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1. About one of the best inequality

By Leonard Giugiuc, Drobeta Turnu Severin

Theorem. If a,b,c,d >0;a+b+c+d :£+l+l+%,then3isthe biggest k for which

a b c

the following inequality holds:

(a+b+c+d)*+16kabcd >16(1+K) .

Further, if k =3, then equality holds at (1,1,1,1) or ( and permutations.

‘/E,‘/E,‘/E,\/EJ
55 5

Proof.

e If k=3isproved that (a+b+c+d)*+48abcd —-64>0.

e If 0<k <3, weshall prove (a+b+c+d)?+16kabcd —16(1+k)>0.
Starting from the inequality (3—k)(a+b+c+d)* >16(3—k), we get the equivalence one
3(a+b+c+d)® +48kabcd —48(1+k) > k(a+b+c+d)* +48kabcd — 64k .

But k(a+b+c+d)? +48kabcd —64k >0, s0 (a+b+c+d)® +16kabcd —16(1+k) > 0.

2+k 1+k

e |If k >3, we take the vector [ and we get e < 2

2.0 g
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2. Asupra unor probleme din RMT
D.M. Batinetu-Giurgiu, Bucuresti,
Nicolaie Ivaschescu, Canada si

Neculai Stanciu, Buzau

Domnul Vasile Peita a propus in RMT urmatoarele probleme
OBJ.75. Aratati ca pentru orice a,b,c >0 cu a+b-+c =1, are loc inegalitatea

a b c 9
2 T — (1)
a“+3b b +3c c’+3a 10

si

OBJ.82. Demonstrati ca dacd a,b,c >0si a+b+c=1, atunci

a _, b ¢ >(3j3 @)
(1+bc)® (1+ca)® (1+ab)® (10) 7

In cele ce urmeaza vom enunta si demonstra unele generalizari ale acestor probleme
interesante.

G1l. (OBJ.75.). Dacia a,b,c,m >0 si a+b+c=1, atunci

2 + b + ¢ >(gjm (3)
(@®+3b)"  (b?+3c)" (c?+3a)" \10) "7

Demonstratie. Avem

Z Z m+1 J. Radon (a+b+C) m+1 B 1
Te(a’ +3b) e (a +3b)" - " (a®+b%+c®+3(@b+bc+ca))
e ke (Z s 3ab)J ( ( )
cyclic

(4).

Avem insa identitatea
a®+b®+c®—3abc=(a+b+c)@*+b*+c?>—ab-bc—ca)=a*+b*+c’ —ab—bc—ca <
< a®+b®+c®+3(ab+bec+ca)=a® +b* +c* —ab—bc—ca+3abc+3(ab+bc+ca) =

= (a+b+c)? +3abc=1+3abc, si atunci relatia (4) devine
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a 1
cyZ‘nc(a2 +3b)" - (1+3abo)” , ().

MA-MG
Dar,1=a+b+c > 33/abc < abc< % si din relatia (5) rezulta

> a > 1 = (gjm g.e.d.
cyclic(a2 +3b)" (1 3 1 jm 10
+

27

. 1
Egalitateaare loc<a=b=c = 3

Observatia 1. Dacd m =1, atunci relatia (3) devine relatia (1).

G2. (OBJ.75.). Daca x,y,z>0, m>1,si Xy+ yz+ zX = Xyz, atunci

X2m—lym N y2m—1Zm N Z2m—le >(ijm (6)
(y+3x*)"  (z+3y*)" (z+3x*)" (10) "7

. 1 1 -
Demonstratie. Fie a,b,c >0, x= ,y:B,z ==, atunci din xy+ yz+zx=Xxyz,
c

Q[

rezulta a+b+c=1, si

2m-1,,m

zi -y 1 _y__a  _
cycIic(y+3X2)m (l 3 }m cyclic(a-2 +3b)m

li _
cyC|ca2m lbm 7+72
b a

- Z a” J-R;d"" @+rb+o)™ = 1 adica am
gare(a’ +3ab)" ( > @ 3ab)jm (a3 +b® +c®+3(@b+bc+ ca))m ’
+

cyclic

obtinut relatia (4) si mai departe ca mai sus obtinem relatia (6); cu egalitate

c>a=b=c=%c>x=y=z=3.

G3. (0BJ.82.). Daca a,b,c,m,t,u >0, cu a+b+c=1, atunci

a + b + ¢ 2( J j , (D).
(t+ubc)™ (t+uca)™ (t+uab)™ (9t+u

Demonstratie. Avem
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m+1 J.Radon a+b+C m-+1
adon )

cyclic

I Y -
cyclic (t + ch)m cyclic (ta + uabc)m - "
> (ta+uabc)

1 1

~(i@+brc)raumpd’  (tr3uabg”’ O

. MA-MG 1 . L .
Din a+b+c=1,rezulti 1 > 3¥abc <> abc< > si atunci din (8) obtinem

Z a . 1 :( 9
= (t+ubc)™ m 9t+u
o ) (t+3u 1}

J , g.e.d; cu egalitate < a=b=c :%
Observatia 2. Dacd m =t =uU =1, atunci relatia (7) devine relatia (2).
G4. (0BJ.82.). Daca m,x,y,z,t,u>0,si Xy+ Yyz+ zX = Xyz, atunci

Xy , Yz , X z(gj,(g).

z(txy+u)™  x(tyz+u)™  y(tzx+u)™  \9t+u

Demonstratie. Fie a,b,c >0, x—1 y=%,z=l,atunci din Xy+yz+zX=Xyz,
a c

rezulta a+b+c=1, si

c
cycncZ(th+ U) c;: mbm(tb—l—uj C;;(t+uab)
a

-y c™  JRen (a+b+c)™ 1 _ 1 (10)
gae(tc+uabo)™ ( j (t(a+b+c)+3uabc)” (t+3uabc)” '

> (tc+uabo)

cyclic
: 1 .. .
Dar, ca mai sus abc < 57 si din (10) obtinem

xmy" S 1 9

= 2(txy+u)" m =(9t+u
(g, 1)

) , .e.d; cu egalitate
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G5. (OBJ.82.). Daca ne N,n>3,a,b,m,x, >0,k =1n, astfel incat > x, =1si
k=1

P.= [ ]x.atunci

i=Li=k

., (10).

n n
Demonstratie. Avem: P, = Hxi' P=x0P = ka ,
k=1

i=1i=k

n m+1
n n m+1 n m+1 d Z Xk
J.Radon
Xk Xk Xk k=1

Z = = 2 =
= (@a+bR)™ i (ax, +bx P)™ = (ax, +bP)" ( n m
(ax, +bP)

1 1

— . :( onP)" (12).
n a+bn
(az X, + an]
k=1
n MA-MG n 1
Dar, 1= Zxk > ml| X = n/P < P < —-, sl atunci relatia (12) devine
k=1 k=1 n
n X m(n_l) A J—
X > ! __n —, g..d; cu egalitate < X, =1,k=1,n.
n

o (@+bR) (a+bn'1nj (an”’1 +b)
n

Observatia 3. Dacd m=n =3, a=Db =1atunci relatia (11) devine relatia (2).
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3.Extinderi ale Problemei din REMI 5/2018

Marin Chirciu®

Se continua,din numarul anterior al Revistei Electronice Matelnfo.ro, Mai 2018, seria
2 2 2

inegalitdtilor in triunghi, in care suma oo +—+ " se compara cu diferite sume remarcabile
C Ca a

construite cu laturi ale triunghiului.

Articolul a pornit de la Problema 42, pagina 144 din 360 Problems for Mathematical
Contests, autori Titu Andreescu si Dorin Andrica, aparuta la Editura GIL, Zalau, 2003.

Lema.

2 2 2 2 _np2
In AABC ;a_+b_+c_:w_
bc ca ab 2Rr

Demonstratie.

Folosima®+b° +c* = 2p( p® —3r® —6Rr) siabc = 4Rrp.

2 2 2 3 3,+3 2 2_3r2 _BRr 2 o2
Ob‘ginema—+b—+c—:a +b”+c — p(p )= p°—3r 6Rr.
bc ca ab abc 4Rrp 2Rr

Prezentam aplicatii cu suma anuntatd mai sus.

2
1) InAABC:Z%Z%Zb%;CZ&

Solutie.

p®>—3r?—6Rr Zb+c _ pP+r’—2Rr

i a’
Folosim » — =
Zbc 2Rr a 2Rr

inegalitatea lui Gerretsen p> >16Rr —5r*, (G) si inegalitatea lui Euler R > 2r, (E).

a?_ 1
2) INnAABC: Y —> at.
Solutie.

2 2 2
Folosim Z% :%g >at= 2[ p*— p?(BRr+6r”)+r’(4R+ r)}2 .

Y Profesor, Colegiul National ,, Zinca Golescu”, Pitesti
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Inegalitatea se scrie:

2 2
p°—3r —6Rr> 1

orr _9R4-2[p4—p2(8Rr+6r2)+r2(4R+r)]<:>

& p°[9R®+32R°r +24r° —4rp” | > 4r° (4R +1)" +9R*(3r* + 6Rr ) , care rezulta din

inegalitatea lui Gerretsen16Rr —5r° < p® <4R*+4Rr +3r”, (G) si a lui Euler R > 2r .
Réamane sa aratam ca:

(16Rr —5r°)| 9R® +32R°r + 24r° —4r (4R’ + 4Rr +3r”) | 4r*(4R+r)’ +9R°(3r’ + 6Rr ) <
45R" —164R°r +136R°r* + 40Rr® —32r* >0 < (R-2r)(45R° —74R’r —12Rr* +16r°) > 0.

a’ b? +c? —a’
3) InAABC:Y >y 2" —8
) DIt D
Solutie.

a> p?-3r’—6Rr Zb2+c2—a2 _2(R+r

Folosim» — = = ) i (E).
OOSImZbc 2Rr bc R () 51 (E)

4p Z_>3

Solutie.

. a’> p°®-3r’—6Rr 1
Folosim —=——— —— Y~ =——_ (G)si(E
Zbc 2Rr bc 2Rr (G st (B).

b+c

5) In4ABC: Z— —Z

Solutie.

. a® p*-3r’—6Rr <«b*+c*> p°+r’-2Rr .
Folosim  — = , = (G E).
Zbc 2Rr Z bc 2Rr @51 (B)

3r «(b+c)
6) In AABC: .
) Z bc 8sz p-a
Solutie.
2 2
_ p°—3r’—6Rr (b+c)” 4p(R+2r) .
Fol = G E).
OOSImZ AT D o ——(G)si (E)
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b+c)
7) InAABC: (—23.
) Z 4Z bc
Solutie.
_ a> p’-3r2—6Rr w(b+c)’  p’+r2+10Rr :
Folosim » — = , = (G E).
Zbc 2Rr Z bc 2Rr ©) st (E)

b+c—a

8) InAABC: Z—C<2p "

Solutie.

p?—3r2—6Rr Zb2+c2—a2  p*-8p?Rr—r?(4R+r)’

. a’
Folosim » — = , = ,(G) si (E).
Zbc 2Rr a 2Rrp @5t (E)
9) InAABC : Z_> b*+c’-a®
bc 2p b+c-a

Marin Chirciu, Pitesti

Solutie.

2 2 _au2 2, .2 2 2 _ 2 2
Folosimza—= p?—3r’—6Rr §izb +c’-a’ _5p°-r’(4R+r) |
bc 2Rr a p

Inegalitatea se scrie:

2 2 2_ .2 2
p’—3r'-6Rr_ 3 5p°-r (4R+T)
2Rr 2p

& p*(p*—3r*—21Rr)+3Rr(4R+r)" >0.

Distingem cazurile:

Cazul 1).Daci p> —3r® —21Rr >0, inegalitatea este evident.

Cazul 2).Daci p”> —3r° —21Rr <0, inegalitatea se rescrie:

3Rr(4R+r)" > p? (21Rr +3r° - pz), care rezultd din inegalitatea Blundon- Gerretsen

R(4R+r)’

16Rr-5r’<p’<——
P TP

. Ramane sa aratam ca:

R(4R+r)’

2(2R-r)

3Rr(4R+r)" > (21Rr +3r*—16Rr +5r*) < 6(2R—r)>5R+8r < R=2r.
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p—C)_

2
10) In AABC :Z i 9er

Solutie.

b+c

2 p2_ge2_ _ _ 2(8Rr —3r2)+r2(4R +r)’
bc 2Rr b+c 2p(p®+r*+2Rr)

11) In AABC :Z >43 P-

b+c
Solutie.

. a®> p°®-3r’—6Rr p—a  p>+5r’+8Rr .
Folosim ZE: D i 2(p2+r2+2Rr)’(G) si ().

12) In AABC : zbc 2R3;p >a’(p-a).

Solutie.

p®—3r>—6Rr

) a’
Folosim » —=
Zbc 2Rr

S a*(p-a) = 2r2[(4R+ ry - pz} (G) si ().

13)In4ABC : ) — > —Z a’.
Marin Chirciu, Pitesti

Solutie.
2

Folosim 23—=u si y_a’=2(p*—r’—4Rr). Inegalitatea se scrie:
c

p®>—3r>—6Rr .9
2Rr ~ 4p?

:2(p*—r*—4Rr) < p’(p*—3r°—15Rr)+9Rr* (4R +r)>0.

Distingem cazurile:

Cazul 1).Daci p> —3r® —15Rr > 0, inegalitatea este evidents.

Cazul 2).Daca p> —3r° —15Rr <0, inegalitatea se rescrie:
9Rr?(4R+r)> p*(15Rr +3r” - p*) i vezi 9).

14) In AABC : Z

bc 8Rrp2 2.2

Marin Chirciu, Pitesti

Solutie.

10
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p®—3r>—6Rr
2Rr

aZ
Folosim ZR =

siy.a' :Z[p“— p2(8Rr+6r2)+r2(4R+r)Z] .
Inegalitatea se scrie:

2 2
P —?;rRr—GRr < 8R:ip2 .z[p“— p*(8Rr+6r°)+r’(4R+ r)z} =

p*(p*—12r* —12Rr)+3r* (4R +r)" 20.

Distingem cazurile:

Cazul 1).Daci p> —12r® —12Rr > 0, inegalitatea este evidenti.

Cazul 2).Daca p® —12r°> —12Rr <0, inegalitatea se rescrie:

3r(4R+r)" > p*(12Rr +12r° - p*) si vezi 9).

2
15) In AABC :Z% > 8R?;p2 S b%c?.

Solutie.
2 2 _ae2
Folosim Z% = % .Y b’c? = p*+ p*(2r* —8Rr)+r’ (4R + r)’ (G) si (E).

a

16) In AABC : Z—>2 e
+

Solutie.

2 2 _ne2 2(p?-r?=R
FolosimZ&:p 3 6Rr1z a__ (p i r) (G) st (E).

2Rr b+c  p®+r®+2Rr
17) In AABC :
) Zbc 8Rrp
Solutie.
2 2

FolosimZ%:p—6Rr > be(b+c)=2p(p*+r*-2Rr),(G) i (E).

18) In AABC : Z—> zﬂ>3
Solutie.

. a> p*-3r’—6Rr «b+c p*+r’-2Rr .
Folosim » —= , = (G E).

Zbc 2Rr Z a 2Rr @51 ()

11


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - SEPTEMBRIE 2018  [RWWAUE G Ia1ioRgo)

2
19) In AABC :Z%zz—g’zé.

Solutie.

2 f—
20) In AABC 12%222%-

Solutie.

. a’> p°®-3r’—6Rr p-a p°+r>—8Rr .
Folosim  — = , = (G E).
2 T T e (O E)
a’ — 1
21) In AABC :ZE£3R Zg-

Marin Chirciu, Pitesti

Solutie.

2 p?-3r’- ‘4 p?(2r2=8Rr)+r?(4R+r)’
Folosim Y& - D=3 “6Rr 5 1 PT+p(2r “8Rr)+ (4R 1)
bc 2Rr a 16R%r?p

Inegalitatea se scrie:

2

p*—3r2—6Rr _,, P'+P’(2r°—8Rr)+r°(4R+1)
2Rr 16R?r*p?

p?[ p?(3R—8r)+r(24r? + 54Rr ~24R?) |+ 3Rr? (4R +1)° 20,

=

Distingem cazurile:

Cazul 1).Daca| p*(3R—8r)+r(24r°+54Rr —24R’) |0, inegalitatea este evidenta.

Cazul 2).Dacé[ p*(3R—-8r)+ r(24r2 +54Rr — 24R2)] <0, inegalitatea se rescrie:

3Rr2(4R+r)" > pz[p2(8r—3R)+ r(24R? —54Rr—24r2)] si vezi 9).

2
22) In AABC :Z& > 241Rr 3 (b+c)’.

Solutie.
. a> p?-3r’—6Rr 2 .
FOIOSImZR:T > (b+c) :2(3p2—r2—4Rr),(G) si (E).
a’_4p 1
23)INnAABC: Y —>—>» ——.
)i Zbc 3 Zb+c

Solutie.

12
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p®—3r>—6Rr 3 1 5p°+r’+4Rr
2Rr b+c  2p(p’+r’+2Rr)

(G) si (B).

aZ
Folosim ZR =

24) In AABC : Z—C > 9Rr Z

Solutie.

b+c’

p*+ p’(16Rr+2r)+r* (4R +r)’

. a®> p°®-3r’—6Rr bc .
F I —_— = [ = ’G E'
c)OSImZbc 2Rr Zb+c 2p(p®+r*+2Rr) @ ®
a®_ p a(b+c)
25) INn4ABC . Y —> .
)i Zbc 18RZZ p-a

Solutie.

: a® p?’-3r’-6Rr «a(b+c) 4R
FolostR: P T > (p—a) P (@) si(B).

2

26) In AABC : Z—C >

Solutie.

. a®> p°®-3r’—6Rr .
Folosim —=——"————— Y 'r =4R+r (G)si (E).
2ieT T R 2 (G)si (E)

2
27) In AABC :Z% > %Zrbr

Solutie.

2 2 2
Folosim ¥ 2~ =L 280 S e~ p7.@) i (B),

2Rr
28)|nAABC:Za—22iZh :
bc 3r<*
Solutie.
: a® p>-3r’—6Rr p’+r?+4Rr .
Folosim) —=———— Y h =—— (G E).
Zbc 2Rr Z 2 2R ©)s1(E)

2
29) In AABC :Z%z%Zm.

Solutie.

. a® p°-3r’—6Rr 2rp® .
Folosim) —=————— > hh =—— (G E).
2T orr 2= (O (B)

13
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2
30) In AABC 12% > 2rpz_

Solutie.

a.2 p2
Folosim ZE = (G) si (E).

—3r’—6Rr 3 P 4R+r
2Rr '~ p-a

& Iy p
31) In 4ABC 'ZE Zﬁzﬁ'

Solutie.

. a? p?-3r*—6Rr 2(2R-r '
FolostE:p T ’zpﬁa: ( ; ),(G)$1(E).

32) In AABC : Z— > 6r22 2(p-

a)
Solutie.
. —a’  p?-3r’-6Rr 1 p?+(4R+r)’ :
Fol — = , = (G E).
00Slmzbc 2Rr Za(p—a) 4Rrp? (@) ¢ (E)
a’_rp a
33)INn4ABC: » —>— :
)i Zbc SRZ(p b)(p-b)
Solutie.
. —a’ p’-3r’-6Rr a 2(4R+r) ,
Fol a_ , - : E
OOSImZbc 2Rr Z(p—b)(p—b) r @5t (E)
34) In AABC : Z By (p=b)( p 9,
2
Solutie.

. a’  p’-3r’-6Rr ~b)(p-c) (4R+r)-2p*
FolostR:p oRr Z(p p)—(z ) 2’ P (@i

35) In AABC :ZE—ZZ4ZW.

Solutie.

. a® _p°-3r’-6Rr «(p-b)(p-c)_ 2R-
Fol —= , G)si (E
OOSImZbc 2Rr Z bc 2R ( ) 51 ().

36) In AABC :za—zsﬁzw.
bc p a
Solutie.

14
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p*+r*~12Rr)
2Rr a 4Rr

2 2 2 PAY:
FolosimZ&: p”=3r —6Rr1z(p a) _ p( (G) si (E).

2 —
37) In AABC :2%24—;’2%

Solutie.

2
Folosim2%= p-3r° _6Rr zp a 4R;r (G)si (E).

R? p(p—a).

38) In AABC : Z—C<3r2 e

Marin Chirciu, Pitesti

Solutie.

p*—3r’ ~6Rr _ 5 p(p—a) p'+p*(2r’—12Rr)+r*(4R+r)

) a’
Folosim » —= =
Zbc 2Rr ’ a’ 16R?r?

Inegalitatea se scrie:

2_gr2_ 2 p*+p?(2r®=12Rr)+r*(4R+r

p~3r—6Rr _ pR? P'+ P )+r°(4R+1)
2Rr 3r? 16R’r?*p

p*(Rp® +2Rr? —12R%r — 24r°) 2 r(4R* +145Rr +72r°).

= &=

Distingem cazurile:

Cazul 1).Dacé( Rp® +2Rr? —12R°r — 24r3) >0, inegalitatea este evidenti.

Cazul 2).Daci (Rp’ +2Rr® —~12R°r —24r°) <0, inegalitatea se rescrie:
r*(4R* +145Rr +72r% ) 2 p® (12R°r +24r° — 2Rr® —Rp®), care rezultd din incgalitatea

lui Gerretsen 16Rr —5r° < p®> <4R*+4Rr +3r?.

Solutie.

2 2 2
Folosim Z% - % .S a(p-a)=2r(4R+r).(G) si (E).

2
40)InAABC:Z%>Rirp a(p-a)’.

15
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Solutie.
Folosimza—z—w > a(p-a)’ =2rp(2R—r),(G) si (E)
bc  2Rr Pra) =P T
a’> _p a
41)INnAABC: ) —<—~ .
) n Zbc 6Z(p_a)2
Solutie.
oa’ p®’—3r’—6Rr a 4R(4R+r)—-2p? .
Fol —= = E).
olosim 3’ oar ,Z(p_a)z 7 (G) si (E)

2 — —
42) In AABC :z%sgérza(p pbz(ap c)

Solutie.

2 2 2 _ —
FolosimZ%: p” —3r —6Rr’za(p b)(p C):4R(4R+r)—2p2,(G) si (E).

2Rr p-a
43)InAABC'Za—2<p—ZZ L
““~bc 9 (p—a)2 '
Solutie.
. oa’  p’-3r’—6Rr 1 (4R+r)"—2p? ,
Fol —= = E).
OOSImZbc o ’Z(p—a)z o (G) si (E)
44)InAABC:Za—22 3 Zaz(p—a)z.
bc  2Rrp?
Solutie.
2 2 2
Folosim Z% :%,Zaz( p-a) = 2r2[(4R+ r) - pz},(G) si (E).

N @ p-a
45)In AABC : > 4% ——
+

Solutie.

2 2 a2 _ 2 2
FolosimZ%:p 3 6Rr’zp a_ P +8Rr),(G)§i(E).

2Rr b+c  2(p’+r’+2Rr
—a’ 2p-a
46)InAABC.ZE22ZZp <
+

Solutie.

16
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p®>—3r?—6Rr Z2p—a _15p?—r?—10Rr

2
Folosim Z% - (G)si (E).

2Rr 2p+a  9p*+r2+6Rr

47) In AABC ; Z—>5z S+Z

Marin Chirciu, Pitesti

Solutie.

i 2 2_3r2— —a 4p°-r?-16R i .
F0I05|m2%= p” —3r” ~6Rr Zp a_zp J r.lnegalltatease scrie:

2Rr '“~p+a 4p°+r’+8Rr
p?—3r’—6Rr _ _ 4p*—r?—16Rr
>5-—5— < p?(4p® —11r* —=56Rr)+r®(112R* ~20Rr —3r*) 0.
2Rr 4p°+r°+8Rr

Distingem cazurile:

Cazul 1).Dacé(4 p? —11r? —56Rr) >0, inegalitatea este evidenta.

Cazul 2).Daci (4p? —11r* ~56Rr) <0, inegalitatea se rescrie:
r?(112R?* - 20Rr —3r?) 2 p* (56Rr +11r* —4p?), care rezulta din incgalitatea lui

Gerretsen 16Rr —5r? < p? <4R? +4Rr +3r°.

2
48) In AABC 12% > 22%.

Solutie.

p®>—3r?—6Rr 3 p—a_ p’+r’—8Rr

) a’
Folosim » —=
Zbc 2Rr 4ARr

(G) st (B).

2 2

49) In AABC : —< — .

)n Z bc 3Rr (p a)
Solutie.

2 2 _ne2
Folosim Z& _ % 'S (p—a)’ = p?—2r?—8Rr (G) i (E).

2
Rrp

(p-a).

50) In AABC : Z—C <—

Solutie.

2 2 2
Folosim Z% - % > (p-a) = p(p*~12Rr),(G) si (E).

17
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& _p p-a
51)InAABC.ZR£§Zm.

Solutie.
. a’> p°®-3r’—6Rr p-a p®>—2r>—8Rr .
Folosim  — = , = (G E).
Zbc 2Rr Z(p—b)(p—c) r’p ()51 E)
a’_ 1 )
52)INAABC: ) —> a‘(p-a).
) Zbc 2RrpZ (p )
Solutie.
: a®> p°-3r’—6Rr
Folosim —=——"———%"a’(p-a)=4rp(R+r).(G) si (E).
bc 2Rr
53)InAABC'Za—2> 3 Y a’(p-a)
"“~pbc  4Rrp? '
Marin Chirciu, Pitesti
Solutie.
p®—3r>—6Rr

2
Folosimzaz AT giZa3(p—a)=2r[p2(2R+3r)—r(4R+r)2}.

Inegalitatea se scrie:

p*~3r’—6Rr _ 3
2Rr ~ 4Rrp®
p?(p?-12r* —12Rr)+3r*(4R+1) >0 .

-2r| p*(2R+3r)-r(4R+1)" | &

Distingem cazurile:

Cazul 1).Dacé( p®—-12r?-12 Rr) >0, inegalitatea este evidenta.

Cazul 2).Dacd ( p® ~12r° —12Rr) <0, inegalitatea se rescrie:

3r*(4R+r1)" > p®(12Rr +12r* — p*) si vezi 9).

2 2
54)inAABC: Y L < 3y &
bc 4p“~p-a
Solutie.

p®—3r° —6Rr a> 4p(R-r) ,
. = (G E).
R Zp—a . (G) si (E)

a2
Folosim Zb— =
c

3

a1 a
55)InAABC.ZES6RZZp_a.

18
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Marin Chirciu, Pitesti

Solutie.

2 2 2 3 2 B )
FolosimZ&: P _err_(SRr 6§y pa - 2p*(2R 3r)r+2r (4R+1)

Inegalitatea se scrie:

p’—3r’—6Rr _ 1 2p°(2R-3r)+2r*(4R+r)
2Rr " BR? r

& p?(R—6r)+r(18R*+17Rr+2r°)>0

Distingem cazurile:

Cazul 1).Dacé( R- 6I’) >0, inegalitatea este evidenta.
Cazul 2).Dacd(R—6r) <0, inegalitatea se rescrie: r(18R2 +17Rr +2r? ) > p?(6r-R),

care rezulti din inegalitatea Gerretsen p” <4R?+4Rr +3r?,

56) In AABC : Z—C< 914 (p-a)’.

Marin Chirciu, Pitesti

Solutie.
2 —
Cu Ec % i>(p = p*-16p°Rr+2r? (4R+r)2, inegalitatea se scrie:

p® —3r? —6Rr _ 1
2Rr 9r
p*(2Rp® —32R*r —9r°)+r (64R®+32R’r +58Rr* +27r°) 2 0.

[p _16p?Rr +2r? (4R+r)2} N

Distingem cazurile:

Cazul 1).Dac€1(2Rp2 —32R%r —9r ) 0, inegalitatea este evidenti.

Cazul 2).Daci (2Rp® —32R°r —9r°) <0, inegalitatea se rescrie:
r?(64R° +32R°r +58Rr* +27r°) > p (32R°r +9r° — 2Rp®) , care rezultd din inegalitatea

Gerretsen 16Rr —5r? < p? <4R* +4Rr +3r°.

2Rp
57) In AABC : —<
ynane: S TS o
Marin Chirciu, Pitesti

Solutie.

19
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p* + p2(2r2 —4Rr)+ r(4R+ r)3
2Rr a’(p-a) 16R%r2p? '

2 2 a2
FolosimZ%:p 3 6Rr§iz . !

Inegalitatea se scrie:

2 _gp2 3 p*+p?(2r2-4R 4R+1)°

p—3r2—6Rr _2Rp* P'+P’(2r —4Rr)+r(4R+r)
2Rr 27r 16R%r*p®

p*(p* —106r® —4Rr)+r(64R°® +48R’r + 660Rr* +325r°) 2 0.

0

Distingem cazurile:

Cazul 1).Dacé( p® —106r> —4Rr) >0, inegalitatea este evidenti.

Cazul 2).Daci( p® —106r° ~4Rr) <0, inegalitatea se rescrie:
r(64R3 +48R’r +660Rr’ + 325r3) > p? (4Rr +106r? — pz) , care rezultd din inegalitatea

Gerretsen 16Rr —5r% < p?> <4R* +4Rr +3r°.

2
58) In AABC :Z&Z%Zaz(p—b)(p—c).

Solutie.
2 2 2
Folosim Z% = % ,>.a’(p-b)(p-c)=4rp*(R-r).(G) si (E).

a’_2p° 1
50 In AABC : 3 - < 2'; Za(p_a)z.

Solutie.
. «a? p?-3r2-6Rr 1 p?(r—8R)+(4R+r)’ ,
Fol a_ , - (G)si (E).
OOSImZbc >rr Za(p—a)z R (G)si (B)
a’ _ 3R a(b+c)
60)INAABC: » —< .
)i Zbc 1682 p—a

Solutie.

p>—3r’—6Rr a(b+c)
’Z a

. a’ 4Rp .
Folosim » — = = G E).
sim Y~ R - = (G5 (B)

a° pwb+c

61)INn4ABC: Y —<— :

) Zbc 8rzp—a
Solutie.
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a®> p°-3r’—6Rr Zb+c 4

FolosimZE: (1 —) (G) si (E).

2Rr '“~p-a

2

62) In AABC : o 4Rrp22a (b+c)(p-b)(p-c).

Solutie.

2 2 2
Folosim Z& = % .Y a(b+c)(p-b)(p—c)=4Rrp?,(G) si (E).

63) In AABC 52& > ZI;Lrp > (b+c)(p-b)(p-c).

Solutie.

p®—3r>—6Rr

oRr > (b+c)(p-b)(p—c)=4rp(R+r),(G)si (E).

aZ
Folosim ZR =

64) In AABC :Zs—i 2162((:?&.

Solutie.

. «a’ p?-3r’—6Rr «(p-b)(p-c) 2r(R+r) :
Fol — = , = (G E).
00Slmzbc 2Rr Z(a+b)(a+c) p®+r°+2Rr (@) 5t (E)

65) In AABC : Zbc 32Rrpzza (a+b)(a+c).

Solutie.
. a’> p°®-3r’—6Rr .
Fol a _ P —of —oRb 2 —An2(n2_2r? _ '
oostbC T .Y a’(a+b)(a+c)=4p*(p*—3r’—4Rr),(G) si (E)
66) INnAABC : » — b b
)i Zc 32RrpZC+C
Solutie.
: a®> p°-3r’—6Rr 2 :
FOIOS'mZR:T’ZbC(bJFC) :4p2(p2—3r2—4Rr),(G) si (E).
a?_ 3 «(b+c)
67)INAABC:» —>—>» ~—~,
) Zbc 8pZ a
Solutie.
_a’ p?-3r’—6Rr (b+c)’ p(p’+r’—6Rr) :
OOSImZbc 2Rr 2 a Rr A9) 51 (E)
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68) In AABC : Z_ >12Rr)’

be( b+c)

Solutie.

: a® p>—3r’—6Rr a p® —3r’ —4Rr .
Fol — = = , G E).
OOSImZbc 2Rr Zbc(b+c) 2Rr(p2+r2+2Rr)( )9 (®)

69) In AABC : Z— = 3Zb2 c’(p-a)
Marin Chirciu, Pitesti

Solutie.

. a> p*-3r’—6Rr .
Folosim ZE = > bc*(p-a)= p[p4+ p?(2r* —12Rr)+ r3(4R+r)].

Inegalitatea se scrie:

p®—3r>—6Rr 9 2
T SlGrzps p[p +p ( —12Rr)+r (4R+r)]<:>

p*[ p*(9R—8r)—108R°r +66Rr” +24r° |+ ORr*(4R +1)20.

Distingem cazurile:

Cazul 1).Dacé[ p?(9R—8r)—108R*r +66Rr* + 24r3] >0, inegalitatea este evidenti.

Cazul 2).Daca| p*(9R—8r)—108R°r +66Rr* +24r° | <0, inegalitatea se rescrie:
p*[108R°r —66Rr* — 24r° + p?(8r —9R) | <9Rr’(4R+r), care rezultd din incgalitatca

Gerretsen 16Rr —5r” < p? <4R? +4Rr +3r”. Ramane si aritim ci:
(4R +4Rr +3r°)| 108R°r —66Rr” — 24r° +(16Rr —5r”)(8r ~9R) | <9Rr*(4R+T) <
36R‘ —71R’r—7R°r’ —14Rr*+48r' >0 < (R-2r)(36R’+R’r—5Rr’ —24r*) >0, evident

din inegalitatea lui Euler R > 2r .

a’ 2

Solutie.

2 2 2
Folosim Z% = % Sa(p-a)’= Zr[ZRp2 ~r(4R+ r)z} (G) si (E).

p a

71) In AABC : Z o 9er

Solutie.
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2 2 a2
FolosimZ%:p 3r” —6Rr

Z( p-a) _2Rp*-r(4R+ r)’
2Rr ' bc 2Rp

(G) si (B).

72) In AABC : Z—C > 241Rr > (b+c)’.

Solutie.

p®—3r> —6Rr

2
Folosim Z% =P Y (b+c)’ =6p7 ~2r° ~8Rr (G) si (E).

73) In AABC : Z >122

Solutie.

a p’-3r’-6Rr «(p-a)’ r :
Folosim  — = , =1-— (G E).
™2 e R b o (@5 (E)

1

Wzaz(p—b)z(p—c)z-

2
74) In AABC :Z%s

Solutie.

2 2 2
Folosim Z& _p -3 —6Rr > a*(p-b)’(p-c) =2r’p*(8R*+r°—p*) (G) si ().

2Rr
75) In AAB .
)i c: Zbc 2Rrp32 P~ a)
Solutie.
. a® p°-3r’—6Rr 3 .
FolostE:T,Zaz(p—a) =4r2p(4R2—3Rr—r2),(G) si (E).
a® _rip? 1
76)INAABC : ) —< .
) Zbc 3 Z(p—b)z(p—c)2
Solutie.
. a® p°-3r’—6Rr 1 p®—2r’ —8Rr .
Fol — = , = , E).
003|mzbC >ar z(p—b)z(p—c)z P (G) si (E)

2

77)In AABC : Z—< 2 .
(p-

a)’
Solutie.
. «a’ p’-3r’-6Rr a’ _2(8R2+r2—p2) :
FolommZbC = T Z( — = = (G) si (B).
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78) In AABC : Z 16'0 (P b2 )

Solutie.

2

p’—3r’—6Rr Z(p—a)2 (4R+1) —p

(G) si ().
2Rr b2c? srepr (V8B

a2
Folosim Zb— =
c

1

79) In AABC : *(p=b)(p-c).

Marin Chirciu, Pitesti

Solutie.
: a®> p°-3r’—6Rr .
Folosim ZR R Y a*(p-b)(p-c)= 2rp[ p*(2R—3r)+r?(4R+ r)]

Inegalitatea se scrie:

p2—3r2—6Rr< 1
2Rr " BRr’p

.2rp| p?(2R=3r)+r*(4R+1)| =

& p?(R—6r)+r(8R*+17Rr+2r*)>0.
Distingem cazurile:

Cazul 1).Dacd(R—6r)>0, inegalitatea este evidenta.
Cazul 2).Dacd(R—6r) <0, inegalitatea se rescrie:

r(8R2 +17Rr + 2r2) > p?(6r —R), care rezultd din inegalitatea Gerretsen
p’ <4R?*+4Rr+3r,

a’ 1
80) I AABC : 3 24R2—r2p22b202( p-b)(p-c).

Solutie.
2 2 2
F0|Osim Za_ = u §|
bc 2Rr

> b%c?(p-b)(p-c)=r?| p?(p*+2r*~4Rr)+r(4R+1) | (G)si (B).

81) In AABC : Z—<Rrpz (oo

1
b)(p—c)

Solutie.
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. a® p>-3r’—6Rr 1 p®+r?—8Rr .
Folosim » — = , = (G E).
Zbc 2Rr Za(p—b)(p—c) 4Rr®p (@5t (E)
a®> _p bc
82)IN4ABC: » —< —_—
) Zbc 36r’~p-a

Marin Chirciu, Pitesti

Solutie.

2 2 _np2 2 2
Folosimza—= p®—3r> —6Rr Gy bc _p +(4R+r) |

bc 2Rr p—a p
Inegalitatea se scrie:

p*~3r’—6Rr _ p .p2+(4R+r)2
2Rr - 36r? P

& p?(R—18r)+R(4R+r) +54r*(2R+1)>0.

Distingem cazurile:
Cazul 1).Dacé( R —18I’) >0, inegalitatea este evidenta.
Cazul 2).Dacd(R—18r) <0, inegalitatea se rescrie:
2 2 2 o q- . .
p?(18r —R)<R(4R+r)" +54r*(2R +r), care rezultd din inegalitatea Gerretsen

p’ <4R?*+4Rr +3r,

83) In AABC :ZE—EZ%Z(p—b)(p—C).

Solutie.
. a®> p°®-3r’—6Rr .
Folosim —==—————%"(p-b)(p-c)=r(4R+r),(G)si (B).
bc 2Rr
a® 1 bc
84)In4ABC: S L <2y »
Zbc 4Z(p—b)(p—c)
Solutie.
: a® p°-3r’—6Rr bc p°+r>—8Rr .
Fol c _ , = (G E).
OOSImZbc AT Z(p—b)(p—c) = (G) si (E)

Ar?p?

1
3 Zbc(p—b)(p—c)'

2
85) In AABC :Zs—z
C

Solutie.
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(G) si (B).

aZ
Folosim ZR =

p®—3r>—6Rr > 1 AR+r
2Rr be(p-b)(p—c) 2Rr2 2’
a> _p° 1
86)InAABC:ZE£—Z(—
Marin Chirciu, Pitesti

Solutie.

: a® p?>-3r’-6Rr . 1 1 : :
Folosim  —= si =— . Inegalitatea se scrie:
Zbc 2Rr ’ Z( - —c) r? g

p®>—3r2—6Rr - 1

b,
2Rr 9 r

7 p*(2R-9r)+27r*(2R+r)20.

Distingem cazurile:
Cazul 1).Dacé(2R - 9r) >0, inegalitatea este evidenta.
Cazul 2).Dacd (2R—9r) <0, inegalitatea se rescrie:

p’ (9r — 2R) <27r? (ZR + r) , care rezultd din inegalitatea Gerretsen p° < 4R +4Rr +3r°,

2
87) In AABC :z& > 2R1rp D be(p-a).

Solutie.

2 2
Folosimza=p—6Rr > bc(p-a)=p(p®+r’—8Rr).(G)si (E).

88) In AABC : Z

bc 108r Z c)

Marin Chirciu, Pitesti

Solutie.

: a® p°-3r’—6Rr a ( R]
olosim » ™= >Rr > (p-b)(p—c) T

Inegalitatea se scrie:

p®—3r’ —6Rr _ p’ 4(R+r)
2Rr 108r r

& p?(2R*+2Rr—27r%)+81r*(2R+1)>0.

Distingem cazurile:

26


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - SEPTEMBRIE 2018  [RWWAUE G Ia1ioRgo)

Cazul 1).Dacé1(2R2 +2Rr — 27r2) >0, inegalitatea este evidenti.

Cazul 2).Dacd (2R’ + 2Rr —27r%) <0, inegalitatea se rescrie:
p?(27r* —2Rr —2R*) <81r®(2R+r), care rezultd din inegalitatea Gerretsen

p®> <4R*+4Rr +3r%,

89) In AABC :

-b)(p-c).

Solutie.

p®-3r>—6Rr

FolosimZ%: . > a’(p-b)(p-c)=4rp*(R-r).(G) si (E).

90) In AABC : Z—C>4Rr > a(b+c)(p-a).

Solutie.
. a’> p°®-3r’—6Rr .
Folosim —=+-—————%"a(b+c)(p—a)=12Rrp(G) si (E).
bc 2Rr
o1)insngc: YL > Ly _alb+rd)
bc 4R“(p-b)(p-c)
Solutie.
. oa’  p?-3r’—6Rr a(b+c)  12R
Fol —= E
oostbC T ,Z(p_b)(p 5 (G) si (E).
b+c
92) In AABC : —>
)i Z bc 2R“p-

Solutie.

. a® p?>-3r’—6Rr <« b+c R .
Folosim  — = , =4|1+— | (G E).
N Zbc 2Rr Zp—a (+J( )5t (E)

2
93) In AABC :Z&Z%Za(p—b)z( p—c)’.

Solutie.
2 2 2
Folosim Z% = % S a(p-b)’(p-c)’ = 2r2p(8R2 +2Rr - pz) (G) si (E).

94) In AABC : Z—C 91:4Z(p—b)2(p—c)2.
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Solutie.
. oa’  p>-3r’—6Rr 2 2 2 . :
FolostE_T,Z(p—b) (p-c) =r [(4R+r) -2p },(G) si (E).

1
a’(p-b)(p-c)

2
95) In AABC :Z‘%ng?r?Z

Marin Chirciu, Pitesti

Solutie.
2 2_qe2 4+ p?(2r?=12Rr)+r*(4R +r
Folosimza—=p 3r 6Rr§iz 2 1 P +p*( ; 2)4+ (4R + ).
bc 2Rr a’(p—b)(p-c) 16 p°R°r

Inegalitatea se scrie:

p* =3’ —6Rr _ o002 p*+ p®(2r’ ~12Rr)+r*(4R+r)
2Rr 16 p*R%r*

p| p*(9R—8r)—6r(18R* ~11Rr —4r”) |+ 9Rr*(4R+r) > 0.

f—

Distingem cazurile:

Cazul 1).Dacé[ p*(9R—-8r)- 6r(18R2 —11Rr —4r? )] >0, inegalitatea este evident.
Cazul 2).Dacé[ p*(9R—8r)—6r (18R* —11Rr —4r2)} <0, inegalitatea se rescrie:
p°| 6r(18R” ~11Rr —4r”)— p*(9R-8r) | <9Rr*(4R+r), care rezulta din incgalitatea

Gerretsen 16Rr —5r% < p? <4R* +4Rr +3r°.

2
96)InAABC:Z%24::pZ( a

Marin Chirciu, Pitesti

Solutie.
2 2 2 3 ) B
Folosimza—: p”—3r"—6Rr §iY a _P*(2R+3r) r(4R+r).
be 2Rr (p-b)(p-c) rp

Inegalitatea se scrie:

p’—3r’—6Rr _ 3r p°(2R+3r)-r(4R+r)

2
T P - < p?(p*—12r*—12Rr)+3r*(4R+r) 20 .

Distingem cazurile:
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Cazul 1).Daca ( p>—12r? -12 Rr) >0, inegalitatea este evidenta.

Cazul 2).Daci( p* ~12r® —12Rr) <0, inegalitatea se rescrie:
3r*(4R+r1)" 2 p®(12Rr +12r — p*) si vezi 9).

97) In AABC : Z—C> 3R24p2a3(p—b)(p—c).
Marin Chirciu, Pitesti

Solutie.

2 2 2
Folosim Z% =%§i Y a’(p-b)(p-c)= 2rp[ p*(2R-3r)+r?(4R+ r)]

Inegalitatea se scrie:

p®>—3r>—6Rr .2
2Rr 3R

-2rp[p2(2R—3r)+r2(4R+r)] =

< p’(3R°-16Rr” +24r°) > r(18R" + 9R’r + 32R*r* +8r*) ,

care rezulti din inegalitatea lui Gerretsen p® >16Rr —5r? . Ramane si aritim ci:
(16Rr —5r*)(3R® —16Rr* +24r°) 2 r (18R + 9R°r + 32R*r* +8r* ) <

< 15R* —12R%r —-128R°r? + 216Rr*—64r* >0 <

& (R-2r)(15R*+18R*r —92Rr? +32r°) > 0, evident din inegalitatea lui Euler R > 2r .

98) In AABC : Z—C 2erDZZbc p-b)(p-c).

Solutie.

2 2 2
Folosim Z% :%,Zbc( p-b)(p-c)= rz[p2 +(4R + r)z} .(G) si (B).

2
99) In AABC :Z%s 2R?;p2 S be(p-a)’.

Solutie.

2 2 2
Folosim Z% - % > be(p-a)’ = p’(p*+r’~12Rr),(G) si (E).

100) In AABC : z— < 2Rrpzm

29


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO

ISSN 2065-6432 - SEPTEMBRIE 2018

www.mateinfo.ro

Solutie.
Folosimza—z— p*—3r” ~6Rr > L 2R- L (G)si (E).
bc 2Rr ’ bc(p—a) 2Rr%p
R* 5~ (P=b)(p-c)
101 In AABC : .
) " Zbc 2r? >3 a(p-a)
Solutie.
. «—a? p?-3r2—6Rr —b)(p-c r—8R)+(4R+r)’ .
FolostE: P SRy ’Z(pa(g(—Z) )P 4I2€p2( ) J(G) 51 (E).
5@ gy (p-a)’
102) In AABC 'ZE > 4ZT'
Solutie.
. a?  p’-3r’—6Rr -a)’ 2R-r .
FolostE:p orr ’Z(pbc) == g (@ si(E).
103)  InAABC: Z 43"2%
Solutie.
2
Folost—— P’ 3;rRr—6Rr Zp a_drar (G) si (E).
104)  InAABC: Z—C> 3 pbca
Solutie.
a> p?-3r’—6Rr bc AR+1Y
Folosimzaz SRy > p_a=1+[ ] (G) si (B).
105 InAABC:Y & < Zﬂ
e “(p-b)(p-c)
Solutie.
. —a’  p?—3r’—6Rr (p-a) p?—12Rr :
Fol — = > E).
OOSImZbc AT ’Z(p—b)(p—c) — ,(G) si (E)
2 2
106) InAABC:Z&SHRr Z%.
Solutie.
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2

p?—3r’—6Rr <« 1 P(pP"-12R
W el

Folosim 3" & ) G)si(E
my —= :
olosi Zbc T 3 (G) si (E)

Remarca.

La toate inegalitatile de mai sus, egalitatea are loc daca si numai daca triunghiul este
echilateral.

Bibliografie:

8. Titu Andreescu, Dorin Andrica, 360 Problems for Mathematical Contest,
GIL Publishing House, Zalau, 2003.
9. O.Bottema, R.Z.Djordjevic, R.R.Janic, D.S.Mitrinovic, P.M.Vasic,
Geometric Inequalities, Groningen 1969, The Netherlands.

10. Marin Chirciu, Inegalitati algebrice, de la initiere la performanta, Editura
Paralela 45, Pitesti, 2014.

11. Marin Chirciu, Inegalitati cu linii importante in triunghi, de la initiere la
performantd, Editura Paralela 45, Pitesti, 2018.
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4. INTEGRALA DEFINITA A UNOR FUNCTII
TRIGONOMETRICE

Prof.Balogh Erika
Colegiul Tehnic ,,C.D.Nenitescu” Baia Mare

Fie f: [0;1] — Ro functie continua.Atunci

I. | f(sinx)dx = | f(cosx)dx si I,

ot—nN
ot—ly

V1 V4 %
jxf(sinx)dx=%jf (sinx)dx = 7Z'I (sinx)dx
0 0 0

Solutie

l. Cu substitutia X = % —t obtinem relatia | f (Sin X)ix =—

f (cost)dt =

f (cost)dt

O [y
N e— o
oy

stiind ca: sin(% —tj = cost

Prin urmare f (cosx)dx .

O 0 [y

f(sinx)dx =

O 0 [

I1. Cu substitutia X =z —t obtinem relatia

0 e e
f(sin x)dx——j - t)f(sint)dtzyrj. f(sint)dt—tJ' f(sint)dt stiind ca:
0 0

/a2

O'—-ﬁl

sin(z—t)=sint  Prin urmare 2I:Ixf(sinx)dx:7r_|'f(sint}it rezulta:
0 0

f(sinx)dx==> ][' f (sinx)dx

O

O'—-.kl

s

T 2
Functia fiind continud rezulta: _[ f (sinx)dx = f(sinx)dx = 2 _[ sin xJx
0

f (sin x)Jdx +

O V| Y
M\é}'—p\#

Aplicand sustitutia X = —t la a doua integrala
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rezulta 1n final: | =

2
f(sinx)dx = ﬁj sinx)dx
0

O"—:N

L. Aplicatii:
2
: z I :I in? xdx
1) 1, I in®xdx= ICOS de—z pentru ca Z adunand cele doua relatii si
0 2
I =I 0s” xdx
0

folosind formula de bazi din trigonometrie : sin® X+cos’ X =1 rezulta  2I,

Il
O t—N N
g5
x
Il
NN

7Z'

de unde obtinem |, =

o'—.v\.:m

sin®xdx= jcos xdx—z

' 2
Ve

T T
2 ; 2
sin x . COSX . 5
2) 1, :I_—dx respectiv I3:I—_dx sunt egale, adunand cele doua
o SINX+COSX p COSX+SINX
relatii
2 son 2 n
. T SIn~ X COS X T
obtinem I,=1,=— = |2:J. — - dx:j . — dx=-—,
4 5 SINT X+C0s™ X 5 COS” X+siIn” X 4
neN”
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z .
2
3) I, d dx=—
) !smxx .[cosxx 3
b b 2
21 :J.(sm X +CO0S x}jx Jsmx+cosx)(sm X—SINXCOSX +COS x)dx Ismx+cosx)(1—sinxcosx)dx:
0 0 0
s s 5
= jsm xdx+jcosxdx——'|‘3sin2 xcosxdx+—'|‘3cos2 X(—=sinx)dx =
0 3 3
=—cosx|2 +3|nx|2—1sm x‘ +1cos x‘z St 2 4 = I4:g
3 3 3 3 3
% 77
4) I '[ln xdx = jcos xdx—5—”
5 32

(sm X +COS x)jx (sin2 X+ C0S® stin4 X —sin? xcos® x + cos’ x):ix:

o'—.mm

N
o'—.m\:\

. 2 .
[(sm2 X + C0s? x) —3sin? xcos? x}jx

1
O | N

11
O | Ny

{1—%(25in xcosx)z}dx

4

.%MX—ETsinZZde
5 4

71'

ot—.m\h\

2
notind  J =|sin*2xdx obtinem 2J = _[(sm 2x+cos’ 2x}jx IldX_E =
0
1=
4
de unde rezulta 2I5:£—§-£:£_3_ﬂ:5_” si in final |5:5_7T
2 44 2 16 16 32
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—dx=
COSX +SINX 4

———dx=
SINX+COSX

x x
'2[ sin® x j cos® x 71
0 0

2

|n X+c0s’ X . i A . . =
j x  simplificand fractia cu (Sinx+cosx) rezulta:
0

SiN X+ COSX
% 71' 71' ~
21, _[(sm X —SIiNXCOSX+COS x)jx Ildx——IS|n2xdx_£+1c032x|2_z—l—l:”—l
5 2 4 2 4 4 2
-1
= lg=——
4
I1. Aplicatii:

Folosind relatia: fo (sinx)= 7| f(sinx)dx de la punctul I1. obtinem:

0

S|
O NV [ N

VA 2 T 2
. T R
1) |7=IXS|n2xdx:;z~|1=— respetiv. I, = J' cos’xdx = 2
0 4 g
i
: x(sinx)*2
J‘“ "x(cosxfA2 x=31l'r
T =4 2 T 2
Xsin® x /4 . xcos X Vs
2) |g=fﬁdX=— respetiv I x=2_
5 SIN" X +co0s” X 4 - €0s" X +sin” x 4
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T xsin®x ? sm X r? :
l :Iﬁd I X=7m-l,=— respectiv:
5 SIN" X+C0s" X 2 sin® x+cos* x 4
T xcos'x r?
|1o=jﬁdx_—
5 COS™ X +sIn” X 4
In caz general obtinem:
T Ho 2 ﬂ' n 2
xsin" x z . XC0s" X V4 5 5
|11 :Iﬁdx=— respetlv |12 :Jﬁdx=_, Ne N daca n - numar
5 SIN" X+COS" X 4 5 COS™ X +sIn™ X 4

par

3) 1y, :jxsin3xdx:2—”
0

Va
ya E 2
. . T
= Ix5|n3xdx:nIS|n3xdx= 7, =3
0

T 2 4 2
4) Il4:Ixsin6xdx=5L respetiv IlS:Ixcosexdx:SL
) 32 ) 3
Vg % 2
= J'xsin6 xdx = 7r.[sin6 xdx=r-1g ST respectiv:
32
T 2
:Ixcosexdx:BL
32
T - 2
xsinx T
5) I = [—X gx=""
) e -l.1+coszx 4
T xsinx 2 |nx 5 inx) i
I > j I _S dx=—7-arctg(cosx)2 =—r-arctgo+ 7 -arctgl =
o 1+cos’ x < 1+ cos’ X < 1+cos” X
5-
2 2
—0+r- 2= o I16—7T—
4 4 4
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Sau
Vq 2 2 2
:j XSInX_ g 7. J. (sinx) _ ——arctg (cosx); =—Zarctg(-1)+ Zarctgl ="+ Z =T
< 1+ cos’ x 2 71+c0s* X 2 2 8 8 4
Bibliografie:
1.Gh.Siretchi, Calculul diferential si integral, Editura Stiintifica si Enciplopedica, Bucuresti,
1985

2.B.P.Gyemidovici, Culegere de probleme de analiza matematica, 1987

5. Another solution to Problem 11942 from
The American Mathematical Monthly

By Nela Ciceu and Roxana Mihaela Stanciu

11942. Proposed by Florin Parvanescu, Slat, Romania. In acute triangle ABC, let D
be the foot of the altitude from A. let E be the foot of the perpendicular from D to AC,
and let F be a point on segment DE. Prove that AF is perpendicular to BE if and only
if |[FE|/|FD| = |BD|/|CD|.

Solution:

As usual, a=BC,b=CA,c = AB. We denote x = DF.
We have

BD =ccosB,DC =bcosC, AD =bsinC = csinB, AE =bsin?C, DE =bsinC cosC.
Since ZADE = ZC, by the Law of cosines, we obtain

BF? =c?cos? B+ x? + 2cxcosBsinC .
It follows that

AF | BE < BF?+ AE? = FE? + AB?
< ¢?cos® B+ x* +2cxcosBsinC +b?sin* C = (bsinC cosC — x)? +¢?
< 2xsinC(ccosB +bcosC) = ¢ —c® cos® B+Db?sin®> Ccos’ C —b?sin* C
& 2axsinC =b?sin” C +b*sin” Ccos’ C —b*sin* C
& 2axsinC =b?sin® C(1+cos* C —sin®C)

« = b?sinCcos’ C bschosC a

a X " bcosC
DE BC __ FE

BD
S = = =
DF DC DF CD

, and we are done!
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6. ,,Locul numerelor”

Prof. Alexandru Elena-Marcela
Scoala Gimnaziald ,,Ion Irimescu” Falticeni

A fost inventat 1n anul 1892 sub numele de ,,locul numerelor”. Noua denumire
,,Sudoku” inseamna in limba japoneza ,,un singur numar”.
Poate fi in format 4x4 cu 2x2, 6x6 cu 3x2, dar grila standard este 9x9 cu 3x3.

Grila 4x4 cu 2x2: Grila 6x6 cu 3x2:

Completeaza tabelul cu cifrele de la 1 1a 4. Completeaza tabelul cu cifrele de
Fiecare cifra trebuie sa apara doar o singura datd  la 1 la 6. Fiecare cifra trebuie sa apara
in fiecare coloand, rand si patrat: doar o singurd data in fiecare coloana,

rand si regiune:

7 21164
4|5 [2
32
3 4
43 412 [3] [6
43 = c
ARE

Grild 9x9 cu 3x3 (Grila matematicianului nordic Arto Inkala considerata un adevarat
Everest al jocurilor numerice):

[EY
»
(00]

9 4

Pentru a rezolva o grila sunt necesare trei proceduri: cdutarea, utilizarea cifrelor
candidate ( cand o cifrd poate fi inscrisa intr-o cdsuta se numeste candidatd) si analiza.
Cautarea presupune reducerea prin cruce si numaratoarea de la 1 1a 9.

5|3 7
6 1/9]|5
918 6
8 6 3
4 6|8 3
7 2 6
6 2|8
411]9 &)
8 719
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Analiza consta in eliminare si ipoteza. Se cautd solutia eliminand succesiv cifrele
candidate pentru o casuta astfel incat sa se pastreze doar o singura cifra candidat.

Daca aceasta cifra a fost gasita trebuie efectuata o alta cautare pentru a determina
consecintele pe care aceasta alegere o are asupra celorlalte casute.

Metoda prin ipoteza este considerata o metoda de Incercari si esecuri mai ales ca
necesita folosirea unui creion si a unei radiere. Totusi aceastd metoda conduce mai lesne la
gasirea solutiei.

Metoda idealad de rezolvare a unei grile de sudoku este cea care minimizeaza
numararea, numarul cifrelor candidat si numarul de ipoteze.

Solutiile informatice se bazeaza pe metoda backtracking. O alternativa este aceea de a
recurge la metode preconizate de programarea logica. Donald Knuth a pus la punct un
algoritm care foloseste listele dublu inlantuite si care s-a dovedit a fi foarte eficace.

Jocul Sudoku are si variante in care se folosesc literele de la A la F si nu numai,
simboluri si culori.

In paginile unor reviste de integrame se gisesc grile sudoku cu litere, a ciror rezolvare
reprezintd continuarea unui banc sau a unei glume.

Exemplu: Completati literele A, D, E, G, I, L, M, R, U astfel incat sa nu se repete le linii, nici
pe coloane si nici in patratele de 3x3 casute. Pe cele patru diagonale colorate diferit, citite de
la stanga la dreapta si de sus in jos veti afla finalul urmatorului banc:

Gigel suna la Pompieri:

- Alo, Pompierii?

- Da, buna ziua, care este problema?Cu ce va putem ajuta?

-

R L
E|G D|U I A
L G|E|U
G I M
R I E|M L
A G |
M|L Il [A|R
R LI U
D M

In ceea ce priveste jocul Sudoku cu numere matematicienii Bertram Felgenhauer si
Frazer Jarvis au calculat ca sunt posibile 6.670.903.752 de miliarde de combinatii sudoku.

Beneficiile jocului Sudoku:

» din punct de vedere matematic jucand sudoku se poate invdta citirea si
scrierea, ordonarea si compararea numerelor pana la 9; recunoasterea
si numirea figurilor cu doua dimensiuni (patrat, dreptunghi),
masurarea ariilor prin numararea patratelor sau folosirea retelelor,

» orele de matematicad, cele de optional sau activitatile din cadrul
programului ,,Sa stii mai multe, sd fii mai bun!” devin mai atractive
prin invatarea jocurilor logice precum sudoku,

» antreneaza gandirea logica;,

poate Tncetini procesul bolii Alzheimer;
» ajutd la o concentrare mai buna;

Y
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» mentine creierul in formad, celulele sale devin mai sandtoase, iar
exercitiile de gandire impiedica moartea neuronilor;

» poate avea plicatii practice in intocmirea orarelor scolare sau
organizarea competitiilor sportive;

» rezolvarea grilelor de sudoku conduce si la arderea caloriilor: 90 de
calorii intr-o ora.

Solutiile grilelor din exemple:

312114 3[5(2[1(6 4 811]124715]316/4/9
olal3|els]2]17]5
11432 614532
675491283
2111413 513[6]2[4]1
o135 s 115142737896
413121 3/6/9lslals5|7]2]1
1161341275
s Tatelel T3 2lsl7l1]6]9]5]3]4
5121197743168
413]8ls5|2|6lol1]7
719l6|3]1]8]4]5]2
ullr [IDI[MIRTATETGL
Elcg[M[DIUILIR]I [A
AILIR[IT|G|E|JU|D|M
LIulc|rRTATI [DIM]E
DIR[I |[G|EM[A]L |U
MIE|A|JUIL|DIG|R ]I
GIMILIETDTUTI TATR
RIAE|[L|T |[c|IM|U]|D
I [ID/UIAIMIR]|L[E |G

Bibliografie/Webografie: www.crisristefan.com; www.m.ziare.com; www.vmsmedien.de;
www.jurnalspiritual.eu; www.wikipedia.ro; revista de integrame.
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7. INEGALITATI OBTNUTE FOLOSIND DISTANTA
DINTRE DOUA PUNCTE

CONSTANTIN RUSU

Scopul acestei lucrari? este de a obtine cu ajutorul formulei cu care se calculeazi
distanta dintre doud puncte, inegalitati sau egalitati ce au loc in orice triunghi si de a stabili o
cale algebrica de a le demonstra.

Fie un triunghi ABC si punctele: M € S(spatiu), K € [ABC]-«

AK N BC = {A'}. Introducem notatiile:

JAK L BA
KAvak .Cik 1+pk1

_ P« V.= Pi Ak
(I+ pe)y () "7 (14 p) (1+ qy)

Py By

ok, Bk, Yk sunt coordonatele baricentrice ale punctului K.
Calculand aceste coordonate pentru unele puncte importante din triunghi, obtinem:

—p_y, -1 __ a _ b __C
GG—BG—VG—§1G|—m,B|—m,Y|—m
QL= 1L B.= 1 -_1 - __CosA B,= cosB __ cosC

H™ tgBtgC '™ " thtgA’YH tgAtgB '~ ©  2sinBsinC ' ° 2sinCsinA ' Y0~ 2sinAsinB

_a G ¢ _p-a,_p-b .  _p-c
GL_ a2+ b2+C2’BL_ a2+ b2+C21YL_ a2+ b2+C21GN_ p 1BN_ p 1YN_ p
= (p=b}(p-c) B= (p—c)}(p-a) Vi= (p—a)(p-b)
a(p-a)+(p-by(p-c)’™ a(p-a)y-(p-by(p-c)'" a(p-a)y+(p-b)y(p-c)
_ yz _ X _ Xy _ _ _
A= Xy+ yz+ X Be= Xy+ yz+ 2x Al Xy+ yz+ X X=FA,y=FB,z=FC,

unde punctele G, I, H, O, L, N, T" si F semnifica: centrul de greutate, centrul cercului
inscris, ortocentru, centrul cercului circumscris, centrul simedian (punctul lui Emile
Lemoine (1840-1908), punctul de intersectie al cevienelor ce unesc varfurile triunghiului cu
punctele de contact al cercurilor exinscrise (punctul lui Christian Heinrich Von Nagel (1803-
1882), punctul de intersectie al cevienelor ce unesc varfurile triunghiului cu punctele de
contact ale cercului Tnscris cu laturile (punctul lui Joseph Diaz Gergonne (1771-1859)),
centrul izogon al A ABC (punctul Iui Fermat-Toricelli).

Vom utiliza in cele ce urmeaza urmatoarea:

Teorema. Pentru orice punct M € S si K € [ABC] - {A} (vezi [1]), avem:

MK = \AKMAZ"' B« MB*+ Yk MC?~ BKYKaz_ VKasz_ oy By c’

! Profesor, Liceul Teoretic ,,Stefan cel Mare” Rimnicu Sarat

2 Lucrarea a fost prezentatd la a XXII-a Conferintd Anuali a Societitii de Stiinte Matematice
diun Romania, 25-25 Mai 2018, Corabia, Romania
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Observatii:
1. (1.}('\/'/6\2 + BKM B2 + yKMC2 > BKyKa2 + ’yK(X,KbZ + OLKBKCZ
2. Daca M € [ABC] — {A}, atunci:
(XmKAZ + BmKBZ + YMMCZ > BMyMa2 + yM(XMbZ + OLMBMCZ
Avem egalitate daca M = K
3. Cum MK = KM rezulta:
(1.}('\/'/5\2 + [?)}('\/'B2 + YKMCZ — BKyKaZ — ’YK(IKbZ — (IKBKCZ =
= 0L|v|KA2 + BmKBZ + ’Y|\/|KC2 — B|\/|’Y|\/|a2 — ’}’|\/|0L|\/|b2 — OLMB|\/|C2.
Aceastd egalitate are loc in orice triunghi ABC pentru oricare ar fi punctele M si
K € [ABC] - {A}.
Tn continuare consideram cazul cand M=V= varful unui tetraedru care are baza
AABC i K € [ABC] — {A}, inegalitatea O; devine:
11K =G 3(VA%2+VB?+VC?>a?+b?+c? (1.1a), folosind inegalitatea lonescu-
Weitzenbdck (I-W) obtinem:

VA%+ VB + vcb%%
(1.1)

1.2 Daca K =1, avem: aVA? + bVB? + cVC?>abc (1.2,
Utilizand inegalitatea Szeg6-Polya:

3
a’ b%b(%) ,obfinem :aVA*+ bVB*+ cvc2>%% \% (1.2,)

1.3 Daca K = H, avem:

1 2, 1 2, 1 ) Y BT B

VA VB VC >
tgBtgC tgCtgA tgAtgB tg® AtgBtgC tgAtg® BtgC tgAtgBtg®C
1.4 Pentru K = 0, obtinem:

a?sin2Bsin2C + b?sin 2Csin2 A+ c?sin2Asin2B
4sinAsinBsinC

VA?sin 2A+ VB?sin 2B+ VC?sin 2C>

1.5 Pentru K = L, obtinem:

21,2 .2
a?VA*+ b2VB ¢PVC2s 2 D C (15
a+b+c

Folosind inegalitatea Szeg6-Polya, obtinem:
(a%+ b+ c?) (a2VAZ+ b?VBH czvcz)>%§-(45)3;(1.5b)
Iar daca in (1.5;) VA= VB = V(, atunci rezulta:

abc- \B
VA>——""+——:(1.5
a’+b%+c? (1.5)

1.6 Pentru K = N, avem:
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(D= a) VA (p= by VB (p- c) VCz>(|o- b)p( P=¢) 42, (P C)p( P~ a) 2, (P~ a)p( p-b) ¢:(16,)

lar daca VA = VB = VC, gasim:

p-aya’ A, (p=byb® .B (p=cyc’ .C.
VA>'\thg 2+ > tg 2+ 5 tg > ;(1.6,)

1.7 Pentru K =F, avem:

Xyz

2 2 2
yz- VA*+ zx- VB“+ xy- VC >xy+ yI+ X

Daca VA=VB =VC(C, avem:

- (xa*+ yb*+ z¢?);(1.7,)

1 (= 702 7.2.
>W- N yza+ xy? zb%+ xyz?c?;(1.7,)
Cu observatia 2, vom obfine inegalitati care sunt adevarate oricare ar fi triunghiul
ABC. Inegalitatea se realizeaza daca M = K cand triunghiul este echilateral.
Astfel avem:
21 M=1s1K=G avem:

ag 1A%+ B, IB*+ vy, ICZ>%- (a’+ b*+ ¢%), echivalent cu:

IAZ+ IB%+ |02>% (a%+ b2+ ¢?):(2.1,)

Folosind inegalitatea (I-W) obtinem:

IA’+ IB*+ ICZ>4€5:(2-1&
DacaM =Gsi K=1, avem:
a 2, b 2y C o2 a’hc . ab’c __ abc
a+tb+c a+tb+c a+b+c “(a+b+c) (a+b+c) (a+b+c)
<=>aGA? + bGB? + cGC?>abc (2.1;), aplicand teorema medianei obtinem:
2ab(a+b) + 2bc(b+c) + 2ca(c+a) >ad + b3+ c3 + 9abc  (2.14)

2.2 DacaM =0 s1 K =G, avem:

% (OA%+ OB+ ocz)%- (a%+ b?+ ¢?) RZ> %-(a2+ b2+ c?):(2.2,)

<=>
Dar ,a+ b+ c2>4 8 S ,(inegalitatea 1 - W ) si deciin(2.2,) avem:

2.2 .2 3
4\§S a‘h ;J >4\§S a2b2c2>(4s)
9 <=> 16S 9 <= ~8
Am obtinut o demonstratie pentru inegalitatea Szeg0-Polya.

Daca M =G si K =0, avem:

2
R™>
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COSA 2 cosB 2 cosC 2 cosBcosC a+ cosCcosA b2+ cosAcosB 2

2sinBsinC 2sinAsinC 2sinAsinB 4sin® AsinBsinC 4sinAsin® BsinC 2sinAsinBsin®C

(2.25)
2.3 DacaM=0s1 K=L, avem:

2 2 2 2 2 2
a 2 b 2 C 2 bc 2 ca 2 ab 2
—OA+———O0B+——0C>(————) a+(————) b+ (——) ¢
a’+ b+ ¢? a’+ b+ ¢? a’+ b*+ ¢? (a2+ b+ (:2) (a2+ b+ (:2) (a2+ b?+ cz)
3a’b%c’ abc
R> s R>2—2\§2;(2-3a)
<=> (a+b+c) <=> a“+b+c

abc> abc \B
<=> 457 @+ b+ ¢° o5 a%+ b+ P45 B
Am demonstrat inegalitatea lonescu-Weitzenbdck.
DacaM =L 1 K=0, avem:

COSA 2 cosB 2 cosC 2 cosBcosC a+ cosCcosA b2+ cosAcosB o2

_ _ _ _ LB+ — >
2sinBsinC 2sinAsinC 2sinAsinB 4sin® AsinBsinC 4sinAsin® BsinC 2sinAsinBsin®C

(2.3v)
2.4 DacaM =L si K=G, avem:

%(LA2+ LB+ LC 2)>%—(a2+ b*+ ¢?) LA*+ LB+ ch>% (a*+ b*+ ¢%);(2.4,)

<=>
Folosind inegalitatea (I-W), gasim:

LA%+ LB LC@@;(Z.%)
DacaM=Gsi K=L, avem:
2 2 2 212 2
a 2 b 2 c 2 3a‘bc
—————GA+ GB + =5
a’+ b2+ ¢ a’+ b+ c? a’+b’+c? (a’+b*+c? " (24)
27a’b*c’
4(a’b*+ b’c*+c’c?)-a*-b'- >S5
<=> ( ) “at+ b+ c? (24y)
25 DacaM=Lsi K=1, avem:
2 2 2
a a2y b g2, C LC2%> a“bc - ab“c - abc i
at+b+c at+b+c atb+c (a+b+c)” (a+tb+c)” (a+b+c)

aLAZ + bLB? + cLC?>abc (2.5,)
DacaM =1s1 K=L, avem:

a’ 2 b? 2 c? 2 3a’b%c® .
2 2 2|A+ 2 2 2|B+ 2 2 2 =z 2 2 N2
a“tbh+c a“tb+c a“tb+c (a°+ b+ c)
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3ab’c?
a’+ b*+c? (25,)

a’IA*+ b* IB*+ c? IC*>

2.6 Daca M =N si K =G, avem:

%-(NA2+ NBZ+ ch)%- (a%+b% ¢?)  NA%+ NB+ ch%- (a2+ b2+ ¢);(2.6,)

<=>
Folosind inegalitatea (I-W), rezulta:
NA’+ NB?+ NC’>

Daca M =G si K=N, avem:

4~\BS

T ) (2'6b)

p;aGAer p-prBz+ p;CGCz>(P— b)pgp— €) 424 (P~ C)pgp—a)bz+ (p- aigp— b) .2

p(p- a)GA™ p(p- b)GB p(p-¢)GC?>(p-a)altg> o+ (p- b)b’tg? o+ (p- ) c*tg? <
—> 2 2 2 (26,)
2.7 DacaM =Nsi K =1, avem:
a 2, D g2 C Nt a’bc __ ab’c  _ abc’

atb+c a+tb+c a+b+c (a+ b+c)® (a+b+c) (at+b+c)
<=>aNA? + bNB? + cNC?>abc (2.7.)
DacaM =1si K=N, avem:
p=2 a2, Db gz, D= 2o (=D} (p=C) 2, (P=C}(p=a)x, (p=a}(p=b)

D ) ) pz 2 2
(p- a) 1A% (p- b) IB> (p= ¢) IC%>( p- a)a’tg> o+ (p- b)b’tg> S+ (p- c)ctg> S

- 2 2 2 (2.7,)

2.8 Daca M =F si K= G, avem:

%(FA2+ FB’+ Fcz)%- (a’+ b*+ c?) FA’+ FB*+ FCZ>% (a’+b’+c?);(2.8,)
<

=>

FAZ+ FB2+ FC2> 4\55 :(2.8,),s— a folosit (1- W)

sau x?+y?+z2>xy +yz +zx (2.8;), o inegalitate cunoscuta.

Daci M =G si K=F, avem:

— 2o+ BV _GC— Y (xa’+ ybP+ 2c?)
Xy+ yz+ 2x Xy+ yz+ 2x Xy+ yz+ 2x (Xy+ yz+ 2X)

(2.8,)

yz GAZ+ 2XGB%+ xyGC2>—Y2__(xa+ yb’+ zc?)
<=> Xy+ yz+ x

2.9 DacaM =F si K =1, avem:
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2

2 2
& ppy_ D e, C FC?> a“bc - abc2+ abc i
a+b+c a+b+c atb+c (a+ b+c)” (a+b+c) (a+tb+c)
<=>aFA? + bFB? + cFC2>abc (2.9,)
Daca M =1s1 K=F, avem:
2 2 2
yz A%+ ZX IB2+ Xy |C2> X yz . a’+ Xy Z . b2+ XyZ . c2
Xy+ yz+ zX Xy+ yz+ X Xy+ yz+ X (xy+ yz+ 2x) (xy+ yz+ 2x) (xy+ yz+ zx)
2 2 2 Xyz 2 2 2
s yz A"+ zxIB+ xyIC >7xy+ v ZX(xa + yb“+ zc”) 2.9,)
2.10 DacaM=Fsi K=L, avem:

a’ 2 b® 2 c? 2 3a’b’c?
2 2 2FA+ 2 2 2FB+ 2 2 2 Z 2 2 2\27
a“+b*+tc a“tb+c a“tb+c (a°+ b+ c9)

212 .2
a2 FAZ+ b? FB%+ cZFCZ>73;a bz ¢
<=> a’+b%+¢® (210,

Folosind inegalitatea (S-P), avem:

2 n2, 122, 22 3 45 2
a FA'+b"FB+c FC' >—————
P NE (210,)
DacaM =L si K=F, avem:

Xyz

7 LA+ 2xLB*+ xyLC'>— 2=
y 2 Xy+ yz+ 2x

(xa’+ yb*+ z¢%) (2.10,)
2.11 DacaM =0 si K=F, avem:
OF? = 0rR? + BrR? + yeR? — Bryra® — yroeh? — arrc?
Xyz
(xy+ yz+ 2x)°
Rb%(xaﬁ yb%+ zc?) (2.11)

Folosind exprimarile lui a?, b?, ¢? din formulele (5) dupi calcule si reduceri de termeni
deducem ca:

OF*= R*- (xa’+ yb*+ z¢?)

OF’<a’ b ¢’~ 4°\BS => a’+ b™+ ¢’ >4\8S |
care reprezintd o demonstratie a inegalitatii (I-W). -
Il. Consideram A ABC si punctul F ,astfelincat m( AFB)= m(BFC)= m(CFA)
F este punctul lui Pieree Fermat (1601-1665) sau centrul izogon al triunghiului ABC.

B C
Aplicand teorema cosinusului in A BFC, A CFA, A AFC, obtinem relatiile:
2=y’ +z22+yz
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b2 = x% + 7% +xz (1)

> =x2+y?+ Xy

Din relatiile (1) deducem cd numerele : \k*+ y?+ yx , \e2+ y2+ zy , \k?+ 2%+ xz,

X,y,Z € R™. sunt laturile unui triunghi.

Mai avem in mod evident: A (4 BFC) + A (4 CFA) + A (4 AFC) = A (4 ABC)

\8

yzsin120°  zxsin120°  xysin120°_ B3
4 (2)

<=> 2 2 2

S S=(xy+ yz+ 2x)
=>

2 (X°+ Y2+ Xy)(y*+ 2%+ yz)(2°+ X°+ 2X)
3(xy+ yz+ 2x)° 3)

R

o 3 (xy+ yz+ 2x)°

r'=—-—— A "
16 \k%+ y2+ Xy + W2+ 7+ yz+ 2+ X2+ 2x (4)

Cu relatiile (1), (2), (3), (4), cu relatiile lui Ravi: a = y+z, b = z+x, ¢ = x+y, x,y,z € R".,
cu relatiile b =x, c =y, a = VxZ + y> — 2xy cosA, unde x > 0,y > 0, A € (0, n), vezi [3],
putem ,algebriza” orice inegalitate referitoare la un triunghi. Este evident ca existd
inegalitati algebrice care nu pot fi transformate in inegalitai ce confin elementele unui
triunghi cum ar fi de exemplu inegalitatile care au un numar de variabile diferit de 3.

Inegalitatile cu 3 variabile pot fi transformate in inegalitati ce contin elemente ale unui
triunghi astfel: x = p-a, y = p-b, z = p-c,

A= 2arctg \% B= 2arctg \]%,C: 2arctg \/g

(s-au folosit relatiile Iui Ravi).
Prezentam acum cateva inegalitati care se demonstreaza usor folosind relatiile (1) si (2).
1. Sa se arate ca: a2 + b2 + ¢2 > 4V3 S (inegalitatea (1-W)).
Demonstratie. Avem:

2%+ 0%+ 2= 4\BS=2(X%+ Y2+ 20)+ xy+ yz+ 2x— 4@%(xy+ yz+ 2x)= 2(X°+ y*+ 7°= xy— yz— 2X)

<= (X= Y)Y+ (y— 2)°+ (z— X)*>0, 5i demonstratia seincheie.

2. Sise arate ca in orice triunghi ABC avem: a* + b* + ¢* > 16S? (vezi [2]).

Solutie: cu relatiile (1) si (2), obtinem:

(Y + 22 +y2)* + (22 X2 +2X)? + (X* + Y2 + Xy)? = (Xy + Yz + 2X)°

Dezvoltand si apoi reducand unii termeni, obtinem:

X*+y*+ 24+ 3y xy? + X3z + xZ8 + y3z + yz8 > 3xyz (X+y+z) <=>

<=> (x* + 3y + X3) + (Y* + y3x + y32) + (2% + 22X + ZBy) > 3xyz (X+y+z) <=>

<=> X3 (X+y+2) + Y3 (X+y+2) + Z3(x+y+2) = 3xyz (X+y+2)

Simplificand cu x+y+z # 0 (deoarece x > 0, y > 0, z > 0) obtinem:

x3 + y3+ 73 > 3xyz, ceea ce este edevarat conform cu inegalitatea mediilor.

Uneori inegalitatile algebrice se pot demonstra mai usor folosind forma lor geometrica
(daca existd). [ata un exemplu:

3.  Demonstrati cd: (y? + z2 + yz) (2% + X% +zX) (X? + y? + xy) > (Xy + yz + zX)°

Egalitatea are locdaca x =y =z

Demonstratie. Cu relatiile (1) si (2) obtinem:
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3
a’b’c’> (%%) ,adicd inegalitatea (S— P)care a fost demonstratcla(2.2).

Folosind relatiile (1) si (2) vom demonstra teorema lui Pitagora, adica:
A ABC, m(A) = 90° <=> a2 = b? + ¢?

Demonstram mai intai urmatoarea propozitie:

Un triunghi este dreptunghicihA<=>b - ¢c=2S

Implicatia directa este evidenta.

Reciproc: b - ¢ = 2S5 => m(A) = 90°. Avem:

5= bcsinA_b-c
2 2 = sinA=1 =>

Acum avem de demonstrat ca:
b-c=2S<=>a?=h?=¢?

b - c=2S<=>hb%c?=4S% <=> (2% + x> + zX) (X* + y* + Xy) = % (Xy + yzZ + zx)? <=>

-1
A'z

<=> A(Z2X2+ 22y +Y2 22+ XY 22X XY+ 23X+ XY P2+ X%y 7 =
3(X2Y?+Yy2224+ 72X+ 22Xy 7+ 2XYy? 7+ 2XYy 7%)
<=> 44 + X2y + Y272 + 72X% — 2X%yz — 2Xy?Z — 2XyZ? + 43y + 4zx3 = 0
<=> (2x2 + Xy +Xz —yz)? = 0 <=> 2x? + Xy + Xz — yz = 0, ceea ce trebuia dovedit pentru ca:
=P+ <=y Y+ 22 =X+ P XZH X+ Y A XY <=>2X2 + X2+ Xy —Yyz =0
Conchidem ca un triunghi ABC este dreptunghic in A.
<=>2x?+xz+xy—-yz=0 (unde x=FA,y =FB, z=FC).

4, Folosind notatiile (5) demonstram inegalitatea (S-P):

2.2,.2, 2 8 3.3 .3
X X+ y°— 2XyC0SA)> Xy sin" A
s y“(x*+ y°= 2xycosA) 34 y

<=> 3 B(x%*+ y*- 2xycosA)>8xysin® A <=>
38 x%~ x(6 B ycosA— 8ysin® A)+ 3\B y?>0(1)

<=>

Vom arata ca Ay< 0, de unde va rezulta (1).
Avem:
A= (6~8 ycosA+ 8ysin® A~ 12 \B(3By*<0) <=5
<=> (3"BcosA-4sin® Ay~ 27<0 —s,
<=> (3BcosA- 4sin® A- 3°\8)(3\BcosA— 4sin® A+ 3\8)<0

Primul factor este negativ, deoarece:

3BcosA- 4sin® A- 38= - 3\1?(1— cosA)- 4sin® A= - 3\I§2$in2§— 4sin® A<0

Al doilea factor este pozitiv deoarece asociind o functie f:(0, 7)—R
f (x)=3Bcos x— 4sin*x+ 3\B, avem:
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lim f(x)=6~8,lim f(x)=0, f (x)=— 3sin x(\B+ 2sin 2x)

X —TT

f'(x)= 0dacd sinumai dacd X= 2?Trsau X= %T f (x)< 0 pentrux€(0, 2?”) U (%T,Tr)

2_"5_“)
3'6

f areun punct de minim de coordonate(z?Tr ,0)s7un punct de maxim de coordonate (%T ,—5+3 \é)

f'(x)> 0 pentrux€(

Cum- 5+ 38> Orezultd ca graficul functieieste situat deasupra axei OX ,ceea cearata ca f (x)=0,
oricare ar fi x € (0, x) si In concluzie al doilea factor este pozitiv.
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