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1. PROBLEMA LUNII NOIEMBRIE 2017

REVISTA LUNARA
N\ DIN FEBRUARIE 2009

NFO.RO

Determinati toate numerele reale pozitive a si b pentru care
ab a’b ab’

+ 2 + 2
ab+n a“+nb b°+na n+1

www.mateinfo.ro

_ 1 (a+b+ab),undene N .

Prof. Marin Chirciu, Pitesti

Asteptam solutii cat mai interesante pana pe data de 2.12.2017 pe adresa de e-mail

revista@mateinfo.ro
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2. SOLUTII PROBLEMA LUNII OCTOMBRIE 2017

FO.RO

Matematica

Se di un triunghi ABC, numerele reale strict pozitive m, n, p si punctele B € [AC], C e [AB]

cB' m Ac' n

astfel incit —— = — , —— = — . Si se arate ci dreptele BB, CC’ sunt perpendiculare daci si
B A P C.FB m p U p Ip u $

numai daca

2
(M—n+p)AB*+ (Mm+n—p)AC = (m+n+p+ E)BCZ.
m

Prof. Manescu Avram Corneliu

Solutie autor: Folosim coordonatele complexe. Alegem originea O in centrul cercului
r

, BA
circumscris triunghiului ABC, consideram si punctul A e [BC] astfel incat e P , deci
mn

0(0), A1), B(z2), C(z3), 21, 22, 23 € C, | 21| = | 22| = |zs] =R, |zs = z2l=¢, |22 — 23| =4, |25
— 71| = b (cu notatiile uzuale). Avem a2 = (z, — z3)(5 — Z3) = lz,|? + |z, |2
— (2,23 + z323), de unde

zZ,5; + 2,5, = 2R —a? (st analoagele).

Fie My(u), M2(v) ; afixul punctului M care Tmparte segmentul M;M in raportul k este

u+tkv
Z= .
1+k
Jnza+pz pPZgt+mz mz,+nz .
RezultéA( 2 3) ( 2 1) ( L 2) Avem si
n+p p+m m+n
EBEA _p m n

A'c B'A E’B n P m
deci, conform reciprocei teoremei lui Ceva, dreptele AA, BB, CC' sunt concurente fntr-un punct
G. Sa determinam g = z(G), afixul lui G. Din relatia lui Van Aubel avem

AG Ac' AB" n  p  n+p

= +
cga' ¢'B B'C m m m

Se deduce
n+p NIz+ pIg
0= t— n+p _ Mz +nz;+pzg
1 +22P m+n+p
m

Dreptele BB, CC " sunt perpendiculare daci si numai daci GB? + GC? = BC?, egalitate care se
transcrie in complex lg — z,12 + lg — z;1* =a?sau2lgl®* — g(Z5 + Z3) — Gz, + z4) +
+|z51% + |z51% = a? (*). Calculim
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Pt _ Mz +NzZ;+pzy MEZ;+ANZz+pz; R?2 n’paz +1|rrr1r.ri:¢2+1r7rmri.r::2
g =94= m+n+p m+n+p B (m+n+p)* ’
m(b%+c?)+ (n+p) a®
g(z_z+z_3]+§(22+23}=4R2— { } ,|32|2:|23|3:R2,
mt+ntp

valori care se substituie in (*). Se efectueaza calculele, se grupeaza termenii asemenea, se revine
la notatiile a = BC si analoagele si se obtine astfel egalitatea din enunt.

Alte solutii
1. Prof. Gheorghe Alexe, Braila
BB=— P BC+ ™ BA ccl=—" CA+—" CB, BBI=—" (AC-AB)- AB,
m+p m+p m+n m-+n m+p m+p
BB =-AB+—P_AC, ccl=—"_AB-AC,
m+p m+n
. o 2 2 _ 2 2 2 _ 2
AB~AC=‘ABHAC‘COSA=AB-AC-AB FACT-BCT _ABTHACT-BCT
2AB-AC 2
@-@:‘@H@‘:(—ﬁ+ P AC) " AB-AC),
m+p m+n
BB .CCl=— " AB24+[l+— P JAB.AC+——P Ac?,
m+n (m+n)(m+ p) m+p
o _ 2 2 2 _
BBI.CCl=——" ABZ+[1+ Pn ABT+ACT-BCT | =P pc?
m+n (m+n)(m+ p) 2 m+p
B8.00 -+ lae— PV pagre P la PV gace lg B0 g
m+n 2 (m+n)(m+ p) m+p 2 (m+n)(m+ p) 2 (m+n)(m+ p)
m(m+n+p+@)
SE.eQ_MM=n+p) oo M@m—p+n) .o m’ goe.
2(m+n)(m+ p) 2(m+n)(m+ p) 2(m+n)(m+ p)
BBl.CCl = m [(m—n+p)ABZ+(m—p+n)AC2—(m+n+p+@)BC2],
m

2(m+n)(m+ p)
BB! L CC! < BBI-CCl =0 <> (m—n+ p)AB2+ (m— p+n)AC? —(m+n+ p+22P)BC? 0.
m
2 2 2np 2
< (M-n+p)AB "+ (M+n—-p)AC =(m+n+ p+?)BC :

BBl =0, CCl#0, = Ble(AC),C e (AB).
Observatie: Din B' €[AC],C'€[AB] si m.n, pe(0,:0) = B'e(AC),C' e (AB).
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2. Prof. George-Florin Serban, Braila

AC'BACB _, nBAm_,
BC'CA AB' 7 mCA p

AC' BM BIC _
BC'BM AC

AANBB'~ACC'={M}. In AABC aplic teorema lui Ceva,

|
%:%. In AABB' aplic teorema lui Menelaos, transversala C',M,C
nBM m 1 BM m+p BM  m+p

mBMm+p ~ BM n " BB m+n+p

AB' CM C'B pCM m CM m+n CM _ m+n

.In AACC!' aplic teorema lui Menelaos,

transversala B',M,B

CBCM AB ~ mCMm+n " CM p 'CC m+n+p
In AABC aplic teorema lui Stewart BB'-AC=BC?-AB'+AB?.-B/C—AB'-BC-AC,
BCZ-AC-p+ABZ~AC-m_AC3-mp

BB -AC = >
m+ p m+p (m+p)
2 2 2
BB = (m+p)p-BC +((m+ p))rzn AB” - AC ™ In AABC aplic teorema lui Stewart
m-+p

cc’.AB=BC2.AC'+ AC?.-BC'— AC'-BC!- AB,

2 2 3
CC'Z-AB:BC ~AB~n+AC -AB~m_AB ~mn,
m+n m+n (m+n)?
, .BC? .AC2_ AB2. I .
cc! :(m+n)n BC +(m+n)T AC° - AB mn, MB:BB (m+ p), MC:CC (m+n)l
(m+n) m+n+p m+n+p

BB | CC' & AMBC, m(£BMC)=90°, teorema lui Pitagora, BM?+MC? = BC?.
BB”.(m+ p)? . CCP?-(m+n)®
(m+n+p)>  (Mm+n+p)?
(mp + p?)BC? + (M + mp) AB? — AC?mp + (mn+n?)BC? + (m* + mn)AC? — AB’mn = BC*(m+n + p)?

BM?+MC?=BC?, =BC?,

(mp + p® +mn+n?)BC? +(m* + mp —mn) AB? + (M + mn —mp)AC?* = BC*(m* + n* + p* + 2mn+ 2 np+2mp)
(m* +mp —mn) AB? + (m? + mn —mp)AC? = BC*(m* + mn+ 2np+mp),
m(m—n+ p)AB® + m(m+n— p)AC? = BC*(m* + mn+ 2np+mp),
(m—n+ p)AB? + (m+n—p)AC? =BC*(m+n+ p+@), c.c.td
m
Deci BB' L CC' < AMBC, m(£BMC)=90°, teorema lui Pitagora, BM?+MC? = BC?,

(m—n+ p)AB? +(m+n—p)AC? =BC?*(m+n+ p+2—rr:)).
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3. Prof. Marin Chirciu si prof. Octavian Stroe, Colegiul National ,,Zinca Golescu” din

Pitesti
pin S =™ rezults BB =—"_BA+—P_BC .
p m+p m+p
Din &zﬂrezulté CC'= m CA+ n CB.
CB m m+n m+n
Avem BB’ L CC' < BB'-CC'=0 < BA+—P ﬁj( M _cay" @JzO@
m+p m+p m-+n m-+n
< m?*BA-CA+mnBA-CB + pmBC-CA+npBC-CB=0 <
< m?AB- AC —mnBA-BC — pmCB-CA—npBC-BC =0 <
< m’AB-AC-cos A—mnAB-BC -cos B— pmBC - AC -cosC —npBC? =
, AB?+ AC?-BC? AB? + BC?— AC? BC?+ AC?— AB? )
< me- —-mn- - pm- -np-BC°=0<
2 2 2
& (m® —mn+mp) AB +(m* +mn—mp) AC* = (m* + mn+mp+2np)BC* <
< (m-n+p)AB*+(m+n-p)AC? :(m+n+ p+@)BC2.
m
Cu aceasta demonstratia este incheiata.
4. Prof. Buzea Gabriela, Scoala Gimnaziala Nr. 56, Bucuresti
A
Folosind relatiile din ipotezad obtinem
CB'" m f mb f pb c B
- =— = (CB' = si AB' =
B'A p m+p m+p /
AC' n f ne f me T
—=— = AC'= si C'B=
C'B m m+n m+n
Fie BB’NCC’={T}, iar ATNBC={A"}. .-
In triunghiul ABC , AA’NBB’NCC’={T}, aphcam teorema lui Ceva B A ¢
AC' Eﬁ‘;ﬁlr CEB' n BA'" m BA' p pa f na
=1=————= — == A = si A'C = .
C'B A'C B'A m A'C p AC n ntp ° n+p

In triunghiul ABC, AA’NBB’NCC’={T}, aplicim teorema lui Van Aubel si obtinem
BT BC' BA'" BT m BT m+ , m + SR
= P = P spri= (L) B87,(.

= + = — = =
TB' (C'A A'C TB' n  n BEB' m+4+n+p
In triunghiul ABC, aplicam teorema lui Stewart si obtinem
BB'*-AC=AB*-B'C + BC*-AB'—CB'-B'A-AC =
\2 ., mb . pb mb pb
BB " +b=¢c"- +a - - . -bh =
m+ p m+p m+p m+tp

mtn+p
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» _c’m(m+p)+a’p(m+ p) — mpb?

BB'

(m+ p)? ()

Din (1) si (2) obtinem ca
, _c*m(m+p) +a’p(m+p) —mpb?

BT =
(m+n+p)?

Analog, obtinem
, _b*m(m+n) + a*n(m+n) —mnc?

(m+n+p)?

cT

BB' 1 ccC' } { AEBTC,
BB ncc' =Y < BT?+ cT? = BC?
c*m(m+p) +a*p(m+p) —mpb* + b*m(m + n) + a*n(m + n) —nne?
=a*(m+n+p) =

Din obtinem ca

= cim® +cfmp + a*mp + a*p® —mpb* + b*m® + bPmn + a*mn + a*n® —nmc® =
=a*m® + a*n® + a’p® + 2amn + 2a’np + 2a*mp S
= cf(m? —mn+mp) + b*(m* + mn —mp) = a*(m* + mn + mp + 2np)
=c*'(m—n+p) +b*(m+n—p) =a'(m+n+—p)ﬁ
m

-

. " 2
S (m—n+p)dB*+(m+n—p)AC* =(m -I-n—i-p-l-E)BC'.
m

5. Prof. Nela Ciceu, Rosiori, Bacau si prof. Roxana Mihaela Stanciu, Buziu

Avem
cB'=—M0 pgao PD pc NC g me
m+p m+p m+ N m+n'
(B'CY? = n’c’ p’®*  2npbc  b’+c*-@’ .
(m+n)>  (m+p)*> (M+n)(m+p) 2bc

Rezulta ca
BB' L CC'< BC2+(B'C")? =(BC')?+B'C?

,  n%c? p’o*  np(b®+c*-a’) _ m?c? . m®b?

(m+n)?> (m+p)? M+n(m+p) (M+n)*> (m+p)°

(m* —n?)c? npc’ (m* - p*)b? npb? _ .2 npa’

(m+n)*>  (m+n)(m+p) (M+p)?*  (Mm+n)(m+p) (m+n)(m+ p)
(m —n)c® . npc? N (m —p )b? N npb® _ (m* + mn+mp +2pn)a’

m+n (m+n)(m+p) m+p (m+n)(m+ p) (m+n)(m+ p)

(m? +mp —mn)c? + (m* +mn —mp)b? = (M* + mn +np + 2np)a’
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(m+n—-p)b?>+(Mm+p-n)c’=(Mm+n+ p+ﬂ)a2
m

6.. Prof. Constantin Telteu

y
A(0:a)

B(-b;0) C{c:0)

Luénd latura [BC] pe axa Ox si indltimea din A pe axa Oy , avem:

AB? =a’+b* AC?=a’+c?;BC?= (b + 0)2 , care Tnlocuite in relatia data in enunt, dupa cateva
calcule, conduce la relatia echivalenta:

azmz—nbz(m+p)—pcz(m+n)—bc(m2+mn+mp+2np)=0 (1)
- c+m-0 c 0+m-a ma
Pe de alta parte, avem: ——=—= X = P___P Vg = P___ :
B'A p 1+m m+p 1+m m+p
p p
m m
BC' m _b+ﬁ'0 —bn O+H'a ma
CA n = m YT T T T
n 14+ 0 m+n 14 M m+n
n n
_ Yo —Ye _ —Mma . _ Yo — VY8 _ ma
M = = ;Mg = = :
Xe:—Xc  bn+cn+cm Xg:—Xg  PC+ pb+mb

Conditia de perpendicularitate din enunt este echivalenta cu:
Mee: - Mg =—1<> m”a® =(bn+cn+cm)( pc+ pb+mb) < (1).
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7. Conf. dr. Gheorghe PROCOPIUC, Universitatea Tehnica Iasi

Solutie: Notam:

AB"  p A" n
= —=aqa, _ e = 3
B'C m C'BE m
Cum AB'+ B'C = b 3i AC'+ C'B = ¢, deducem ci:
o 1 2 1
AB' = b, ¥=B'C=——b, AC = , d=CB= . (1)
l+a l+a 1+4° ¢ 1+3° ‘
Relajia din enunt este atunci echivalenta cu
(l—a+8t*+(l+a—Fcd=(1+a+F+2a8)a (2)

Fig. 1

Din triunghiul AB'C' avem (Fig. 1): B'C™ = AC™ + AB" — 2AB’. AC"cos A. Dar
Zbecos A = b + & —a® 3i cu (1), notand &' = B'C’, gasim ca

2 a1 ;
a a’® 3 1 af

+ - = —(6* 4+ —a?).
1+a)P (1437 ll+ﬂ](l+.3}( ¢ —a’)

De aici deducem ca:

a'+a? = b - (l—a+8)¥+(l+a-3c —(l+a+8+2af) rf] i

(1+a)(l+35) -

(3)
Daca BE' L €C" atunci &® +a® = 0" + &%, aau
Bc'+ B'c® = Bc” + CcB" 14

Intr-adevar, din triunghiurile dreptunghice TAB, TA'B’, IBC' 3i ICE' avem:
BC'+ B'¢® =IB' +IC* + IB® + IC"® = BC"™ + €B".

Din (3] rezults atunci (2).
Reciproc, daca are loc (2], din (3) rezulta (4]. in acest caz BB 1 CC". fntr-ad.ex‘ér:

noténd § = m {E}_&J avem:
BC'=IB*+IC*—2IB.ICecusd, B'C®=IB"+IC" —2IB . IC cos b,

BC® = IB*+ 10" + 3B - IC cas, B'C*=IB" +IC" +2IB' - IC cos#,
cu care (4] devine:
(IB.IC+IEB . IC'+IB.IC'+IB . IC)cosll = 0.

Dar [B-IC+IB - JC'+IB-IC"+IEB" - IC # 0, deci cos § = 0, adics § = 90°.

www.mateinfo.ro
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8. Prof. Codreanu loan-Viorel

Dreptele BB’ si CC’ sunt perpendiculare daca si numai daca BB x CC'=0
CB'" _m . AC'_

Din — = — si —-irezulta
BA p CB m

~ BC+—BA AC+ NBC
I+ 1+ —
p m
sau
BB = PECHMBA g &g - MAC+nBC
p+m m-+n
Avem BB CC'=0 « pBC + mBA mAC +nBC ~0
p+m m+n

<> pm BC AC +pnBC?+m?’BA AC +mnBA BC =0

< pm CB CA +pnBC?+m?AB AC +mnBA BC =0
BC2+AC2—ABZ ABZ+AC2—BC2

< pm > +pn BC? + m? 5 “mn > =0

< mpBC?*+mpAC?- mpAB?2pnBC?- m?AB?-m?AC? +m’BC?*+mnAB*+mnBC?-mnAC?=0

< (M*+mp-mn)AB%+(m?+mn-mp)AC? = (m?+mn-mp+2mp)BC?

& (M-n+p)AB? +(m+n-p)AC? = (m+n+p+ %)BCZ

AB? + BC? - AC?

9. Prof. Alexandru Elena - Marcela, Scoala Gimnaziala ,,Jon Irimescu” Falticeni, jud.
Suceava

Teorema: Fie ABCD un patrulater convex. Urmatoarele afirmatii sunt echivalente:
(i) ACLBD;

(i) AB?+CD? = AD? + BC?.
Demonstratie:
()= (ii)
Fie {O}= AC nBD. Deoarece AC 1 BD rezulta
AB? +CD?* = (AO? + OB?) + (OC?* +OD?) = (AO* + OD?) + (OB* + OC?) = AD* + BC?
(ii)=(i)
Fie o« =m(«BOA) . Atunci:
AB? = BO® + AO* -2BO-AO-cos«
CD? =CO? +0D?-2CO-DO-cosa
AD? = AO® +OD* —2A0- DO -cos(180° — &)
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BC? = BO?+C0O?-2B0O-CO-cos(180° — ) .
Folosind ultimele patru egalitati si relatia (ii) se obtine:
(BO-AO+CO-DO+AO-DO+B0O-CO)cosa =0. Rezulta cosa =0, adica AC LBD.
(Probleme practice de geometrie, Liviu Nicolescu, Vladimir Boskoff, Ed. Tehnica Buc. 1990,

pag.20-pag.21)

) i

c’e) _m o Ce = 2R o> b o™ 5y Ac= mEp, cp
B'a P DA +Ce e p Ac  m+p e

Adl . m oy Ak | mam  AD | mim L, Apemim, OB
e m c'e e e’ m i

2 2 3 5
"o AR T F Al = 2A08.AC osA Jci(_,;c s A = AB 4 Agi:(ic‘
2LADAC

<) 2 L 2 2
= B = A A - ZA8. Ac ABXAC-BC
,'l A AC

L feicy R )% i i Z oA
( el T : ) X . 2
BCH (A0’ rac! = Ap.Ac. AR’ _ aplAct ACT AL_A_C'_'-LC,>= e
o AC AP)p/&, A AC
2 2 A
BC+ £ ce 4_32 R 2 .cs. }/6 Ub /_,_/M( m cp,"””‘ e 4
m* m* o "mwn/ )Ié’
AC _ '“rrug en'. /r,ﬁ - mMmitpP (-_’2
—_— _,___—-

AR e km‘,n)cb m 7 clp

2 2 2
n )5 Bt 7 w_. Al D0 AC
}J‘y (b 7’)}/ (frru/>) /915( (ﬂnn} (’)’nf/a)

£

2
SBCt 4 o~ M(RCrz?_f»)f; Ao Pt ch——# ;—Ab -
7/ (rm/;/ 7{! (imfn) 7/ mrn Uow/o/ mip ( ]

2 2 ;
= ’,)1;7———4 “PHeT = .')l"_,_l A&‘Z,,, ,_?_71—2—'-"‘#C_2'
(/;;ru 77/(7"’*}>) (/)ﬂ4 n) (M*/))z
= /bcz(' 1+ P - AR — n” et ne AB + ‘m Ac 'ﬁ_- #CH ZZ/&ﬂc
(/?nJ ») (71-.4[,) (m, 7,)L C”"* )7)1 (Wwﬁ,\)/vﬂT) (77;;/,) ( '77107>) /7,,,,,)/,,,7,)

5 BE s mmprmntnptnp (o)) gyt mp— Ao+ 2L b s 2p— 2

v )(m+p)
(m+ ”)('wu/) (e n) (rorm)lomtpd Cmp© Grem)( ’7’
- "z = A
9 B Mt mmimpramp  m-m /962+ iy A Bl + TP pC + R
(Brivfamig) T e S N GG

= pe (’M ¢mn+7nf¢2’v/>) (rm wn47n/> % ?/)/?Or m mfwy-’)ﬂ)zf///)f}zf;)ﬂc
Bt m(m» R+P A _Z;Z) 777(m~n+—/>)/-)(5 * ”7(""/"‘*77->AL / e

772
lg,cl‘(7;74n+/> # ,2_7?;) = (qm—oz—r/:)ﬁ)/’f* (’howvz, “/’)AC :
T
<t ..



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 -NOIEMBRIE 2017  [WATANEVET01 (€0

3. THE NUMBERS of FIBONACCI and LUCAS - IDENTITIES
- PROOFS WITH FEW WORDS -

)

By Dumitru M. Bitinetu-Giurgiu and Neculai Stanciu

Fibonacci
(1175 -1240)

Francois-Edouard-Anatole Lucas
(1842 — 1891)

F, =0,F, =1
F.,=F. +F,.,vneN (F)
L,=2L, =1
L.,=L.,+L,,vneN (L)
r’—r-1=0,
rl:a:1+2\/§’r2 :ﬁ:¥.

(X, )0, Fibonacci-Lucas’ s sequence
X, =Aa" +Bg", VneN,
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1 1

If x,=0=F,,x, =1=F,, then A=—,B=—-— so:
0 0 1 1 /—5 /—5
a" - p" 1/, o .
F = =—\a" - , Vn eN (Binet, 1843),
a-p \/5( ﬂ)

If x,=2=1L,,x,=1=L,, then A=B=1,5s0

L,=a"+p8", VneN.
Note that:

a+pf=1and off =-1,

*

1. IDENTITIES

1.1. > F =F,, -1 VneN" (Lucas, 1876).
k=1

Proof. F, =F_, - F.,, VkeN",

n n

n
Z Fk = Z Fk+2 - Fk+1 =
k=1 k=1 k=1
n+l n

:ZFkJrl _ZFk+l = I:n+2 - Fl = Fn+2 —1, vn EN*.
k=2

k=1

12.> L, =L,,-3 VneN".
k=1

Proof. L, =L,., L., Vke N,

Proof. F -F,,=F (F +F ,)=F’+FF_,,VkeN =

= z FeFea = Z R+ Z FoaFo< Z R = z FeFea _Z FoaFy =
k=1 k=1 k=1 k=1 k=1 k=1

www.mateinfo.ro
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n n-1
= ZFk Fea _sz Foa=FF.-FFR=FF.,, saulM.
k=1 k=0

n

14. > 15 =L,L

n —n+l
k=1

-2, VneN".

Proof. L -L,=L (L +L )= +LL_,VkeN =

n n n n n n-1
:ZLkLkﬂ ZZLi +sz—1Lk ®2Li =szLk+1_szLk+l =
k=1 k=1 k=1 k=1 k=1 k=0

=LL,-LL=LL

n =n+l n=n+l T

2.

1.5. > F, ., =F,, VneN" (Lucas, 1876).

k=1
Proof. F,, =F, —F,_,, VkeN =
= Z FZk—l = Z sz - Z szfz =
k=1 k=1 k=1
n n-1
= Z Fa —
k=1

Fp =F,, —F, =F,,, YneN".
0

k=

1.6. > F, =F,.,—1 ¥neN" (Lucas, 1876).

Proof. F,, =F, ., —F,,, VkeN =

= Z Fo = Z Foa — z Fa1 =
k=1 k=1 k=1
=Fu-F =F,-1 VvneN".

1.7. 3 Ly =L,,—2, ¥neN".

k=1
Proof. L, ,=L, -L, ,, VkeN =
= Z Loys = Z Lo — z Loy =
k=1 k=1 k=1

n n-1
=Y Ly =D Ly =Ly -Ly =L, -2 VneN".
k=1 k=0

1.8. XLy =Ly, -1, VneN’.

k=1

www.mateinfo.ro
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Proof. L, Ly, VkeN =

= L2k+1 -

= Z Lo = z Lo — Z Loy =

n—

= Z Loks — L2k+1 Lo —Li =Ly —LVne N
k=0
1.9. > F, =F..,—F..vnieN.
k=0
Proof. F,,., =F.., —F.i VkK.ieN=
= Z Fk+i = Z Fk+i+2 - Z Fk+i+l = Fn+i+2 - Fi+1'
k=0 k=0 k=0
1.10. F2+F2 =F, ., VneN.
2 n n \2 1 n+l n+1 \2 1 2n 2n n
Proof. F2+F2, —g(a -p") +—(a —p") =§(a + B2 —2(ap)" )+
+%(a2n+2 ’an+2 2( ﬂ)n+1) (aZn g2 +ﬁ2n +ﬁ2n+2)

gl

2n+1 1 2n+1 1)_1 a +1 ?
[a [a+;)+ﬂ ('B+Ej]_5[ ” a”™ "+ 7

1 (a2n+l _ﬂ2n+l) F2n+11 vn eN.

p°+1

2n+1

. ﬂZMlJ —

1 2N+ n+l ) _ &
g(ﬁ'“ RLR -
1.11. F?, -F?, =F,,, YneN (Lucas, 1876).
PrOOf Fn2+1 _ FZ :%((aml _ﬂn+1)2 _(an—l _ﬁn—l)z):

:_(azmz bR gt

Ql‘ gl g, gl Ok
ol

(04

a—%)(a+%)a2” +(ﬂ—%

(@ - p>")=F,,, VneN".

2n 2 Z(aﬂ)ml +2(0{ﬁ)n l)
S +[ﬁ2 —%}ﬁm +2ap)" - (aﬁ)z)j -

[}

5 (B 557 )

a+§ja2" +(ﬁ+%}82”J -1

www.mateinfo.ro
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112. " =a-F,, +F,, VneN.

Proof. a-F ,+F, :%(@z”l —ﬂ””)+%( " —/3”):
:is(a'”z +a")—%ﬂ“(1+ ap) :%(a+é)a”” =
_ Oi/"; (“:“1] _ ‘i/n; J5=a", vneN.

1.13. g™ = B-F, +F,, ¥neN.

Proof. B-F,, +F, :%(a”” -ﬂ"+l)+i5(a" —p")=

_i n+l o n+2 n_ n =_i n+2 n i n, —
‘@(“ B-p"+a" - p") \/g(ﬂ +ﬂ)+£a 1L+ ap)

:_i. n'(ﬂ2+1):_i(ﬂ+£jﬂn+l:_%'ﬂnﬂ'['gz—i—lj:

N3 NCI p
- _%-ﬂ”” (—VB) = g™, VneN.

1.14. L.F, =F, , VneN.

Proof. F,, =%(a2” —,82“)=%(a” —p"Ja" +B")=F,L,, VneN.
1.15. F, +F,, =L, VneN.

Proof. F, +F,, :%(an ~B" +a™? _ﬁmz):

el o) o

5 B 5
=a"™+p" =L, VneN.
1.16. F,,-F =L,,, VneN.

Proof. Fn+4 _ Fn — (an+4 _ﬁn+4 _an +ﬂn)=

-

www.mateinfo.ro
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:%(a (a* 1)~ B (5" -1))= 15( (@ D +1 (5 D +1)
:%(“M(‘“é M(ﬂ %D BB )=ar g =

117. L, +L,, =5F, ., VneN.

n+1?

PrOOf. Ln + Ln+2 =0(n +ﬂn +an+2 +ﬂn+2 :an+1(a+£j+ﬁn+l(ﬂ+%J:
(04

:\/gaml_\/gﬂml:S_L(aml_ﬁml) 5Fn+l,VneN

NG

1.18. F ,F_ —F’=(-D)""F? vneN",vk eN,k <n (Catalan, 1879).
Proof. F, ,F, , —F? :%(oz“k — B e —ﬂ”‘k)—%( ") =

%(am B _ gk Ik 4 g _ g2 _ gan +2anﬂn)=

— < @pyapt - (@pyatp +2ap))-

— <@ @) p* - @p)ya (@)t +(-1)"2)-

e G R C R GRS R

%(( )™ (@2 1 f2) 4 2(-1)" ), but,

sz :%(ak Y :%(azk + 8% _2(ap)* ) ( 2 +ﬂ2k) g(_l)k PN
* BRZ+2(-1)"
= c .

& a® + f* =5F2 —2(-1)*! =5F2 + 2(-1)* < a ;ﬂ

So,

_1\n 1\ n+2k+1
F F _F2=(_l)n+k+l|:2+2( l) +2( 1) —

n+k ' n-k n k
5

=( l)n+k+1F += (( 1) +( 1)n+1) (_1)n+k+le2.

1.19. «"F ., +a™'F,_, =a", vmneN,n>m.

a m-1

V5

Proof. a™F o™, = (an—m+1 _ﬂn—m+l)+ (an—m _,Bn_m):

n-m+1

R
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an+1 amﬂn m+1 am -1 am

1ﬂnm_
5 5 5 5

_a”(a+a1)_am_lﬂ”m L a+at .

: NG (af+)=a"- =

V5
1.20. p™-F_ ., +B"-F . =pB",YmneN,n=m,.

Proof. g™ -F, ,a+B" " -F, =

ﬁm—l e . am) ﬁman—mﬂ ﬂn+l ﬂm—lan—m ﬂn
7 (@™ —pmm)=

:—%(ﬂ+%j+ﬁmj/%nm (06,3+1)=—'Bn (,b’+ij=—ﬂn (1

e Ry

+

1.21. o = ()" -(aF, - F

n+1

), VneN.

Proof. (-1)"-(aF, ~F) = X (a(a" ~ ) -a"" + %)=

V5
_ (_1) m n+l n__,ntl n+l)_ (_1) " n _ —
- \/g (a aﬂ a + ﬁ ) \/g ﬁ (ﬂ 0!)

_ (_1)n+l 1—\/3_1-0-\/5 ﬂn _ (_l)rH—l
V5 | 2 2 V5

:(_1)nﬂn :(aﬂ)nﬂn :anﬂZn :an (_j :0{_”.

B (B) =(-)" " =

1.22. L, L, =L%_ +5F2 ,vmneN,m>n (Wall, 1964).

m+n

2

Proof. L2 _+_5sz_n =(amm _+_’Bm+n )2 +(am—n _,Bm_n) _

m+n

— a2m+2n +ﬂ2m+2n +2(aﬂ)m+n +a2m—2n +ﬁ2m—2n —Z(Gﬂ)m_n —

2m 2m
:a2m+2n +ﬁ2m+2n +ZT+§2n +2(aﬁ)m—n((aﬂ)2n _1):

2m+2n +ﬁ2m+2n + aZmﬂZn +a2nﬂ2m a2m+2n +ﬂ2m+2n +a2mﬁ2n +a2nﬂ2m —

(@B)™
:aZm(O{Zn +ﬂ2n)+ﬂ2m(a2n _'_ﬁZn):(aZm +ﬂ2m)(a2n +132n): L2 L

=
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1.23. L, L, =5F2 +L?

m+n m-n?

vm,neN,m>n. (Wall, 1964).

2

Proof. 5F2, + 12, =(a@™" = g™ f + (™" + g™ f =
=a2m+2n +ﬂ2m+2n _Z(aﬂ)mm +a2m—2n +ﬂ2m—2n +2(aﬂ)m—n —
=a2m+2n +'B2m+2n +a2m—2n +ﬂ2m—2n +2(aﬂ)m—n(1_(aﬂ)2n)=
2m 2m 2m p2n 2n p2m
(24 (24 +a
2m+2n +ﬂ2m+2n + — +ﬁ2n :a2m+2n +ﬂ2m+2n + ﬁ — ﬁ _
a p (ef)
=a2m+2n +ﬂ2m+2n +a2mﬁ2n +a2nﬁ2m =0{2m (aZn +ﬁ2n)+ﬂ2m (aZn +ﬂ2n) —
= (a2m +ﬂ2m)(a2n +ﬂ2n) = I-2m I-2n '

=

1.24. L,, =5F% +2,¥neN" (Lucas, 1876).

Proof 5F22n +2=(a2n _ﬂZn)2+2=a4n +,B4n _Z(Gﬂ)zn +2:
—L,+2-2-D" =L,

1.25. L,,., =5F7,, —2, VneN ( Lucas, 1876).

Proof. 5F22n+1 2= (a2ﬂ+l _,32n+1)2 B +'B4n+2 _z(aﬁ)2n+1 _o—
= I—4n+2 -2- 2(_1) = L4n+2 :

1.26. 2 +L2, =L, +L,..,, VneN (Koshy, 1999).

n+1

Proof. > + 2, = (a" + ") + (" + ") =a® + B*" + 2(af)" +

n+1

+a2n+2 +ﬂ2n+2 + Z(aﬂ)n+1 = I-2n + L2n+2 + 2(a,8)”(05ﬂ+1) = L2n + L2n+2'

1.27. F, -L, +F, -L,=2F,. ., vmneN (Blazej, 1975).

m+n?

Proof. Fm 'Ln + Fn . Lm :%(am _ﬂm)(an +ﬂ”)+%(a” _ﬂn)(am +ﬁm) =

(am+n _anﬂm +amﬁn _ﬂmm _+_am+n _amIBn +anﬂm _,Bm+n) —

(am+n _ﬂm+n) = 2F

m+n *
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4.0 NOUA INEGALITATE ALGEBRICA SI APLICATII ALE EI iN
TRIUNGHI

Marin Chirciu, Pitesti1

(In legatura cu articolul ,,O inegalitate algebrici si aplicatii ale ei in triunghi”din Revista
Electronica Mateinfo.ro Octombrie 2017)

Articolul porneste de la o inegalitate algebrica mai tare decat cea din articolul de mai sus si
obtine relatii de forma

E*>2F(Rr),
unde E este o expresie care depinde de elemente ale triunghiului.

Lema.

2
Daci X,Y,z >0 atunci (§+X+EJ +9>2(x+y+ z)[£+l+%
y 7 X X Yy z
Solutie.
Inegalitatea este echivalenta cu:

X2 y X y X2 X x .Y L
27+22;+92225+22;+6© 27+322Z§®Z §—1 >0, evidenta.

Egalitatea are loc dacd si numai dacix=y=1z.
Aplicatii in triunghi.

Aplicatia 1.

Tn triunghiul ABC

b ¢ a R
Solutie.
Punem in Lemi (X, y,z)=(a,b,c) si tinem seama
ca(a+b+c)(1+1+1]= 0. P’ +r?+4Rr _ P’ +r?+4Rr Z16Rr—5r2+r2+4Rr _10_2",
a b c 4Rrp 2Rr 2Rr R
nde inegalitatea de mai sus rezulti din inegalitatea lui Gerretsen p° >16Rr —5r? (G).
Aplicatia 2.

Tn triunghiul ABC

. . . 2
(s!nAJrs!n B +s!ncj LA
sinB sinC sinA R
Solutie.
Folosim teorema sinusurilor si Aplicatia 1.
Aplicatia 3.

! Profesor, Colegiul National ,,Zinca Golescu”, Pitesti



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 -NOIEMBRIE 2017  [WATANEVET01 (€0

Tn triunghiul ABC

Solutie.
. 2S5 . . .
Folosim h, = — si Aplicatia 1.
a

Aplicatia 4.
In triunghiul ABC

2

r r r 8R
Ay bye )l +7>—.
L or.or r

Solutie.
Punem n Lemﬁ(x, Y, Z) = (ra, I, I‘C) si tinem seama
cé(ra+rb+rc)[£+£+£j:(4R+r)-£:1+ﬁ.
A A r r
Aplicatia 5.
In triunghiul ABC
2 2 2\?
a_2+b_2+c_2 +12—erS.
b ¢° a R
Solutie.
Punem in Lema (X, y,z)= (az, b?, Cz) si tinem seama
©) _5r2_yp2_
ci(a’+b* +¢?) i2+i2+i2 >2(p®—r*—4Rr). 1 V16Rr—or - —4Rr 4, _0r
a~ b® c 2Rr Rr R
Aplicatia 6.
In triunghiul ABC
- 2 - 2 - 2 2
s!n2A+s!nzB+s!nZC +12r215.
sin“B sin“C sin“ A R
Solutie.
Folosim teorema sinusurilor si Aplicatia 5.
Aplicatia 7.
In triunghiul ABC
2
p-a p-b p-c) ;.8
p-b p-c p-a r

Solutie.
Punem in Lemﬁ(x, Y, Z) :(p—a, p-—b, p—C) si tinem seama
1,1 1 ]_ AR+r 4R

+ 1+—.
p—a p-b p-c rp r

ci(p—a+p-b+ p—c)(

Aplicatia 8.
In triunghiul ABC
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2
LT I

c a

r

2 2 2\
[rl+%+r%j +232@.

Solutie.
A - 2 2 2 ..
Punem in Lemi (X, Y,2) :(ra AT ) si tinem seama

i 1011 p—2r’ —8Rr
ca (1 +1} +rf)[F”Lr_erFj:[(4R+r)2_2p2J'TZ

a c

_16Rr—5r2—2r2—8Rr 8R

> (3 p°-2 p2) — = 7 , unde inegalitatea rezulti din inegalitatea lui
rp
Doucet (4R +r)° >3p?, (D) si Gerretsen p>>16Rr —5r?, (G) .
Aplicatia 9.
In triunghiul ABC
A cY
t9- tg—- 9
2 4 +—2 +7>8—R
B A r
tg— tg— tgz

Solutie.

Punem in Lemi (X, y,z) = (tg?, tg%,tg% si tinem seama

(. A B C 1 1 1 4R+r p 4R
ci|tg—+tg—+tg— + + = L _
2 2 2)| ¢ A B
2 92

Aplicatia 10.
In triunghiul ABC

2

Solutie.

Punem in Lemi (X, y,z) = (tgzg,tgzg,tg2 %) , tinem seama

Cé[tgzé+tg2E+tgzgj 111 =(4R+r):—2p2. |02—2r2—8Rr(D;)
2 2 2 tgzé tng tgzg p r
2 2 2
(D;G)3p2 —2p* 16Rr —5r° —2r* —8Rr _8R
= pz r2 r '

Aplicatia 11.
In triunghiul ABC
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sin’ ssz sin? = >
+ 2, 2 | .9 4(2R—r)
' C A ~ Rr
sin? sin’=  sin?™
2 2
Solutie.
N 1 H 2A -2 B . 2C ..
Punem in Lemi (X, y,z)=| sin E,sm E,sm > si tinem seama
2 2 (G)
CQ(Sinzé+sin2E+sin2_j 1A 1B 1C :(1_Lj.p +r2 8Rr2
2 2 2 sinz— sinz— sz_ 2R r
2 2
©)(,__r ) 16Rr=5r’+r’—8Rr _2(2R-r)’
2R r’ Rr
Aplicatia 12.
In triunghiul ABC
2 2 B 2 C 2
COS“— COS“— COS > . AR 1)
+ + +924+— |1+ _
2 A R P

Solutie.
N « 2 A 2 2 .-
Punem in Lemi (X, y,z)=| cos E’COS E,Cos > si tinem seama

2
111 (2+Lj{l+(4R+rJ]l
2R p

ca(coszé+co§§+cosz—j X 5 c
2 2 2)] cos? 2 cos22 coszz

Aplicatia 13.
In triunghiul ascutitunghic ABC este adevarata inegalitatea
p®+r’—4R?

cosA cosB cosC )’ 2r
+ + +92| 2+ — | — .
cosB cosC cosA RJ p*—(2R+r)

Solutie.
Punem Tn Lemi (X, y,z) =(cos A cosB,cosC) si tinem seama
p® +r?—4R?

cé(cosA+cosB+cosC)( t e j:(1+Lj—2_
cosA cosB cosC RJ p?—(2R+r)

Aplicatia 14.

Tn triunghiul ABC
A B cY
atg— btg— ctg— Y
+ 2_|_ 2 +92m
C Rr

B
btg— ctg— atg—
g2 g2 g2
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Solutie.

Punem in Lemi (X,y,z) = (atg?,btg%ctg %) $i tinem seama ca

2 2 G) _ 2
A 1 P 8Rr;2(2R r).

4Rr? Rr

—2(2R-r)

Aplicatia 15.
In triunghiul ABC

2
asin2é bsian csinzg
2 2 2

R r ?
+ + +928(——1j(2——} .
bsinzg csin’-% asin? A r R

2
Solutie.

A . .,A ..,B ..,CY\ .. .
Punem in Lemi (X, y,z)=(asm2§,bsm2—,csm25j si tinem seama ca

4 2 2 2_6R 3 4R
ZaSinZQZ;A=p(1—Lj-p +2p (r r)+r( +1)

a-sin? A R 4Rr’p
2
R—r)| p?(p®+2r>—12Rr)+r3(4R+r 2
vty Ayl s, o
4R°r r R

Aplicatia 16.
In triunghiul ABC este adevarata inegalitatea
2 2
4(2R—-r

ar, b e ) g  H2R-1)
br, cr, ar, Rr

Solutie.

Punem in Lemﬁ(x, Y, Z) = (ara,brb,crc) si tinem seama ca

1 p?+r?—8Rr ©2(2R-r)’
ar, —=2p(2R-r)- > .

2 aZara P ) 4Rr?p Rr

Aplicatia 17.

In triunghiul ABC este adevarata inegalitatea

2 2
hara+hbrb+h°r° +92(4+Lj 1| BB
hbrb hcrc hara R p
Solutie.

Punem in Lemi (x,y,z)=(h,r,

a‘a’

2
1 _rr., 27 4AR+r1 r AR+r
Zh&rﬁZE_ZR[p +(4R+r)} > _(2+2R)[1+[ j}

hr,,h.r,) si tinem seama ca

p P

Aplicatia 18.
In triunghiul ABC este adevarata inegalitatea



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 -NOIEMBRIE 2017

A B C
hatgz hbth hcth r AR 4T 2
Bt ct A +92> 4+E 1+ .
htg— htg— h tg— P

bgz ng agz
Solutie.

Punem in Lemi (X, y,z)= (h tg—,h tg— ,hc tgcj si tinem seama ca

Syl e} 5 o

htg

Aplicatia 19.
In triunghiul ABC este adevarata inegalitatea

A C
h ctg— hct— hct— 2
agz+bg gz 2R_r)

B C A
h,ctg— h.ctg— h,ctg—
bgz ng g2

Solutie.
A . A B C
Punem in Lemi(x,y,z)=| h, Cth,hb Cth,hC ctg E si tinem seama ca
24+r?—8Rr _r©2(2rR- r
Shogty L A=|0(|o ) 2R r©2(
2 h, cth 2Rr rp Rr
Aplicatia 20.

Tn triunghiul ABC este adevirata inegalitatea
2

has,inzé hbsinZE h, sin & 8R
2, 2 4 +7>2—.

hbsinzg hcsinz% hsmZA r

Solutie.

Punem in Lemi (X, y,z) = (h sin’ > h sin % h,sin %j si tinem seama ca

-, A 1 r(4R+r) 2R 4R
> h,sin*=> = =1 —.
el hsinz A 2Ry

Aplicatia 21.
In triunghiul ABC este adevarata inegalitatea

www.mateinfo.ro
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2

h, cos’ g h, coszg h, cos® %
>

B + C + A +72 .

h,cos"— h,cos"— h,cos"—
2 2 2

Solutie.

A < A B .. <
Punem n Lemi (X, y,z) = [ha cos” > h, cos’ > h, cos® %) si tinem seama cd

2R(4R
> h,cos —Z P ﬁ 1428
h, cos? 2 2R rp r
Aplicatia 22.
In triunghiul ABC este adevarata inegalitatea
A B zc 2
hig"= hitg'— hig 4(R+1)(2R=T)
Bt ct A +92 R :
h, tgzz h, tg2 h, tg2 r

Solutie.

Punem in Lemi (X, y,z) = (ha tg® g, h, tgzg, h, tg® %J si tinem seama cd

» A 1 _2R-r r 20 37| Dot
zhatg E n t92§_ r2 2Rp2[p (I’ 8R)+(4R+r)} >

2
Doucet 2R — ) 5 2(R+I’)(2R—I’)
> . r-8R)+3p°(4R+r) | = .
Aplicatia 23.
In triunghiul ABC este adevarata inegalitatea
2
h, ctgZé h, ctg® — B h, ctgZC or\(4R2 2R
é+ é i +92(2——)[ > ———3}.

h, ctgzz h, ctg2 h, ctg2 RAT r

Solutie.

Punem in Lemi (X, y,z) = (h ctg — h ctg h ctg %) si tinem seama cd

S otg? Ay L p*(p*+r —12Rr).2R(4R+r)—p2

2 2
h, ctg2 A 2Rr i
p2+r2—12Rr.2R(4R+r) p? ©16Rr — 5r°+r’ —12Rr 2R(4R+r)-4R*~4Rr-3r* _
2Rr? r 2Rr? r
4r(R—r) 4R*-2Rr-3r? r)(4R> 2R
= . =2|1-— | ——-—-3]|.
2Rr r R/UT r
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Aplicatia 24.
In triunghiul ABC este adevarata inegalitatea

2 2
h+2r, h+25 h+2r, +92(4+L) L[AR+)
hy+2r, h.+2r, h +2r, R p

Solutie.
Punem in Lemi (X, y,z)=(h, +2r,,h, +2r,,h,+2r,) si tinem seama ca

e sl

h, +2r, p 2R p

Aplicatia 25.
In triunghiul ABC este adevarata inegalitatea

2 2
— . - 4(2R-r
L el e 8 P ( )
L—r r.—r r-—r Rr

Punem n Lemﬁ(x, Y, Z) = (ra —r,n-rr.— r) si tinem seama ca
r,—r 4Rr? Rr
Tn triunghiul ABC este adevirati inegalitatea

Z(ra_r)z
h h h i Or _ 27
[ LA Sl °_rj TN

Solutie.
2412 —8Rr ©@2(2R—r)’
_p(2R-r) R BRI O2(2R-T)
Aplicatia 26.
h-r h-r h-r R 2

Solutie.
Punem in Lemi (X, y,z)=(h, —r,h,—r,h,—r) si tinem seama cd

1 24r2—2Rr 2(p*-r*-Rr)  p24r>—2Rr p?’-r?-Rr
Sy b Pz 2R | .

h,-r 2R r(p2+r2+2Rr)_ p?+r®+2Rr Rr
©3 p’-~r’~Rr®3 15R—6r 45 9r
4 Rr 4 R 4 R

Aplicatia 27.
In triunghiul ABC este adevarata inegalitatea
2 2
h—2r h-2r h-2r +924(2R—r) |
h,—2r h-2r h,-2r Rr

Solutie.
Punem n Lemﬁ(x, Y, Z) = (ha —-2r,h, —2r,h, - 2r) si tinem seama ca

1 p’+r’-8Rr 2R-r®2(2R-r)’
h, -2 - : > .
2.(h-20)2, h, —2r 2R re Rr

Aplicatia 28.
In triunghiul ABC este adevarata inegalitatea
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A B C
rath rbtg_ I’C'[g— 16R

2 2 5 oh
rth+rtgg+rtgé +23> g
PFo T 25
Solutie.

Punem in Lemi (X, y,z) = [ra tgg, I tg%, rtg Ej si tinem seama ci

S tgéz 1 (4R+r)2—2p2 _p?-2r’—8Rr (G+D>3p —2p* 16Rr—5r°—2r®—8Rr _
a9 t A D r2p p? r2
a0
2
R
r
Aplicatia 29.
In triunghiul ABC este adevarata inegalitatea
, A ,B ,C Y
retg’s netg’s rctgt S 8R

+ + +7>—.
I, ctgzg r, cth% ractgzg '

Solutie.

B ..
Punem n Lemi (X, y,z) (r ctg®—,r, Ctgzz,rC ctgzgj si tinem seama ci

2
Zractgzgz L _ P aR+r 1+ﬁ.

r pz r
r.ctg®—
a g 2

Aplicatia 30.
In triunghiul ABC este adevarata inegalitatea
2

rasinZA I, sin® — rcsinZE F\(4R? 2R
2 2 4 2 +9z4(1——j( ———3)

. , B . A
rsin®— rsin®= rsin®—
2 2 2

Solutie.

A . ., A . ,B .,CY) .. <
Punem in Lemi (X, y,z):(rasmz?rbsmz?rcsmzij si tinem seama ca

SrsineAy 1 . 2R(4R+1)-p* p2+r23—12Rr (Coron
r,sin®— 2R '
2
© 2R(4R+r)—4R*—4Rr —3r? 16Rr—5r’+r?—12Rr _ 4R*-2Rr-3r* 4r(R-r)
> 2R |"3 - 2R r2 =
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Aplicatia 31.
In triunghiul ABC este adevarata inegalitatea
2
2 A 2 B 2
r,COs"— ,C0s° —~ I1,COS"— |
+ 2 4 +—2>11
2B , C 2 R
f,CO8" > 008"~ T C08"

Solutie.

« . A B CcC) .. -
Punem in Lemi (X, y,z) = (ra cos? > I, cos’ > I cos’ Ej si tinem seama ca

2 2 2 2 2 (G) _ 2 2
Zracoszézézp—-p +r ;|r4Rr= p°+r°+4Rr 216Rr orc+r +4Rr=10_£A
2% oA 2R rp 2Rr 2Rr R
: 2
plicatia 32.
In triunghiul ABC este adevarata inegalitatea
2
r.sec’— r,sec’— rsec’— 4(R
a ¢ +r)(2R-r
2. "2, | g HRHT)(2R-T)

I, sec’ B r. sec’ ¢ r, sec’ A Rr
2 2 2

Solutie.

" . A B cC) .. .
Punem in Lemi (X, y,z) = (ra secz? I, secz? I sec’ Ej si tinem seama ca

2 A 1 . pz(r—8R)+(4R+r)3 2R — r Doucet
2ISeC S R - ? oRr
r,sec”— p
oucet 2 _ 2 _ _ B
ot 2 (r 8R)+§>|O (4R+r) 2R r:(4R+4r)_2R r_2(R+r)(2R-r)
p 2Rr 2Rr Rr

Aplicatia 33.
In triunghiul ABC este adevarata inegalitatea

2 A , B 2
rcsc— I CSC"— I CSC"—
a 2 b 2 Cc 4r
+ + +—2>11.
., B ,C 2 R
r,CsC"— . CSC"— T, ,CSC™—
2 2

Solutie.

A 9 , A , B ,CY . <
Punem in Lemi (X, y,z)=| r, csc 5 CSC" I ese" - | i tinem seama ci

2 2 2 2 (G) _Bp2 2

ZGCSCZAZ 1 - pe+r +4Rr'i: p°+r°+4Rr Z16Rr orc+r +4Rr:10_£
2 raCSCZE r 2R 2Rr 2Rr R

Aplicatia 34.

In triunghiul ABC este adevarata inegalitatea
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hacsczé hbcscZE h, csc ¢ R Y
2 2 2 +928(——1j(2——) .

h, csc? 2 h, es? S h,esc? A
2 2
Solutie.

- A B .. <
Punem in Lemi(x,y,z)=| h, csc®*—,h csc®—,h csczE si tinem seama ci
: 2 ¢ 2

1 p*+2p*(r*—6Rr)+r*(4R+r) R_r
- 2Rr? "2Rr

> h,csc? gz

h, csc® —

- >4 21
4R%r® r

ey o
R

Aplicatia 35.
In triunghiul ABC este adevarata inegalitatea

2 2
(a(p—a)+b(p—b)+c(p—c)J +92(4+Lj 1+(4R+rj |
b(p-b) c(p-c) a(p-a) R P
Solutie.
Punem n Lemﬁ(x,y,z)=(a(p—a)b p-b).c(p- 51t1nem seama ci

1 4R+r AR+
a(p-a =2r(4R+r 2+— Aplicatia 36.
Fa(p-a)3 g - 2r(arr)- B [ j[ e H plcy
Tn triunghiul ABC este adevarata 1nega11tatea

[(p—a)ha+(p b)h ) 4(2R-r)*

(p-b)h, (p—c)

Solutie.
Punem in Lemi (x,y,z)=((p—a)h,,(p—b)h,,(p—c)h,) si tinem seama ci

1 p(p+r’-8Rr) 2R—r(G)2(2R—r)
~a)h - .
2.(p-2) az(p—a)ha 2R r’p Rr

Aplicatia 37.
In triunghiul ABC este adevarata inegalitatea

LA _,CY
(p-a)sin’= (p—b)sin*= (p—c)st—
2 2 +£211.

B ., A
—b)sin?= = — 2
(p—b)sin 5 (p-c)sin® 5 (p a)sin 5

w

Ol\)

Solutie.

Punem in Lemi (X, y,z) = ((p a)sin®— (p b)sng (p—c)sinzgj si
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., A 1 0 p’+r’+4Rr ©® 2r
Y (p-a)sin® =y ————==—"—.F———— >10-—.
2 p—a)sinzg 2R r’p R
Aplicatia 38.
Tn triunghiul ABC este adevirati inegalitatea
(p—a)coszé (IO—b)cosZE (p—c)coszg 2 4(R+1)(2R-r)
2 4 2 4 2| 419> .

(p—b)coszg (p—c)coszg (p—a)coszg Rr

Solutie.

Punem n Lemi (X, y,z) ( p—a)cos’—,(p—b)cos® 2 (p—c)coszgj si
1

3
> (p-a)cos _z _2R-r p (r—8R)j(4R+r) Dot
2Rr p
(p-— )cos
ouce _ —_ 2 — —
bucst 2R—1 P 2(r 8R)+;3p (4R+r)=2R r.(4R+4r):2(R+r)(2R r).
2Rr p 2Rr Rr
Aplicatia 39.
Tn triunghiul ABC este adevirati inegalitatea
A B ,CY
(p-a)tg®= (p-b)tg®= (p-c)tg®— SR
é + (2; + i +72—.
—b)ta? = ERATY U —altg? 2 r
(p-bjtg"= (p-c)tg’= (p-a)tg’s
Solutie.

Punem Tn Lemi (X, Y, z) :(( p—a)tgzg,( p—b)tgzg,( p—c)tgzgj si

A 1 r(4R+r 4R
Z(p—a)tgzzz( | vy ( ; ).r_ri=1+—r .
p-a)tg”—
2

Aplicatia 40.
In triunghiul ABC este adevarata inegalitatea

A B C
(p—-a)ctg’— (p-b)ctg’— (p—c)ctg’—
2 2 4 2 39>@

(p—b)ctgzg (p—c)cth% (p—a)ctgzg

Solutie.

Punem n Lemi (X, y,z) =(( p—a)ctgzg,( p—b)ctgzg,( p—c)ctgzgj si
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_ p(P*-12Rr) (4R+r)’ -12Rp?

2 3

r rp

> (p-a)eig 2> ——
(

A
—a)cta? =
p—a)cty 5

p’—12Rr (4R+r)’-12Rp’ ©:216Rr —5r* —12Rr 3p’(4R+r)-12Rp* 12R

r rp? r? rp? r b
Aplicatia 41.
Tn triunghiul ABC este adevarati inegalitatea
2
(p—a)secZé (p—b)secZE (p—c)seczg
2 2 4 2 +£211.
(p—b)sec2E (p—c)seczE (p—a)secZé
2 2 2
Solutie.
Punem in Lemi (X, Yy,2) = (( p—a)seczg,( p—b)seczg,( p—c)sec? %) si
A 1 p°’+r’+4Rr p ©__ 2r
p—a)sec’ — = : >10-—.
Z( ) Zz(p_a)seczé p 2Rr R
2
Aplicatia 42.

Tn triunghiul ABC este adevirati inegalitatea
2

— — —b —_ — —
(p a)csc 5 (p )CSC > (p C)CSC > 9> ( r)(qu 2R j

+ +
( p—b)csczg (p—c)cscz% (p—a)csczg

Solutie.

Punem in Lemi (X, Y, z) =(( p—a)csczg,( p—b)csczg,( p—c)esc’ %) si

2 2 — 2 erresten
Z(p_a)csczgz 1 _ p?+r?—12Rr 2R(4R+r)- p? (Gersen

(p_a)csczg r 2Rr -

<§)16Rr—5r2+r2—12Rr 2R(4R+r)—4R*—4Rr—3r* 4r(R-r) 4R®*-2Rr-3r?
N r? 2Rr o 2Rr -

Aplicatia 43.
In triunghiul ABC este adevarata inegalitatea
(ha+2ra)tgé (hb+2rb)th (hc+2rc)tgE 2 4(R+1)(2R-1)
2 + 2 + 2 +9> R .
r

(h+2r)g2 (h+20)i9 (h+20)>

Solutie.
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Punem in Lemi (X, y,z) :((ha +2ra)tg§,(hb +2rb)tg%,(hC +2rc)tg%J si

-

ca

2(r— : — oucel
Z(ha+2ra)tgéz 1 __P*(r-8R)+(4R+r)" 2R r oo

(h,+2r,)92 P’ we
oo pz(r—8R)+§p2(4R+r)_2R—r :(4R+4r).2R—r _2(R+r)(2R-r)
p 2Rr 2Rr Rr

Aplicatia 44.
In triunghiul ABC este adevarata inegalitatea
2

(ha+2ra)ctg§ (ho+2rb)ctgg (hc+2rc)ctg%
Bt ct A +—211.
(hb+2rb)cth (hc+2rc)ctg5 (ha+2ra)cth

Solutie.

A

Punem in Lemi (X, y,z) :((ha +2r,)ctg—,(h, +2rb)ctg%,(hC +2rc)ctg%j, apoi

2
+r°+4Rr) 1©
Z(ha+2ra)ctgéz ! &= p(p T ).iglo_ﬁ_
2 (ha+2ra)ctgz 2Rr P R

Aplicatia 45.
In triunghiul ABC este adevarata inegalitatea
2

(ha+2ra)sinzé (hb+2rb)sinZE (hc+2rc)sin29 16R
§+ é+ 2 | y23>—0
(hb+2rb)sin23 (hc+2rc)sin23 (ha+2ra)sin25 '

Solutie.
- < ., A . , B . ,C .
Punem in Lemi (x,y,z)=| (h, +2r,)sin E,(hb+2rb)sm E,(hc+2rc)sm ~ | @poi
2_ 2 2R 2—2]"2—8Rr (Doucet +Gerretsen)
(h, +2r)sin A3 1 A=(4R+r) 2p* 2R(p 2 Jo o
2 (ha+2ra)sin25 2R ©P

<D;G)3p2—2p2_16Rr—5r2—2r2—8Rr_ﬁ_7

= pz rzpz o r )
Aplicatia 46.

Tn triunghiul ABC este adevarati inegalitatea
2

A B C

(ha+2ra)thE (hb+2rb)t925 (hc+2rc)t92§ 2r\[ 2R (4R+rY
= c+ A +9>|8+—
(hb+2rb)tgzz (hc+2rc)thE (ha+2ra)tgzg R P

r
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Solutie.

Punem in Lemi (X, Y, z) :((ha +2ra)tgzg,(hb +2rb)tgzg,(hC +2rc)tgzg), apoi

Z(ha+2ra)tgzéz L x=
(ha+2ra)tg23

_ (4R+r)"+ p?(r? ~8Rr —48R?) {E_E(MHrjz}@(&gj{g_vmrﬂ_
R

2Rp’ 2 p r p

r r

Aplicatia 47.
In triunghiul ABC este adevarata inegalitatea
2

A B C
h,+2r,)ctg’— (h,+2r)ctg’— (h, +2r,)ctg®— Ry
( 2 4 i i 2 4 2 +92—4(2R r) .

(ho+2rb)ctgzg (hc+2rc)ctgz% (ha+2ra)ct92§ Rr

Solutie.

Punem n Lemi (X, y,z) :((ha +2ra)ct92§,(hb +2rb)ctg2%(hC +2rc)ct92%) apoi

A 1 p?(p*+r’—8Rr) 2R—r©
> (h, +2r)ctg? => 25: ( T ) > >
(h,+2r,)ctg 5
2
Q2(2R-1)
Rr
Aplicatia 48.
Tn triunghiul ABC este adevirati inegalitatea
2
(ha+2ra)csczg (hb+2rb)csczg (hc+2rc)csc2% 12
2B+ 2C+ A +R215.
(h, +2r, )csc > (h,+2r,)csc > (h, +2r,)csc >

Solutie.

Punem in Lemi (X, y,z) = ((ha +2ra)csc2§,(hb JrZrb)csczg,(hC +2r, )csc? %j , apoi

2(p?+2r2—8Rr)+r2(4R+r)" p2_2_4Rr ©D
Z(ha+2ra)csczéz L P (p 2) ( Lot 2 aE
2 (ha+2ra)cscZA 2Rr 4Rp
2
©:) p*(16Rr —5r° +2r” —8Rr)+r*-3p° 16Rr —5r2—r? —4Rr 1 B
N 2Rr? 4Rp? TR

Aplicatia 49.
In triunghiul ABC este adevarata inegalitatea
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A B C
(ha—2r)th (hb—2r)tg5 (hc—2r)tg5 ar

4 + +—2>11.
(h, —2r)tgg (h, —2r)tg% (h, —2r)tg§

Solutie.

Punem in Lemi (X, y,z) :((ha —2r)tg§,(hb —2r)tg%,(hc —2r)tg%) si

r(p?+r®+4Rr 24 p2 ©)
Z(ha—Zr)tgAZ 1 - (p e )ﬁz: pr+r+4Rr S 2r
2 (h —2r)tgé 2Rp r 2Rr
: 2

Aplicatia 50.
In triunghiul ABC este adevarata inegalitatea
2

A B C
(h,—2r)ctg— (h,—2r)ctg— (h,—2r)ctg— 2
2 2 2 +922( rj[m 2R ]

+ +
(ho—2r)ctg% (hc—2r)ctg% (ha—2r)ctg§
Solutie.

Punem in Lemi (X, y,z) =((ha —2r)ctg§,(hb —2r)ctgg,(hc —2r)ctg%), apoi

2 2 _ 2R(4R + 1) — p? Gerretsen
X -2rjorghy L P AR BRUR D) P o
(ha—2r)cth ' 2Rr

cereisn 16Rr —5r” +1° —12Rr 2R(4R+r)—4R?—4Rr—3r*

- r? 2Rr -

4r(R—r) 4R*—2Rr-3r r\(4R*> 2R
= —- =2|1-— ———=3].

r 2Rr RJLT r

Aplicatia 51.

Tn triunghiul ABC este adevirati inegalitatea

h —2r)cos’2  (h —2r)cos? S (h —2r)cos? S
a b c 16R
é + C2: + A +23>—.
(hb—2r)coszz (hc—2r)coszz (ha—2r)c0325 r

Solutie.

Punem in Lemi (X, y,z) = [(ha —2r)0032§,(hb —2r)cos2%(hC —2r)cos® %} , apoi

2_op2_ 2R| (4R+1)"=2p? |
Z(ha—Zr)coszéz L o= p~—2r" —8Rr [( : Z ] S
2 (ha—2r)c0325 2R rp
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_ 16Rr—5r*—2r? —8Rr 2R(3p*-2p?) _8R

=7,
2R r’p’ r
Aplicatia 52.
Tn triunghiul ABC este adevirata inegalitatea
A B ,CY
(ha—2r)tgzg (hb—2r)tgzi (h,—2r)tg > . AR+t Y
Bt ct A +92(4+—j 1+( j .
(h,—2r)tg*= (h,—2r)tg*= (h,—2r)tg*— R P
2 2 2
Solutie.
i 3 _((h —2r)ta22 (h —2r)ta2 B (h —2rta2 S | apoi
Punem in Lemi (x,y,z)=| (h, —2r)tg 2,(hb 2r)tg 2,(hC 2r)tg 5 , apoi
A 1 | P +(4R+1)" | 4Ry
Z(ha_zr)thEZ A= |: 2R 2 :|. 2 =
(ha—zr)tgzz P r
2
=(2+Lj l+(4R+rj .
2R p
Aplicatia 53.

Tn triunghiul ABC este adevirati inegalitatea
2

(ha—2r)seczé (hb—2r)secZE (hc—2r)sec29
é+ C2: + i + >15.
(hb—2r)sec25 (hc—2r)sec25 (ha—2r)sec25 R

Solutie.

Punem n Lemi (X, y,z) = ((ha —2r)se02§,(h0 —2r)sec2%(hc —2r)sec? %) ,apoi

S(n —2r)seczéz 1 _ p*(p®+2r* —8Rr )+ r2(4R+r)2. p?—r?—4Rr ©
’ 2 (h —2r)seczé 2Rp? 4Rr*
@ 2
© p*(16Rr —5r +2r* —8Rr )+ r°-3p’ 16Rr—5r2—r2—4Rr g, 6"
- 2Rp? 4Rr? R
Aplicatia 54.
In triunghiul ABC este adevarata inegalitatea
2
aztgé bzth cztgE R 2
2, "2, "2 ,9>8-1]f2-L
2, B 24 C 24 A or R)’
b"tg— c°tg— a‘tg—
g 2 d 2 g 2
Solutie.

Punem in Lemi (X, y,z) = [az tgg,b2 tgg,c2 tg %) si tinem seama ca
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A 1 p4+2p2(r2—6RI’)+I’3(4R+I’)(G) R ryY, ..
A an(R_n. >4/ Z-1| 2-L | Aplicat
Za tg 5 4p(R-r) T6Rrp >4 ; 2 - plicati

a 55.
Tn triunghiul ABC este adevirata inegalitatea

a’r, b’r, c’r ’ R ry
St ——+—=| +928| —-1|2-—|.
b°r, cr, a‘r, r R
Solutie.
Punem in Lemi (X, y,z)= (azra,bzrb,czrc)gi tinem seama c

4 2 2 2_6R 3 4R 2
Zazrazazir=4p(R—r)~p +2p (r r)+r( +r)(;)4(5_1j(2_%j |

16R’r’p r
Aplicatia 56.
In triunghiul ABC este adevarata inegalitatea
2
a’ secZé b’ sec’ B c? seczg 2
2 2 2 4(2R-r)
5t ct A +9> ,unden<30.
b®sec’ — c’sec’— a’sec’— Rr
2 2 2

Solutie.

" . A B C) .. <
Punem in Lemi (X, y,z) = (az sec? > b? secZE,c2 sec? Ej si tinem seama ca

p?+r2—8Rr @2(2R—r)’
—» ————=8R(2R-r)- > .
2

Aplicatia 57.
In triunghiul ABC este adevarata inegalitatea
2

a?csc? A b? csc? B c?csc? ¢ 2

2 2 2 r AR +r

Bt ct A +92>| 4+ 1+ .
b?csc? > c®csc? > a?csc? > R P

Dezvoltari, Marin Chirciu, Pitesti

Solutie.

- . A B C) .. .
Punem in Lemi (X, y,z) = (az csc? —, b%csc® —, c?csc? Ej si tinem seama ci

D a’csc —Z 8R(4R+r)- %ﬁ;r)z=(2+$}{l+[m+rjﬂ-

a’csc’ — P

La fiecare din inegalitatile din triunghi de mai sus egalitatea are loc daca si numai daca triunghiul
este echilateral.



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 -NOIEMBRIE 2017

www.mateinfo.ro

Bibliografie:

1. Romanian Mathematical Magazine 2017, Founding Editor Daniel Sitaru, Romanian
Mathematical Society, Mehedinti Branch.

2. Marin Chirciu, Inegalitati algebrice, de la initiere la performantd, Editura Paralela 45,
Pitesti, 2014.

3. Marin Chirciu, Inegalitati geometrice, de la initiere la performantd, Editura Paralela 45,
Pitesti, 2015.

4. Marin Chirciu, Inegalitati trigonometrice, de la initiere la performantd, Editura Paralela
45, Pitesti, 2016.

5. Marin Chirciu, Inegalitdti cu laturi si raze in triunghi, de la initiere la performanta,
Editura Paralela 45, Pitesti, 2017.

5. APLICATII ALE FUNCTIEI LYAPUNOV LA REZOLVAREA
PROBLEMELOR DIFUZIEI DE CALDURA

Prof. Apostol Georgiana Maria
Scoala Gimnazialda Valea Mare, Dimbovita

Fie X = L' () spatiul functiilor integrabile pe Q, Q un domeniu marginit si
masurabil in R™ si fie definit un operator A precum urmeaza:

(¥ D (A) = {u € L (0):p(u)e Wul’l[ﬂ],&p[u] EL [ﬂ]} si Au= — Ap(u) pentru

ueD(A),

(#5)W () este spatiul Sobolev al functiilor g pe Q pentru care :—‘* € L (n),
X

1=i =N, cu norma lui obisnuita,

lull = [ lu(x)ldu < +oo, W;"'(Q) este inchiderea lui C5°(Q) in Wi(Q), Ap(w) este

laplacianul lui g(1t) in sensul distributiilor.

Lema 1. Operatorul A definit de (#) si (#**) este m — acretiv. Aceastd lema este
datorata lui Brezis si Strauss.

Teorema 1: Fie A aplicatia acretiva pe X, care satisface conditia de imagine pe X,
S(t) semigrupul de contractii generat de - A pe D(A), unde D(A) — inchiderea topografici
a operatorului A . Functionala ¢ este slab inferior semicontinud, £ este un graf maximal
monoton Tn R, satisficind R(¢ ) = D (@), unde R (¢) este imaginea aplicatiei @

Daca sunt satisfacute conditiile:

L(D(A)ND(¢)) c D(A) ND (), (¥)A =0

@ (LX) +2B° (el (¥) = ¢@(x),(¥)x €D(A) N D (¢)
atunci @(S(t)x) = V(t), (v) t € [0,+o0), unde V(t) este unica solutie a problemei cu valori
initiale 0 € v + B(v), v(0) = o(x),
Din lema 1 si teorema 1 rezultd cd - A genereazd un semigrup de contractii S(t) In
L' (Q)si ca pentru fiecare 1, < D(A), u(t) = S(t)uy este solutia atenuati a problemei
difuziei:
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d,
cpa—"‘ — Vp(u)=0in0x(0,00)

t

plu) = 0 pe 90x(0,00) si
u(0, x) = uylx) in 0.
Comportamentul asimptotic al acestei solutii cand t — © depinde de functia 2 din
definitia lui A. In functie de comportamentul diferit al lui p, vom obtine diferite
comportamente ale solutiei u cand t — @

Lema 2. Fie A operatorul m —acretiv defint de (*) si (**) si fie cap sa satisfacd
lema 1. Daci f€ LP(Q),1<p< o si u €D(A) este solutia lui u - 1Ap(u) = funde
LP (1) este spatiul functiilor p — integrabile, atunci

JolulPde < [, |fIPdx (2.1)
Dacia p' (r) = clr|® Y e =0,a =0 (2.2)
atunci _Irn |u|P dx + H,cl_lrn lulP** L dx < [ |f]? dx (2.3)
si pentru N = 3 atunci

_Irn lul? dx + Ac, [fﬂ || (PHe-UN/(N-2) g,y (N-2/N < _Irn |f1Pdx (2.4)

unde ¢, si ¢, sunt constante pozitive independente de p.
Demonstratie: Fie § = 0 si pz(r) = p(r) + &r, atunci p; satisface relatia :
p EC(R)n CHR\[OD,cup(0)=0,p(x) = 0,(¥V)x #£0
sip; ' este Lipschitz continud in R.
Fie f€ L7(0) si fie uz solutia lui uz - Adpz(uz) =f (2.5)

Vom incepe prin a demonstra estimirile (2.1), (2.3) si (2.4) pentru us. Inmultind (2.5) cu
¥y (1z) unde:
. (x) = {lxlp_lsgm,pe*ntru x| =< M,

M= MP lsgnx, pentru |x| > M.

integrand peste Q si folosind inegalitatea lui Young ab < :;—F + pT_l br-: in dreapta,
gasim ca:
f{|uﬁ|5M}|“5|pdx - Ap_lrnﬂp@ (ug) Py (ug)dx < .rn | f1? dx (2.6)

cand {luzl < M} indicd multimea {x : [us(x)| < M}.

Din ps(us) € W,"' () si p;* este continui Lipschitz rezulti ci (ug) € W, (Q)
si cd Apz(up) = pz(up)Au;.
Integrand termenul din mijloc din (2.6) prin parti =

f{luﬁlgm}luélpdx + Ap(p—1 jf{luﬁlgm}pé (ug) luglP~* [Vugldx < _Irn |FIPdx 2.7
Cum p; = p'+ & putem nlocui pd’ cu p’ in (2.7) fara a schimba inegalitatea.
Facand aceasta si lasand M — @@ 1in (2.7), gdsim:

fnluali"dx+ Ap(p — 1jfn o (ug)lug |72 Vg |*dx < Jrn |fIP dx (2.8)
si, cum p* = 0, avem :
[oluslPdx < [ |fIPdx (2.9)
Din (2.8) si din egalitatea :
lv[Pre=3|av|? = — 2 |AvEreZ |17 rezulta ca:
(p+m—1)°

44p (p—1)
[ luslPdx + 22— c [

(p+i-1)®

Vu, ® ‘ dx < [, |flPdx (2.10)
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Acum, pentru cd Q este finit si uz dispare In §0(u; € WDM (Q) ) rezultd, utilizand
inegalitatea lui Poincare ca:

Co fn|1¢5|”+“_1dx < IH‘FILE z ‘ dx (2.11)
Combinand (2.10) si (2.11) aflam:
[oluslPdx + e f g luslP*~tdx < [ If|Pdx (212)
Pentru N = 3 putem folosi inegalitatea lui Sobolev
(.Jrn |V|:,~.-'I|Z:'v'—2}dx)uiﬁ—ﬂ}m = C[J"H |?V|:dﬁ.¥)l‘l_ (213)
si aflam :
f:"l'-_:}.l'l:

[ luslPdx + Aey ([ lugl®He— 1N/ 0=2) gy’ < [, IflPdx (2.14)
Estimarile (2.9), (2.12) si (2.14) sunt estimarile derivate ale lui iz. Pentru a demonstra
estimarile corespondente pentru u, solutia lui u - AMp(u) = f, trebuie si aritim ci uz; = u
cand § — 01n L'(11). Alegaind un sir &, ! 0astfel ca uén(x] —u in Q, depasind limita prin
acest sir 1n (2.9), (2.12) si (2.14) si folosind lema Ilui FATOUX, urmeaza (2.1), (2.3) si
(2.4).

Voi schita acum cateva consecinte din lema 1.2 si din teoria abstracta.
Propozitia 1. Fie ca p sa satisfacd p € C(R) n C*(R\{0}) cup'(x) = 0,(¥)x =0 (*)
si u sa fie solutia atenuatd a problemei difuziei:

%u_ Ap(u)=0inQX (0,00)

ot
p(u) = 0 pe 0X(0,00)  (* )
u(0,x) = uy(x)in0
Dacid uy € D(4) N LP(Q), 1= p = o0, atunci
u(t) € D(A) N LP(Q), pentru orice t = 0, adica S(t) : D(4) N LF(Q) — D(A) N L¥(Q), pentru
1= p = oo,
Demonstratie: Fie 1=p <o, X = L'(Q) si fie @, (u) = fn |f|Pdx. Trebuie verificat ca
pentru oricev € LP(01),1<p <0 5iA>0
@p (L V) = @, (V) (2.15)
si deci S(t): D(4) N LP(Q) - D(A) N LP(N), pentru 1< p < utilizdnd si teorema:
(m)Fie A un operator acretiv in X, satisficind conditia imaginii, S(t) semigrupul de
contractii generat de A, ¢ o functionald slab inferior semicontinud, Y= 0 o functionald
slab superior semicontinuad.
Notim-1) A = D(4) N D(¢), daca:
1. L(b)c A NnDI(¥),

2. lim sup‘;_m[%qu({,lx] + AP (Lx)— @(x)) <0

atunci ¢ este o functie Lyapunov pentru A si satisface relatia:
@ (S()x)) — @ (S(5) x) + [, P(S5()xod, < 0,(¥)x, ED,t =5 =0.
Din (2.15) = (¢, (L V)P < (¢, (V))YP (2.16)
si presupunem cid VE L*(Q),putem trece la limiti cAnd p — 9 in (2.16) pentru a obtine
15 Vil jee = VI ceea ce implicd, din nou, utilizand teorema (®) ca :
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S(t): D(4) N LP(Q) - D(4) N LP(NQ).
Rezultatul urmator se datoreaza lui M. Crandall.
Propozitia 2. Fie ca g sa satisfaca (*) si (1.2.2) cu a > 1.Dacd u este solutia lui
(**) atunci pentruoricet>0,1=p<co,

u(t) € DCA) N L () si lu(o)ll L5 < c (2)* (2.17)
unde c >0 este o constanta care depinde numai de 1.

Demonstratie: Se dip = 1 si se presupune mai intdi cd 1y € LP(0). La propozitia
anterioard, u(t) € LP(f1),pentru orice t = 0. Din moment ce  este limitat, rezulti din
inegalitatea lui Holder ca

[Jrnlulpdx)kpﬂ‘f—l}fi? < C_rnlulp-l-ﬁ_ldx (218)
unde ¢ este o constantd dependentd doar de 1.
Definind: ¢ (u) = [, lul?dx, rezult din (2.18) si (2.3) ca:

p(Lw) + Aep (Lu)**' e V" < g(u) si din propozitia de mai jos:
(***) Fie A o aplicatiec acretivd satisfaicind conditia imaginii in X, S(t) semigrupul
generat de A, @ o functionala slab inferior semicontinua nenegativa. Daca sunt indeplinite
conditiile:

1) (D(4) n D(¢)) = D(4) N D(e),4>0

2) @ () + Aco (LX) * = @(x), (v) x € D(4) n D(o)

atunci:
a)
Existd o descrestere universald
@(S(t)x) < ——, cua >0,x € D(4A) N D(g),t >0;
{@er)a
b)

O descrestere exponentiala

@(5(t)x) < @(x)e™,a=0,x € D(4) N D(p),t > 0;
c)
O stingere finitd

- i(x)®
@(S(t)x) =0, pentrux € D(A) n D(g).t = cpﬁ,cﬂnd—lﬂi a<0

deducem ci: |u(t)|l L? < C{E)Pﬁi«—i} de unde (2.17)
: > =cl: , 17).

Daci u, € L'( ), alegem ug, € L7( Q),precum ug, — ugin L( Q).
Din moment ce (2.17) este valabil pentru orice u,(t) in prima parte a demonstratiei si
din moment ce V= [Vll;z este inferior semicontinui rezulti ci u(t) € L?( ) pentru
orice t>0, si ca (1.2.17) este valabil pentru u.

Propozitia 3. Se arati ca daci p satisface (*) si p(r) = clr|*™!, cua =1, atunci
semigrupul S(t) generat de A satisface:
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S(t): D(A)NL(Q) = D(4) N LP(N) (2.19)
Pentru oricet>0 si 1 < p<0 si, mai mult, sirul S(t) este limitat uniform in LF (),
independent de datele initiale.
Fie p— o pentru a arata ca S(t) acopera D(A4) N L(Q)Tn L=(Q).
Totusi, acest lucru nu poate fi facut folosind (2.17), deoarece constanta se transfomd cand
p —co. Pentru N = 3 vom ardta ca putem depasi aceastd situatie.
Propozitia 4. (regularizare). Fie N =3 si fie p sa satisfaca (*) si
p(r) = clr]® ! cu a@>(N-2)/N. Daci u este solutic a lui (**), atunci pentru orice t> 0,
ut) € L=(Q) si flu(t)|l= < ct|a'\"|l:2pn+.'\"':t?—1}}|IIL|ILHD2F|:.-'"':3P|:.+J"|"Lrt’—1:']l (2.20)
Pentru orice u, € LF°(01),p, = 1,unde ¢ este o constantd independenti de .
Demonstratie: Se da py = 1 si fie ¢, (u) = fnlulp-‘ldx, unde
Pn = Yo, + yla—1) (2.21)
¥y = 55> 1 rezultd din (2.4) ca @, (Lu) + Ac, (Ij_uji““}’ < @,(t) si (2.20) va
rezulta din observagla. presupunem ca iy € L () si ﬁe Pp —+ @@ in (2.20), aflim din
nou ca S(t): D(A) N L=() - D(A) N L*(N). M. Crandall a aritat ci in acest caz
avem (2.22):  llu(t)ll= < et Y undec = 0 este o constantd independentd de u, .
Combinand acest rezultat cu propozitia 4 rezultd ca, daca u este solutia lui (**), atunci
pentru oricet =0, u(t) € L* (02) si (2.22) este valabil.
Observatie: A. Brezis si  A. Friedman aratd cd, dacd 1in propozitia 4,
a = (N —3)/N,atunci nu existd nici o piedica, nici chiar de la L' la L¥,
p=1pentrut =0.
PropOZItla 5.FieN =3 si fie cap sa satisfaca (*) sip'(r) = c(r)* !, cu 0
<a<1-—=.Fiep ——N(rx —1) si fie up € L () N D(A). Daca u este solutia lui (**),

atunci ex1sta T(u) =0 astfel incat u(t) =0, pentru t = T(u).
Mai mult
pf2N
T(u) < clluﬂllﬁp (2.23)
unde ¢ este o constantd independentd de it.

Demonstratie: Fie p = %N(rx —1) , aceasta implica N‘%(p +a—1)=p i, de
aceea, dacd @(u) = [, |ul?dx, (2.4_) conduce la )
e(Lu) + Aeg (Lu)* 2% < @(u) (2.24)
Utilizénd propozitia (***)  implica cp[u[t)) =0, pentru t = T(u), unde T(u)
[f |12, |7 dx, ) , de unde rezultatul dorit.

Rezultatul acestei propozitii este valabil pentru domenii nemarginite. Pentru domenii
marginite, rezultatul este adevarat pentru un sir mai mare al lui a,adica0 < a < 1.
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