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1. A generalization of one inequality and some geometric
applications

By D.M. Bitinetu-Giurgiu and Neculai Stanciu

Abstract. In this paper we prove some generalizations of a problem and then we give some of its
geometric applications.

In [1], José Luis Diaz-Barrero, Barcelona, Spain, proposed

Problem 694. Let a,b,c be positive real numbers such that a +b + ¢ =1.Prove that

a’ b3 c?
+ +

1
>
a+b b+c c+a 6

In [2] the above problem was generalized as follows
Theorem. If a,b,ceR,, a+b+ceR,neN"-{l}, x, eR’,vk=1n,and meR,, then:

2
n X'T+ l n

> 2> = X -
k=1 (an +ka+1 +CXk+2)m (a+b+C)m ; ‘ (a+b+C [Z kj ( )

where X, =X, and X_,, =X,.

Proof. We have:

W, = n Xlin+2 ~ n (XI;Z )m+1 .
n m =
= (ax, +bx,, +cx,,)" & (ax,f +bx, X, ,; +CX, xm)
n (Xz )I’T'I+1 n <X2 )ITI+1
> : m - 2" 2 2 ; 2 2
k=1 b c k=1 (2ax +b(x +X )+ c(x +X ))
(ax,f + E(xf + xlf+1)+ E(x,f + X7, )) k k™ Rk k™ M2

where we apply J. Radon’ s inequality and we deduce that:

h m-+1
(4]
W, >2". -

[ ((Zaxlf +b(xF +x7,,) +c(X + Xﬁz))j
k
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n m+1 n
[zj S
k=1 _

2m . k=1

szjm ~(a+b+c)"

2m-(a+b+c)m-(

=~
1] S
N

2
n 1 n
and by QM>AM, i.e. Z X; > —(z xk] we obtain (*), and we are done.
k=1 k=1

Our aim in this note is also to give some generalizations and some geometric applications of the problem
from above.

Aplications:

Al If a,b,ceR;, meR, and a+b+c=1, then:

am+2 . bm+2 . Cm+2 . 1
(a+b)" (b+c)" (c+a)" 2"-3

Proof. We have:
a2 2m+2 (az )m+l

U= Za+b)m Z(aza m:Z

+ ab) (a2 + ab)m

22 (az)m+1 m—zm.zﬂ,
a

B (3% +b?)"

where we apply J. Radon’ s inequality and we obtain that:

Uson, (Zaz)mﬂ o (zaz)mﬂ

N
Since,
a’+b%+c? ZM (because AM <QM),
we deduce that:
UZi'(a+b+c) |
2" 3

and from hypothesis,
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a+b+c=1,

we obtain

1
U= ,i.e. Q.E.D.
2" .3 Q

n
Remark L. If )" x, =1, then by (*) we obtain that:

k=1

n X 1
> , Vme R, 1
kzzll (ax, +bx,, +cx,,,)" n(@+b+c)" - @

o If > x =1 a=b=1, ¢c=0,then by (1) we obtain that:
k=1

2
n X 1 n 1
> X, | =——,VmeR, 2
Z 2m.n(; kj 2m‘n ()

3 (% + %)

e Ifn=3, x, =4a, X, =b,x; =c, then by (2) we obtain AL, i.e.:
m+2
1

-2 > " vmeR, 3)
(@a+b)™  2".3

e If m=1, thenby (3) we obtain the Problem 694. Therefore, Al. is a generalization of this problem.
A2.1f a,b,ceR, meR,, x,yeR and a+b+c=1, then:

2

xa+yb)"  3(x+y)"

m+2 1

Proof. We have:

m+2 2
(a )m+l
V = >
Z (xa+ yb)" (xa? + yab)" §
N Z (az)m+1 : _ 2m . (a2 )m+1 :
(XaZ " y(a® +b2)J ((2x+ y)a® + ybz)
2

where we apply J. Radon’ s inequality and we obtain that:

m+1 m+1
V>2m. Za) —om. =) _ 1 >a’z

S(ex+yaz+y?)"  2nx+y)"(Ta) x+Y)"
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(a+b+c) 1

C3(x+y)" 3(x +y)"

Remark 2. For X =Yy =1, we reobtain the generalization of the Problem 694, i.e. Al.

Next we use the usual notations: AB =c,BC =a,CA =b, p is the semiperimeter,

R is circumradius, and r is inradius.

A3 If X,y e R: ,me R, , thenin any triangle ABC holds the inequality:

a.m+2 N bm+2 . c:m+2 2(p _ r —4Rr)
(xa+yb)" (xb+yc)" (xc+ya)" (x+y)"
Proof. We have:
m+2 a-2m+2 ( 2)m+1
W = = ,
z (xa+ yb)" -2 (xa? + yab)" 2 (xa? + yab)"

and by J. Radon’ s inequality we deduce that

- (Zaz)m+1 ) (Za2>m+1 |
- (Z(xa2 +yab))"  xD.a’+y)ab

Since
a’+b*+c®>>ab+bc+ca,
yields
O
(x + y)m(zaz)m (x+y)"
Because

> a? =2(p? —r? —4Rr),

we obtain the result.

Ad If X,y e R: , then in any triangle ABC holds the inequality:
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a’ . b* . c? 2(p —r? —4Rr)
xa+yb xb+yc xc+ya X+Yy
Proof. We have:
a’f
_Zxa+yb Zxa + yab Zxa2+yab’

and by H.Bergstrom’s inequality we deduce that:

>a?f
xZa +y> ab’

but

a’+b?+c®>>ab+bc+ca,
so that:

e ¥
xZa +yya’ x+y'

and if we use the well-known fact
Y a?=2(p*—r*—4Rr),

we are done.

A5 If X,y e R: ,me R, , thenin any triangle ABC holds the inequality:

ram+2 .\ rbm+2 . r.Cm+2 S (4R + r)Z _ 2 pz
(Xra + yrb )m (Xrb + yrc )m (ch + yra )m (X + y)m
Proof. We have:
m+2 p 2m+2 (rz )m+1
Y a — a ,
Z (xr, +yr,)" 2 (xra2 +yr.r )m 2 (xra2 +yrr, )m

and by J.Radon’s inequality we deduce that:

‘s (Z raz )m+l m _ (Z ra2 )m+1 m
(Z(xra2 L )) (XZ rZ+yyr, rb)

Because we have
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r -l-l’b +r 2 +nr +rr,,

we deduce that;

If we use the well-known formula

>r2=(4R+r) -2p°,

we obtain the conclusion.

AG. If X,y e R: , then in any triangle ABC holds the inequality:

3 3 3 2 2
r f r —
Xr, +yr, XI, + Yyr, Xr, +yr, X+y

Proof. We have:

LT S8 4 B

Xr, + yrb Xr, +yrr, Xl’a2 +yr.r, ’
and by H.Bergstrom’s inequality we deduce that:

Z § (Z ra?_ )2 _ (Z I’az )m+1
XY rE+y> (xz rZ+yy.rn )m

We have

r -l-l’b +r 2 +nr +rr,,

so that:

Z> (zraz)Z Zraz.
(x+y)D>r2  x+y

By well-known

>rZ=(4R+r) -2p?,

we finishead the proof.

A7.If X,y e R: , then in any triangle ABC holds the inequality:

www.mateinfo.ro
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2 A 2 B 2 C
t9° 5 t9” 9% 4Rsr

+ + 2 .
A B B C C A (x+y)p

‘g 2 .t — .tg — ‘tq = ‘tg = g 2

X92+y 92 X92+y 92 X92+y 92

Proof. By H. Bergstrom’ inequality we have:

A AY’ A
tgzz N (Ztgzj _Ztgz

A B A x+y '
Xtg—+ytg— (xX+ tg—
g, +ytg y)D'tg )
Since we know that:
A 4R+t
29 = '
2 p
we obtain Q.E.D.
A8. In any triangle ABC holds the inequality:
ctg® A ctg® B ctg® ¢
2 + 2 n 2 - P

www.mateinfo.ro

A B B C C A\ 6r2
2p—| ctg— —ctg — 2p—| ctg——ctg— 2p—| ctg— —ctg —
p[gz gzj p[gz gzj p(gz gzj

Proof. By H. Bergstrom’ inequality we have:

2 2
2 A ct A) ( ct Aj
Z ctg 5 g (Z 92 _ Z 92
A B) A B 6p
2p—| ctg— —ctg — 6p-r ctg — —ctg —
p (92 ng p 2(92 gzj
But is well-known that:
A_p
ctg—=—,
Z gz r
hence Q.E.D.
References

[1] José Luis Diaz-Barrero, Problem 694, THE PENTAGON, Vol. 71, No. 1, Fall 2011, p. 54.

[2] D.M. Bitinetu-Giurgiu, D.M., Stanciu, N., Generalizations and Applications of Problems 682 and 694

, The Pentagon, Vol. 72, No. 1, Fall 2012, pp. 21-33.
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2. Aplicatii ale inegalitatii lui Bandila

Marin Chirciu®
Art 4100

In acest articol este demonstrata inegalitatea lui Bandili si este folosita apoi in rezolvarea unor inegalitati
n triunghi , propuse n diverse publicatii de matematica .

Lema ( Bandila).
In AABC
R,b ¢
r =o¢6
GM 2/1985, Viorel Bandila, Bucuresti
Demonstratie.

Cu substitutiile lui Ravi a=Yy+2z,b=z+X,c=X+Y avem

R=(x+y)(y+z)(z+x)sir= / Xyz ,deundeB:(x+y)(y+z)(z+x).
4 (xyz(x+y+2) X+Yy+12 r 4xyz

Inegalitatea se scrie:

(x+y)(y+z)(z+x)2x+z+x+y<:>(y+z)Z 1 . 1 2
4xyz X+Yy X+12 dxyz - (x+y)  (x+2)

: . et 1 . 1 1
care rezultd din sumarea inegalitatilor imediate < sl + <

(x+y) 4y (x+z)" 4z

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatial.

In AABC
a’+Abc _ 6r?
sz?(ux),xzo.
Mehmet Sahin, Turkey
Solutie
Lema
In AABC

1 Profesor, Colegiul National ,,Zinca Golescu”, Pitesti
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bc r
b? +¢° = R
Demonstratie
bC 1 Bandila 1 r .
o 9+E > E:E , Cu egalitate pentrub=c.
c b r

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

a’ +Abc a’ bc Lema a’ 3r Nesbitt 3 3 Euler
LHS =2, b? +c? =Zb2+cz+kzb2+c2 . Zb2+c2+}VE - 2" R =

uler 2
B %(1+x): RHS .

Remarca.

Problema se poate intari.

Aplicatia2.

In AABC
2
Za 2+7”2C >3, 3 A>0.
b*+c 2 R
Marin Chirciu
Solutie
Lema
In AABC
bc S r
b?+c? R
Demonstratie
bc 1 Badila1
b2 1 o2 9+E *R°R cu egalitate pentrub =c.
c b r

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

a2 +Abc 8.2 bc ‘Lema a2 3r Nesbitt 3 3) 1 Euler
LHS = = A —— 2 ) ——+A-— > —+— 2>
2 b® +c? Zb2+c2 Zb2+c2 Zb2+c2 R 2 R
Euler 6r2
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Aplicatia3.
In AABC

Adil Abdullayev, Baku, Azerbaijan
Solutie.
Demonstram rezultatele ajutatoare:
Lema 1(Panaitopol).

In AABC

|3
N |

Laurentiu Panaitopol
Demonstratie.
Folosim rezultatul cunoscut in triunghi:

In orice triunghi are loc inegalitatea normala:

Max(m, sin A,m, sinB,m_ sinC) < g

Intr-adevar:

Fie A" mijlocul laturii (BC), iar M, N proiectiile lui A'pe AB, AC respectiv.

Fie apoi P,Q simetricele lui A’ fata de AB, AC respectiv.

Deoarece m(AMA’) = m(ANA’) =90’ rezulta ci penctele A, M, A, N se afld pe cercul de diametru
[AAT].

Obtinem:

MN = % PQ = AA'sin A=m,sin A, de unde PQ =2m, sin A.

Daci B, C' sunt respectiv mijloacele laturilor [ AC],[ AB] lungimea liniei poligonale PC'B'Q este p si

ea majoreaza lungimea segmentului [PQ] .

De aici rezulta ca2m, sin A< psi deci Max(m, sin A,m,sin B,m_sinC) <

N o

Din 2m, sin A< prezulta :

10
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. a m R
masmASE<:>ma'—££<:>ma~a£Rp<:>—a£—.
2 2R 2 h, 2r
Lema 2( Bandila).
In AABC
r c b
GM 2/1985, Viorel Bandila, Bucuresti
Demonstratie.
Vezi mai sus.
Sa trecem la rezolvarea problemei propuse.
Folosind Lema 1 obtinem:
25
ﬂgijzmagE.ha:2&35.&35.&;5.&;5.9_
h, —2r r m rm rh r 25 ra
b
R
AnalogZ—bS—-E
m r b
m R Db m _R a m, m R(a b
Adunand 2—2<—.— i 2—2<— = rezultica 2| 2 +—2 S—(——F—j.
m r a m rb m m, ) rib

Folosind acum Lema 2 obtinem:

2
m, m R R R R
2(—‘3 + —bj < —(E + 9) <——= (?j , de unde rezultd concluzia.

m m ) rib a) rr
Aplicatia4.
In AABC
m +m R ?
12<2) Cs3(—].
m, r
Marin Chirciu, Pitesti
Solutie.

Inegalitatea din dreapta.

Se sumeaza inegalitatile 1).

Inegalitatea din stinga.

. . +z
Se foloseste inegalitatea Zy— 26, pentru X=m,,y=m,z=m,.
X

11
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Aplicatia5.
InAABC

Solutie.
Folosim
Lema

InAABC

Sa trecem la rezolvarea problemei din enunt.

. R.m
Folosind Lema avem — > —2 + —¢
r-m m

C

——— =—+1+
rm +m r

Obtinem M =
Remarca.
In aceeasi clasa de probleme.

Aplicatiab
InAABC

Solutie.
Demonstram
Lema

InAABC

m,_ mi+m
mbmc

E+(mb+m°)2 R 2mm, ®R

2 2
m;+m, r

www.mateinfo.ro

Adil Abdullayev, Baku, Azerbaijan

R.om , m
rm m

Adil Abdullayev, Baku, Azerbaijan

2

m.m
¢ de unde —>— > —

, ().
m;+m? R o

Euler
2_+1+%r > 4=M,.

| o

(m+mf>4
ronin

Marin Chirciu

GM 2/1985, Viorel Bandila, Bucuresti

12
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Demonstratie.

Vezi mai sus.

Sa trecem la rezolvarea problemei din enunt.

2 2
Folosind Lemaavem529+gzﬁ+&: n, +h; ,de unde A, > ZL , (D).
rrc b h h hh h?+h?> R
h +h 2 (€] Euler
Obtinem M —R %:E+1+ 22h h° >E 1.,.& > 4=M,
r hy +h; r h; h r R
Aplicatia?.
InAABC
h +h )
25+%22(1+1), unde A >1.
r hy +h;
Marin Chirciu
Solutie.
Demonstram
Lema
InAABC

R_b

—_ 2 — 4 —

r ¢

GM 2/1985, Viorel Bandila, Bucuresti

Demonstratie.
Vezi mai sus.

Sa trecem la rezolvarea problemei din enunt.

2 2
Folosind Lemaavem—>b+E:E+&—h h ,de undeﬁczzi,(l).
rr-c b h h h,h. h?+h> R

c

h +h ) ® @
ObginemM, =23 (b) SR, 2hh Q)R 1+%zz(n+1)=w|d,

r h2+h’ r h2+h> " r

unde (2) < AR*—(22-1)Rr+2r’ >0 < (R—2r)(AR—2r)>0, evident din inegalitatea lui Euler

si conditia din ipoteza A >1, care asiguré(ﬂ,R — 2I’) >0.

Aplicatia8.
InAABC

13



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2022 www.mateinfo.ro

S S s. 3R
+ =+

—a

< 4+ - >6.
m m, m, 2r

a c

Adil Abdullayev, Baku, Azerbaijan

Solutie.

Folosind formula s, = e m, si inegalitatea mediilor GM-HM obtinem:
+C

2bc 2bc 2 4bc _ 2bc
> == 1z2——7—-= >, Cu egalitate pentru ——— =1 <>
b? +c? b +c? b +c 1 (b+c) b°+c

2bc

< (b-c) ’—0<b=c.

Rezultd Y \/7 Z 4be ; ().

o . . ..R_b ¢ |
Folosind inegalitatea lui Bandila — = — + — obtinem:
r c¢

2,02 (p+c) b+c) b+c)’
c_ b” +c 2( ) , de undeﬂzu, care prin sumare conduc la: 3—RZZ( )
b bc 2bc 2r 4bc 2r 4bc

Din (1) si (2) obtinem:

M, Z\/t = > 4bc Z(b;z)Z:Z(H%ngZ:G:Md,

b+c

4bc
(b+c)2 '

unde 3) <t +t >2 < (t- 1) >0, evident cu egalitate pentrut =1, t =

Remarca.

Inegalitatea se poate Intari.

Aplicatia9.
In AABC
B
ma mb mc
Marin Chirciu
Solutie.

Folosind formula s, = > M, si inegalitatea mediilor GM-HM obtinem:

b?+c

14
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2bc 2bC 2 4be i 20
: | S >, cU egalitate pentru —— =1 <
b7+ c? b +e? TTbHe? L (bi) bre

2bc

< (b-c) -0 b=c.

Rezultaz \/7 >z 4bC

Din (1) si inegalitatea medilor obtinem:

4bc bc bc a’b*c?
_ =4y —— 243 [[[—— =12} ———— =
Zf 2 (b+c) Z (b+c) 3H(b+c)2 \TT(o+cy

2,2 72 2,2 (2)
_pp | BORTRT_gp [ AR SO M, unde@ <
p*(p*+r°+2Rr) (p*+r®+2rr) R

2,2 22 3
12, 4R%r ng@ 32R°r 2Zr_3<:>32R5Zr(p2+r2+2Rr)2,care
(p2+r2+2Rr) R <p2+r2+2Rr) R

rezulta din inegalitatea lui Gerretsen p® <4R* +4Rr +3r°.
Ramane sa aratam ca:
32R°>r(4R?+4Rr +3r? +12 +2Rr) <> 32R° 21 (4R* + 6Rr +4r?)’

< 8R°2r(2R?+3Rr +2r?) & 8R® —4R‘r —12Rr? ~17R’r* ~12Rr* —4r 20 &

< (R- 2r)(8R4 +12R% +12R?r? + 7Rr® + 2r5) , evident din inegalitatea lui Euler R > 2r .

Nota.
Problema intareste inegalitatea propusa de Adil Abdullayev, Baku, Azerbaijan in RMM 5/2020.
Remarca.

Inegalitatea 2) este mai tare decét inegalitatea 1).

Aplicatial.
InAABC

TN EN ER A

Marin Chirciu

Solutie.

15
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R 2r

Vezi inegalitatea 2) si or + Iy >2 & (R — 2I’)2 , evident cu egalitate daca R = 2r, adica pentru
r

triunghiul echilateral.

Remarca.

Sa determinam o inegalitate de sens contrar.

Aplicatiall.
InAABC
S I 3
ma mb mc
Solutie.

Folosind formula s, > M, si inegalitatea mediilorAM-GMobtinem:

,/ <J1=1,cu egalitate pentru 26¢ > =1ls
\/ 21c b?+c

bc ‘_0eb=c.

Rezulta /—+ / /s— 14141=3,
m

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remareca.

Se poate scrie dubla inegalitate:

Aplicatial?.
InAABC

Solutie.

Vezi inegalitatile de mai sus.

Aplicatial3.

In AABC

Z Jb* +¢* - R?—2r?

b?+bc+c? r

16
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George Apostolopoulos, Greece

Solutie.

Folosindb? + bc +¢® > 3bc < (b—c)2 >0, avem

2 2
Jb* +c* <Z\/b4+c“ (<1)»\/R -2r

Ms = < < =Md,
° zb2+bc+c2 3bc r
4 2 2 4 4 2 2
unde (1) @Z\/b +c! _\/R r—2r @Z\/bbzc SBJR r—2r , care rezulta din :
Lema
InAABC
z«/b4+c4<3x/R2—2r2
bc r
Demonstratie.
2 2
AvemZJb4+c4<3JR2—2r2 - z\/b4+c4 g 3JR?—2r? -
bc r bc B r

, (1), care rezulta din inegalitatea (X +y+ Z)2 < 3(X2 +y+ 22) ,

Jorect ) 9(R:-2r
C{Z bc S( r’ )
\/b +c’

PNGITNS ey

2
4 4 4 4
Jb* +c ] S3Zb +C

Ob;inem: L Z bC W

pentrux = » ~———

().

Din (1) si (2) este suficient sa aratam ca:

9(R2—2r2) 3(R2

b* +c* b* +c*
3> o < . = " < = )<:>z sz_Br——6c>

r

2 2 2 2 2
c R b ¢ R
= ZC_Z + ZF + 22 < 3? = Z(E + Bj < 3(?j , care rezultd din inegalitatea lui Bandila :

R_b ¢
—>—+ B ,(GM 2/1985, Viorel Bandild, Bucuresti).
r C

Remarca.

In aceeasi clasa de probleme.

Aplicatial4.
In AABC

17
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Jb* +¢* - 3JR? = 2r?

sz—bc+c2_ r

Marin Chirciu

Solutie.

Folosindb? —bc +¢® > bc < (b—c)2 >0, avem

Jb* +¢* Jb* +¢* @ 3JR2 - 2r2
Ms:sz_bHCZsz < =Md,

bc r

4 4 2 2 4 4 2 2
unde (1) @Z\/b e S\/R -2 @ZJb e £3\/R o , care rezulta din :

3bc r bc r
Lema

In AABC

Z«/b4+c4<3x/R2—2r2
bc r '
Demonstratie.
4 4 2 2 4 4 2 2_ 2 2

Aveszbb:c 3R r—2r @{z\/bbzc J S[&\/Rr or J -

, (1), care rezulta din inegalitatea (X +y+ Z)2 < 3(X2 +y+ 22) ,

NS ]2 _9(Re-2r?)

s 2

4 4
pentrux =Y’ C;ra x=>

Jb* +c*
The VT2

NLs Ja'+b*
ab

2
[n4 . 4 4, 4
Ob;inem;[z%J sszbbz—t:f,(z).
Din (1) si (2) este suficient sa aratam ca:
b*+ct 9(R*-2r?) b* ¢t 3(R*-2r?) 2 2 R?
32 b2c? < r2 C:’Z b2c? < r2 QZ?—FZFS?’F_(S@

b? c? R? ( b ¢ jz ( R jz
S DY —+ ) —+ Y 23— —+—| <3| — |, care rezultd din inegalitatea lui Bindila :
Z 2 z b2 Z 2 Z c ' b r g

R_b ¢
—2>—+ B , (GM 2/1985, Viorel Bandila, Bucuresti).
r ¢

Nota.

18
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Problema este in legatura cu Inequality in triangle-2396, propusa de George Apostolopoulos, Greece, in
RMM 12/2020.

In AABC

Jb* +¢* - JR? =2r?

2t+bc+c® r

25
George Apostolopoulos, Greece

Remarca.

In aceeasi clasa de probleme.

Aplicatial5

In AABC

Jb* +¢* - 3JR?-2r?

sz —Abc+c® T (2-W)r

,unde A < 2.

Marin Chirciu

Solutie.

Folosindb® —Abc+¢” > (2—A)bc < (b—c)2 >0 si b*>—Abc+c” >0, pentrur < 2,

Jb* +¢? - \/b4+c4<<1)3\/R2—2r2:M

b* —Abc +c? _Z(Z—k)bc (2=

avemMs =" d,

Jb* + ¢ - 3JR? - 2r2

unde (1) < , Itd din :
@ Z ” ; care rezultd din
Lema
InAABC
Z\/b4+c4 <3\/R2—2r2
bc r '
Demonstratie.
2 2
4 4 2 o2 4 4 2 o2
AVemleb;c 3R -2r @(Z«/bbzc J SLNRr or ] -
C r

Jb* +¢* i § 9(R*-2r?)

r2

, (1), care rezulta din inegalitatea (X +Yy+ Z)2 < 3(x2 + y2 + Zz) ,

/i\
]
|

19
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b%c?

Obtinem: [ z

4
Jb*+c J _SZb +C @.

Din (1) si (2) este suficient sa aratam ca:

b* +c*
32 b2c2 S

9(R*—2r?) 3(R?-2r?) .

b* +c* b?
2 <:>Z bZCZ S 2 <:>Z +Z 2_3

r

b? c? R? b ¢\ (RY
S DY —+ ) —+ Y 23— —+—| <3| — |, care rezultd din inegalitatea lui Bandil :
Z o2 z b? Z 2 Z c ' b r g

R_b ¢
T2 >— c + —, (GM 2/1985, Viorel Bandila, Bucuresti).
Nota.
Pentru A = —1se obtine Inequality in triangle-2396, propusa de George Apostolopoulos, Greece, in RMM
12/2020.
In AABC
3 Jb* +c* - R? - 2r?
b?+bc+c® r
George Apostolopoulos, Greece
Nota.

Pentru A = Ose obtine:

Aplicatial®.
In AABC

x/ +c’ ,R_z_
b2 +c°
Marin Chirciu
Solutie.
Folosindb® +¢® > 2bc < (b—c)2 >0

4 4 4 4(1) 2 2 2
avemlvls:z“/b +c SZ\/b +ct W3JR’ —2r 3{Fra C2oMd,

b? +¢? 2bc 2r 2

Jb“ +c 3\/R2 pre
r

, care rezulta din :

unde (1) < Z

Lema

InAABC

20
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Jb*+c*  3JRZ-2r?
Z <

bc r
Demonstratie.
4 4 2 2 4 4 2 2 2 2
Aveszbb:c 3R r—zr @(z\/bbzc J S[&/R r—2r J -

, (1), care rezulta din inegalitatea (X +y+ Z)2 < 3(X2 +y+ Zz) :

- LZ\/wbcTcztjz ) 9(R2r:2r2)
m

oy s

2
4 4 4 4
Jb* +c ] S3Zb +C

Obtinem: LZ ” e ,(2).

pentrux = » ~————

Din (1) si (2) este suficient sd aratam ca:

2 52
e AR ) o oF ) o

b? R?
r2 <:>Z b2c2 < r2 QZ +Zb2— r2 6=

@Zb—2+z§+22<3R—2<:>2 E—FE 2 <3 E 2 care rezultd din inegalitatea lui Bindila :
2 b? Tor? c b)) \r)’ g '

R_b ¢
—2>— + —,(GM 2/1985, Viorel Bandila, Bucuresti).
C

r
Nota.

Problema este 1n legatura cu Inequality in triangle-2396, propusa de George Apostolopoulos, Greece, in
RMM 12/2020.

In AABC

Jb* +¢* - R? —2r?

Zb2+bc+cz_ r

George Apostolopoulos, Greece
Nota.
Pentru A = —2 se obtine:

Aplicatial7.
In AABC

21
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Marin Chirciu

Solutie.
Folosind(b+c)2 > 4bc < (b—c)2 >0,

4 4 4 2 2 2
averm Ms — Z\/b +c! _Z\/b +C 23\/R -2r 3 /I;Q _o-Md,

b+c 4hc 4r T4

«/b“ +c* 3\/R2 —2r?

unde (1) < Z " , care rezultad din :
Lema
InAABC
Z«/b4+c4<3x/R2—2r2
bc r
Demonstratie.
2 2
4 4 2_ 2 4 4 2_ 2
Aveszbb+c 3R —or @{z\/bbzc J S[&/Rr or J -
C r

, (1), care rezulta din inegalitatea (X +y+ Z)2 < 3(X2 +y+ 22) ,

«/WT . 9(R2 —2r2)

s 2

pentru X = Z et po— "
, 4
Obtinem: [Z b +c J < 32 bb:-g ,(2).

Din (1) si (2) este suficient sa aratam ca:

b* +c*
32 b2c2 S

9(R*—2r?) 3(R?-2r?) &

b* +¢* b? R®
2 C:’Z b’c2 < /2 QZ +Z 2—3

r

b? c? R? ( b ¢ jz ( R jz
S DY =+ ) —+ ) 23— —+—| <3| — |, care rezultd din inegalitatea lui Bindila :
Z 2 z b2 Z 2 Z c ' b r g

R_b ¢
—2>—+ B , (GM 2/1985, Viorel Bandila, Bucuresti).
r ¢

Nota.

Problema este 1n legatura cu Inequality in triangle-2396, propusa de George Apostolopoulos, Greece, in
RMM 12/2020.

In AABC

22
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Jb* +¢* - R? —2r?

2

b? +bc+c* r
George Apostolopoulos, Greece
Aplicatial8.
In AABC
Z Sa. £>6
m, 2r
Adil Abdullayev, RMM-5/2021
Solutie.
2bc b ¢ R
Folosind s, = v ma si inegalitatea lui Béndilé—+6£— obtinem:
c r

2bc
Ms = =3
Z«/ o Z o
_3 ’ r 3R AGM , EEuler

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Ry 2 3R—zf

Remarca.

Inegalitatea se poate dezvolta.

Aplicatial9.

In AABC
S R
> |2 +1—=23+A, unde) 2§.
s 2r 2
Marin Chirciu
Solutie.
2bc b ¢ R

Folosind s, 2— m, si inegalitatea lui Bandila—+ — < — obtinem:

c b r
kR r kR
M z\/i __Z b2 Zr_z +7 __Z\/7 R 2r
b

C

@

23,/£ B>3+7u Md , unde (1) < 3,,2r +7L—R>3+7» care rezulta din:
R 2r R 2r
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Notand ,/% =tavemO <t <1si aritim cé3t+t£223+?» S -B+AtP+r20 <

< (t-1)(3t* ~At—2) 20, adevarata din (t—1)<0si(3t" ~At-1)<0.

A=A +120 A++A%+12)
5 , .

6

Tntr-adevar3t> —At —A <0, pentrut €

Ardtdim cat <1<

A+AZ+12) 3 - A +NAZ+1200 o
6 6

,adevarat pentru A > > care rezultd dinl <

= 6£k+\/k2+12k = 6—k£\/k2+12k;

Distingem cazurile:
Cazul 1). Daca 6 —A < Qinegalitatea este evidentad pentruA > 0.

3
Cazul 2). Dacid 6 — A > 0 inegalitatea este echivalenta cu (6 - k)z <A HI2L <A > 5"
Remarca.

, . . . . 3
Cea mai buna inegalitate de forma din enunt se obtine pentruA = >

Cazulkz§

Aplicatia20.

In AABC
Z s_a + 3_R > g
m, 4r 2
Marin Chirciu
Solutie.
2bc c_R
Folosind s, = b+ ma si inegalitatea lui Béndilé—+6£— obtinem:
C r

3R 2 3R
b, +E22i_ Z R 4r

3R
Ms-zﬂ/a M A
c b r

@
=3 2r £>9—Md unde (1) = 3,/2" £>g , care rezultd din:
R 4r 2 R 4r 2°
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Notand ,/% =tavemO <t <1si aratim cé3t+2—::’22% S A3 +1>0 <=

< (t —1)2 (2t+1)>0 cu egalitate pentrut =1 <> R=2r.

Nota.

Pentru A = 3 se obtine Problema propusa de Adil Abdullayev in RMM 5/2021.

Aplicatia21.

In AABC
ab+bc+ca S m, .
4J3F s,
Marius Dragan, Neculai Stanciu, RMM-1/2022
Solutie
Demonstram
Lema
InAABC
m R
s, 2r
Demonstratie
m 2bc 1(b c)\edila] R R
Avem: —a:ﬁ=_[_+_) < .11
s, b°+c® 2\c b 2 r 2r

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema este suficient s aratam ca:

2, 2 2
ab+berca R p2+r2+4Rr2 R (p*+r’+4Rr) S

=
YNE]= 2r 43F 2r 48p?r?

R
— =
2r
<:>(p2+r2+4Rr)2 > 24p°Rr < p*(p®+2r°—16Rr)+r’(4R+r)" >0,

Distingem cazurile:

Cazul 1). Dacé( p®+2r? —16RI’) >0, inegalitatea este evidenta.
Cazul 2). Dacé( p®+2r? —16Rr) <0, inegalitatea se rescrie:

r (4R + r)2 > p? (16 Rr—2r*— pz) , care rezultd din inegalitatea Blundon-Gerretsen:
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R(4R+r)’
2(2R-r)

16Rr —5r°* < p* <

Ramane sa aratam ca:

» _R(4R+r)’

r’(4R+r) > 2(2R1) (16Rr—2r2—16Rr +5r2) < R>2r (Euler).

Aplicatia2?2.
InAABC

Nguyen Van Canh, Vietham

Solutie.

2 2
Prima inegalitate: :;i> (Ej +3.

r’  “~\b
Demonstram
Lema
In AABC
c R
—+—+—<—+1
a r
Demonstratie.
Datoritd simetriei putem presupune C = Mmin {a, b, C} :
Distingem cazurile:
Bandila g a b c (a-b)(b-c)_a b ¢
Cazul 1). Ifa>b>cavem—+1 > —+—+1:—+—+—+M2—+—+—
r c a c a bc b ¢
Bandilafy a b c (b-a)la-c)_a b c
Cazul 2). Ifb>a>cavem—+1 > —+—+1:—+—+—+w2—+—+—
r c b b c a bc b c¢c a

Sa trecem la rezolvarea primei inegalitati.

Folosind Lema si inegalitatea mediilor obtinem:

2 2 uler 2
R® 2R Eir3R

2 2
a a a Lema R
8l 43=[Y2) oy 8,3 [Eig) 0343=2 R o R
z(bj (Zb) Zb AGM(r j r’ r 2r?
aY a b
A doua inegalitate Z(EJ +32 Z(B +gj .
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Cu substitutia (X, y, z) = (% : b : Ej inegalitatea se scrie Y x> +3> Z(x +1j :
c'a X

Folosim pqgr -Method.

P=X+Y+Z,q=Xy+Yyz+2X,r =xyz=1.
Inegalitatea Zx2+322(x+i] se scrie p® —2q+3> p+q < p*+3>p+3q.
X

2 2
Cu inegalitatea lui Schur p®+9>4pgavemq < p4+9r = p4+9.
p p

Este sufficient sa aratam ca:

2

p>+3>p+3- p4;9 & pP—4p°+12p-27>0 <:>(p—3)(p2— p+9)20,

care rezultd din p > 3 (vezi p = x+y +2 > 33xyz =3%r =3).

Aplicatia23.

In AABC
Z—ms Jgkmbzmc ziﬁ,xzo.
my +m; 2 R
Marin Chirciu
Solutie
Lema
In AABC
m_m _R
m, m, r
Adil Abdullayev, Baku, Azerbaijan
Solutie.
Demonstram rezultatele ajutatoare:
Lemal.
In AABC
M M5 M
m, m, h,
Solutie.
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2 2

Folosind inegalitatea lui Tereshinm, > obtinem succesiv:

2 2
CZa +b
4R

<:>4R-mc2a2+b2<:>%-mcza2+b2<:>a?bc-mCZaHb2 =S

2 2
<:>£-mcza+b <:>C °>a+9 , (2).
S ab S b a

Folosind principiul dualitatii, aplicdim inegalitatea (1) in triunghiul cu laturile de lungimi

2m, 2m, 2m, .. .. . § . . abc .
, si implicit arie — si mediane —, —, — obtinem:
3 3 3 3 222

2m, ¢

3 2. 3 .

“am, "om, T s
3

2m, 2m,

a

S
3

Lema 2.

InAABC

GM 11/1982, Laurentiu Panaitopol
Demonstratie.
Vezi mai sus.
Lema

InAABC

Demonstratie

mb mc _ 1 Ba;jila 1 _
mp+me M, m
m, m,

c

, CU egalitate pentrub =c.

r
R

ﬂ\ml

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

2 Nesbitt&Lema 3 3r

mZ + Am,m, m,m
LHS = = S+HA) —— > +A-—=RHS .
2 m; +m? Zm +m? Zmj+mc 2 R

Aplicatia24.
InAABC
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Kostas Geronikolas, Greece

Solutie

Inegalitatea din dreapta.

Z(rb +r,) < Z(rb +r) _8R*+14Rr +3r” - p’ Gerrtsen 8R’ +14Rr +3r” ~16Rr +5r” _

b%+c? 2bc 4ARr B 4ARr
9R?
_8R*-2Rr+8r° AR°_Rr+4r’fler 5  QREUrgR®
4Rr 2Rr ~ 2Rr 4r  8r?’
Lema
In AABC
z(rb +1.)°  8R?+14Rr +3r% — p’
bc 2Rr '
Demonstratie

_ r2p2-8R2 +14Rr +3r2—p? 8R?+14Rr +3r’— p? |

2Rr’p? - 2Rr
a’ 8R* +14Rr +3r* - p?
zb 2 7= 3.2
¢(p-b)(p-c) 2Rr°P
3 a2 ~Ya(p- a2 2r2p(8R2+14Rr+3r2—p2)
be(p-— b) p— c abcH p— a 4Rrp-r’p-r’p B

8R +14Rr +3r? — p®
2Rr®p®

>a’(p-a) =2r? p(8R*+14Rr +3r’ - p’).
Egalitatea are loc dacd si numai dacd triunghiul este echilateral.

Inegalitatea din stinga.
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Z(rb+rc)2 AM;GM 3#1_[(%_‘_[_0)2 Bi/H(rb_H,C)Z Bagj”ag 4p2R,4p2R :3§/p_2r Mitrgovic

b2+Cz = b2+Cz H(bz-l-Cz) = 3 16R5p2 R3 2
r
itrinovic 2 uler 2
Mtz 33/27r r :Sg:ﬂ; 18r .
R? R R R?
Lema
In AABC
5
[T(b2+c?) < 2R
r
Demonstratie
2 2
Folosind inegalitatea lui Béndi159+g R & b"+c 35 =b+c’<hc— =
c b r bc r
R & R® 16R°p
= [ [(b®>+c®)<| [bc— =a’h’c® — =16R°r’p* — = .
H( ) H r ri P ri r

Remarca.

Problema se poate intari.

Aplicatia25.

InAABC
2
% < Z (rb + rc < % )
R b? +¢? r
Marin Chirciu
Solutie
Inegalitatea din dreapta.
Z(rb +r,) - Z(rb +1.)"  8R?*+14Rr +3r° — p’ Gerreten 8R” +14Rr +3r° —16Rr +5r* _
b?+c? 2bc ARr h 4Rr
9R?
B 8R%—2Rr +8r? B 4R? —Rr +4r? EliefT B %Eﬂerng
4Rr 2Rr ~ 2Rr 4r ~ 8r?

Lema
In AABC
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Z(rb +1,)° _8R®+14Rr +3r* - p? |

be 2Rr
Demonstratie
s . s Y 2

(n+r)’ p-b p-c o5 (P=b) (p—c)’ _ a2

Whtl) _ s . :
z bc Z bc Z bc Zbc p_b)Z(p_C)z
—r2 2.8R2+14RI‘+3|’2— p2 =8R2 +14Rr+3r2—p2

P 2Rr®p® oRr .
D &’ _8R®+14Rr +3r’ — p’

be(p-b)’(p—c)’ 2R p?
Z a Zaa P— a ’ 2|’2p(8R2 +14Rr+3r7-_p2):

bC(p b) p- C abCH p a ARrp-r2p-rip

8R +14Rr +3r> - p°
2Rr?p?

> a’(p-a)’ =2r’p(8R*+14Rr +3r’ - p?).
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din stanga.

Lema

InAABC

Demonstratie

c_R +c¢* R
Folosind inegalitatea lui Bandila —+ - < — <> b"+c —
c b r bc r

R? & 16R5p2
= b%+c?)< bc —a’h’c*— =16R*r’p* —=——-1_,
[1(*+¢")<]] - —16Rrpt 2

Remarca.

Se pot scrie inegalitétile:

18r° 5 (r+r)" _9R?
< <
T~ p?+c? " 8r?
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Nota.

Dubla inegalitate intareste Problem(521) propusa de Kostas Geronikolas in RMM11/2020.
In AABC

(rb+rc)2<%<9_R2

18r* Or
= T << _
z b’+c®> ~ 4r  8r?

R® R

Kostas Geronikolas, Greece

Aplicatia26.

In AABC
3 2
36r SZ(hb +hc) SQ_R.
& b +c® ~ 4r
Marin Chirciu
Solutie

Inegalitatea din dreapta.

Z(hn + hc)z < Z(hb + hc)2 _ pz( p2 +2r? —2Rr)+ rz(rz —2Rr —24R2)Gerztsen

b?+¢? 2bc 16R%r -

Gerretsen(4R2+4Rr+3r2)(4R2+4Rr +3r2+2r2—2Rr)+ rz(rz —2Rr—24R2)
< 16R°r B

(4R?+4Rr +3r”)(4R* + 2Rr +5r*)+r’(r’ — 2Rr — 24R?) B

16R%r

_16R*+24R°r +16R’r” + 24Rr° +16r* _ 2R* +3R’r +2R°r* + 3Rr’ + 2r* Bur 9R
16R°r 2R°r T4

Am folosit mai sus:

2R* +3R%r +2R%r? +3Rr* + 2r* Euer 9R

R 2 < 4R +6Rr +4R’r? + 6Rr* +4r* <9R* &
r r

< 5R* —BR’r—4R°r* —6Rr’ —4r* >0 < (R—2r)(5R*+4R*r +4Rr” +2r°) 2 0,

Lema

InAABC
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(h,+h,)’ _ pz(p2+2r2—2Rr)+ rz(rz—ZRr—24R2)

2 bc 8R’r
Demonstratie
2 28 28 ? 2
(h,+h,) b ¢ < (b+c)
Z bc Z bc Z b%c?

, P*(p?+2r*=2Rr)+r?(r’ - 2Rr - 24R?)

=4r?
P 32p*R%r®

Z(b+c)2 ~ p2(p2+2r2—2Rr)+r2(r2—2Rr—24R2)
b*c® 32p°R%r? '

> ad(b+c) =2p[p2(p2+2r2—2Rr)+r2(r2—2Rr—24R2)].

Inegalitatea din stanga.

(rpz(p2+r2+2Rr)]2
) 2
Z(hb+hc)z AM o 3‘(’/H(hb+hc)2 _3\/1_[(hb+hc)2 Bagilla33 R

b? +c? b?+c? H(b2+c2) B \ 16R°p?
T

_3§/r3p2(p2+r2+2Rr)2 Mitrgovic3i/r3.27r2(27r2+r2+2Rr)2 a3 i/r2(27r2+r2+2Rr)2
16R° 16R° 2R’ 2

_or i/r2(27r2+r2+2Rr)2 cuer Oy i/r2(27r2+r2+4r2)2 _or 3/r2(32r2)2 _
2R® 2 T 2R 2 2R® 2

or , = 9 _, 36rd
=—3/512r° =—.8r* = .
2R? 2R® R®

Am folosit mai sus:

Lema(Bandila)
In AABC

Demonstratie

b . ¢c_R __b*+c®_R
Folosind inegalitatea Iui Bandila —+ — < — < —
c b r bc r r

:R* _16R°p*

3
el R e e
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Remarca.

Pentru toate inegalitatile de mai sus egalitatea are loc daca si numai daca triunghiul este echilateral.
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3. Asupra unei probleme de olimpiada

Prof. Tanasie Elena

Problema pusa in discutie a fost propusa la faza judeteana a olimpiadei de matematica din anul
2019, la clasa a Xl-a.

Problema a ridicat dificultati elevilor, nefiind rezolvata de niciun candidat (decat partial).

Fie f:[0,4+o) — [0, +o0) o functie continud cu f(0) > 0 si cu proprietatea ca pentru orice
0 < x < y au loc inegalitatile x —y < f(y) — f(x) < 0. Aratati ca:

a) Exista un numar unic a € (0, o) cu proprietatea (fof)(a) = «
b) Sirul (xy, )n»1 definit prin x; > 0 si x,41 = f(x,), V neN™* este convergent.

Problema este o aplicatie la capitolul ,,Functii continue pe un interval”.

Fie f: A —» B. Folosim:

(D) xq este punct fix al lui fdaca f(xg) = xq
(D,) f este strict crescétoare pe A:

x<y<=>fx)>f(y),VvVx,yeA

D>) Similar, f strict descrescétoare pe A:
3 p

x<y<=>fx)>f(y),Vvx,yeA

(A1) f strict crescatoare => f, = fof,f; = fofof,fn, = fofo..of denori sunt functii strict
crescatoare

(A,) f strict descrescatoare => f, = fof este crescatoare, f3 = fofof este descrescatoare, f, =

) strict crescatoare,n par
fofo ...of denorieste . < .
strict descrescatoare,n impar

Demonstratiile sunt evidente cu (D) si (D3).
(A3) f este strict monotond pe A => ecuatia f(x) = c are cel mult o solutie, Vc € R
Demonstratie:  Fie x solutie => f(x,) = c. Daca f este strict crescatoare rezulta

Pentrux < xo => f(x) < f(x9) =c=> f(x) # ¢,Vx < x,

Pentrux > x¢ => f(x) > f(xo) = c => f(x) # ¢,Vx > x,

=> ecuatia f(x) = ¢ nu are solutii pentru x € A\{x,} => ecuatia f (x) = c are cel mult o solutie. Analog
cazul cand f este strict descrescatoare.
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Problema din manual:
Fie f:[a, b] = [a, b] continua.
a) 3Ic € [a,b] astfel incit f(c) = c. (Existentd)
b) Daca f este strict monotona pe [a, b], atunci ¢ este unic. (Unicitate)

Solutie:

a) Cumf(x)=za=>f(a)=za=>f(a)—a=0
f)<b=>f(b)<b=>f(b)—b<0

Construim h(x) = f(x) — x, h continua
h(a) =f(a)—a =0
h(b) =f(b)—b <0
Rezultd h(a) - h(b) < 0 si cum h continua rezultd 3¢ € [a, b] astfel incat h(c) = 0 =>
f(c) = c (existenta)
b) f strict monotond => ecuatia f (x) = c are cel mult o solutie (pe baza A3). De aici unicitatea.

Problema data — particularitati :
- Domeniul de definitie este nemarginit
- Nu se da explicit monotonia .

Dinipotezi x —y <0 =>x < y.
fx)—f@) <0=>f(x) = f(y) => f este monoton descrescatoare pe [0, o) (dar nu strict)

Construim g: [0,0) — R, g(x) = f(x) — x. Evident g este continua.
Ti studiez monotonia:

Vx <y, avemg(x)—gy) =fx)—x—fy)+y=f)—f)+ @y —x)>0,
deci g este strict descrescatoare conform (D).
Avem domeniu de definitie nemarginit, dar voi studia intervalul [0, a], cu a > 0.

g(0) = f(0) — 0 > 0 (prin ipoteza)
g(a) = f(a) — a si aleg a astfel incat f(0) —a < 0, adicaa > f(0)

Atunci g(0) - g(a) < 0 si rezulta din proprietatea valorilor intermediare ca 3ae(0,a)
(0,00) cu g(x) =0, deci f(a) = a (existenta punctului fix al lui f)

g strict monotona => ecuatia g(x) = 0 are cel mult o solutie => unicitatea punctului fix « al lui f

Avem (fof)(a) = f(f(a)) = f(a) = a (existenta punctului fix pentru fof)

Unicitatea lui a:  Fie x € [0,a). Din ipoteza avem:

x—a<fl@-f)<f(f®)-f(f@)=f(fx)-a<0
Decix —a < f(f(x)) —a,adicax < f(f(x)) < a => f(f(x)) # x,Vx € [0,a) (1)

Analog, pentru x € (a, ) avem

a—x<f(x)—f(@<f(f(@)-Ff(fx) =a—f(f(x)) < 0astfel ca
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a—x<a-—f(f(x)adicix > f(f(x)) = a => f(f(x)) # x,Vx € (a,) (2)

Din (1) si (2) rezulta unicitatea punctului fix a al functiei fof.

b) Daca x; = a, atunci x,, = a,¥n = 1, deci sirul este convergent la
Daca x; # a, atunci consideram subsirurile (X;,_1)n=1 81 (X2n)n>1
Acestea verifica relatiile de recurentd x,,,41 = (fof)(Xan_1), Tespectiv x,,,2 = (fof)(xy,),Vn =1

Pentru x; < @ cum fof este crescatoare ( A2) avem (fof)(x;) < (fof)(a), adica x3 < a. Prin
metoda inductiei matematice aratam ca x,, 1 < a,Vn > 1.

Dacd x,,_1 < arezultd (fof)(xy,-1) < (fof)(a) adica xyp41 < @
Sirul (x3,_1)n>1 €ste monoton crescator, Vn > 1.
Avem x; < a si folosind (1) rezulta x; < f(f(xl)) adica x; < x5 (etapa de verificare)

Presupunem xz—1 < Xax+1 siavem (fof)(xz—1) < (fof)(Xzr+1), adicd Xop41 < Xop43
(etapa de demonstratie)

Deci subsirul (x5,,_1)n>1 €ste monoton crescator si marginit superior de « .
Analog se demonstreaza ca sirul (x2,,),>1 €Ste monoton descrescator si marginit inferior de a.
Sirurile (X35,_1)n=1 $1 (X27)n=1 SUNt CONVergente.
Fie lim xy,_1 = [; si lim x5, = [,
n—oo n—oo
Evidentl; < a < 1,.
Trecand la limita in relatiile de recurenta obtinem (fof)(ly) =I5 si (fof)(ly) =1,

Conform punctului a) unicul punct fix al lui fof este a, deci l; = a = [,. Prin urmare sirul
(%)n=1 €Ste convergent cu limita a.

Pentru x; > a demonstratia se face in mod analog.
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4. Another solution for problem S595

by Daniel Vacaru, National Economic College “Maria Teiuleanu”, Pitesti

S595. Find all triples (z,y,2) of real numbers such that

Vi—z+y16+y=1-y+VIb+2=vV1—2+ VI6+2 =3
Proposed by Mihaly Bencze, Brasov and Neculai Stanciu, Buzan, Roméania

Solution proposed by Daniel Vacaru, Pitesti, Roménia
We obtain

Suppose y < 2 & 1 —x > V1 -y < r < y. Using equations (3) and (1),
we obtain 3 —yl—z2<3—-vVl—-z&e1—2>1—-2 & 2 < 2. We obtain

z < x <y < zoeontradiction. It [ollows that =z =y = 2. We must solve equation

V1—ax+ 16+ =23.

We obtain = € [-16,1].
We have /1 —=x 2 g and V16 + = = b. We have

a+b =3
a4+ bt =17
a,b >0

We obtain 81 = (a + 5)4 =17 + 4a®b + 6a%h? + 4ab® < 64 = 4ab (a-2 + 52) +
6a?b? < 64 = 4ab (9 — 2ab) + 6a?b* = 64 = 36ab — 8a?b? + 6a?b?.

We find 2a?b? — 36ab + 64 = 0 = a?b* — 18ab + 32 = 0 = ab € {2,6}.

The resolvent equations are T2 = 3T +2 =0=T, =1.T5 = 2 and T? —
37 4+ 6 =0, but this equation have complex solutions.

We obtain
\4.?1 — T =1
ViE+r =2

=10

and

\1* 1—=x =2
Jie6+r =1
We obtain § = {-15,0}
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