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1. Solutions and hints of some problems from 

the 

Octogon Mathematical Magazine (V) 

 
by D.M. Bătineţu-Giurgiu, Bucharest, Romania 

 

and 

 

Neculai Stanciu, Buzău, Romania 

 

 

PP.20706. If 0,, cba , then   aaba 22)(2 . 

 

Solution. Applying the inequality yxyx  )(2 22 , we have 

      abaababa 222 )(2)( , so it suffices to show that 

       aaaba 22 22  

  aaba 22 , add squaring we obtain 

   abaabaaba 2))((44 222 , evidently true, and the proof is 

complete. 

 

 

PP.20714. For all Nn  the expression 
2

)83)(1(

3

44 2 


 nnn

 is divisible by 9. 

(enunciation correction) 

 

Solution. Since   2433982)83)(1(3)44(2 2522 nnnn nn  

)22(184392 2252   nnnnn . So it suffices to prove that: 

4392 25  nnn  is divisible by 18. Using mathematical induction for 1n  we have 

81814443927  . We assume that 4392 25  nnn  is divisible by 18. 

We have   1621924)1(3)1(92 272272 nnnn nn  

)13(9)4392(29271612362 25222272   nnnnnnnn nn  which is 

divisible by 18 (from the hypothesis of induction and the fact that n  and 13 n  has 

different parities, so their product is even). 
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PP.20728. In all triangle ABC  holds 

2

22

2















r

s

C
ctg

B
ctg

A
rctgs

. 

Solution. Something is missing from the statement, because LHS has degree one and 

RHS has degree zero. 

 

PP.20732. In all triangle ABC  holds   24 )(44)( baabaabcba . 

 

Solution. Since abba 4)( 2  , we have 

                      2224 )(4)()()( baabbababa ,  

which is stronger that given inequality, and we are done. 

 

PP.20736. If ,0,, zyx 1 zyx , then   xyxyzxx 323 . 

 

Solution. The given inequality is written successively: 

      ))((3))(( 23   xyxxyzxxx  

xyzxyyxxyzxyyxxx 33 222233    

xyzx 33  , true by AM-GM inequality. 

 

PP.20736. If ,0,, zyx  then: 

                  222222 34)333(3   xyxxzxyzxyzyx . 

 

Solution. Applying the inequality
4

)(322 ba
baba


 , we obtain: 

     22222 )())(()(333 zyzyyxyxzxyzxyzyx  

4

)2(3

4

)(3 22 zyxzyyx 



 , and then the inequality from the statement is 

written as follows: 

                              2222

3

4 34)2(
4

1
3   xyxxzyx  

   xyxxzyx 3
9

16
)2( 2 , i.e. PP.21301, which we solved (see the 

solution from this Octogon Mathematical Magazine). 

The proof is complete. 

 

PP.20743. In all triangle ABC  holds 









abaa mmmm

51

2

9
. 

 

Solution. The left inequality yields by Harald Bergström’ s inequality. Indeed, 
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 ababa mmmmm 2

9

)(

)111(1 2

. 

For the right inequality we prove the following strengthening: 

          
   


 





 abaa

cba

ba mmmm

mmm

mm

5

)(

)(41
                                          (1) 

Because cba mmm ,,  can be the sides of triangle, we can denote zyma  , zxmb  , 

yxmc  , with 0,, zyx . So, the inequality (1) becomes: 

         
   








 xzyxx

xyz

zyx 2

5

)2(

16

2

1
                                     (2) 

We have: 

         xyzxyyxxzyx 16772)2( 223   ;         

           xyxzyxzyx 115)2)(2( 2 , and 

           xyzxyyxxzyxzyxx 3316165)2)(2( 223   . 

After clearing the denominators the inequality (2) becomes: 

  223223 3535103266323210 xyyxxxyzxyzxyyxx  

xyzxyyxxyz 680 22   , which follows immediately by AM-GM inequality, 

because xyzyx 32  , xyzxy 32  . 

The proof is complete. 

 

PP.20744. If 0,, zyx  and 1222  zyx , then 
4

9

1

1

2





x
. 

 

Solution. We will prove a stronger inequality, i.e. we prove that: 
2

33

1

1

2





x
. 

Indeed, by Hölder’s inequality we obtain: 

      
222

2

2

2

22 3

27

1

1
27)1(

1

1

1

1

zyxx
x

xx 

















































 , 

and from hypothesis 1222  zyx , we get 

















4

27

1

1
2

2x 2

33

1

1

2





x
. 

The proof is complete. 

 

 

PP.20755. If Nzyx ,,  such that 2002222  zyx , then 70 zyx . 

 

Solution. We can assume that zyx  . Because we have: 

            6420022)(2 22  zyzy , so if 6x , then 70 zyx . 
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If 7x , then 63)492002(2)(2 22  zyzy  , so 70 zyx . 

If 8x , after some algebra we get the solutions (9,20,39), (9,25,36), (15,16,39), so in all 

these cases 70 zyx , and the solution is complete. 

 

PP.20762. If 0,, cba then: 

               22222222 )(9)()()()(4 babaaccbbababa . 

 

Solution. We have: 

       cbababcababababa 23334242422 2)(  

  222232 cbabca ;   4224222 )()()( babaaccbba  

  2323222433 22622 bcacbacbabcaba . 

The inequality from the statement is written as follows: 
22223234334224 32 cbabcacbabcabababa          (1) 

 

By AM-GM inequality we obtain: 

         bcabababcacaba 4422442424 22                  (2) 

       2224222444 33 cbabcacbaabccabbca                        (3) 

        

23333333

32333333

32333333

3

3

3

bcabaacac

cabaccbcb

cbacbbaba







  2333 bcaba                       (4) 

and similar   cbaba 2333                                                                (5) 

Adding up the inequalities (2), (3), (4) and (5) yields (1). 

Remark. With Muirhead’s inequality, because )1,2,3()0,3,3(   we obtain: 

                
symsym

cbaba 2333 , whics means, using cyclic summation,\ 

              2323332 bcacbaba . 

The proof is complete. 

 

 

PP.20765. In all triangle ABC  holds: 

        

2

2

22
2

2

22
2

2

44
))cos(2coscos1( 







 








 


R

Rrrs

R

rRrs
CBAA . 

 

Solution. We have: 

     )cos(cos2cos1)cos(2coscos1 CBAACBAA  




 CBA
CBACBA

A sinsin2sin2
2

cos
2

cos2sin2 22  



REVISTA ELECTRONICĂ MATEINFO.RO ISSN 2065-6432 – IANUARIE 2015 www.mateinfo.ro  

 

6 

 

22

2

22

2

224
2

4
2

R

bc

R

a

R

bc

R

a
 , thus by )4(2 222 Rrrsa   and  

                 Rrrsab 422   we obtain that: 

                 






 
 

2

2

2
2

2
))cos(2coscos1(

R

bca
CBAA  

    







 

222222

4

2224

2

2
22[

4

1
)2(

2

1
bcbcabaa

R
cbbcaa

R
 

 
     


 ]442[

4

1

4
]2

2222

44

22

2 abbcabcaab
RR

a
bca  

   









4

222

4

222

4

2

4

22

4

)4(

4

)4(4

44 R

Rrrs

R

Rrrs

R

ab

R

a
 

                           

2

2

22
2

2

22

2

44







 








 


R

Rrrs

R

rRrs
, and we are done. 

 

PP.20768. Prove that the following three statements 

1) cba ,,  are in geometrical progression 

2)    2
22

  aba  

3)    33

  aabcab  

are equivalent, where Rcba ,, . 

 

Solution. If we take 4,2,1  cba ( in geometrical progression) then   2
22

21a  

and   22
14ab , so (1) and (2) are not equivalents. 

We prove that )1()3(  . Indeed. 

           222223333
63 cbaabbaabcbaaabcab  

    bcabacbaabbaabcbca 433222224 63  

 )()( 2323433433433 acbbcacbbacabcaabccbbcaba  

   ))()(())(()( 222223232224 cabbcaacbcabccabbaacbcabac  . 

So     bcaaabcab   233
 or acb 2  or abc 2 , and we are done. 

 

PP.20771. If  
)1(

13






kk

k
cba  and 

k
cba

1222  , then  

                   
2

1

222222

)1(

)2(
)()()(






 n

nn
abccabbca

n

k

. 
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Solution. Since 
1

1

2

)()( 2222







k

cbacba
cabcab , we have: 

    222222 )()()( abccabbca  

 222222444 )(2 baaccbcbaabccba  

    aabcbcaabcbacba 222)(
2222222  

   
22

22

2 )1(

11
42

1


 

kk
bcaabcab

k
. 

Therefore, 

      












 


2

1
22

1

222222

)1(

1
1

)1(

11
)()()(

nkk
abccabbca

n

k

n

k

 

2)1(

)2(






n

nn
, and we are done. 

 

 

PP.20785. If 0ia ),...,2,1( ni  ,  nk ,...,2,1  such that 

                 1...21 
cyclic

kaaa , then

 





cyclic k
k

k

kk

k

n

n

aaa

aaa

1
)1)...(1)(1(

...
1

21

21 . 

 

Solution. By Hölder’s inequality, we obtain that: 

               k

k

k
k k

k

kkk

k

kk aaaaaaaaa )...1(...1)1)...(1)(1( 212121  ,  

so is suffices to show that 

      
1...1

1

...1

...1

1...1

...

2121

21

21

21




























n

n

aaaaaa

aaa

n

n

aaa

aaa

cyclic kk

k

cyclic k

k  














cyclic kcyclic k n

n

aaan

n

aaa
n

1...1

1

1...1

1 2

2121

.  

But, by Bergström’s inequality (or AM-HM inequality) we have that: 

             
1......1

1 2

21

2

21 








 n

n

aaan

n

aaacyclic

cyclic

kk

, and the proof is complete. 

 

 

PP.20793. If 0,, zyx , Nn  and 1)()()( 111   nnn zxyzxy , then 

                 xyzzyx nnn   121212 . 

 

Solution. By well-known inequality   aba2 , we have: 

        1)()()()()()( 111212121222222   nnnnnnnnn zxyzxyzyxzyx . 

By Chebyshev’ s inequality and AM-GM inequality yields that: 

      322322322121212 zzyyxxzyx nnnnnn  
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   xyzxyzzyxzyx nnn   31
3

1

3

1 333222222 , and the proof is complete. 

 

PP.20795. If 0,, cba  then prove that the inequalities  
 4

3

2 cba

a
 and                     

                 
2

3





cb

a
 are equivalent. 

 

Solution. We have successively: 

        














 4

3

22

1

4

3

2

3

22

3

4

3

2 cba

a

cba

a

cba

a
 

  













2

3

2

3

)()(4

3

)2(2 zy

x

caba

cb

cba

cb
, where we denote 

zbaycaxcb  ,, , and the proof is complete. 

 

PP.20809. If 0,, zyx , then 


 



 xyz

x

zyzy

x

yx 8323

1

4

1
2

22
. 

 

Solution. By Bergström’s inequality we obtain: 

      
 








 


  22

2

22

2

22 363323323 xyxyzyx

x

xzxyzxy

x

zyzy

x
 

 
















))()((12

93

))()((12

84

))()((3

222

xzzyyx

xyx

xzzyyx

xyx

xzzyyx

x
 













))()((4

))(())(())((

))()((4

222

xzzyyx

yzxzzyxyzxyx

xzzyyx

xyzxyyxyx
 





yx

1

4

1
. 

For the right inequality we apply AM-GM inequality, i.e. 

          yzzyzy 8323 22  , and then


 
 xyz

x

yz

x

zyzy

x

88323

2

22
. 

The proof is complete. 

 

PP.20811. In all triangle ABC  holds 

                 
sRr

Rrrs

cbcb

a

Rrrss

Rrrs

16

4

323)2(8

45 22

2222

22 








 . 

 

Solution. Using the facts that )4(2 222 Rrrsa  , sRrabc 4  and 

                Rrrsab 422  , we obtain that: 
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         abaabaRrrs 345 3222 ; 

      abcabaRrsRrrssRrrss 4)4(2)2(2 2222  

))()(( accbba  , and now the inequalities from the statement yields using 

PP.20809. 

 

PP.20819. If 0,, cba , then 

22

16

16

8

8

4

4

2

2

















   

c

a

b

a

b

a

b

a

b

a

b

a
. 

 

Solution. We take 4n  in PP.20820, or: 

;
2

2

 
c

a

b

a
;

2

2

4

4

 
b

a

c

a

b

a
;

2

2

4

4

8

8

 
c

a

b

a

c

a

b

a
and 

;
2

2

4

4

8

8

16

16

 
b

a

c

a

b

a

c

a

b

a
which by multiplying yields the inequality from 

the statement. 

 

PP.20820. If 0,, cba , then 

nnn

k c

a

b

a

b

a
k








































 



2

1

2

. 

 

Solution. Using the inequality zxyzxyzyx  222 , we obtain: 








































































11111 2222

2
22 kkkkkk

c

a

b

a

a

c

a

c

c

b

c

b

b

a

b

a

b

a
; 








































































11111 2222

2
22 kkkkkk

b

a

c

a

b

c

b

c

a

b

a

b

c

a

c

a

c

a
, so: 

 








b

a

b

a
n22

 and  









c

a

b

a
n 122

, and by mathematical induction easily yields 

the desired result. The proof is complete. 

 

PP.20824. In all triangle ABC  holds  




k

a

acb

k

a m
mmm

m 1

 for all Nk  . 

 

Solution. We have: 

    






















k

a

acb

k

ak

a

acb

k

a m
mmm

m
m

mmm

m 11

 

































 

acb

ca

k

a

acb

ba

k

a

acb

ca

k

a

acb

ba

k

a

mmm

mmm

mmm

mmm

mmm

mmm

mmm

mmm )()()()(
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bac

ab

k

a

acb

ba

k

a

mmm

mmm

mmm

mmm )()(
 







))((

)()(
)(

bacacb

acb

k

bbac

k

a

ba
mmmmmm

mmmmmmmm
mm  







))((

)())((
)(

bacacb

k

b

k

ac

k

b

k

aba

ba
mmmmmm

mmmmmmm
mm  

0
))((

))(()()( 2







bacacb

k

b

k

abac

k

b

k

aba

mmmmmm

mmmmmmmmm
, because the expressions  

ba mm   and k

b

k

a mm   have the same sign. The proof is complete. 

 

 

PP.20825. In all triangle ABC  holds Rrrs 235 22  . 

 

Solution. The inequality from the enunciation is not true, for. e.g. if triangle ABC  is 

equilateral with the length of side equal with 1 we should have                    

                 
3

1

4

1

4

45

6

3

3

3
2

6

3
3

4

9
5

2















 , which is not true. 

 

PP.20830. In all triangle ABC  holds s
as

a
4

2




 . 

 

Solution. By the inequality of Harald Bergström we have: 

                      s
s

s

cbas

cba

as

a
4

4

3

)( 222








 , and we are done. 

 

PP.20835. In all triangle ABC  holds Rr
A

ma 18

2
cos

2





















 . 

 

Solution. Using )( assma  , 
bc

assA )(

2
cos


 ,

s

abc
Rr

4
  it suffices to show that: 

                 abcbca
s

abc

ass

bcass
9

2

9

)(

)(
2



















 . 

The last inequality yields from 33 abca  ,
3 2223 cbabc   (AM-GM inequality) 

by multiplying. The proof is complete. 
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PP.20836. In all triangle ABC  holds 
r

RrrsR
ma

2

)(

2

3 22 
 . 

 

Solution. Let F be the area of triangle ABC . We use: 

              22
3 xx ;

4

)(3 222
2 cba

ma


 ; Rrrscabcab 422  . 

It suffices to show that: 

      )(
24

)(
24

9

4

)(9 222
222

cabcab
F

s

F

abc
cbacabcab

r

Rcba



 

))(()(16 2222 cabcabcbaabccbaF   

))(())(222( 222444222222 cabcabcbaabccbacbacacbba   

  422422223236 3 babacbabcacbaa             (1) 

By Schur’s inequality we have 

  42242226 3 babacbaa , and from AM-GM inequality we obtain 

22223 3 cbacba  , 22223 3 cbabca  , which by adding up yields the inequality (1), 

and the proof is complete. 

 

PP.20848. If 0,, cba , then 





























































c

a

b

a

b

a

b

a
42

. 

 

Solution. Applying the well-known inequality zxyzxyzyx  222 , we obtain 

 








c

a

b

a

a

c

a

c

c

b

c

b

b

a

b

a
2

; 

 












































b

a

c

a

b

c

b

c

a

b

a

b

c

a

c

a

b

a

a

c

a

c

c

b

c

b

b

a

b

a
22224

, 

and by multiplying we get the desired result. 

 

PP. 20855. If 0kx  nk ,...2,1 , and nx
n

k

k 
1

, then nx
n

k

m

k 
1

 for all Nm . 

 

Solution. By Chebyshev’ s inequality we obtain: 

nxxxx
n

xxx
n

k

k

n

k

m

k

n

k

m

k

n

k

k

n

k

k

m

k

n

k

m

k  












 11

1

1

1

11

1

1

...
1

, and we are done. 

 

PP.20861. Prove that for all 2n  exist Naaa n ,...,, 21  such that 



n

k ka1 2

31
. 
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Solution. For 2n  we have 
2

3

2

1

1

1
 ; for 3n  we have 

2

3

4

1

4

1

1

1
  and so on 

using the fact 
nnn 2

1

2

1

2

1
1




, easily follows the conclusion, and we are done. 

 

PP.20865. Prove that: 

       26239242262223 )12()2()12()2()12()2( aaaaaaaaa  

)1)(1)(1( 18126  aaa  for all Ca . 

 

Solution. We have: 

    114444)12()2( 6242462223  aaaaaaaaa ; 

    114444)12()2( 1248481224226  aaaaaaaaa ; 

     114444)12()2( 186126121826239  aaaaaaaaa . 

By above we obtain the desired result and we are done. 

 

PP.20866. Prove that: 

    2242352223 )122()22()12()2( aaaaaaaa  

  22462357 )1222()222( aaaaaaa )1)(1)(1( 14106  aaa  

 for all Ca . 

 

Solution. We have: 

114444)12()2( 6242462223  aaaaaaaaa ; 

 14484444)122()22( 484682610224235 aaaaaaaaaaaaa

1448 10246  aaaa ; 

 101226101422462357 44444)1222()222( aaaaaaaaaaaaa  

 246681048124688 44848814448884 aaaaaaaaaaaaa  

114  a . 

From the above we obtain the desired result. 

 

PP.20867. If Cdcba ,,, , then: 

                  2333333 6)()()()()()( aadacabadacaba . 

 

Solution. We have: 

      333333 )()()()()()( dacabadacaba  

      222232223 6)(6)6666( aaadacabaadacaba , and we 

are done. 

 

PP.20869. If 0ix ),...,2,1( ni  and Nk  , then 







 n

i

i

cyclic
kk

kk

x
xx

xx

1

2

2

2

2

1

22

2

22

1 . 
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Solution. We have 0))(( 1212

22

2222




 


kk

kk

kk

babaab
ba

ba
, true. 

Yields that 







 n

i

i

cycliccyclic
kk

kk

xxx
xx

xx

1

2

212

2

2

1

22

2

22

1 , and the proof is complete. 

 

PP.20870. If 0ix ),...,2,1( ni  and Nk  , then: 

     





cyclic

kk

cyclic

kk
n

i

k

i xxxxxxxxx ...)()(2 22

2

22

1

2

2

2

1

2

2

2

121

1

22  

 
cyclic

kk

cyclic

kk xxxxxx 1

2

1

1

2

2

2

121 2)( . 

 

Solution. For Ntt  ,2  and 0, yx we have: 

0))(()( 1122   yxyxyxxyyx tttttt , true because 11   tt yx  and 

yx  have the same sign. Repeatedly applying this inequality we deduce that: 

  





cyclic

kk

cyclic

kk

cyclic

kk
n

i

k

i xxxxxxxxxxx ...)()()(2 22

2

22

1

2

2

2

1

2

2

2

121

22

2

22

1

1

22  

 
cyclic

kk

cyclic

kk xxxxxx 1

2

1

1

2

2

2

121 2)(... , and we are done. 

 

PP.20875. Prove that the equation 05

5

5

4

5

3

5

2

5

1  xxxxx  have infinitely many 

solutions in Z . 

 

Solution. We think something is missing from the statement, because as it is too easy. 

We have infinitely many solutions on form )0,0,0,,( kk  , where Zk  . 

 

 

PP.20876. Prove that the equation 07

8

7

7

7

6

7

5

7

4

7

3

7

2

7

1  xxxxxxxx  have 

infinitely many solutions in Z . 

 

Solution. We think something is missing from the statement, because as it is too easy. 

We have infinitely many solutions on form )0,0,0,0,0,0,,( kk  , where Zk  . 

 

PP.20880. If 0ix ),...,2,1( ni  and *Nk  , then: 

      





cyclic

kk

cyclic

kk
n

i

k

i xxxxxxxxx ...)()(2 32

2

32

1

2

2

2

1

12

2

12

121

1

12  

 
cyclic

kk xxxx )( 2121 . 

 

Solution. For Ntt  ,2  and 0, yx we have: 
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               0))(()( 1122   yxyxyxxyyx tttttt , true because 11   tt yx  and 

yx  have the same sign. Repeatedly applying this inequality like in the solution of 

PP.20870 we deduce the inequality from the statement. 

 

PP.20892. If 0,, cba , then  22 )(63   baaba . 

 

Solution. Because 
3

16
63   and 02  aba , we prove that 

(*)  22 )(
3

16
  baaba , which is stronger than the given inequality. 

WLOG, we assume that cba  ; let 0, yx  such that yxacxab  , . 

Because  

    222222222 )(
2

1
)()()(

2

1
yxyxyxyxaccbbaaba  , 

then (*) is equivalent with  

0)(4)(3)(16 2222  yxyxyxyxyx , evidently true, and the proof is 

complete. 

 

 

PP.20895. Prove that the sum: 
32323232 )64489()49429()168()12(  nnnnnnnn    

is divisible by 13102 2  nn  for all Nn . 

 

Solution. Since )(1212 baMba kk   , we have: 

 )13102(5)655010()64489()12( 223232  nnMnnMnnnn , 

and  )13102(5)655010()49429()168( 223232  nnMnnMnnnn , 

which by adding yields to conclusion, and we are done. 
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2. Other solutions for some problems 

from math journal 

Mathematical Reflections_5_2014 
 

 

By Nela Ciceu, Roşiori, Bacău, Romania  

and  

Roxana Mihaela Stanciu, Buzău, Romania 

 

 
 

Solution:  
 

        We write the system as follows 

                            














4

4

4

1

1

1

zxzyz

yyzxy

xxzxy

. 

     Adding up the equations of the system and applying AM-GM inequality and then 

well-known inequality  

                               zxyzxyzyx  222 ,  

we obtain 

            )(2)(2111)(2 222444 zxyzxyzyxzyxzxyzxy  . 

       So, we have equality all over, i.e.  

                     zyx   and 1222  zyx , i.e. 1 zyx or 1 zyx . 

 

 

 
 

Solution:  

     We prove first that if 0xy , then yxyx  1111 , (1). 
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Indeed, by successive squaring we have 

      yxyx  1111  

yxyxyxyx  1211)1)(1(211  

yxyx  1)1)(1(  

0 xy , true. 

Applying (1) it suffices to prove that 

     52441141  cba  

514541  aa  

526)45)(41(24541  aaaa  

5)45)(41(  aa  

0)1(  aa , true. 

We have equality if and only if one of variables is 1 and the other two variables are 0. 

 

 
Solution:  
        We assume that wvuzyx  . By the reasons of parity, an odd numbers of 

these 6 numbers are even (i.e. equals with 2). We deduce easily that 19y  and 37w . 

        By method "trial and error" (or using the computer) we obtain the solution 

                                          5335337137532 333333  . 

 

 

 
Solution:  
Suppose that the triangle ABC  is not isosceles at A . The point D is the middle point of 

the arc BC which does not contain the point A , so it belongs to the perpendicular bisector 

of BC. From similar reasons the point G belongs to the perpendicular bisector of BC .  

We have: GEFD   and FGEA  . So, D  is the orthocenter of FEG . Hence, 

FEGD  . 
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Solution:  
     We note that the function 1)( xf  satisfies the relation from the statement. 

 For  0x  we obtain 1)( yf , so 1)( xf  for any real number x ,  (1). 

     If we take yx 2 , with 1x  (i.e.  
2

1
y ), then 

               0))(1)(12(21)(2)(  yfyyyfyf . 

Since 12 y , yields that 1)(0)(1  yfyf . 

    By (1), we deduce that for 
2

1
y , 1)( yf , (2). 

Now, let 
2

1
y . Evidently we can choose 0x (e.g. 

2

1
y ) such that 

2

1
 yx . For 

this x , by (2), we have 1)(  yxf  and the relation from the statement becomes 

1)()(1)(1  yfxyxfxyxf , and using (1) again, yields that 1)( yf . 

   In conclusion, the only function which satisfy is the constant function 1)( xf . 

 

 
Solution:  

 
 

 
Solution:  
We have: 

 44442252524463363633 33333 zxyyzxzyxzyxzyxzxzyyxqp  

      zyxzxyzyxzxzyyxzyxzyx 4444252366363333522 33363  

     )()(6333 336663633633344522225 yxzyxzyxyxzyxyzxzyxzyx  

              )]())[(())(( 3333333633333333 zyzzyyxzzyzxyxyx  

             ))()(( 333333 xzzyyx  . 
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Hence, 33333333 ))()(( pqxzzyyx  . 

 
Solution:  
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Solution:  
 

     Since 1R , we have A
A

A

ARa

2

2

2

222
cot

sin

cos
1

sin4

4
1

4
 . 

Denoting ,cot Ax  By cot , Cz cot , we have 0,, zyx  and we must to prove that 

                                     222
333

zyx
z

x

y

z

x

y
 . 

Using Cauchy-Buniakovski-Schwarz inequality (’’…SQ form’’) and well-known 

inequality zxyzxyzyx  222 , we obtain 

               





zxyzxy

zyx

zx

x

yz

z

xy

y

z

x

y

z

x

y 2222444333 )(
 

          222
222 ))((

zyx
zxyzxy

zxyzxyzyx





 . 

We have equality if and only if zyx  , i.e. the given triangle is equilateral. 

 
 

Solution:  
We use the inequality  

                                              (*)
2

00

)1(
1






















n
a

a
n

k k

n

k

k . 

Since )1(5
0




na
n

k

k  and 2
1

0




n

k ka
, we obtain  

                                             2)1()1(10  nn  which yields that  6,5,4,3,2n . 

We assume that 6543210 aaaaaaa  . 
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If 10 a , then by (*) it must that  

                                                320651)1(5 22  nnnnn . 

1. For 2n  we have 5210  aaa , 2
111

210


aaa

. We obtain 
0

3
2

a
 , so 10 a . 

Yields the solution  

                                         5221  , 2
2

1

2

1
1  . 

2. For 3n  we have 103210  aaaa , 2
1111

3210


aaaa

. We obtain 
0

4
2

a
 , 

so 20 a . For 10 a yields the solution  

                                          103331  , 2
3

1

3

1

3

1
1  . 

3. For 4n  we have 1543210  aaaaa , 2
11111

43210


aaaaa

. We 

obtain 
0

5
2

a
 , so 20 a . Yields the solution                                    

                                           1563222  , 2
6

1

3

1

2

1

2

1

2

1
 . 

4. For 5n  we have 20543210  aaaaaa , 2
111111

543210


aaaaaa

. 

We obtain 
0

6
2

a
 , so 30 a . We take 20 a  and we deduce that 

1

5

2

3

a
 , so 31 a . 

We take 21 a and yields the solution  

                      20444422  , 2
4

1

4

1

4

1

4

1

2

1

2

1
 . 

5. For 6n  we have 256543210  aaaaaaa , 

2
1111111

6543210


aaaaaaa

. We obtain 
0

7
2

a
 , so 30 a .  

We take 30 a  and  we deduce that 
1

6

3

5

a
 , so 51 a . 

We take 31 a and yields the solution  

                     254444333  , 2
4

1

4

1

4

1

4

1

3

1

3

1

3

1
 . 

In conclusion, the values of n  are 2, 3, 4, 5, 6.  
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Solution:  

     Applying the inequalities aaa 3112 33  , bb 323  , cc 323   (which 

yields by AM-GM inequality) and then by Hölder’s inequality we obtain 

      )1)(1)(1(27)53)(53)(53( 222232323 cacbbaaccbba  

     3
3

3 23 23 2 )(2711127 cbaccbbaa  , q.e.d. 

 

 

 

 

 

3. Progresii aritmetice cu şiruri de numere 

naturale 
 

Prof. Ciobîcă Constantin- Colegiul Vasile Lovinescu , Fălticeni 

Prof. Ciobîcă Elena 
 

1.  Fie   *Nnna
 un şir de numere reale în progresie aritmetică de raţie r şi şirurile 

  smNb
Np

m

p ,1;* 
  de numere naturale de raţii smrm ,1;  . Demonstraţi 

egalitatea: 

   


 




n

k
bbb

n

k
bbb s

kkk
s
kkk

aaaaaa
11

1
2

1
1

1

21 ......

1

 

+



















  
  



n

k

n

k

s

t
b

s

t
b t

k
t
k

aa
1 1 11

21

1
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n

k

n

k

s

t
b

s

t
b t

ik
t

ik

aa
1 1 11

1

1

 

**

1 1 11

,,,
1

1

NsNnNi

aa

i
n

k

n

k

s

t
b

s

t
b t

ik
t
k























  
  



 

 

Rezolvare: 

    
   






























n

k

n

k

n

k

s

t
bb

s

t
b

s

t
b t

k
t
k

t
k

t
k

aaaa
1 1 1 111

11  

        

















   
 



 



n

k

s

t

t

k

t

k

n

k

s

t

t

k

t

k rbbrbarba
1 1

1

1 1

111 11  

      
  




















n

k

n

k

n

k

s

s

t

t

s

t

t

t

t

t rrrrrrrrkbkrb
1 1 1

21

11

11 ...1  

  .....21 rrrrn s   

   


 




n

k
bbb

n

k
bbb s

kkk
s
kkk

aaaaaa
11

1
2

1
1

1

21 ......

1

 

 

    
   






























n

k

n

k

n

k

s

t
bb

s

t
b

s

t
b t

k
t
k

t
k

t
k

aaaa
1 1 1 111

1212

 

 









































  
  



t

k

s

t
b

n

k

s

t
b

s
t
k

t
k

aa
rrrnr

1 11 1

21

1

11

....

1
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n

k

n

k

s

t

t

k

t

k

s

t

t

k

t

k rbbrbarba
1 1 1

12

1

1121 11  

      
  




















n

k

n

k

n

k

s

s

t

t

s

t

t

t

t

t rrrrrrrkrbrkb
1 1 1

21

11

11 ...1  

 srrrnr  ....21  



















  
  



n

k

n

k

s

t
b

s

t
b t

k
t
k

aa
1 1 11

21

1

 

 









































  
  



n

k

s

t
b

n

k

s

t
b

s
t
k

t
k

aa
rrrnr

1 11 1

21

21

11

...

1

 

    
   






























n

k

n

k

n

k

s

t
bb

s

t
b

s

t
b t

ik
t

ik
t

ik
t

ik

aaaa
1 1 1 111

11

 

         
 



 

 


















n

k

s

t

t

ik

t

ik

n

k

s

t

t

ik

t

ik rbbrbarba
1 1

1

1 1

111 11

 

        
  




















n

k

s

n

k

s

t

t

s

t

t

t

t

t rrrnrrrrrikbrikb
1

21

1 11

11 ....1

 



















  
  



n

k

n

k

s

t
b

s

t
b t

ik
t

ik

aa
1 1 11

1

1

 

 









































  
  



n

k

s

t
b

n

k

s

t
b

s
t

ik
t

ik

aa
rrrnr

1 11 1

21

1

11

....

1
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n

k

s

t
b

n

k

s

t
b

s
t

ik
t
k

aa
rrrnr

S

1 11 1

21

1

11

....

1

 

  

























   
   



n

k

n

k

n

k

s

t
bb

s

t
b

s

t
b t

k
t

ik
t
k

t
ik

aaaa
1 1 1 111

11  

        
  





 


















n

k

n

k

s

t

t

k

t

ik

s

t

t

k

t

ik rbbrbarba
1 1 1

1

1

111 11

 

        
  




















n

k

n

k

s

t

t

s

t

t

t

t

t rrirrkbrikb
1 1 11

11 11  

      s

n

k

s rrrinrrrrir 


...1...1 21

1

21  

 
  

  
  


























n

k

n

k

s

t
b

s

t
b

s

s
t

ik
t
k

aa

rrrinr

rrrnr
S

1 1 11

21

21

1

...1

...

1

 

**

1 1 11

,,,
1

1

NsNnNi

aa

i
n

k

n

k

s

t
b

s

t
b t

ik
t
k























  
  



. 

 

2.   Fie   *Nnna
 - un şir de numere reale în progresie aritmetică de raţie r şi şirurile : 

-   *Nmmb
  şir de numere naturale în progresie aritmetică de raţie r1 

-   *Nppc
   şir de numere naturale în progresie aritmetică de raţie r2 

-   *Nssd
  şir de numere reale în progresie aritmetică de raţie r3 

Demonstraţi egalitatea: 
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n

k

dcb

n

k

dcb

n

k

dcb

n

k

dcb

kkkkkk

kkkkkk

aaaaaa

aaaaaa

11

11

222111

111

1

1

 

   






n

k

dcb

n

k

dcb ikikikikikik
aaaaaa

11
111

1
...

 

   
*

11

,,
1

111

NnNi

aaaaaa

i
n

k

dcb

n

k

dcb ikikikkkk













 

 

Rezolvare: 

    
 




n

k

n

k

dcbdcb kkkkkk
aaaaaa

1 1
111  


 111111 ddccbb aaaaaa

nnn  

            rdarcarcarbarba nnn 11111 1111111111  

        rcrnrcrdrnrdrbrbrcrcrdrdrda nnn 12113111111111 1

 

   321123111 rrrnrrnrrnrrnrrbrnrb   

   


 




n

k

dcb

n

k

dcb kkkkkk
aaaaaa

11
111

1

 

     


































n

k

dcb

n

k

dcb kkkkkk
aaaaaa

rrrnr

11

321

111

111
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n

k

dcb

n

k

dcb kkkkkk
aaaaaa

11
111222  


 222222 ddccbb aaaaaa

nnn  

          rcarcarbarba nn 1111 21212121  

            rddrccrbbrdarda nnnn 2222222121 11  

         313121211111 111 rdrndrcrncrbrnb  

 321321 rrrnrrnrrnrrnr   

   


 




n

k

dcb

n

k

dcb kkkkkk
aaaaaa

11
222111

1

 

     


































n

k

dcb

n

k

dcb kkkkkk
aaaaaa

rrrnr

11

321

222111

111

 

    




n

k

dcb

n

k

dcb ikikikikikik
aaaaaa

11
111  


 111111 iiiininin dcbdcb aaaaaa  

          rcarcarbarba iiniin 1111 11111111  

            rddrccrbbrdarda iiniiniiniin 1111111111 11  

       rircrincrirbrinb 21211111  

    3213213131 rrrnrrnrrnrrnrrirdrind   

   


 




n

k

dcb

n

k

dcb ikikikikikik
aaaaaa

11
111

1
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k
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n

k
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dcb ikikikkkk
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rrrnr
S

11

321
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111

 

    
 



n

k

n

k

dcbdcb kkkikikik
aaaaaa

1 1
111  

      





n

k

ddccbb kikkikkik
aaaaaa

1
111  

      




n

k

kikkikkik rddrccrbb
1

111  

            



n

k

rrirrkcrikcrrkbrikb
1

321211111 111  

         321

1

321 1111 rrrinrrirrirri
n

k




 

 
  

   











n

k

dcb

n

k

dcb ikikikkkk
aaaaaa

rrrin

rrrnr
S

11

321

321

111

11

   
*

11

,,
1

111

NnNi

aaaaaa

i
n

k

dcb

n

k

dcb ikikikkkk













 

3.   Fie   1nan un şir de numere reale în progresie aritmetică de raţie r şi   Nb
mm 
1

un 

şir de numere naturale în progresie aritmetică de raţie q. Demonstraţi egalitate: 
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111111
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1
...
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11
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1

1

NnNm
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m
n
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b

n

k

b mkk













 

Rezolvare: 

nk bbb

n

k

b aaaa 


...
21

1
 

1321
...

1





nk bbb

n

k
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111

11

bb

n
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b

n

k
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nkk  

      nqrrbrnqbrbrbrbarba nn   11111111 11  
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b kkkk
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nqr
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k
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n

k
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2212

11

bb

n

k

b

n

k

b aaaa
nkk

 
             rqbrqnbrbbrbarba nn 11222121 111  

nqrqrrbqrnqrrb  11  
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         ...21 1111 qrrbrqmbrbrqmb  
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4.Câteva aplicatii la formula radicalilor compuși 

Prof.Roman Rozalia Ioana 

Școala Gimnazială Preluca Veche, Maramureș 

 

1. Formula radicalilor compuși 

Fie ași b două numere reale, . Are loc relația: 

, unde  

Demonstrație: 

Rezolvăm pe rând cei doi membri ai egalității. 

Notăm  

 

Notăm  

 

 

 

 

 

 

 

Din relația din ipoteză știm că .  

Deci, relația de mai sus  se poate rescrie astfel: 

 

Din egalitățile  (1) și (2) obținem că . 

Cum , adică:  
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 (q.e.d.) 

 

2. Aplicații rezolvate 

Enunțuri: 

1. Arătați că  este număr natural. 

2. Calculați: 

 

 

3. Arătați că , unde: 

 

4. Aflați  astfel încât 

 

să fie număr natural mai mic decât 10. 

5. Fie  

 

. Arătați că numărul N este rațional. 

6. Arătați că pentru orice valoare reală pozitivă a lui a, valoarea expresiei  
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este constantă. 

 

Soluții: 

1. Pentru a arăta că este număr natural, 

aplicăm formula radicalilor compuși pentru fiecare termen în parte: 

 

 

 

Obținem că: 

 

 

 

2. Calculăm S1 aplicând formula radicalilor compuși pentrunumitorii 

fiecărui termen: 
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Pentru a calcula S2, se procedează în mod similar, obținându-se: 

 

 

 

 

Reținem acest rezultat încât va fi util în rezolvarea următoarelor cerințe: 

 

3. Folosim rezultatul obținut cu ajutorul formulei radicalilor compuși în 

calculul sumei S2 de mai sus: 

 

Se obține: 
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4. Se folosește rezultatul obținut în calculul sumei S2: 

 

Se obține: 

 

 

 

 

5. 𝐴plicând formula radicalilor compuși pentru fiecare radical dublu în 

parte, se obține: 
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6.  

 

 

3. Probleme propuse 

1. Să se arate că: 

 

2. Aflați  astfel încât: 

 

3. Arătați că . 

4. Aflați numerele întregi  pentru care  

 

5. Aflați  astfel încât să aibă loc egalitatea: 
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