

1)Let A € R fixed. Solve in real numbers

ax+hby=21+1
ax® +by? = (L +1) +2°
ax +hy* = (h+1)" +2*
ax* +by* = (L +1) +1°

Solutie. (8,b,X,y) € {(A+LAA+LA), (A A+LAA+1)}.

2)Let A € R fixed. Solve in real numbers

ax+by=2r+1
ax® +by’ =40 +1
ax®+by’ =8L+1 "
ax* +by* =16A +1

Solutie. (a,b,x,y)e{(LA,12),(1,12,1)}.

3)Let A € R fixed. Solve in real numbers
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ax+by=2r+1
ax’ +by? =(n +1)2 +A2
(h+1) 423
(A +1)4 +21

ax® +by® =

ax* +by* =

Solutie. (a,b,%,y) € {(LLA,A+1),(LLA+LL)}.
4)Let A € R fixed. Solve in real numbers

ax+by=(7»+1)2 +A°
ax® +by? = (L +1) +2°
ax’ +by® =(A +1)4 At
ax* +by* =(n +1)5 +2°

Dezvltari,Marin Chirciu
Solutie. (8,b,X,y) € {(L, A+LA,A+1),(A+LA,A+LA)} .
Problema51.

n

Let N be a positive integer. Prove that if Nis a multiple of 3, then(X 2 —1) 1

is divisible by X* — X% +1.

Kunihiko Chikaya, Enjoy Solving Mathematics 3/2021

Solutie.(Marcel Tena).

Fier o radacind a polinomului g = X*—X?+1.
Dinr* —r?+1=0o0btinemr®+1=0,r>=1,r’-1=r*.
Punandn=3ksi f =(X?-1)" ~Lrezults f (r)=(r?-1)" ~1=(r*)" ~1=r? -1=1-1=0.
Deducem ca polinomul f este divizibil cu polinomul g, in inelul poIinoameIorZ[X ]
Remarca.
1)Let N be a positive integer. Prove that if Nis a multiple of 3, then()(4 —1)n -1
is divisible by X® —X* +1.
Solutie.

Fier o radicind a polinomului g = X®—X*+1.
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Dinr® —r*+1=0obtinemr?+1=0,r* =1,r* -1=r%.

3k

Punandn=3ksi f =(X*~1)" ~Lrezults f (r)=(r*~1)" -1=(r*)" ~1=r*-1=1-1=0.
Deducem ca polinomul f este divizibil cu polinomul g, in inelul poIinoameIorZ[X ]

n

2)Let N be a positive integer. Prove that if Nis a multiple of 3, then(X3 —1) 1
is divisible by X°®— X3 +1.
Solutie.
Fier oradicin a polinomului g = X°®—X3+1.
Dinr® —r®+1=0obtinemr®+1=0,r*=1,r®-1=r°.
R . 3 3k . 3 3k 6 3k 18
Punandn=3ksi f =(X*-1)" ~Lrezults f (r)=(r’-1)" -1=(r*)" -1=r"-1=1-1=0.

Deducem ca polinomul f este divizibil cu polinomul g, in inelul poIinoameIorZ[X ]

3)Let mandn be a positive integers. Prove that if Nis a multiple of 3, then(X m —1)n -1

is divisible by X" —X™ +1.
Dezvltari,Marin Chirciu

Solutie.
Fier o radacind a polinomului g = X" —X™ +1.
Dinr*™ —r™ +1=0obtinemr® +1=0,r®" =1,r" —-1=r?".

Punandn=3ksi f =(X" ~1)" ~Lrezutts f (r)=(r"-1)" —1=(r*")" ~1=r"-1=1-1=0.

Deducem ca polinomul f este divizibil cu polinomul g, in inelul poIinoameIorZ[X].

Problema52.
Find
l+i+i+ +i
oziin 2 4
N—s00 3f 2 )
n
Vasile Mircea Popa, Romania,RMM11/2020
Solutie.
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1+i+i+ + 1 1+i+i+ +i
Q=Ilim 2 B %:Ilm— 233 %zliml §/:+§/:+ +§/: =
n—oo \/n_Z n~>oon i n—>oon n
In
1
n n 1 1 % 3
:||m123ﬂ—||m12izjidxz'[x?dx:x_ ==
n—>oonk:1 n—mnk:lsk OSX ! g )
n 30
1+i+i+ +i
3 3 o3
Deducem ca Q =1lim \/E 3 n =§.
N 3n? 2
Remarca.
Find
1+i+i+ + !
p s
Q=Ilim 2 3B ‘/ﬁ,peN,pzz.
n—o pnp—l
Marin Chirciu
1+i+i+ +i
a=tim_2 B " _p
n—ow \p/np—l p—l

Problema53.

S:E20.199. Solve in integers

2
JxE=2021 ++/2089— X% = (gj +19 .

Cristina Vijdeliuc si Mihai Vijdeliuc , Baia Mare, SGM 5/2020
Solutie.

Din conditiile de existents: x> —2021>0si 2089 — x* > 0 obtinem: 2021 < x* <2089 ,(1).

2 2
Avem /2089 —x* = (gj +19 —/x* —2021 >0, de unde (gj +19 -/x*-2021>0 <

2 2
= /(g) +19 >/x* —2021 < (gj +19> X2 - 2021 <> 24x” <25(19+2021) <>

< X* <25-85 < |X| <585, (2).
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Din (1), (2) si X € Z obtinem X* = 2025 <> |X| =45.
Reciproc X = #45verifica ecuatia.
Deducem ca multimea solutiilor ecuatiei este S = {—45, 45} .

Remarca.

1)Let N be a non-zero fixed integer. Solve in integers

\/xz +4—(9n)’ +\/(9n)2 +64-x* = (ij +19.

Solutie. Multimea solutiilor ecuatiei este S = {—9n, 9n} .

2)Solve in integers

2
32 —2048 +/2320— %% = (gj +144 .

Solutie.Multimea solutiilor ecuatiei este S = {—48, 48} .

3)Let N be a non-zero fixed integer. Solve in integers

2
X +162 —(16n)° +4/(16n)° +16—x° = [Zj 1127

Solutie. Multimea solutiilor ecuatiei este S = {—16n,16n} .

4)Let N be a non-zero fixed integer. Solve in integers

2
X2 +16% —n? +/n? +16— %2 = (16—)‘] +122 |
n

Dezvltari,Chirciu Marin

Solutie.Multimea solutiilor ecuatiei este S = {—n, n} .

Problema54.

1
Se considera sirul (Xn )nzO definit prin X, = > X, =1si 152 =12% +9 ¥Yn>0.

a) Aratati ca sirul (Xn )na este crescator si marginit.
b) CalculatiQ=Ilimx,.
n—o0

Marian Ursarescu, Romania, RMM 9/2020

Solutie.
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a) Vom demonstra prin inductie matematica ca sirul (Xn )na este crescator si marginit .

Monotonia.
. 1 .
Din X, = E , X, =lobtinem X, =1.

Fie P(n):X,,, >X,,n>0.

n+l =—
Avem P(l) i X, = X > X,, adevdrat .
Presupunem X, <X <X, <...<X <X, siardtamcaX 4, <X ..
Intr-adevar:
Avem 15%2 =12% 49 >12% 4+ 9™ =15% — x  >x_ . adevirat.

Rezult3 ci P(n) adevarat,Vn=>0.

Marginirea.
1
Avem X, :E' x =1, X, =1.

Fie P(n):x,<2,n>0.
Avem Xy, X, X, <2.
Presupunem: X, <2, pentru0<k <n-+1siardtamcax,, <2.
intr-adevar:
15" =12 +9% <122 +9° =15 = x_, <2.
Rezulta ca P(n) adevarat,Vn=>0.

b) Deoarece sirul este sirul (Xn )n>0 este crescator si marginit superior, conform teoremei lui
Weierstrass, rezulta ca (Xn )n>0 este convergent.

Deducem c3 existd | € Rastfel incatl =limx, .

n—ow

Trecand la limita in relatia de recurent315™2 =12 +9* \n >0 obtinem:
15' =12'+9' <= 1=2.

=2.

Rezultd c3 ca (Xn )M este convergent si are limital = lim x

n
nN—oo

Remarca.

Fie a > b > c >1numere pitagorice.
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Se consider3 sirul (Xn )nzo definit prin0 < X, <X, <2si a"? =b™ +¢*,vn>0.

a) Aratati ca sirul (Xn )n21 este crescator si marginit.
b) CalculatiQ=Ilimx, .
n—oo
Marin Chirciu
Solutie.

a)Vom demonstra prin inductie matematica.

b)l =limx, =2.

N—oo

Problema55s.

Ifa,b,c > 0 such that ab+bc+ca=3then

a’b? +b%c? +c%a?
2 .

a+b+czabc+2J

Nguyen Van Canh, Vietnam, RMM 3/2020
Solutie.

Folosind conditia din ipoteza ab +bc + ca = 3 omogenizadm inegalitatea din concluzie:

a’b? +bc? +c%a?
3

< >’a) bc>3abc+6 %Zchbzc2 <:>Zbc(b+c)26,%2bc2bzc2 =N

= [Sbe(b+c)] 243 b b’ o (Tb%e+Y be?) 243 beY bk’ o
PN (szc+2bcz)2 >4 be> b’ (1).

Pentru demonstrarea inegalitatii(1) folosim inegalitatea (X+ y)2 > 4xy, pentru X = szc, y= Z:bc2

a+b+c2abc+2\/ < Y axabc+2 %szcz =

Ms = (ZbZC+Zb02 )2 > 4Z:bZC-Z:bC2 (§)4ZbCZbZCZ =Md, unde (2) &
< >'b%c- > he? =D bed b’ < > b’ +3a%h’c? +abc) a® > > bc® +abc) be(b+c) <
abc) @’ +3a’h’c? >abc) be(b+c) < > a’+3abc > be(b+c),(inegalitatea Schur).

Egalitatea are loc dacd si numaidacda=b=c=1.
Problema56.

B.46.In acute AABC
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\/6(1+ cos AcosBcosC) > 4cos§cosgcos%.

Leonard Giugiuc, Crux Mathematicorum ,Vol46(7), Sep2020

Solutie.

p*—(2R+ r)2

A
Folosind identitatile HCOS A= R? Si HCOSE = % inegalitatea se scrie:

2_(2R+r1)’ —(2R+1)" |_ p?
6 1+M 2£<:>6 1+M Zp—2<:> p223r(4R+r),care rezultd
4R R 4R R

din inegalitatea lui Gerretsen p2 >16Rr —5r?si inegalitatea lui Euler R > 2.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC
J2(1+cos AcosBcosC) 2123in§singsin%.

Solutie.
2_(2R+r)’ A

Folosind identitatile HCOS A= p(le)g HSIn E = ﬁ inegalitatea se scrie:

2_(2R+r)’ 2_(2R+r)’ 2
2 1+¥ > 3r =2 1"'# ZQLZ &> p? = 4Rr +19r?, care rezulti din
4R R 4R R

inegalitatea lui Gerretsen p® >16Rr —5r7 si inegalitatea lui Euler R > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

1)\/§(1+ cos AcosBcosC) > EtanétanEtanE.
2 4 2 2 2

2)/6(1+cos Acos BcosC) < LootPeotBeatE.
2 2 2 2

3)\/2(1+ cos AcosBcosC) < ?secésecgsecE .
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4) \/2(1+ cos AcosBcosC) < icscécscEcscg .
16 2 2 2

Dezvltari,Marin Chirciu
Problema57.
U520. Evaluate

lim (1-cosx)(1-cos2x)...(1-cosnx)
x>0 sin®" x

Nguyen Viet Hung, Hanoi University of Science, Vietnam,MathRefl 3/2020

Solution.

1-coskx

Wehave|imT=|imT=—.
x>0 SIn” X x=0  §IN“ X 2

(1-cosx)(1-cos 2x)...(1—cosnx) lim (1-cosx) (1-cos2x) (1—cosnx) _
sin® x “x0 sin?x sin?x sinx

We get lim
x—0

1222w (1-2-...-n)2 (n!)2
2272 72
Problema58.

Ifa, =landa, =n(1+a,,),Vn>2, find

Iim(1+ lj(1+ i](1+ i}
o a a, a,

Mathematical Olympiads 3/2020
Solutie.

Limita este egala cu €.

_(n+1)(l+an)_(1+an):1+i.

Deoarece &, =(N+1)(1+a, ) rezults e

(n+1)a, (n+l)a,  a, a,
1 a a a
bti 1+ — | = n+1 — n+1 — n+1 .
© tmemH( +akj 1_[(n+1)an (n+1)la, (n+1)!
Apoidina,,, =(n+1)(1+a,)avema,,, =(n+1)a, +(n+1), de unde
an+1 :(n+1)an+(n+1):an+1 si de aici an+1 :an+1<:> an+1 _i__
(n+1)! (n+1)! nt ’ (n+1)!  n! (n+1)! n! nl
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. n a'k+1 ak a'n+1 al n 1 an+1 - 1

) & | ~2-%"= deund -1=) —
Otmem;((kﬂ)! k!J (n+1)! 1 2 R CTE =TT et
P an+1 — ”i

(n+1)!_k:0k!.

n final rezult:

IimH(1+i] ~lim 2 —fim > e
nN—w ak 1

o (1)l e

Remarca.

Ifa, =a>0anda, =n(a+a,,),Vvn=>2, find

Iim(1+ ij[1+ ij...(1+ EJ.
o a a, a,

Marin Chirciu

Solutie.

IimH[1+ij = lim = lim > = ze.
a, !

n—m n—>c (n +1)| n—>c0 1=

Problema59.
Find
1 2 2020
x[xX + XX 4L+ X X —ZOZOJ
lim
X—»00 In x
Matematical Olympiads 3/2020
Solutie.
o e Inx
Folosim limita remarcabild lim——=0.
X—>00 X
x(xX+xX+...+x X —ZOZOJ x[eX +e X +..+e X —2020)
Obtinem lim =lim =
X—0 InX X—>00 InX
e e .+ -2020 . (e'-1 e*-1 e? —1
lim =lim + 24+ -2020 |=
t—0 t t—0 t 2t 2020t
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2020-2021
1+2+..+2020= ——M.
Remarca.
Find
12 n
x(xX + XX 4.+ XX —nJ
1) lim | ,undeneN".
X—0 n X
Solutie.
12 n
X| XX+ X*+...+X*=n
) n(n+1)
Obtinem lim =1+2+..+n=
X—00 In x 2
14 n?
X| XX+ X +...4X* —n?
2)lim | ,undeneN”.
X—00 nX
Solutie.
14 n’
X| XX+ XX +...+ XX —n?
. n(n+1)(2n+1
Obtinem lim =1+4+..+n°= ( )( )
X0 In x 6
18 n
X| XX+ XX +...+X* —=n°
3)lim | ,undeneN".
X—>00 nX
Dezvltari,Marin Chirciu
Solutie.
108 n
X| XX + XX +...+ X* —n? , ,
. n“(n+1
Obtinem lim =1+8+..+n° = (n+1)
X0 In x 4
Problema59

Find all positive integers Nsuch that

QM) =n"+n’+n°+n’*+2n*+2n+1
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is a prime number.
RMM 3/2020

Solutie.
Avem Q(n) =n" +n° +n°+n°+ 20 +2n+1=n°(n* +n+1)+n(n* +n+1)+(n* +n+1)=
=(n*+n+1)(n*+n+1).

No such n e N exist.

Remarca.

1)Find all positive integers Nsuch that
Qn)=r®+n’+n®+n®+2n*+2n+1

is a prime number.

Solutie.
We have Q(n) =n®+n’ +n°+n°+2n* + 2n+1=n°(n* +n+1)+n(n*+n+1)+(n’ +n+1)=
=(n*+n+1)(n°+n+1).
No such n € N exist.
2)Letk € N .. Find all positive integers Nsuch that
QM) =n? +n*" +n“ +n*+2n° +2n+1
is a prime number.

Dezvltari,Marin Chirciu, Pitesti

Solutie.

We have Q(n) =n“? +n*" 40" +n°+2n° + 2n+1=n* (N +n+1)+n(n° +n+1)+(n° +n+1) =
=(n*+n+1)(n* +n+1).
Fork =0we have Q(n) = (n2 +n +1)(n+ 2) = Q(0) = 2is a prime number.

Fork e N” no such n e N exist.
Problema60.

27815. Fie U € R fixat. Rezolvati in multimea numere reale ecuatia

\/(ZX +sin? u)(2‘X +sin? u) +\/(2X +c0s? u)(2‘X +C0s? u) =3.

Traian Tdmaian, Carei, Satu Mare, GM 3/2020
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Solutie.

Folosind inegalitatea CBS obtinem:

\/(ZX +sin? u)(ZfX +sin? u) >1+sin?u, cu egalitate pentruX =0, (1).

\/(ZX +cos? u)(ZfX +cos? u) >1+C0s° U, cu egalitate pentrux =0, (2).

Adunand inegalitatile (1) si (2) obtinem

\/(ZX +sin? u)(2’x +sin’u) +\/’(2X +C0s? u)(2’X +€0s° U) 23, cu egalitate pentrux =0.

Deducem c3 ecuatia are solutia unicd X=0.
Remarca.

1)Fie U € R fixat. Rezolvati in multimea numere reale ecuatia

g/(lJrsin2 u)(3" +sin’u) (3 +sin*u) +§I/(1+cos2 u)(3"+cos”u)(3 +cos’u) =3,
Deducem c3 ecuatia are solutia unica X =0.

2)Fie a >0, U € R numere fixate. Rezolvati in multimea numere reale ecuatia

g/(lJrsin2 u)(a* +sin®u)(a™ +sin’u) +g/(1+cos2 u)(a* +cos’u)(a™+cos’u) =3.
Deducem c3 ecuatia are solutia unica X =0.

3)Fie @ > 0si 4, £ > 0 numere fixate astfel incat A + ¢ =1. Rezolvati in multimea numere reale ecuatia

g/(1+ /1)(aX Jrﬂb)(a‘X +ﬂ) +§/(1+ y)(aX +,u)(a‘X +,u) =3.
Dezvltari,Marin Chirciu

Deducem c3 ecuatia are solutia unica X =0.

Problema61.

Ifa,b,c>0,abc(a+b+c)=3then

(a+b)(b+c)(c+a)>8.

Boris Colakovic, MathTime 2/2024
Solutie.

Folosim pqgr -Method.

Notam p=a+b+c,q=ab+bc+ca,r =abc.

3=abc(a+b+c)23abc~3\3/abc —abc<l=r<l1.
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pr=3sir<l—= p=>3.
q° :(ab+bc+ca)2 >3abc(a+b+c)=3rp=3-3=9=¢°>9 = q=3.

(a+b)(b+c)(c+a)=pg-r.

pr=3 g=3
Inegalitatea se scrie pq—r =8 < pq—§28 = 3p—228 < 3p°-8p-3>20 <
p

< (p-3)(3p+1)=0, vezi p>3.
Egalitatea are loc dacd sinumaidacda=b=c=1.
Remarca.

Rezolvatiin R, sistemul de ecuatii:

xyz(x+y+2)=3
(x+y)(y+2)(z+x)=8
Marin Chirciu

Solutie.

Ardtam cé(X+ y)(y+ Z)(Z + X) >8,cu egalitate pentrux =y =2z=1.
Deducem c3 (X, Y, Z) = (1,1,1) este solutia unica a sistemului.

Problema62.
S.2464.1fM>0,M e Int(AABC),da =d (M,BC),db =d (M ,CA),dc =d (M,AB)then

a‘2m-¢—l
27

D.M.Batinetu-Giurgiu,Claudia Nanuti, Romania,RMM-42, Autumn-2024

> 22m+1<\/§)3_m =0

a

Solutie.
Avem F, =[MBC] = aga F, =[MCA]=%, F, =[MAB]=%§i F+F+F=F.
m-+1 m+1
g2m1 22™2 Holder (Zaz) 1-w (4F\/§) . m
LHS = = > > =2""(J3) F"=RHS.
Z da ada 3m—122F1 3m—1.2F (\/_)

Am folosit mai sus inegalitatea lui lonescu-Weitzenbock: a° +b? +¢? > 4F\/§ .
Egalitatea are loc daca si numai daca triunghiul este echilateral.

X.250.1f X,y >0, X+ Yy =4 then in AABC holds:

86


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2024 www.mateinfo.ro

(aX +bY Jrcx)(ay +b” +cy)24882.

Ovidiu Pop, Satu Mare, Recreatii Matematice 1/2024
Solutie.

Folosind inegalitatea CBS obtinem:

LHS :(ax+b"+cx)(ay+bX+cy)z(\/a_xx/a_y+\/b_y\/b_xWL\/(;_X\/C_V)2 _
=(\/ax+y +bY )2 :(\/a_4+\/b_4+\/c_4)2 =(a2 +b? +cz)2 I_zw(48\/§)2 =

=48S* =RHS.

Am folosit mai sus inegalitatea lonescu-Weitzenbock @ +b? +¢? > 48\/5 )
Egalitatea are loc dacd si numai daca triunghiul este echilateral six=y=2.

Remarca.

)IfX,y >0, x+ Yy =8then in AABC holds:
(aX +bY +cx)(ay +b” +cy)2 2565* .
Solutie.

Folosim inegalitatea CBS si inegalitatea lui Goldnera* +b* +¢* >16S?.

2)IfX,y>0,x+Yy=4n,neN then in AABC holds:
(ax+by +cx)(ay +bx+cy)232’” -(48)2".

Dezvoltari, Marin Chirciu

Solutie.

Folosim inegalitatea CBS si inegalitatea lonescu-Weitzenbock 8 +b? +¢? > 4S\/§.
Problema63.

S.2462.1fX,Y,Z >0, then in AABC holds:

Z%S%()H y+z)2.

a
D.M.Batinetu-Giurgiu, Claudia Nanuti, Romania, RMM-42, Autumn-2024
Solutie.

vz ayr vatyz o 1o
LHS =2, h, 2 ah, TR TR LAY

Leibniz

< E()H y+ z)2 R?=RHS.
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Am folosit mai sus inegalitatea lui Leibniz: Zazyz < (X+ y+ 2)2 R?, vezi:
IfX,¥,Z € Rand M is an arbitrary point, then in AABC holds:
(X+y+2)(XMA® + yMB? + ZMC? ) > yza® + 2xb” + xyc*.

ForM =0 = (x+y+ z)(xOA2 +yOB’ + zOCz) > yza’® + zxb* + xyc® <
< (x+y+ z)(xR2 +YR? + sz) > yza® + zxb® + xyc® <

< (x+y+ z)2 R? > yza® + zxb® + xyc’.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

IfX,y,Z >0, thenin AABC holds:

2

yz R
ZFS4F2(X+y+Z)2'

a

Marin Chirciu
Solutie.
Leibniz 1

yz a’yz a’yz 1
LHS :ZF:ZaZhZ :Z4F2 =15 D atyz < L (x+y+ z)2 R?=RHS .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema64.
If X, Y,z >0then
1 3
> yzzm < EZX.
Panagiotis Danousis, MathTime 2/2024
Solutie.
Datorita omogenitatii putem lua ZX =1.
Folosim pqgr -Method.

Notdm p=X+Y+2=10q=Xy+YyZ+2X,I = XyzZ.

p°+d_

Inegalitatea z yzzi Sg se scrie( 4
y+12Z pg-—r

3 & ql—S§ < 20° —q+3r <0, care rezult3
2 g-r 2

dinl’S%,vezi pg=>9rsip=1.
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Ramane sa aratam ca:
s g.3.0 1o
2q q+3-9£0<:>q£3,ve2|p >3qsip=1.

Egalitatea are loc dacd sinumaidacaXx=y=2.

Remarca.
In AABC
3p°
1)
2 1 T 2(aR+7)
rb rc
Marin Chirciu
Solutie.
. . N rr . r
Se cunoaste identitatea in triunghi—+—+—=1.
ra rb rc
Folosind ZyZZ—< ZX pentru( X, Y, ) L,L,L obtinem
ra rb rc

Egalitatea are loc daca si numai daca triunghiul este echilateral.

1 1 3
Z)Zﬁz 155

7_'_7
h h

C

Dezvoltari,Marin Chirciu

Problema65.
In AABC
2024
A 3
Z 2022 2022 =
cos™ B+cos™C 8
Nguyen Hung Cuong, Vietnam, RMM 2/2024
Solutie.
2024 2022 i
0S A Cebyshev 1 A () 1 3 X Nesbitt
LHS = Z 2022 2022 n ZCOS AZ 52022 2022 2= e
cos™“ B+cos™ C B+cos C 34 y+12
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Nesbitt

Vg
NI

=RHS.

N | w
ool w

6R® +4Rr +1° — p* Geresen 3
2R? T4

3
Am folosit mai susz:cos2 A> Z, vezi: Z:COS2 A=

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

1)Ifn € Nthen in AABC holds:

Z cos"? A >§
cos"B+cos"C 8

Solutie.

BR” +4Rr +r” — p” Gereten 3

2R? 4

3
Am folosit mai susz:cos2 A> Z' vezi: Z:COS2 A=

2)ifneNand A > 0then in AABC holds:

Z cos"? A 5 3 .
cos"B+Acos"C  4(A+1)

Solutie.

6R® +4Rr +1° — p* Gereen 3

3
Am folosit mai susz:cos2 A> Z, vezi: Z:COS2 A=

2R? 4
3)Ifn e Nand A > 0then in AABC holds:
Sinn+2§
2 . 3
sin“E+/Isin”E 4(’“1)
2 2
Solutie.
., A_ 3 ., A [ Euler3
Am folosit mai sin?=>= vezi: Y sinf—=1-— > =,
m folosit mai susz 222 vezi Z > R 2
4)Ifn € Nand A = 0 then in AABC holds:
cot”*26 9
VAN .
C 1+1

cot" B + Acot" =
2 2

Solutie.
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A 2_or’— Gerretsen
Am folosit mai susz:co'[2 By >9, vezi: Zcotz g = w > 9

r
5)ifne Nand A > 0then in AABC holds:
n+2 A
tan £} 1
tan" S+ atan & A+1
2
Solutie.
AR +r 2 -2 2 Gerretsen
Am folosit mai susZtan2§21,vezi: Ztanzgz( )2 P > 1.
p
6)Iifn e Nand A > 0then in AABC holds:
n+2 A
SecC —
2, 4
C a+1

sec” B + Asec" =
2 2

Solutie.

2 +(4R+r 2 Gerretsen
Am folosit mai susZSEC2§Z4,vezi: Zseczézz 1 A= P ( 5 ) > 4
2 A p

7)ifn e Nand A > 0 then in AABC holds:

n+2§
2 S 4

osc" B aesen & At
2 2

CsC

Dezvoltari, Marin Chirciu

Solutie.

2 2
+r _8Rr Gerretsen
=P+ > 12
r

Am folosit mai sus ZCSC2 g >12, vezi: ZCSC2 A = Z !

2 sinZé
2

Problema66.

Ifa,b > 0then

9a’+7b+ >16a+9.

2a+7b

Panagiotis Danousis,MathTime 2/2024
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Solutie.
2 81
9a°+7b+ 29(2&—1)+7b+ =18a-9+7b+ =
2a+7h 2a+7b 2a+7b
g1 AM-Gw 81
=16a—9+(2a+7b)+ > 16a—-9+2 (2a+7b)- =16a—-9+2-9=
2a+7b 2a+7b

< a=1si2a+7b=9.

=16a+9=RHS, cu egalitate pentrua® =2a—1si2a+7b =
2a+7b

Egalitatea are loc dacd sinumaidacdaa=b=1.

Remarca.

Ifa,b>0and A >0then

2
(2+1)a+ 20+ Y s (2141)as 141,

a+4b

Marin Chirciu

Solutie.
2 2 2
s = (1)t + 0+ s Gy aacayeans D _osagiga g
a+Ab a+A4b a+Ab
2 2
=(2/1+1)a—/1—1+(a+/1b)+(;H}lj) AMZGM(2/1+1)a—/1—1+2\/(a+/1b)-(:sz) _
+ +

=(24+1)a-A1-1+2-(A+1)=(22+1)a+ A1 +1=RHS,
(2+1)°
cu egalitate pentrua® =2a—1sia+ Ab=~—"— < a=1sia+ Ab=A1+1.
a+Ab
Egalitatea are loc daca sinumaidacda=b =1pentrud >0si a=1pentrul=0.
Problema67.

Ifa,b,c >0 then

> 23
Jab+b? 2
Vu Long, Vietnam, THCS 2/2024
Solutie.

Lema.

Ifa,b,c >0 then

92


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2024 www.mateinfo.ro

a >2\/§a
Jab+b? a+3b’

Demonstratie.

a 2\2a
Jab+b?>  a+3b

= (a+3b)2 Z8(ab+b2) = (a—b)2 >0, cu egalitate pentrua=>b.

Lema 2\/_3_ a2 CS (Za)2 3
HHS = Zx/ab b2 Za+3b “22Y a7 +3ab 2ﬁZ(aZ +3ab) -
Yal+2yabws o3
=2 =RHS.
\/_Za +3> ab J_ \/E
Egalitatea are loc daca sinumaidacda=b=c.
Remarca.

Ifa,b,c >0 and A > 0then

Z S 2a\A+1

/Iab+b2 Aa+(A+2)b’

Marin Chirciu
Solutie.
Lema.

Ifa,b,c > 0then

a S 2a\A+1
*,ﬂab+b2 B Za+(i+2)b '

Problema68.
G.458.1fa,b,c>0,a+b+c=a’+b°+c’then
a’+b’+c®<3.
Cristina si Mihai Vijdeliuc, Recreatii Matematice 1/2024

Solutie.

2 2
s . . a® b® ctes(al+b’+c’) (a®+b°+c?)
Avema+b+c=a’+b’+c°=—+—+—>>~— 7 —sa+bh+c>— — "
a b ¢ a+b+c a+b+c

= (a+b+c)’ 2(a®+b’+c?) = a’+b*+cd<a+b+c, (1),
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Holder (a +b+ C)S

Apoia+b+c=a’+b’+c® > 3 :>81(a+b+c)2(a+b+c)5:>

—=81>(a+b+c)' = a+b+c<3,(2)

Din (1)si (2) = a®+b*+c*<3.
Egalitatea are loc dacd sinumaidacd a=b=c=1.
Remarca.

Problema se poate dezvolta.
Ifa,b,c>0,a+b+c=a’""+b""+c®* neN then

a+b* +c* <3,

Marin Chirciu
Solutie.
2
6n 6n 6n 3n bsn 3n
_ . . a b chheslat + +C
Avema+b+C:a6”l+b6”1+CG”1:—+_+_2( )
a b c a+b+c
2
(a3n+b3n+03n) , , ,
a+b+c> =a"+b"+c"<a+b+c,(1).

a+b+c

g_q Holder (a +b+ C)Gn—l

_ _ _ 6n-1
Apoia+b+c=a""+p" 4ot > R = 3" ?(a+b+c)=(a+b+c) =

— 32 2(a+b+c)6”_2 = a+b+c<3,(2).

Din (1) si (2) = a>" +b> +¢® <3.
Egalitatea are loc dacd sinumaidacd a=b=c=1.
Problema69.
IfX,y¥,Z>0,Xx+Yy+2z=3andn e Nthen
Z—XZH >1
1+y(1+z2)
Konstantinos Geronikolas, Greece,MathTime2/2024, Problem(106)
Solutie.

Folosim pqgr -Method.
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Notim p=X+Y+2=3,=Xy+Yyz+zXx<3,r =xyz <1.

2”—1 in Holder (Z X)Zn p2” par—Method

LHS = z Z Z 2 = 22 >

1+y(1+z) x+xy(1+z) — "2 (x+xy+xyz) 3"2(p+q+3r)
par—Method 2n

T 3 = g =RHS.

3F?(3+3+3:1) 9
Egalitatea are loc dacd sinumaidacaix=y=z=1.
Remarca.
Problema se poate dezvolta.
IfX,y,2>0,X+y+z=3andneN",1>0then
Z X2r‘|—1 S 3
1+2y(1+z) 24+1
Marin Chirciu

Problema70.

IfX,y,2,t >0,X+Yy+z+t=4then

1+ X

Nguyen Hung Cuong, Vietnam, RMM 2/2024

Solutie.
Lema.
If X > 0then
1 >1_§
1+X 2

Demonstratie.

—l+1X2 —1—§<:> X(X 1) >0, cu egalitate pentrux=1.
1 X 1 1
> 1-— [=4-=> x=4-=:4=2
e y(1-5)-a-5k-a-]

Egalitatea are loc dacd sinumaidacaX=y=z=t=1.
Remarca.
IfX,y,2>0,x+y+z=3and0< A <1then
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Zisz Z%Jrl'
Marin Chirciu
Solutie.
Lema.
If x>0 and 0 < A <1then
1 S A+3—2x.

A+x T (2+1)
Problema71.

U.24721f t,u>0, X, Y,z > 0then in AABC holds:
Z y+12 btcu > 21+t+u ((1/5)447[] (\/E)Hu .
X

D.M.Batinetu-Giurgiu, Flaviu Cristian Verde, Romania, RMM-42, Autumn-2024

Solutie

LHS = Z%b‘c” o 33/1‘[—3’: Zhict = 3;</(X+ y)(;;;rzz)(z +X) (abc)™ 2"

3 t+u 3 t+u

Cesaro v t+u Carlitz 4F _ AF 23 oLt 4—t-u t+u _
>"338(abc) ™ =6(abc) 3 = 6[\@} _6(ﬁj =2#(4B8)  (VF) =RHs.

4F )2
Am folosit mai sus inegalitatea lui Carlitz: abc > (—3) .

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema72.

Ifa,b,c > 0then

a ¢ 4a
_+_
c b a+b

Halit Shehu, Mathematics(College and High School) 2/2024

Solutie.
AM-GM (8]
LHS_E+E fﬂg —>£—RHS,
b a+b
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unde(1)<:>2\/7>ﬁ<:>(a b) ZO,cuegaIitatepentrugzgsia=b.
b a+b c b

Egalitatea are loc dacd sinumaidacda=b=c.
Remarca.

Ifa,b,c > 0then

a b c 2a 2b 2C
—4—4=> +

+
c a b a+b b+c c+a
Marin Chirciu
Lema.

Ifa,b,c > 0then

Solutie.

AM-GM @
LHg -2, S /& c_ \Pﬁ_RHS,
b a+b

unde(1) < 2\/52ﬁ = (a—b)2 >0, cu egalitate pentruE _¢ sia=b.
b a+b c b

Egalitatea are loc daca sinumaidacda=b=c.

Sa trecem la rezolvarea problemei din enunt.

a C
Folosind Lema se aduna inegalitatile de forma —+ B > si se obtine concluzia.
C

a+
Egalitatea are loc daca sinumaidacda=b=c.
Problema73.

Ifa,b,c>0,abc=1then

Z 1 ca+ b+c
b?+c* 2
Nguyen Hung Cuong, Vietnam, RMM 2/2024

Solutie.

~ 2abc 2

AM-GM a abc=1
2 Z Z ~ta+b+c _ RHS
2bc

Egalitatea are loc dacd sinumaidacsa=b=c=1.

Remarca.
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Ifa,b,c,d >0, abcd =1then

1 1 1 1 ab+bc+cd +da
2 2 T2 T2 ot 2 S :
a+b® b°+c® c°+d° d°+a 2
Marin Chirciu
Solutie.
MM 1 D ab a-1ah+he+cd+da RHS
2bc  2abcd 2
Egalitatea are loc dac3 sinumaidacda=b=c=d =1.
Remarca.
Solve in positive real numbers :
1 1 N 1 1 _1
a’+b®> b*+c® c*+d*> d’+a® 2
ab+bc+cd+da=4
abcd =1
Marin Chirciu
Solutie.
> oM z Zab ab+bc+cd+da 1
b2 +c? 2bc  2abed 2 )
Egalitatea are loc dacd sinumaidacia=b=c=d =1.
Deducem c3 sistemul admite solutia unic3 (a, b,c, d) = (1,1,1,1) .
Remarca.
Solve in positive real numbers :
1 N 1 N 1 _E
a’+b®> b?+c® c*+a® 2
a+b+c=3
abc=1
Marin Chirciu

Solutie.

z 1 AM;GMZ Za a+b+C §
b?+c* 2bc 2abc 2 2

Egalitatea are loc dacd sinumaidacda=b=c=1.
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Deducem c3 sistemul admite solutia unica (a, b, C) = (1,1,1).

Problema74.

JP.197 Solve for real numbers:

63/2x% — 2x+1+4%3x3 —2x* = 2x° —5x+13.
Hoang Le Nhat Tung, Hanoi, Vietnam, RMM, Autumn Edition 2019

Solutie:

Domeniul de definitie este D = [0,2]

Cu inegalitatea mediilor avem:

2_
Mz {»/(ZX2 —2x+1).1.1§ (2X 2X3+1)+1+1: 2x° —32X+3'

cu egalitate pentru 2x° —2x+1=1.

3 _oyd
<1/?’)(3_2)(4:<‘/(~°>><3—2x4)-1-1-1s(?’X 2X4)+1+1+1:3X3_ZX4+3'

cu egalitate pentru3x® —2x* =1.

2x2—2x+3Jr 3 -2x"+3

4

4.

2x5 —5x+13=632x% —2x+1+4%3x3 —2x* <6-

=9—4x+4x?+3x>—2x*, de unde rezult ci:

2X° =X +13<9-4x+4x" +3x° - 2x* & 2x° +2x* -3x° - 4x* —x+4<0 &
& (x-1)°(2x°+6x*+7x+4) <0.

Deducem din cele de mai sus cd X =1 este solutia unica a ecuatiei date.

Remarca.

1)Rezolvati in multimea numerelor reale ecuatia:

33x2 —3x+1+444x% —3x* =x°* —4x+10.

Solutie: Xx=1.

2)Fiea > 0. Rezolvati in multimea numerelor reale ecuatia:

3x% —3x+1+444x° —3x* =ax® +(1-5a)x+4a+6.
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Solutie: x=1.

3)Rezolvati in multimea numerelor reale ecuatia:

33x2 —3x+1+444x3 —3x* = x+6.

Solutie: x=1.

4)Fiea >1,n >1. Rezolvati in multimea numerelor reale ecuatia:

33/nx? —nx+1+4(1/(n +1)x° —nx* =ax® +(3-5a)x+4(a+1).

Solutie: x=1

5)Rezolvati in multimea numerelor reale ecuatia:

X2 —x+1+442x% —x* =x* —2x+8.

Solutie: x=1.

6)Fie a >1. Rezolvati in multimea numerelor reale ecuatia:

X2 —x+1+4%2x° —x* = ax® +(3-5a)x+4(a+1).

Solutie: x=1.

7)Fie n >1. Rezolvati in multimea numerelor reale ecuatia:

33/nx?2 —nx+l+4(1/(n +1)x°* —nx* = x*—2x+8.
Dezvoltari, Marin Chirciu, Pitesti
Solutie: x=1.
Problema75.
Fie X, Y, Z > 0 astfel incdt X+ Y + Z = 3. Determinati minimul
X3 y3 23

P= + + .
yyx +8 z\/y3+8 x\Z® +8

Hoang Le Nhat Tung, Hanoi, Vietnam, 20-RMM Spring Edition 2021

Remarca.
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Fie X, Y, Z > 0 astfel incat X+ y + z = 3. Determinati minimul

X3 y3 23

+ + .
\/y4+8y Jz°+82  /x* +8x

Marin Chirciu
Solutie.
Lema.

Daca X > 0, atunci

X +8x <x?+2

Demonstratie.

Cu inegalitatea mediilor avem:

(x2+2x)+(x2—2x+4) B

\/x(x3+8):\/x(x+2)(x2—2x+4)=\/(x2+2x)(x2—2x+4)£ > =

=Xx*+2, cu egalitate daci X* +2x = x> —2x+4 < x=1.

Solutie alternativa.

4 2 4 2 2 2 . .
VX +8X <X +2 & X +8XS(X +2) <:>(X—1) >0, evident cu egalitate pentru X =1

3 3 3 3

P= X + y + Z > X + y + :
Jy'+8y Nz'+8z x‘+8x Y +2 242 X+2

3 3

Remarca.
Fie a,b,c > 0 astfel incAdta+b+ ¢ = 3. Determinati minimul
r-a.b,c, >
b b®+c” +bc
Marin Chirciu
Solutie.

Demonstram rezultatul ajutator:

Lema.
Dacda,b,c>0
c 9(a2 +b? +c2)
—+—4—2 >
C a (a+b+c)
Problema76.
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Dacd X, Y, Z>0 si X+ Yy+z=1 aratati ca:

a) 1+1J 1+1j(1+1j264
X y A
b) 1+Ej 1+gj(1+gj2343
X y Z
1 ( 1)( 1) 1000
) | X+=||y+=||z+=|>2——
X y z 27
3
o (2 y2 )2
X y z 3
Remarca.
Dacd X, Xy, ..., X, >0 si X +X,+...+X, =1 ardtati ca:

a’) (H%](HX%}{HX%J >(L1+n)".

1+5](1+ ﬁj...[uﬁj >(1+kn)", k>0.
% % Xn

Solutie.

Kk a
b’) Pentru X>0 c3dutdm o inegalitate de forma: 1+—2> ,
X 1+bx

radacind dublad pentru ecuatia atasata:

bx® +(bk —a+1)x+k =0 . Obtinem {

Atunci (1)<:>(nx—1)2 >0, pentru a si b din (2).

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2024 www.mateinfo.ro

Art of Problem Solving

Marin Chirciu

1
(1), punand conditia ca — sa fie
n
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I | o | e [ Y =
. X ) Gal+bx ﬁ(1+bx.)_(n+bjn n+b n+kn?

i=1 n

:{n(kn +1)?

n
= (kn +1)n =M, , unde (3) este adevdratd din inegalitatea mediilor:
n(kn+1)

(1+bx,)+(1+bx,)+...+(1+bx, )

> Q/(1+ bx, ) (1+bx, )...(1+bx,) <

n
<:>n—+b2n/ﬁ(1+bxi):>ﬁ(1+bxi)s(n—mj o — 1 > 1 —.
n i-1 i-1 n H(1+bxi) (n+bj
i=1 n
Egalitatea are loc daca sinumaidaca X, =X, =...= X, =— .

k
d’) Pentru X >0 c3utdm o inegalitate de forma: X+—2> , punand conditia ca X =— sa fie
X

S|

a
1+ bx
ridicing dubl3 pentru ecuatia atasats: bx® + x? +(bk —a)x+ k=0.

1

2 2b+n
,cu a si b din (2)si (1)<:>(X_Hj [bx+

n

k
Avem X+—2
X 1+bx

}2 0, cu egalitate dac3 si

numaidaca X=—.
n

2 2"
o (kn* +1)

VI [P0 RN GO . CH 0 c| p
LT x )T 14bx “(n+b)" (n+b kn® —n
i P [@+bx) [P -+

i=1

{(knmf}“: (kn +1)’ ”_{knﬁl}”_(kmé}“_md,
n

kn®+n n(kn2+1)

unde (3) este adevarata din inegalitatea mediilor:

(1+bx, ) +(1+bx, ) +...+(1+bx,

) > Q/(1+ bx, ) (1+bx, )...(1+bx,) <

n
@”_”’zn/ﬁ(ubxi)@ﬁ(ubxi)g(“*bj .t
n i=1 i1 n H(1+bxi) (I’H—bj
i=1 n
Egalitatea are loc daca sinumaidaca X =X, =...=X, =— .
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Problema77.

Sa se rezolve Tn numere reale sistemul:

ab+bhc+ca=1
a’-2b*=1
2b*—3c? =1

Poland, 2008
Solutie.

Observam ca daca (a, b, C) este o solutie a sistemului atunci si (—a, —b, —C) este solutie.
Existd X, Y, z€(0, 7) astfelincat a=ctgx, b=ctgy, c=ctgz.

1-ab _l-ctgxctgy _
a+b ctgx+ctgy
= z=kr—-X—-Yy, kKeZ.Convine k=1.Rezultd X+y+zZ=rx

Din ecuatia fintdi avem ctgz=c=

—ctg(x+y)=ctg(-x-y)=

Din ecuatia a doua avem ctg® x—2ctg’y=1= _1 —1—2[ L —1}21:

sin® x sin’y
12 1 JE |
sin®x sin®y sinx siny
Z_ i, 1 2
Din ecuatia a treia avem —— = ezultdy —— =— =— .
siny sinz sinx siny sin(x+y)

Rezultd cosx=i sinx=£:>ctgx=\/§:>a=\/§.

6’ G
Apoi Siny_i cosy = Zz>ctgy L =— nfmalc—l ab_ 1-1 =0
" NN F arb 5, L

\2
. . ) 1 1
Deducem cd multimea solutiilor este S = {(\/2, j ( -2, ﬁl 0)} .

Remarca.

Sa se rezolve Tn numere reale sistemul:

ab+bhc+ca=1
a?—4b* =1
4h? —5¢? =1

Poland, 2010
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Solutie.

3 4 5:\/52 J5

sin?x sin®y sinz sinx siny sin(x+y)’

Obtinem: CtgXx= i

2
) Ct =,
m T m

Ctg z =—= . Multimea solutiilor este:

Vi1

A & 3 e F )
Remarca.

Sa se rezolve In numere reale sistemul:

ab+bc+ca=1
na’—(n+1)b*=1 , unde n>1.
(n+1)b*—(n+2)c* =1

Marin Chirciu
Solutie.

Daca (a, b, C) este solutie pentru sistem atunci si (—a, —b, —C) este solutie.
Existd X, Y, Z€(0, 7) astfelincdt a=ctgx, b=ctgy, c=ctgz.

Presupunem a+b =0 (dacd a+b=0, din prima ecuatie avem ab =1, fals pe R).

l1-ab 1-ctgxctgy

Rezultd ctgz =C = aib  Clgxicigy =—ctg(x+y)=ctg(-x—-y).

Convine X+Yy+zZ=r.

Din ecuatia a doua avem

1 1
tg’ x—(n+1)ctg®y =1 ~1|—(n+1 _1]=1
nctg® x—(n+1)ctg® y :n(sinzx j (n+)[3inzy j =N

n n+1 «/ﬁ Jn+1
AT By e e :
sin®x sin“y sinx siny

Din ecuatia a treia avem

1 1
1)ctg® y — 2)ctg’z =1 1 -1 |- 2 -1|=1
(n+1)ctg® y—(n+2)ctg*z=1=(n+ )[sinzy ] (n+ )(sinzz j =

- n+l n+2 :\/n+1:«/n+2

sin?y sinz  siny  sinz

.Avem sinz=sin(z—x—y)=sin(x+y).
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Jno Jnel o Jne2

sinx  siny  sin(x+y)’

Jnsiny = 1sin x
Avem:
\/_S|n(x+y) 2sinx

\/ﬁsin(x+ y)=x/n+23inx:>«/ﬁ(sin XCOS Y +Sinycosx)=+n+2sinx =

Obtinem

:«/ﬁsinxcosyh/ﬁ-—m\/lf'm(-cosx:\/n+25inx:>\/ﬁcosy:\/n+2— N+1C0S X =
n

=ncos’ y =n+2+(n+1)cos® x—2,/(n+1)(n+2) cosx =

= n(1-sin y)=n+2+(n+1)cos’ x— 2\/(n+1)(n+2) cosx =

2
- n(l— (n+1)sin® x

J:n+2+(n+1)cos2 X—2y(n+1)(n+2) cos x =
n

= n—(n+1)sin*x=n+2+(n+1)cos’ x—2,/(n+1)(n+2) cosx =

n+3 N
2(n+1)(n+2)

—sinx=+1-cos?x = [l— (n+3*  3n*+6n-1 :n—+3:
4(n+1)(n+2) Jm BnZren-1
x/3n +6n— n+1 _n+l
COS Y = ——— = 1g
ﬂj n+2) 2\/n(n+2) \/3n +6n—
1-ab n-1
a+b  3n’+6n-1
Multimea solutiilor sistemului este:

s{( n+3 n+1 L) () o

Jan?+6n-1" 3n?+6n-1" 3n?+6n-1) \/3n2+6n-1 +/3n2+6n-1

= 2J(n+1)(n+2)cosx=n+3=COSX =

Obtinem: Siny =

Rezulta: c=

—(n-1)
3n? +6n—1}}'
Problema78.
Dacs X, y20si X+y=2 arataticd x'y*(x’+y’)<2”
Irlanda 2000
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Solutie: Notdm xy =P; X*+Yy®> =4—2P ; inegalitatea se scrie:

P?(4-2P)<2& P?(2-P) <1< PP —2P+120<> (P-1)(P*~P-1)>0, evident
deoarece P-1<0si P°-P-1<0;

intr-adevir: 2=x+y>2/xy =>xy<1=P<1=P-1<0; P*~P-1=P(P-1)-1<0.

—
<0

Egalitatea are loc daca si numaidacda X=Yy=1.
Remarca.
Dacd X, Y>0 astfelincat X+y=2si ne N™ atunci X"y" (X2 + y2) <2.
Marin Chirciu, Pitesti

Solutie:

Cu notatia de mai sus inegalitatea se scrie:

p" (4—2P) <2< P" (2— P) <1< P™_2P"+1>0< P"™ +1>2P", adevirats din:

(8]
P"™ +1>2y/P" >2P", unde (1) ©+P"™ >P" < P" > P*" < P"" <1, evident deoarece P <1
. Egalitatea are loc dacé si numaidacd X=Yy=1.

Remarca.

Dacd X, Y>0 si X+Yy=2 aratatic3 x3y3(x3+y3)£2.

India 2008
Solutie:
Notdm xy=P; x*+y° :(x+y)3—3xy(x+ y):8—6P; P<1 ; inegalitatea se scrie:

P*(8-6P)<2 < P*(4-3P) <1 3P* —4P*+1>0 < (P-1)° (3P* +2P+1)>0.
Egalitatea pentru X=y=1.
Remarca.
Dacs X, y>0 astfelincat X+y=2si NneN, n>3 atunci X"y"(X’+y°*)<2.
Marin Chirciu, Pitesti
Solutie:
Cu notatia de mai sus inegalitatea se scrie: P" (8—6P) <2< P" (4—3P) <l
<3P _g4pn +120<:>(P—1)<3P” —P”_l—P”_z—...—Pz—P—l)ZO , evident, deoarece
P-1<0si 3P" P —P™2 . —P2_P-1<0;
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intr-adevar: 3P" —P"' —P"?_P"% P’ -P-1=

=(P"=P"*)+(P"=P"?)+(P"—P"*)~...—P*~P-1<0, pentru n>3.

<0 <0 <0

Egalitatea are loc daca si numaidacd X=Yy=1.
Problema79.

In AABC
Zbc~sin§228\/§.

Marius Stanean, Zalau, G.M. 1/2016

Lema.

R A
In triunghiul ABC exista relatia: Zbc- f (EJZa-S , unde:

(f, a)e{(sin, 2J§) (cos, 6), (tg, 4), (ctg, 12), (sec, 8), (cosec, 8&/5)}

Demonstratia se face utilizand inegalitatea mediilor, identitati remarcabile Tn triunghi si inegalitatile lui
Mitrinovic si Euler.

1) Zbc-sin§22\/§-8.

Solutie:

Cu inegalitatea mediilor si abc=4Rrp, Hsingzﬁ si S=rp obtinem:

A A r W
M, => bcsin—>33/a’h’c’ sm—=3§/16R2r2 ?2.— =3{/4Rr’p’ 22\3rp=M,,
;=2 besin \/ [ [sin3 p* e p* >23rp=M,
unde (1) ©9R>2p/3 <= pS% R (inegalitatea lui Mitrinovic).

2) Zbc-cosgzﬁs .
Solutie:

Cu inegalitatea mediilor si abc =4Rrp, Hcosgzﬁ si S=rp obtinem:

(2)
M, :Zbcsin§23§/azb2c21—[cos§ =3§/16R2r2 p? % —33/4Rr?p® > 6rp=M,,
unde (2) << 4R>8r < R>2r (inegalitatea lui Euler).
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3) Zbc-tg§248.

Solutie:

Cu inegalitatea mediilor si abc =4Rrp, 1_[t9§=L si S=rp obtinem:
p

A A r ®
M, =) bctg—=>33a’h’c’| [ tg— =33/16R*r*p?-— =3316R’r’p > 4rp=M,
c=2.betg S \/ [Tt i/ P p=4rp=M,
unde (3) = 27R*>4p* & pS%R (inegalitatea lui Mitrinovic).

4) Zbc-ctggzlzs .
Solutie:

Cu inegalitatea mediilor si abc=4Rrp, l_ICtggzB si S=rp obtinem:
r

@
M,=> bc ctgg 23§/a2b2c2Hctg§ :3\“§/16R2r2 p’ $ =33/16R’rp® 212rp=M,,

unde (4) & R*>4r? <>R>2r (inegalitatea lui Euler).

5) Zbc-sec§288.

Solutie:

Cu inegalitatea mediilor si abc=4Rrp, Hsecé:ﬁ si S=rp obtinem:
2 p

(5)
M, =Zbcsec§233 a’bc’[ | 1A =3§/16R2I’2p2 % =316-4Rr?p >8rp=M,

COsS—
2

2

27R
unde (5) <> 27R*>8rp” < p*< ar adevarata din inegalitatea lui Mitrinovic si inegalitatea lui Euler,
r

27R* @ 27R®
2 <

intr-adevar p*< ,unde (2) < R>2r.

6) Zbc-cosecgz&/ﬁs.

Solutie:

Cu inegalitatea mediilor si abc =4Rrp, l_ISecg\zﬁ si S=rp obtinem:
p
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®)
M, =>bc cosec§233 azbzczl_[LA =3§/16R2r2 p? $ =3316-4R%rp? 28/3-rp=M,,

sin—
2

9R®
unde (6)<:>9R328\/§r2p<:> p<—=—, adevdratd din inegalitatea lui Mitrinovi¢ si inegalitatea lui

8/3r?
3) 3 3
Euler, intr-adevar p < 33 R< 9R” 21R ,unde (3) =>R*>4r* <R>2r.
2 8\J3r? 8r

Egalitatea are loc pentru triunghiul echilateral, in fiecare din inegalitatile de mai sus.
Problema80.

1. Sa se arate ca in orice triunghi ABC avem:
4R

B C

Solutie:

Folosind formula tgé: w obtinem:
2 \/ p(p-a)

B . C)_ (p—a)(p—c) . |[(p—a)(p—b) |_
H(tgftg?j_nu p(p-b) +\/ j_

p(p—c)
_ p-a | [p-C p—b _ p-a p—Cc+p-b _
H\/ p (\/p—f\/p—CJ H{ P Jp—b-Jp—cJ
:H( p-a a J: abc :4RS:ﬁ
p Jp-b-Jp-c) pJp(p-a)(p-b)(p-c) PS P

b) H(tg%ﬁg %)z(%f

Solutie:

Folosind a) si inegalitatea lui Mitrinovi¢: p ST R obtinem concluzia, cu egalitate pentru triunghiul

echilateral.

B ,C)_ 8
g’ —+tg° = [>—.
2 H(g 2 ™9 2} 27

Solutie:

2
X+
Folosind X2+ y2 2% si b) obtinem:
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w2s] (2]

2 B . C _ 9
H(tg 2" EJZH 2 T8 2

d) H(tg“%ﬂg“%)z 8 unde neN .

3n "’
(V3)
Dezvoltari, Marin Chirciu
Solutie:

Pentru N=0 se obtine identitate, 8=8.

Pentru N=1 se obtine b).

(x+y)"

Pentru N>2 folosim inegalitatea X" +Yy" Z? care rezulta din inegalitatea lui Holder:

(x"+y") A+ A+D)...A+1) = (x+Y)".

de n—1 ori (1+1)

[th+thjn (_2 jsn
: Tl B ..C T 2 2 ) 2\J3 8
Obtlnem: (tg E+tg EJZ 2n71 > (2n71)3 :(\/§)3n .

2. Sase arate ca in orice triunghi ABC au loc relatiile:

B _C) 4R
ctg— +ctg = |= 2P
) H( 95" gzj 2

Solutie:

Folosind formula Ctgé= —p(p—a) obtinem:
2 \/(p—b)(p—C)

B C p(p—b) p(p—c)

tg—+ctg— |= =
H[ngﬂgzj H[\/(p—a)(p—c)+\/<p—a)(p—b)j
_ P [ [pP=b_ [p—C|_ P _p-b+p-c |_
H\/p—a (\/p—f\/p—bJ H{ p-a Jp—b-Jp—cJ
:HL P a j: p*-abc :p3-4RS:4Rp

Vo2 Job-foc) (fop-ap-bip-9) S

b) H(ctg%Jrctg%j 2(2\/5)3 .

Solutie:
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Se foloseste a), inegalitatea lui Euler: R>2r si inegalitatea lui Mitrinovic: p23\/§r. Obtinem:

4Rp28r-3;/§r =(2\/§)3

2

r r
c) 1_[(ctg2 g+ctg2 %)2 216.
Solutie:
2
Se foloseste inegalitatea: X° + y2 2@ si b).

d) H(ctg”%+ctg"%28(«/§)g", unde ne N .

Dezvoltari, Marin Chirciu
Solutie:
Pentru N=0 se obtine identitate, 8=8.

Pentru N=1 se obtine b).

X+Yy)"
Pentru N>2 se foloseste inegalitatea X" + yn E(ZT{) si analog 1. d) se obtine concluzia.
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