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1.Some problems and solutions from
Octogon Mathematical Magazine

by D.M. Batinetu-Giurgiu, Bucharest, Romania
and
Neculai Stanciu, Buzau, Romania

PP.21173. Denote S, the sum of the first nterms of an arithmetical progression. Prove that

m 1 2n-1 SZk—l B
Z(Zn—lzZK —1} =5

n=1 k=1

Solution. Let r be the ratio of progression, so a, =a, + (i—1)r . We have:
2k-1 2k-1 _ _
Spa =2 (@ +(I-Dr)=(2k-Da, +r) (i-1)=(2k -Da, + (2k=2)@k-1) | _
i=1 o1
=2k -Da, + (k-D(2k -Dr.
2n-1 S 2n-1
2k-1

Yields that > = > (a, +(k-Dr)=(2n-1a, + (n-1)(2n-Dr, therefore
k=1

= 2k_1_ k=1

m 1 2n_182k—l m m
= a,+(n=Yr)=> a, =S_,and we are done.
;(Zn_1;2k_l S (e (-0 =38, =s,

PP.21174. Prove that

2 2
1)44...488...89 = [66...6j 02)11..1=22..2 +(33...3] (correction).
—— — — —— ——

n n-1 n-1 2n n n

Solution. We denote 11...1=a . We have:
—

a

2
1) 44...488...89 = (66...6}
—— —

n n-1 n-1
< 4a-10" +8a+1=(6a+1)* < 4a-10" +8a =36a° +12a
< 10" +2=9a+3 < 100...02 =99...9+ 3, which is true.
H,_/ H,_/

n-1 n

2n

2
2)11..1= 22...2+(33...3J <a-10" +a=2a+9a’

< 10" +1=9a+2 < 100..0 =99...9 +1, evidently true.
— e

The proof is complete.
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PP.21178. The real numbersa, < a, <...<a, are in arithmetical progression if and only if and

(an B a‘l)2

onlyif (a, —a,)* +(a;, —a,)* +..+(a, —a,,)* = -

Solution. ""="If a,,a,,...,a, are in arithmetical progression with the ratio r we have
(a, -a,)° (n-1°r*

s (=-Dr? =

(an — a1)2

(@,-a,) +(a,—a,)° +..+(a,-a,,)° = , true.

"'<'""We suppose that (a, —a,)* +(a, —a,)* +...+(a, —a,,)° = is true.

For n=3, we obtain:
(8.3 _a1)2
2
< 2a’ +2a’ -4aa, +2a’ +2a2 —4a,a, =a’ +a; —2a,a,

(az _a1)2 +(a3 _a2)2 =

< a +4a’ +al —-4aa, +2a,a, —4a,a, =0

< (3, —2a,+a,)° =0« 2a, =a, +a,, 0 a;,a,,a,are in in arithmetical progression and let r
be the ratio.

We suppose that a,,a,,...,a,, are in arithmetical progression. Denotinga, —a, = X, we obtain
successively:

X2

n-1

o x2-2n-Drx+(n-1)°r’ =0 = (x—(n-r)’ =0,

Soa,=a +(n-Yr,ie. a,a,,.,a, are in arithmetical progression, and the proof is complete.

(n=2)r2 +(x—(n-2)r)* =

PP.21180. Let a, <a, <...<a, be real numbers. Prove that:
+a,,8a,,.., a, are in arithmetical progression if and only if:
1 1 1 (n—1)2
+ 4.t = :
a -8 a-a a, —an, a, — &

Solution.
"="If a,,a,,..,a, are in arithmetical progression with the ratio r, then:

a,—a =r,.,a,—a,,=r,a, —a, =(n-1)r so the relation to prove becomes

n—-1 —1)?
= (n-1) , true.
r (n=Dr
"<" We assume that the relation from the statement is true. For n =3, we obtain:
1 1 4
+ = < (a,—2a,+a,)"=0<2a,=a, +a,, 0

Q-4 aG-a G-
a,,a,,a, are in arithmetical progression.
We assume that a,,a,,...,a, , are in arithmetical progression with the ratio r . We have:
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1 1 1 (n-1)> n-2 1 (n—1)?
+ +..+ = = + = .
a,—a, a;—a, a,—a,, a,—a r a,-a,-(n-2)r a,—a
Denoting y = a, —a,, after some algebra we have:
_ _1\2
n 2+ ! _ (=1 S[y-(=-Dr]> =0,s0 y=(n=1r, i.e.

r y—(n-2)r
a, =a, +(n—-1)r. Therefore, by mathematical induction we deduce that aa,,..,a, are in
arithmetical progression, and the proof is complete.

PP.21194. Let a,,4,,..,a,,, € R™ be an arithmetical progression.

1 1 1 1 1( 1 1 1
Prove that: + +...+ += + +...+
n-2\aa, a,a, a, ,a, nlaa, a,a, aa

n-n+l

2a
=——" forallneN, n>3.
a‘la'n—la

n+1

Solution. Since, if denote by r the ratio of the given progression, we have:

1 :l£i_i] etc., yields:
aa, rla a,

1 1 1 1 11 1 1 1
+ +ot += + +ot
n-2\aa, a,a, a,,a,,) nlaa, a,a, a,a

nn+l
1 1(1 1 1 1 1 1 j
= + 4.+ +

al a‘2 a‘2 a3 an—2 an—1

1141 1 1 1 1 1 1 1 1
+= 2 == — . +— = ——— |+
nrla a, a, a, a, a (n-2)rla a,,

n n+1

+i{i_ 1}2 1 au-a 1 a,-3
nrla, a,,) (n—-2)r aa,, nr aa

_ 1 _(n—2)r+i_ nr_a,,+a,,; _ 2a

(n-2)r aa,, nr aa a,a, ,a

n+1

= n__ and we are done.
alan—la

n+1

n+1 n+1

PP.21199. If a,b,c e R, then Z(a—b)(1+ bc)(1+ca) =(a—b)(b—c)(c—a).

Solution. We have: (a—b)(1+bc)(1+ca) = (a+abc—b—b*c)(l+ca) =
a+abc—b-b’c+a’c+a’bc2—abc—ab’c® =a—-b+a’c—b’c+a’bc® —ab’c?.
Then, > (a—b)d+bc)l+ca)=> a-> a+» a’h—> ab’+> a’h’c—> a’b’c=
=a’b—ab® +b’c—bc? +ac®* —a’c =ab(a—-b)—c(a® —b?)+c*(a—bh) =

= (a—b)(ab—ac—bc+c?) = (a—b)(b—c)(c—a), and the proof is complete.
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Xy o V2(x+y) S14 4xy

PP.21203. If x,y >0, then £+

(x+y)*  x2ry?  (x+y)?P

Solution 1. Because we have:

(N/Z(x2+y2)—(x+ V) W2(X2 +y?) + X+ y):(x—y)z, thus the inequality from the left is

written successively:

2(x+Y) 1 Xy V2(X2 +y%) = (X+Y) _ (x+Yy)? —4xy
2———=r_>"— ;&2 2 >
2(x2+y?) 4 (X+VY) J2(x% +y?) 4(x+Y)
2 2
o 2(x—y) > X2y)
\/2(x2+y2)(\/2(x2+y2)+x+ y) 4(x+y)
If x =y we have equality; if x # y it remains to show that:

8(X+Y)? > 2(x* +y?) + (X + Y)y2(x* + y?)
& BX2 +6Y2 +16xy > (X + Y)y2(x* +y?) (1)
Using AM-QM inequality 2(x* + y?®) > (x + y)*we have that:
6X% +6Y2 +16xy > 2(X2 + y?) = /2(x% + Y2) - /2(X% + ¥2) = (X+ y)4/ 20 + y?) .
The right inequality becomes:
2 2
o 2x+y) 4 4xy2© 2(x-y) S(X—y)z_
J2(x2 +y?) (X+Y) \/2(x2+y2)(\/2(x2+y2)+x+ y) (X+y)
If X =y we have equality; if x # y it remains to show that:

2(X+Y)? <2(X* + y2) + (X + YV2(X* + y?) < (X + Y)J2(x* + y?) > 4xy (2)

With AM-GM inequality we deduce that:
(X+ Y)y2(x% +y?) = 2\/xy -[2-2xy = 4xy, s0 (2) is true.

Solution 2. We denote ~ = t . The first inequality squaring becomes:
y

49  t? 7t 2(t+1)°

P it 72 2

16 (t+1)" 2(t+1) t°+1
< A9(t% +D)(t+1)* +16t3 (% +1) +56t(t + 1) (t* +1) > 32(t +1)°
< 17t° +60t° —9t* —136t° —9t> +60t +17>0
< (t-1)2(A7t* +94t° +162t* + 94t +17) >0, true for t > 0.
We proceed analogous with the second inequality:

2 2

Ji(t+1)21+ 4t 2 @2(t2+1) Lq, L6t 4+ 8t 2

V2 +1 (t+2) t°+1 t+D" (t+2)
S 2(t+D° > (t+1)* (17 +1) +16t%(t? +1) +8t(t* +D(t +1)°
St°-0ot* +16t° —9t* +1>0 < (t—1)*(t* +4t +1) >0, true.
The proof is complete.
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2
PP 21204, If x,y >0, then: %+ Y)° (—+ 2xy J

x* +y? 2 (x+y)?

Solution. Using PP.21203, we obtain:

2(x+Y) \/_(x+ y) 4xy e
I +y? \/x +y° (X+Y)2’
_X+y 1

2 , equivalent with the inequality from the statement.
JX2+y? "2 (X + y

2

PP.21209. If a, >0 (k =12,..,n), then ¥ %4 2

> > a,
Goedy +2a, +...+na, n(n+1) i3

Solution. By the inequality of Harald Bergstrom and the factl+2+...+n= n(n+1)

n 2
a
a? (; kj 2§
Za +2a, +..+Nna : “ :n(n+1)zak’
cyclic Ay 2 T (1+2+...+n)zak “

k=1
and the proof is complete.

, We obtain:

PP.21213. In all triangle ABC holds Z&

>m, +m, +m,.
m, +m, —m

C

Solution. We have:

omm, _ mm,  m,+my )
Zma+mb—m Zma Z( J

. m, +m, —m 2

c

2(m +m, —m,) 2(m, +m, —m.) 2(m, +m,—m,)
_ ma(mc_ a) mb(mc_ma) o ma(mc_ma) mc(ma_mc) _
_Zz(ma +mb_mc) +22(ma +mb _mc) __zz(ma +mb_mc) +22(mb +mc _ma) -
_Z m,(m,—m,) N m.(m, —-m.) | _
C“l2(m,+m-m) 2(m,+m . -m))

=_Z(m _ mc_m _mb(mc_ma)

(m +m, — mc)(mb +m, - ma)

_y M, m2+mmc—m§=2( my(m.-m,) __my(m,—m,) jz




REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — APRILIE 2015 www.mateinfo.ro

=lz (mc _ma)z(mc +m, _mb)

> 0, because the medians of an triangle can be the sides of
+m, — mc)(mb +m, — ma)

an triangle, and we are done.

PP.21233. In all triangle ABC holds H(1+ ctg? gj < %

Solution. The inequality from the enunciation is not true. For e.g if triangle ABC is equilateral

we have ctg g =+/3 and the given inequality becomes 4° s% , false.
We will prove that H[1+ ctg® gj > 64. Indeed by the item 2.42 from Bottema, i.e
A B C i1 .
ctg By ctg > ctg 5 >34/3 and by Holder’ s inequality follows that:

3
H(1+ ctg? gj > (1+3‘/ctg2 gctg2 gctg2 %j > (1+ i/ﬁ)s =64,

and we are done.

PP.21243. Let be k e N”, determine the sequence (a,),., for which
K _k+1 k+1
a-+a,+..+a, a a

forall ne N", when a, =kla and a>0.

n n+1

: a . .
Solution. We denote b, = —; the sequence (b, )., satisfy the relation:

a1
k :k+1—k+1,with b, =1,
b,+b,+..+b, b, b,

Forn =1, we have E:I(—Jrl—kJrl,so b, =k +1.

1 b,
Forn=2, we have K :k+1—k+1,sob3=w.

1+k+1 k+1 b, 2

. ) kK+n-1

We prove by mathematical induction that: b, = PERE

First we prove that:
k+1 k+2 kK+n-1 K+n
1+ + +..+ = 1)
1 2 n-1 n-1

. m m-1 m-1
For this we use well-known formula [ pJ = ( J+( j , S0 we deduce tha:

p-1 p
k+2 k+1
=1+
(7))
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o) )

Adding up we obtain (1).
We deduce that:
k _k+1 k+1 k k+1 k+1

= < = —_
b,+b,+..+b, b, Db, 14 k+1 . k+n-1 k+n-1) b,,
1 - n-1 n-1

k+1: k+1 - k , and because:

<
b, (k+n-1 k+n
n-1 n-1

k+n k+n-1
( * ]—kﬂ( " ! J,followsthat:

n-1) k+1| n-
k+1  k+1 k(k +1) 1 n

- = = )
k+n-1 k+n-1 k+n-1

b, ( +n J (k+n)( +n J b, (k+n)( +n j
n-1 n-1 n-1

K+n-—
n-1

Therefore, b, ,, = ﬂ[

1 K+n
. J:[ . J and by mathematical induction we prove that for

Returning to the sequence (a,),., Yields that:

n>1

k+n-1 —1)!
a, =kla- N = a-m. The proof is complete.
n-1 (n=1)!
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2.Ecuatii cu variabile separabile — Aplicatie pentru
o0 transformare politropa

Prof. Boer Elena Milena, Scoala Gimnaziala Vulcan, Brasov

Ecuatiile cu variabile separabile sunt acele ecuatii diferentiabile pentru care functia din

membrul drept are forma:

f(x y(x) = g()h(y) ,

, d
Astfel: V00 =2 = £ (xY(x) = g(Oh(y)
Dupa separarea variabilelor se obtine solutia urmatoare:

%:g(x)dx J h() ij;g(s)ds:G(y(X))—G(yo)Zig(s)dsj

y(x)=G™ LG(yO) + I g(s)ds} .
X0

Ca aplicatie voi prezenta o transformare termodinamicd fundamentala si anume
transformarea adiabatica care reprezinta un caz particular de transformare politropa.

2 = const. (@8]

In cazul transformarii politrope capacitatea calorici C =

Pentru un sistem simplu pe baza principiului intai al termodinamicii putem s scriem ca
CdT = dU + Ada, unde T este temperatura, U este energia internd, a este un parametru
extern (exemplu volumul), A este parametrul de fortd conjugat cu parametrul extern a (exemplu

presiunea).
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Tinand cont de ecuatia caloricd de stare U =U(a,T) si de relatia C, = (Z_L'I{j , (C,-

capacitate calorica referitoare la transformarea in care parametrul a este mentinut constant)

obtinem:

(C—C,)dT ={A+(8—Ul}da @

Daci C #C, vom avea: dT +@[6—Tj da=0 (3)
C,-Cl\oa),

Aici am tinut cont de relatia Robert-Mayer:C, —C, = (Qj +A (@j .
oa ); T ),

Conform ecuatiei termice de stare: T = T (A, a)

Prin urmare: dT :(a—T) dA+(8—Tj da.
oA ), oa ),

Atunci relatia (3) poate fi scrisd sub forma: (ﬂj dA+ €, =C (ﬂ) da=0 4)
oA).c,—clea),

a

Sa particularizam relatia (4) pentru un gaz ideal:

Cc, -C
T gp+e (ﬂ) dv =0 (5)
op ), C, -C\aov ),
o . Cc,-C
Introducem indicile politrop: n=—" (6)
C, -C

Derivatele din relatia (5) pot fi obtinute cu usurinta din ecuatia Clapeyron-Mendeleev:

a) vy [ﬂj_ﬂ
o) R o), R

9
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Rezulta: Vdp +npdv =0
Sau: % = —nd—V
p V

A . : : d dv <
Integrand ecuatia de mai sus obtinem: I @ _ —njv +C,, unde C, este o constanta.
p

Astfel, Inp+niInV =C, = In(pV")=C,
Am obtinut astfel ecuatia transformarii politrope: pV" = const. @)

In cazul transformarii adiabatice C = 0, deci ecuatia transformarii va fi data de

pV’” = const. (8)
- C, o
unde coeficientul y = — se numeste exponent adiabatic.

Ecuatia (8) este binecunoscuta ecuatie Poisson pentru transformarea adiabatica.

Bibliografie:

1. Marin, M. si Marinescu C., Ecuatii diferentiale si integrale, Editura Tehnica, Bucuresti,
1996.

2. Serban Titeica - Termodinamica, Editura Academiei Republicii Socialiste Romania
1982.

10
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3. INEGALITATI GEOMETRICE IN TRIUNGHI

Prof. Andrei Dobre
C.N. “Nichita Stanescu” Ploiesti

1. Sa se demonstreze ca, o mediand a unui triunghi este mai mica decdt semisuma laturilor ala
turate cu ea.
Solutie: A

Fie triunghiul ABC si mediana AA’ ; prelungim
aceasta medianad cu o lungime [A'A"]=[AA]

Se demonstreaza, usor, congruenta triunghiurilor
ABA’ si CA’A” ( cazul de congruenta , latura , unghi
latura ), de unde rezulta [AB] = [CA™].

in triunghiul ACA” avem [44 "] < [AC] + [CA "] si,

cum [4°4”] =[AA4”], rezultd ca AA'< AB;ZAC

2..Fie triunghiul ABC, in care mZ(BAC) > m/(ABC)+m£(ACB) si fie D mijlocul segmentului
[ BC ].Sd se arate ca AD < B—2C .

Solutie:

Avemm/(BAC) = m£(BAD) + m£(DAC) >
>m/(ABC)+ mZ(ACB),dinipoteza

De aici rezulta ca

mZ(BAD) > mZ(ABC),deunde BD > AD sau

mZ(DAC) > m/(ACB),deunde DC > AD.
DinBD > AD si DC > AD,adunandu-le,

fig.

seobtine AD < %

11
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3.Doua triunghiuri sunt asezate astfel incdt au o latura comund, iar alte doua laturi se
intersecteaza.Sa se demonstreze cd, suma lungimilor laturilor care se intersecteaza este mai
mare decdt suma lungimilor laturilor care nu se intersecteaza.
Solutie:

Fie AC latura comuna triunghiurilor B
ABC si ADC si, fie E punctul de intersectie
al laturilor AD si BC.Din triunghiurile AEB D
si CDE, rezulta, respectiv, ca AE + BE > AB
si EC + ED > CD, care, adunate membru cu
membru, si tinand seama ca AE + ED = AD,
iar BE + EC = BC, conduc la AD + BC >
AB + CD.

A by

4.Fie triunghiul ABC si M,N doud puncte astfel incit B € (MC) si C € (BN ). Sa se demonstreze
ca: m(ZMAN)<m(ZABC)+m(£BAC)+m(£ACB).
Solutie: A

Fie triunghiul ABC si punctele M si N € BC,
astfel incat B € (MC) si C € (BN)

In aceasta situatie ZABC este unghi exterior
triunghiului ABM, £ACB este unghi exterior
triunghiului ACN.

Conform teoremei unghiului fi
exterior, m(£ABC ) > m(£MAB), m(£ACB)> m(£NAC).

Deci: m(Z/MAN ) = m(/MAB )+ m(£BAC )+m(£CAN )<

< m(£ABC )+ m(£BAC )+ m(£ACB)

5.(Problema 0.110 G.M. nr.10/1980): In triunghiul ABC notam cu M,N,P mijloacele laturilor(AB ) ,
(BC), (CA) sifie D e[MB], E €[NC], si F € [PA]. Sa se demonstreze ca: Sioer] 2 Spven-

Solutie:

12
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Fie triunghiul ABC si M,N,P mijloacele

laturilor (AB), (BC), (CA), iar D € [MB],

E e[NC],si F e[PA] (fig.IL5.1). Consideram

AD = xAB ; BE = yBC; CF =zAC, evident

x,y,z e[1/21].

Sior) _ (L/2)AD - AF -sin(£A) _ AD-AF _ x1-y)
Spec]  (1/2)AB-AC-sin(£A) AB-AC '

Steeo] _ y(l-x), iar Stere] _ z(1-y).

[ABC] [ABC]

In mod analog:

Cum x,y,z € [1/2,1] avem:

(x=1/2)y-1/2)+(y-1/2)z-1/2)-(x-1/2)>0

ceea ce implica:

xy —(L/2)x+y)+1/4+yz—(1/2)y +2)+1/ 4+ 2x—(L/2)z + x)+1/4 >0 si, deci

Xy + yz + 2x— (U 2)(x + y)+(y + z)+ (z + x)] +3/4 > 0, de unde rezulta:

Xy + Yz +2X—(X+y+2)+3/4>0 siprin urmare (X+ Yy +2)—(xy + yz + 2x) < 3/4. Notim cu
& = (Spaoe] + Speeo] + Sicre))! Sjascy» Obtinem: & = x(1—z)+ y(L—x)+z(L-y) = (x+ y+2)-
—(xy + yz + 2x) si deci o < 3/4.
Pe de alta parte,

(S[AMP] + S[BMN] + S[CPN])/ S[ABC] =

AM - AP -sin(AA)Jr BM - BN -sin(4B)+ CP-CN -sin(«C) _

AB-AC -sin(ZA)  BA-BC-sin(«B) CA-CB-sin(<C)

== 4=+ == % si cum Spypy) = (1/4)S[ABC], iar Spper] = (1—a)S[ABC], avand 1n vedere

cele de mai sus, Siper) > Spyne)-
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4.Cateva probleme interesante de clasa a VI-a

Profesor Ivanus Nicolae

Scoala Gimnaziala, sat Mologesti, comuna Lalosu

Problema 1: Se da o balanta. Care este numarul minim de greutati necesare pentru a
putea cantari orice obiect care are 1,2,3,...,39 kg.

Solutie: Orice numar natural poate fi scris ca suma a puterilor lui 2 mai mici decat el,
deci raspunsul imediat ar fi 6 greutati (1,2,4,8,16,32) . Fiind insa vorba despre o balanta,
greutdtile se pot aseza si pe celdlalt taler, altfel spus se poate folosi si semnul minus. Deci sunt

suficiente puterile lui 3, in cazul lui 39 primele 4 puteri (1,3,9,27). Ex: 38=27+3+9-1.
Problema 2: Se stie ca fractia % , cu n numar natural impar, este reductibila. Aflati
n+

ultima cifra a numarului n.

Solutie: Fie d=(3n+2,7n+3) ,

d/3n+2=d/2In+ 14,

d/7n+3=d/2In+9 ; d /5, fractia este reductibila = d=5,

5/3n+2 =u(n) € {L6},

/7Tn+3 = u(n) € {16} ,

n natural impar = u(n) =1.
Problema 3: Fie numerele %si cd.

a) Aratati ca nu exista astfel de numere care verifica ab+cd =b* +d°+1.

b)Dati un exemplu de dou numere (de aceasti formi), astfel incatab+cd =b* +d° .
Solutie:

a) -Daca b si d pare: ab par, cd par= ab+cd par; b®par, d°par= b* +d°+limpar;

-Daci b si d impare: abimpar, cd impar=> ab+cd par; b?impar, d®impar= b? +d° +limpar;

-Daci b par si d impar: ab par, cd impar=> ab+cd impar; b®par, d®impar= b +d° +1par;

14
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-Dacd b impar si d par: abimpar, cd par=> ab+cd impar; b®impar, d°par=> b +d° +1par.
b) Ex: 25 si 25; 15 si 26.

Problema 4: Se dau, in jurul unui punct, unghiurile ¥A0B, ¥BOC, ¥COD, ¥DOE si

¥EOA, adiacente doui cate doud, cu proprietitile: m(¥DOE) = %~m(<)iAOB), m(¥COD) =

gm(%iAOB), m(¥EOA) = % -m(¥DOE), m(¥XBOC) =11-m(¥EOA).

a) Aritati ci unghiul ¥COD este drept.
b) Determinati misura unghiului format de bisectoarele unghiurilor <AOB si ¥DOE.

Solutie:

a) m(£DOE) = %-m(%iAOB), m(£COD) = ;m(écAOB), m(£EOA) = %-m(%iAOB),

m(£BOC) = %-m(%iAOB),

m(%AOB) + m(¥BOC) + m(¥COD) + m(¥DOE) + m(¥<EOA) = 360"

Dupi calcule m(¥<AOB) =60°= m(¥<COD)=90",
b) Misura unghiului dintre bisectoarele unghiurilor ¥AOB si ¥DOE = m(¥XAOB) : 2 + m(<
EOA) + m(£DOE) : 2= 60°_
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