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1. O generalizare a dublei inegalititi a lui Nicolae Cioranescu
de Gheorghe Ghita si Neculai Stanciu

Articolul prezintd o generalizare pentru dubla inegalitate a lui Nicolae Ciordanescu
prezentata prin problema 4993/GM 1937,nr.12, pag. 671:

Dacai a, b, ¢ sunt laturile unui triunghi ABC, atunci

15 < p+a . p+b
4 = b+c c+a

unde p este semiperimetrul triunghiului.

Propozitie. In orice triunghi ABC pentru k > 0 avem inegalitatile:

6k+9< p+ka<(8k+10)R+(2k+7)r
4 = b+c — 4(R+1)
Demonstratie.
y pb++kca oy % _
=%+ 2k2+1zi _

b+c

- % + (2k+1) Z a(a+b)(c+a)

2 (a+b)(b+0)(cta)

_3 n (2k+1) Ya(a?+ab+bc+ca) 3
T2 2 (a+b)(b+c)(c+a)

(2k+1) Ya*+Y¥aYab
2 2 2p(p2+12+2RT)

3 n (2k+1) Y aY a®+3abc
T2 2

2p(p2+712+2R1)

_ 3 n (2k+1) 2p(2p?-2r?-8Rr)+12pRr _

3 p%-r%—Rr
2 2 2p(p2+12+2RT) T2 +Q2k+1) p2+1242Rr ().

Prima inegalitate.
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Din (%) rezulta:

0
S k+ D2 S Sy k4 i= 2

b+c p2+124+2Rr

unde

() p—r —Rr

>3 e p? > 10Rr + 7r?, adevarata din
2+r2+2Rr

Gerretsen Euler

p? S 16Rr—5r2si 16Rr—5r2>10Rr + 7r2 &R 3 0;
A doua inegalitate.

Din(x) rezulta:

(2)
p+ka _ —-Rr ™ 3 (2k+1)(p?-r?-Rr)
2 b+c + (Zk T 1) 2+r2+2Rr S3 2 T p2+r2+2Rr
3 (2k+1)(4R+1) _ (8k+10)R+(2k+7)r
—2 4(R+1) 4(R+1) ’
unde (2): - TZ R < 2 3rp? < 12R2r + 14Rr? + 513 adevirata, pentru ci
+7r242Rr = 4(R+r1)
Gerretsen
3rp?2 < 12R?r + 12Rr? 4+ 9r3
si

Euler

12R%r + 14Rr% + 5r3 < 12R?r + 12Rr>+9r3 < R S 2r.

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Nota. Pentru k = 1 se obtin inegalitatile lui Nicolae Cioranescu din [1]: L <y— ALY

b+c
18R+9r _ 9
4(R+1)
18R+97
ultima inegalitate fiind adevarata, deoarece 2R < esr>0.
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Math Journal
-3-

Marin Chirciu !

Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de specialitate .

Problemal64.

In AABC

3WVar<y ar S(R 1jp.

I+, r
RMM 8/2024, Mehmet Sahin, Turkey
Solutie.

Lema.

In AABC

ar, _(4R+r)2—2p2
L+r p '

2

Inegalitatea din dreapta.

L+r p p P

uler
Eg (E—lj p.
r

Inegalitatea din stanga.

5 ar,  (4R+r) -2p? eerztsen(4R+r)2—2(16Rr—5r2)=16Rz_24Rr+11rz cuer

2 Lo
ar, (4R + r) —2p2 Dogcet 5 Mltrgowc 3\/§r .

2

I+,
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

! Profesor, Colegiul National ,, Zinca Golescu "Pitesti
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In AABC
33r < pgz ar, S16R2—24Rr+11|’2 S(E— jp.

I+, p r
Remarca.
In AABC

27r° SZ ah, < 27R* -

p h,+h, ~ 16pr’
Marin Chirciu

Solutie.
Lema.
In AABC

p*(p®+2r° +16Rr)+r* (4R +r)’

ah,
25

+h 2p(p®+r?+2Rr)
Inegalitatea din dreapta.
Z aha _ p2 ( p2 + 2['2 +16Rr)+ r2 (4R + r)2 Gergtsen
h, +h, 2p(p®+r?+2Rr)

Garten (4R*+4Rr +3r”)(4R* +4Rr +3r* +2r* +16Rr )+ r° (4R+r)°
B 2p(16Rr —5r% +r® +2Rr)

16R* + 96R°r +128R%r? +88Rr® +16r* 8(2R‘+12R°r +16R°r* +11Rr*+2r*)

2p(18Rr —4r?) - 4pr(9R-2r)
4 3 2,2 3 4 2-@
~ 2(2R*+12R°r +16R’r +11Rr + 2r )Ei” g 27R*
pr(9R-2r) ~ pr-l6r  16pr?

Inegalitatea din stanga.

aha pz(p2 +2r2 +16Rr)+ r2(4R+r)2 Gerretsen

Zhb+hcz 2p(p®+r”+2Rr) -

Gerete (16Rr —5r”)(16Rr —5r° +2r* +16Rr)+r* (4R+r)" r*(528R* ~200Rr +16r°)

- 2p(4R*+4Rr+3r” +1° + 2Rr) 2p(4R* +6Rr +4r?)
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8r’(66R’ —~25Rr+2r*) 2r(66R*—25Rr +2r Jever 22 27 _ 27r2

ap(2R*+3Rr+2r’)  p(2R*+3Rr+2r) ~ p 2 p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2 hba-ri:ahc <2 rban[arC '
Marin Chirciu

Solutie.

Lemal.

In AABC

5 ah, P’ (p?+2r® +16Rr)+r® (4R + r)’
h +h 2p(p*+r®+2Rr) '

Lema2.

In AABC

ar, (4R+r) -2p?
rb+rc_ P '

2

Folosind Lemele inegalitatea se scrie:

p*(p®+2r* +16Rr)+r* (4R +1)’ (4R+r)* —2p’
< =
2p(p*+r®+2Rr) p

& 5p*+p’(4r’ +8Rr—32R*)<r(4R+r)’ < p’(5p” +4r’ +8Rr—32R*)<r(4R+r)’
Distingem cazurile:

Cazul 1). Daca (5 p2 +4r? +8Rr —32R2) <0, inegalitatea este evidenta.

Cazul 2). Dac3 (5 p2 +4r® +8Rr —32R2) >0, folosim inegalitatea lui Gerretesen:

, _R(4R+r)’

< <4R*+4Rr+3r°.
P =R
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Ramane sa aratam ca:

R(4R+r)’

2R-T) (5(4R2+4Rr+3r2)+4r2+8Rr—32R2)§ r(4R+r) =

& 12R° —12R°r —23Rr? -2r° > 0 < (R—-2r)(12R? +12Rr +r°) > 0, vezi R > 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal65.

In AABC

RMM8/2024, Marian Ursarescu, Roman
Solutie.

Inegalitatea din dreapta.

1 Euler R

< -~ = -
z Z r 2r?
Inegalitatea din stanga.

1 1 2
Zgzzm—azﬁ.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2y <l
R W, r
2 1 1
2, =<y —<=
R m, r
4 1 1
3).-—< <—.
3R w,w, 3r
gty t oL
3R? 5,5, 3r’
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4 1 1
6 — <y — <——

'3R*>  “~hh, ~ 3r*

4 1 1
7)— <Y <

2 — - 2"
3R rLr. 3r
Dezvoltari,Marin Chirciu
Problema166.

If a,b,c>0,a’+b?+c?=3then

Nguyen Hung Cuong, Vietnam

Solutie.

AvemZaS3,veziZ:aC;S,’3Z:a2 :\/3323.

1 cs 9 9 9
LHS:Za2+a+1> =

B Z(a2 +a+1) - Za2+za+3_ 3+3+3

Egalitatea are loc dacd si numaidacd a=b=c=1.

=1=RHS.

Remarca.

If a,b,c>0,a’+b?>+c?=3and A >0then

3 1 .3
a’+ia+A 24+1

Marin Chirciu
Problemal67.
In AABC
a A 3
> —tan->-—.
b+c 2 2
Nguyen Hung Cuong, Vietnam
Solutie.
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. b c ) A B C
Tripletele , , si| tan —,tan —,tan — |sunt la fel ordonate.
b+c c+a a+b 2 2 2
Chebyshev Nesbitt
LHS = Z—tan—A > 1 bi tang > 1§\/_ \/_
+C

DOUCSI
Am flosit mai sus: Ztan ': AR+T
p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
1) _2 sin? A > 3
b+c 2 8
2) 2 sec? A >2
b+c 2
a ,A_ 1
3 —tan " —2>—
) Zb+c 2 2
4)zisecAz3, acute.
b+c
5). zitan A> ﬁ , acute.
b+c 2
Dezvoltari, Marin Chirciu
Problema168.
In AABC
5 (sin® A+sin®B)sinC _atb+c
(sm A+sin® B)sm AsmB 2R
RMM 8/2024, Ertan Yildirim, Turkey
Solutie.
Lema.
If X, y > 0 then
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X°+y°

Xy

Solutie.

x+y
X+y

22Xy & (X y)(x“ - y“) >0, deoarece factorii au acelasi semn.

Folosind Lema pentru (X, y) = (Sin A,sin B) obtinem:

(sin5 A+sin® B)sinC Lema sinC

> Zsin AsinB-——— _Zsmc —RHS

sin Asin B

LHS:Z(

sin® A+sin® B)sin Asin B

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC

(sin™ A+sin™* B)sinC _ ayhc

Z - - - - > ,neN.
(sm”A+sm" B)sm Asin B 2R
Marin Chirciu

Solutie.
Lema.

If X,y >0andn e Nthen

Xn+2 + yn+2
— > XY.
n n Xy
X' +y
Problema169.
In acute AABC
2 2
Ztan4 A+tan4 B <1
tan” A+tan" B
Nguyen Hung Cuong, Vietnam
Solutie.
Lema.
If X,y >0 then
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Demonstratie.

2 2
X4+y4S 22 2
X +y X +Yy

2 2
X4+y4S 22 2"
X' +y X +Yy

<:>(x2—y2)220.

Folosind Lema pentru (X, y) = (tan A tan B) obtinem:

tan® A+ tan? B Lema
LHS = <
Ztan4 A+tan*B

:ZcotAcothlz RHS .

Egalitatea are loc daca si numai

Remarca.

In acute AABC

Problema170.

Ifa,b,c>0,abc =1 then

Solutie.

2 SOs 2
<

www.mateinfo.ro

1

tan’ A+tan’B Z 2tan AtanB Ztan AtanB

daca triunghiul este echilateral.

cot? A+cot’B - 9

1).> < .
) cot* A+cot*B ')
5 —4

A B
2 2
tan® —+tan” - gp

2 2
2).)] <—.
tan“é+tan4E 2r
2 2

cot2—+cotZE
3.3 é <1
cot* — +cot* —
2
6 6
Z& >3
a5b5(a4+b4)

Dezvoltari, Marin Chirciu

Nguyen Hung Cuong, Vietnam
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Lema.

Ifa,b >0 then

a®+h® . a’+b?
a*+b* 2

Demonstratie.

6 6 2 2
a’+b”> _a“+b
> = (a2 —bz)(a4 —b4) > 0 ,deoarece factorii au acelasi semn.

a*+b* 2
a® +p° Lema a’ +pb? AM-GM 2ab 1 AM-GM 1
LHS = —_ 2> _ 2 = > 3‘3/ — =
Z asbs (a4 + b4) Z 2a5b5 Z 2a5b5 Z a4b4 H a4b4
-3 _3_Rs.
3 (abc)8

Egalitatea are loc dacd si numaidacda=b=c=1.
Remarca.

Ifa,b,c>0,abc=1andn e N then

an+2+bn+2 >3
z n+1p n+1 n n\
a"b (a +b)
Marin Chirciu

Solutie.
Lema.

Ifa,b>0 andn e N then

Problemal71.

Ifa,b,c >0 then

Math Olymp 8/2024, Elton Papanikolla
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a ) 1 5 Holder
Z ] Z . Za(b +Zbc+cj >
\/b2+4bc+cz \/b2+4bc+cz

2

a (Xa) o,

2 ,
= z 2 1 2 2 1 2
b +Zbc+c Y alb +Zbc+c

unde (1) < za(t)(z%z)bsc+czj >4 & (Za)3 > 4Z:a(b2 +

< Y a’+3(a+b)(b+c)(c+a)=4Y a(b® +c’)+3abc <
< D a’+3(2abc+ Y be(b+c))=4) be(b+c)+3abe <

< Y a*+3abc>) be(b+c), (Schur).

Egalitatea are loc dacd si numaidacda=b=c.

Remarca.

Ifa,b,C>Oand/12% then

a 3
S

+abc+c? NA+2

Problemal72.

Ifa,b,c>0,abc=1 then

Z\/1+3a2 >a+b+c+3.

Solutie.

Lema.

www.mateinfo.ro

(Za)=

lbc+cz) =
4

Marin Chirciu

Nguyen Hung Cuong, Vietnam
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Ifa>0 then

V1+3a2>a++a.

Demonstratie.
2 2 2 2 Jat 4 3 42
J1+3a?>a++a < 1+3a 2(a+\/5) o1+2a%>a+2aa o 2P -2t -2 +1>0 =

= (t —1)2 (2t2 +2t +l) >0, cu egalitate pentrut=1< a=1.

Folosind Lema obtinem:

LHS =Y \iv3a 2 3 (a+va)=Ya+TVa = Ya+3ane =Y a+3=RHs.

Egalitatea are loc dacd si numaidacda=b=c=1.
Remarca.

Ifa,b,c>0,abc =1 then

1).) '\/1+8a? 21 a+b+c)+2
3

Solutie.
Ifa>0 then
m> 7a+2\/§
> —3 .
A2-2 6
2).Z4fl+(/12—1)a2 > 7 (a+b+c)+;, A>42.
Solutie.
Ifa>0 then
P (/12—2)a+2\/5.
B A
z\/1+15a a+b+c
Solutie.
Ifa>0 then
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J1+15a% > 7‘”‘/5.

2
4). Z\/1+35a2 > %(a+b+c)+1.

Dezvoltari, Marin Chirciu

Mathematical Inequalities 8/2024, George Apostolopoulos, Greece

p°+ p*(3r* —12Rr)+3p*r* +r° (4R + ry

&
hthan g‘ < 2743 R®

3 = RHS, unde (1) rezulta din

Solutie.
Ifa>0 then

Jvsa > 172Na
Problemal73.
In AABC

5 he 273

cot —
Solutie.
Lema.
In AABC
h3
Z a 8R3
3 Chebyshev
LHS =" haA =Zh§tané <1
cot— 2 3

She < 8R® +4R°r® +18R°r* +12Rr° +8r° < 81R®

R3

siZtan§=4R+r
p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC

3
8Ir* <> hi< 818R :
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Marin Chirciu
Solutie.
Lema.

In AABC

p®+ p*(3r* —12Rr)+3p’r* +r* (4R +r)

3 _
Zha - 8R3

Inegalitatea din dreapta.

S p° + p*(3r" ~12Rr)+3p°r" +1° (4R+1)" ereen 64R° + 32R%r® + 144R%r* + 96RI® + 64r° _
* 8R’ - 8R’ -

8R® +4R%r® +18R’r* +12Rr® +8r° Eger 81R?
R® -8

Inegalitatea din stanga.

o PP (3r* —12Rr)+3p’r* +r* (4R+r)’ ceren 1 (1088R” —1104R°r +480Rr” —64r°)

2.0 - 8R’ - 8R’ -

r(136R° —138R’r +60Rr* —8r°) cuer 1 81R?
R3 - 3

=81r3.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC
129r° —6R* < " r’ <82R*-575r°.
Marin Chirciu
Solutie.

Lema.

In AABC
>'r? =(4R+r)’ ~12Rp?,

Inegalitatea din dreapta.

Gerretsen Euler

> r=(4R+r) —12Rp* < (4R+r)’ —12R(16Rr—5r’)=64R*~144R°r + 72Rr* +r° <
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Euler

< 82R*-575r°.

Inegalitatea din stanga.

Gerretsen Euler

>r?=(4R+r) —12Rp* > (4R+r)’—12R(4R*+4Rr+3r’)=16R*—24Rr’ +r° >
211208 —6R°.
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In AABC

Sh <y

Marin Chirciu

Solutie.

Lemal.

In AABC

p64-p4(3r2—12Rr)+3p2r4+r3(4R-+rf

3 _
Zhﬁ o 8R3

Lema2.

In AABC
>r?=(4R+r)’ ~12Rp.
Folosind Lemele de mai sus inegalitatea se scrie:

p6+ p4(3r2 _12Rr)+3p2r4+r3(4R+r)3 <

= (4R+r)’ ~12Rp* =

= pz[pz(pz+3r2—12Rr)+96R4+r4J+r3(4R+4)3£8R3(4R+m)i

R(4R+r)°

<4R?*+4Rr +3r?.
2(2R-)

care rezulta din inegalitatea lui Gerretsen: p2 <

Ramane sa aratam ca:
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R(4R+r)’
2(2R-r)

| (4R?+4Rr +3r?)(4R? +4Rr +3r° +3r° ~12Rr ) + 96R" +1* |+ r* (4R +1)’ <

<8R*(4R+r)’ =
< 16R° —16R*r —20R’r? —16R’r’ ~17Rr* +2r° >0 <
& (R-2r)(16R* +16R°r +12R*r* +8Rr® —r") > 0, vezi R > 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal74.

Ifa,b,c>0,abc =8 then

1 1
Z T P
8a+b*+c” 16
THCS 8/2024, Bat Dang Thuc-Inequality, Vietnam

Solutie.

Folosind b* +¢* > bC(b2 +C2) obtinem:

1 1 1 a
Z8a+b“+c4 Z“8a+bc(b2+cz) 28a+8(b2+02) Z8(a2+b2+cz)
a
_ Zazsgs Zazz 3 AM;M 3 _ 3 :i:RHS
8% a B(Za) 8> a 8-3¥abc 8-3Y8 16
3

Egalitatea are loc dacd si numai dacda=b=c=2.
Remarca.

Ifa,b,c>0,abc=1andneN then

ot

a"+b"+c
Marin Chirciu

Solutie.

Folosind b"™ +¢"2 > bC(bn+1 + CM) = (b —C)(bn+2 —Cr”z) >0, deoarece factorii au acelasi

semn, obtinem:
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1 1 1 a
LHS :ZWS Zan +bc(b"+1+c”+l) =2 3" +1(bn+1+cn+1) :Za”*l+b”*l+c“” B
a
= Zi—l Hoéjer Zanﬂ = 3n n AMéGManﬂzlz RHS :
SO T S EE R
3”

Egalitatea are loc dacd si numaidacda=b=c=1.
Problemal75.

Ifa,b,c,d >0,a+b+c+d =4 then

Nguyen Hung Cuong, Vietnam
Solutie.

Folosind inegalitatea mediilor obtinem:

4 AM-GM 4 AM -GM
LHS =32 7> 444/ g = 4" 4 _16 16, Res.
b b  4/abcd atb+c+d >»a 4

4

Egalitatea are loc dacd sinumaidacda=b=c=d =1.
Remarca.

Ifa,b,c,d >0,a+b+c+d=4andneN then

n n n n
a b c d -
n+1

1)' bn+l + Cn+1 + dn+1 + a

Ifa,b,c>0,a+b+c=3 then

Ifa,b,c>0,a+b+c=3 andn e Nthen

3)

: bn+l + Cn+1 + a.n+1 -

Ifa,a,,..,a,>0,a +a,+..+a,=n andn € Nthen
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. + +... 2
n+1 n+1 n+l
b b b

Dezvoltari, Marin Chirciu

Problemal76.

Ifa,b>0,a+b=2 then

2 2
a’b® +b%ad<2.

Mathematical Inequalities 8/2024

Solutie.
Lema.
If X > 0then
2 2x+1
X3 < .
3
Solutie.

2 AM-GM
X+X+1 2x+1
X3 =3x> =3x-x1 < 3 = 3 cu egalitate pentrux =1.

Folosind Lema pentru X = asi X =b obtinem:

2 2 Lema 2ab(a+b)+a?+b?
LHS =a’b® +b%ad < a2-2b3+1+b2-2a3+1= (a+ 3)+ S

2 2 a+b= ab< 2 . J—
=2ab(a+b)+(a+b) —2ab=(a+b) +2ab(a+b—1)aw ?-'S&blz +2-1(2-1)

3 3 =2=RHS.
Egalitatea are loc daca si numai dac3 (a, b) = (1,1) .
Remarca.
Ifa,b>0,a+b=2 then

3 3

a’h® +b%as <2.
Marin Chirciu

Solutie.
Lema.
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If X > 0then

X+2

ollw
IA
w

Solutie.

3 AM-GM
X+X+X+1+1 3x+2
x5 =3x® =8/x-x-x-1.1 < c = c , Cu egalitate pentrux =1.

Folosind Lema pentru X = asi X =b obtinem:

3 3 Lema 3ab(a+b)+2(a+b?
LHS =a’h® +b%*a’ < a2-3b52+b2-3a;2= ( )5 ( )=

2
_ 3ab(a+b)+2(a+b)2 —4ab _ 2(a+h) +ab(3(a+b)—4) a+b=§fcabﬂz-22 +1(3-2—-4)

www.mateinfo.ro

5 5 5
=2=RHS.

Egalitatea are loc daca si numai daca (a, b) = (1,1) .

Problemal77.
Evaluate
1 X2
J. 1 2sinx dx
-1 +
Solutie.
Lema.

If f :[a,b] — R, f continuous then

b

f(x)dx:jf(a+b—x)dx.

a

0O ey T

2

1+ Zsinx

PR 1 (_X)Z 1 X2
I = —X = ——(X = —
J. 1 4 28inx X J. 1+ 25|n(—x) X J. 14 2 sinx X

-1 -1 -1

Folosind Lema pentru f :[—1,1] —->R f (X) = obtinem :

Math 8/2024
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1 2 1 X2 1 1 Xzzsinx
I +1= J;l osinx +:[11+25|nx = Il annde+J'1+4dX I 4 osinx +:[1de:
25inx
12 (1+25inx) 1 , e 1
=J‘1de=[x dx 71——
Din 21 :E = | zl.
3 3
Deducem c3 '1[ Xzsinxdx = 1 .
1+2 3

Remarca.

Letn € N. Evaluate

Solutie.

2

Deducem c3 4d

smx 3
1 2n
X
2)' _[1 esin2>< dX
i+
Dezvoltari, Marin Chirciu
Solutie.
1 2n
X 1
Deducem c3 jmdx ==,
s 1+e 3
Problemal78.
Ifa,b,c>0,a®+b*+c? =1 then
(a+b+cf(a4+b“+&)21.

IneMath 8/2024, Marin Chirciu
Solutie.

Lema.
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Ifa,b,c >0 then
(a+b+c)2(a“+b“+c“)z(a2 +b? +02)3.

Demonstratie.

Holder

(a+b+c)2(a4+b4+C4):(a+b+c)(a+b+c)(a4+b4+c4) > (a2+b2+02)3.

Folosind Lema si a’+b®+c? = 1 obtinem concluzia.

1
Egalitatea are loc dacd si numaidacda=b=c=—F%.

&

Problema179.

Ifa,b>0,a+b=2 then

1 1
5 +— >1.
a‘+1 b +1

www.mateinfo.ro

Mathematical Inequalities 8/2024

Solutie.

Cu substitutia (a, b) = (1— X, 1+ X) ,—1< X <1linegalitate se scrie:

1 1 1 1
>

> >1
(1—x)2+1+(1+x)2+1 <:>2—2x+x"'+2+2x+x2 <

2
4+2x >l 442X 24+ o 2 2x o x2(2—x2)20,
4+ X

care rezultd din(2—X2)>O<:> X2 <2 & X<\/§,vezix<l<\/§.

Egalitatea are loc dacd si numaidaca X =0 < (a, b) = (1,1) .

Remarca.

Ifa,b>0,a+b=2 and0< A <lthen

1 1 2
> +— > )
a+4 b°+1 A+1
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Marin Chirciu

Solutie.

Cu substitutia (a, b) = (1— X, 1+ X) ,—1< X <linegalitate se scrie:

[EY

1 N S 2
(1—x)2+/1 (1+x)2+ﬂ_/1+1'
1 1 S 2 1 1 S 2

2 + 2 - <:> 2+ 2 = <:>
(1—x) +A (1+x) +1 A+l A+1-2X+X" A+1+2x+x° A+1

20 +2+2x° 2
= >
AP +22+41+(22-2)x* +2x*  A+1

© (3-2)x*22x* & x*(3-1-2x*) 20

Jvezix?<1<=— 2 0<A<1.

care rezultédin(3—/1—2xz)>0<:>x2<3_ﬁ“ 3;2’

Egalitatea are loc daca si numai dacd X =0 < (a, b) = (1,1) )
Problema180.

Ifa,b,c >0, 1 + 1 + 1 =1then

a3+l b*+1 +1

abc>2.
IneMath 8/2024, Marin Chirciu
Solutie.

1 1 1

- l+b3 1+ - 1=1<:>a3b33:2+a3+b3+c3.
a+ +1 c+

AM-GM
>

Folosind inegalitatea mediilor obtinem: a’°c® =2+a® +b® +¢c* 2+ 3abc =

abc=t
—=ahc®>2+3abc & t°>2+3t = t3-3t-2>0 <:>(t—2)(t+1)2 >0at>2 o
< abc>2.

Egalitatea are loc dacd si numaidacda=b=c= 3/5
Remarca.

1).1fa,b,c >0, 41 + 41 + 41 =1then
a“+1 b*+1 c'+1
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3
abc > 24.

2).Ifa,b,c>0, 21 + 21 + 21 =1then
a‘+1 b °+1 c°+1

abc>24/2.

3).Ifa,b,c>0, ! + ! + ! =1,ne N then
a"+1 b"+1 c"+1

3
abc > 2".

Dezvoltari, Marin Chirciu
Solutie.

1 1 1
+ +
a"+1 b"+1 c"+1

=l<ah'c"=2+a"+b"+c".

AM -GM
Folosind inegalitatea mediilor obtinem:a"b"c" =2+a" +b"+¢" > 2+33a""c" =

=a'h"c"22+3Kah"c" & 22+ o t0-3-220 o (t-2)(t+1) 20122

3
&< 3a™bc" >2 < abc> 2",

1
Egalitatea are loc dacd si numaidacsa=b=c=2".

Problema181.

Solve equation

2X +14 X/ X2 +2+(x+1)\/x2 +2x+3=0.

MathAtelier 8/2024
Solutie.

Lema.

Notanda=vX?+2sib=+x?+2x+3avema? =x*+2,b? =x?*+2x+3 =b?-a? =2x+1 =

a
= X= T si ecuatia se scrie:
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2_ 2_ 2_ 2_
bz—a2+b—al-a+ b—al+1 b=0 <:>(bz—az)[1+la+lbj+i(b—a)=0 N
2 2 2 2 2

<:>(b—a){(b+a)(1+a7m+%ﬂ:0 o b-a=0<b=a o XC+2x+3=VX+2 <

<:>2x+3=2<:>x:_?1.

Deducem ca X = — este solutia unica a ecuatiei.

Remarca.

Let A > O fixed. Solve equation

IX+1+XUX2+ A +(x+1)\/x2 +AX+A+1=0.

Marin Chirciu

Solutie.

-1
Deducem ca X = Teste solutia unica a ecuatiei.

Problemal82.
IfX>0 then
xe* +e* +2x N xe " +e " +2X S 4x
X+1+2e* X+1+2e™*  x+1
MathAtelier 8/2024
Solutie.
Lema.

IfXx>0,teR then

xe' +e' +2x S 2X
X+1+2e'  x+1°

Demonstratie.

xe' +e' +2x S 2X

—2 = (X—l)2 > 0,cu egalitate pentrux =1
X+1+2e X+1

Folosind Lema pentrut = Xsit =—X i adunand cele doua inegalitati obtinute rezulta:
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xex+ex+2x+xe*x+e’x+2x S 4x

X+1+ 2" X+1+2e™  x+1
Egalitatea are loc daca si numai daca X =1.
Remarca.

1). IfX>0 and A >0 then

Xe” +e +2x+ixe +e t2X22(1+1) X .
X +1+ 2e* X+1+2e7* x+1
Solutie.
Lema.
Ifx>0,teR then
xe‘+et+2x> 2X
X+1+2e'  x+1°
2).IfX,y,2,4 20 then
xy+y+2x+/1xz+z+2x22(/1+1) X -
X+1+2y X+1+2z2 X+1

Dezvoltari, Marin Chirciu

Solutie.
Lema.
IfX,t >0 then
Xt +t+2X S 2X
X+1+2t  x+1
Problemal83.

Ifa,b e R,3ab>1 then

1 1 3
——+ <=,
a+1 b °+1 2

Mathematical Inequalities 8/2024, Nguyen Minh Tho, Vietnam

Solutie.

a21+1+ b21+1 Sg =N 2(a2 +b? +2) < 3(a2 +1)(b2 +1) & 3a’h*+a’+b* >1,
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abz1

SOS
care rezults din3a’b® +a’ +b* > 3a’b?*+2ab > 3%+2-:—]3' =1.

Egalitatea are loc dacd si numaidacda=b =

i

Remarca.
1
Ifa,be R,3ab>1and A > éthen

1 1 6
——+—5—< :
a+1 b°+21 31+1

Marin Chirciu
Solutie.

1 1 6
+ <
a’+1 b*+1 31+1
6a’h’ +(34-1)(a’ +b*)2 24,

< (31 +1)(a2 +b? +2/1) < G(a2 +/1)(b2 +/1) o

abz1

care rezults din 6a°b? +(3/1 —1)(a2 +b2)S§S 6a’h? + 2(31 —1) ab 236%+ 2(3&—1)-% =2A.

1
Egalitatea are loc dac3 si numaidacda=b= ﬁ .
Problemal84.
Ifa,b>0,a+b=2 then
1 1 8

1< + <-—.
ai+l b*+1 7

Mathematical Inequalities 8/2024, Nguyen Minh Tho, Vietnam

Solutie.

Cu substitutia (a, b) = (1— X, 1+ X) ,—1< X <linegalitate se scrie:

1 1 8

1< s+ —<=.

(I-x)+1 (1+x)+1 7
Inegalitatea din dreapta L T+ L 3 < §
(I-x)"+1 (1+x)+1 7
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1 1 8 1 1 8
7 T 7 S5 > 3T 3 ST &
(1—x) +1 (1+x) +1 7 2-3X+3X"=x° 24+3x+3x+x° 7

2
4+332++63’;4 " g% & M -12x +9x2 220 & (x2 -2)(2x* 1) <0,

care rezultd din(X2 —2) <0, vezi X<1<\/§.

1 1 1
Egalitatea are loc dacd si numaidacd X=—= < (a,b) = (1——,1+—].
N R GV S

1 + 1 >1.

Inegalitatea din stanga (1 X)3 +1 (1+ x)3 +1

1 1 1 1
3 + 3 2le > 3t 5 3 >le
(l—x) +1 (l+x) +1 2-3X+3X°—x> 24+3X+3x°+X

4+6x%° s o , Sl a
173 13 =21 X7 —=3x" +3x 20<:>x(x —3X +3)20,
+3x°+3x" —x

care rezultd din(x4 —3x%? +3) >0,veziA=9-12=-3<0.
Egalitatea are loc dacd si numai dacd X =0 < (a, b) = (1,1) )

Remarca.

Ifa,b>0,a+b=2 andOSﬁSgthen

1 1 2
+ > .
a®+1 bP+1 A+l
Marin Chirciu
Solutie.
Cu substitutia (a, b) = (1— X, 1+ X) ,—1< X <linegalitate se scrie:
1 1 2
—+ >
(I-x)+24 (1+x) +4 A+l
1 1 2 1 1 2
+ = A 7 s 7 32
A+1-3x+3X"—x" A+1+3x+3x"+x° A+1

(1—x)3+/1 (1+x)3+l_/1+1
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2/ + 2+ 6X°
= >
A2 +22+1+(62-3)x* +3x" =x*  A+1

<X -3 +(6-31)x* 20 <

& x*(x"-3x*+6-31)20,
care rezultd din(x4 —3x? +6—3l)20, vezi A :9—4(6—3/1):122—15S 0.

Egalitatea are loc daca si numai dacd X =0 < (a, b) = (1,1) )

Problema185.
Ifa,b,c >0 then

2 2
ab b ca
—+—+-——>ab+bc+ca.
c a b

www.mateinfo.ro

Antalya MO 2008

Solutie.

LHS = Z sz ¢ Cs(ébc) = bc=RHS.

Egalitatea are loc dacd si numaidacda=b=c.
Remarca.

Ifa,b,c >0 then

312 3.2 3,52
1)ab AL +C; 2%(ab+bc+ca)2.

Solutie.

b3 2 b3 3 Holder (ZbC) 1

LHS =3 ==Y~ > Sac g(Zbc)zzRHs.

Egalitatea are loc dacd si numaidacda=b=c.

41,3 4.3 4.3
2). ab +bc LLa zl(ab+bc+ca)3.
c a b 9

Solutie.
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LHS b4c3 b4C4 Holder (ZbC)4 1 b 3 RHS
= — > —_—— =
2 a 2 ac 9> ac 9(Z C) '

Egalitatea are loc dacd si numaidacda=b=c.

3).

a™p" b"™%c" c¢"™a" ab+bc+ca
+ + b >3 3 ,neN
c a

Dezvoltari, Marin Chirciu

Solutie.

a b c
Pentrun =0avem —+— +B >3, veziAM-GM.
cC a

Pentrun e N se foloseste inegalitatea lui Holder.

n+1 n
LHS :Zb 1C _ Zb 1C 1 Hoger (ZbC) _ 3[:1[1 (Zbc)n :3£23bC] —RHS .

a ac 3y ac

Egalitatea are loc dacd si numaidacda=b=c.

Remarca.
In AABC
tan? —tan —
>1
2R
tan —
Marin Chirciu

Solutie.
Lema.

2
2 252 cs yz
LHS:ZyxzzzyX: 2<§:xz> =3 yz=RHS.

B C
Se cunoaste identitatea in triunghi Ztan Etan —=1.

A B
Folosind Lema pentru (X, Y, Z) = (tan E ,fan E ,fan %j obtinem:
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,B._C
tan® —tan— B C
LHS = —2—2> 3 tan—tan = =1=RHS.
. 2 2
anE

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema186.

Ifa,b,c>0,1+l+1:5then

a b c
> 5b-1{5c-126.
Antalya MO 2008

Solutie.
Lema.
Ifa,b,c >O,1+1+£=5then

a b c

\Bb-1+5c-1> 24’@.

Demonstratie.

e (T e FE

:2\/%'% :2\/a3C_ ? JE

Folosind Lema obtinem:

LHS =3 V501501 > 32 Nfbc wean 3] —6=RHS.
a

Egalitatea are loc dacd si numaidacda=b=c=

;

Remarca.

1). Ifa,b,c,ﬂ>0,1+l+1:lthen
a b c
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> ab-1Jic-1>6.
2).Ifa,b,C>0,1+l+£:1then
a b c
> Vb-1Jc-1>6.
3).|fa,b,c>0,1+l+£:2then
a b c
> J2b-1J2c-1>6.
4).Ifa,b,c>0,1+1+£=3then
a b c
> J3b-13c-1>6.

Dezvoltari, Marin Chirciu

Problemal87.
Ifa,b,c>0,a+b+c=3then

3

z a1
ab+ 2bc

Mathematics(College and High School)8/2024, Amir Sofi, Kosovo

Solutie.

3
Hs=y & %" (22) i 3
ab +2bc

~ 3D (ab+2bc) - 3-3> bc - > be

@
>1=RHS, unde (1) &

N Z3b021<:> 3> b @@zzwc <:>(Za)2 >3) bc < Y a’>> bc.

Egalitatea are loc dacd si numaidacda=b=c=1.

Remarca.

Ifa,b,c>0,a+b+c=3and A >0then

Za3‘>3

ab+ibc A+1°

Marin Chirciu
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Solutie.

3
LHs =y & "% 28 __ & 9 93
ab+Abc — 3> (ab+4bc) 3-(A+1)> bc (A+1)> bc  A+1

=RHS,

9 93
(/1+1)Zbc_}t+1c> > be

= (Za)2 >3) bc < Y a’=> bc.

Egalitatea are loc dacd si numaidacda=b=c=1.

unde (1) <

2
21@322bc<:>@22bc<:>

Problema188.

IfX,y¥,2>0,X+y+2z=1then

Z:x(x+2y)2 >1> > xx+2y.

Mathematical Inequalities 8/2024, Nguyen Viet Hung, Vietnam

Solutie.

>xx+2y = > xyx? +2xycis\/2xz X2 +2xy 4/ 1.1 =1

Egalitatea are loc dacd sinumaidacaX=y=2z2=—

3
Zx(x+2y)2 :Zx(y+1—z)2 :Zx(yz+zz+1+2y—22—2yz):2x(y2+22)+Zx—6xyz -

ZZXV(YH)JFZX—BXYZ:ZXZYHZX 9xyz = pq+p— 9r(;)1

p=1
unde (1) < pg+p— 9r>1<:> pg+1-9r >1 < pq=9r, vezi

AM -GM AM -GM

p=x+y+z > 3xyz=3/r q=xy+yz+2x > 3§xy*z* = =3r? = pg>or.
Am folosit mai sus pqr -Method:
Am notat: p=X+Y+2=10=Xy+YZ+2X,I = Xyz.

Egalitatea are loc dacd sinumaidacdX=y=z2=—.

Remarca.

IfX,Yy,2>0,x* +y*+2* =3and A > O then
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D XX+ Ay <3JA+1.

Marin Chirciu

Solutie.

ZX«[X—I—/iy :Z\/; ,XZ +_ﬂxy CES\IZXZ<X2+/1XY) =\/3-Z(X2+/1xy) _
=B+ 20y B+ 43¢ =B (A +D) XX =B\ [4+1)3=3Va+1

Egalitatea are loc daca sinumaidacaX=y=z2=—.

Remarca.
In AABC
1(1 2)_1
» 2iiE)
Solutie.
Lema.

IfX,y,2>0,Xx+Yy+2z=1then

ZX(X+2y)221.

Solutie.

) CBS 2 2\2
>x(x+2y) > ox = (D x(x+2y)) :((Zx) ) =1.
Egalitatea are loc dacd sinumaidacaXx=y =z = 5 .

) ) o 1 1 1 1 r r r
Se cunoaste identitatea in triunghi—+ —+ —=— <& —+—+—=1.
L r r.r L r r

r r
Folosind Lema pentru (X, Y, Z) = (—, ,—J obtinem:
I r

ZL(LQLIZMZ%LETZ%

r,\r I r

a a a

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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Dezvoltari, Marin Chirciu

Problema189.
In AABC

r (a—b)2 +(b—c)2 +(c:—a)2 1

—+ <—.

24Rr 2
Mathematical Inequalities8/2024, Nguyen Minh Tho, Vietnam

Solutie.
Lema.
In AABC

(a-b)’ +(b—c)’ +(c-a) = 2(p®—3r*~12Rr).
Demonstratie.
> (a-b)’ =2Y"a*-2) ab=2-2(p’—r’ —4Rr)-2(p*+r’+4Rr)=2(p>~3r’ ~12Rr)
Am folosit mai sus »_a’ =2(p® —r’ —4Rr) > ab=p®+r® +4Rr.
Folosind Lema obtinem:

T, (a-b)’ +(b—c)* +(c—a)’ _r, 2(p*-3r® —12Rr) el 4R’ +4Rr +3r? —3r® —12Rr _
24Rr R 24Rr R 12Rr

Re2re'l 1 Roan).

R 12Rr R 3r 2 3r

r 4R?-8Rr r
+ =

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2 2 2
) L+(a—b) +(b-c) +(c-a) _1(1 Lj
24Rr 3 R
Solutie.
Lema.
In AABC
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(a-b) +(b—c) +(c—a) = 2(p®—3r*~12Rr).

Folosind Lema obtinem:

T, (a-b)* +(b—c)* +(c—a)’ _r, 2(p*-3r* ~12Rr) Gereen r 16Rr —5r° —3r* —12Rr _
24Rr R 24Rr R 12Rr

r 4Rr-8Rr r R-2r R+r 1( rj

+ = = =— 1+E .

R 12Rr R 3R 3R 3

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2 2 2
2) 1(1+LJSL+(a_b) +(b-c) +(c-a) <1+i(R—2r).
R 24Rr 2 3r

3 R
Solutie.
Lema.

In AABC
(a—b) +(b—c) +(c—a)" =2(p*—3r*—12Rr).

Inegalitatea din dreapta.

T, (a-b)’ +(b—c) +(c-a)" _ T, 2(p*-3r* —12Rr) Gereen 4R® +4Rr +3r° —3r’ —12Rr _
24Rr "R 24Rr " R 12Rr a

2_ _ Euler
r+4R 8Rr:r R-2r £1+i(R—2r).
R 12Rr R 3r 2 3r

Inegalitatea din stinga.

T, (a—b)’ +(b—c)*+(c—a)’ T 2(p*-3r* —12Rr) cereen 1 16Rr —5r? —3r? —12Rr _
24Rr R 24Rr R 12Rr

r 4Rr-8Rr r R-2r R+r 1( rj

+ = = 1+—|.

R 12Rr R 3R 3R 3

3R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

r> 1 r2 (a=b) +(b-c)'+(c-a)’ 1 1
3) ?+?(R—2r)2£?+( ) (16R2r)2 ( )_Z+r_2(R_2r)2
Solutie.
Lema.
In AABC
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(a-b)' +(b—c)" +(c-a)’ :Z[pz(p2 —6r2—24Rr)+9r2(4R+r)2J.

Demonstratie.

> (a-b)' =23 a* 43 ab(a® +b?)+6) a’ :2[p2(p2 —6r2 —24Rr)+9r2(4R+r)2}
Am folosit mai sus Y a‘ = 2[ p*—p(8Rr+6r*)+r*(4R+ r)z]

> ab(a’ +b*)= Z[p4 —4p?Rr —r? (4R+r)2]2a2b2 =p*+p°(2r’ —8Rr)+r’(4R+r)".

Inegalitatea din dreapta:

r2 (a—b)4+(b—C)4+(C—a)4 r2 2|:p2(p2_6r2_24Rr)+9r2 (4R+r)2:|Gerretsen
—+ =—+ <
R® 16R*r? R? 16R’r?

roen 2 2| (4R” +4Rr +3r7 ) (4R + 4Rr +3r 6r* — 24Rr )+ 9r” (4R -+ 1)’ |
S B2 =
SR 16R7r"

r’ 16R*—64R’r+64R*r> r® R”*—4Rr+4r?eier] 1 )
"R 2.2 =—+————— < -+ (R-2r)".
R 16Rr R r 4 r

Inegalitatea din stanga:

2 (a-b)'+(b—c)'+(c—a)’ r2 2| P*(P’—6r"—24Rr)+Or*(4R+r)" | carien
— = —— >
R? " 16R?r? R? " 16R?r? h

Gerretsen 2 2[(16Rr—5r2)(16Rr—5r2 —6r? —24Rr)+9r2(4R+r)1

> —+ =
R2 16R%*r?
r2 r’(16R°—64Rr+64r’) 2 R?_4Rredr? 2 1 2
==t 2.2 =t =+ (R-2r)".
R 16R’r R R R R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

4) 8r(R—2r)£(a—b)2 +(b—c)2 +(c—a)2 <8R(R-2r).
Solutie.

Lema.

In AABC

(a-b)’ +(b—c)’ +(c-a) = 2(p®—3r*~12Rr).
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Inegalitatea din dreapta.

Gerretsen

(a—b)*+(b—c)’ +(c-a)" =2(p*—3r*—12Rr) < 2(4R*+4Rr+3r’—3r’—12Rr)=
=2(4R* —8Rr)=8R(R-2r).

Inegalitatea din stinga.

Gerretsen

(a—b) +(b—c)’ +(c—a)’ =2(p*-3r* —12Rr) > 2(16Rr—5r’—3r’ —12Rr)=
=2(4Rr—8r*)=8r(R-2r).
Egalitatea are loc daca si numai daca triunghiul este echilateral.

5) 32r2(R—2r)2 S(a—b)“+(b—c)4+(c—a)4 332R2(R—2r)2.

Dezvoltari, Marin Chirciu

Solutie.
Lema.

In AABC
(a—b)4+(b—c)4+(c—a)4 :Z[pz(p2 —6r2—24Rr)+9r2(4R+r)2].

Inegalitatea din dreapta:

Gerretsen

(a-b)*+(b—c)* +(c-a)’ :Z[pz(p2—6r2—24Rr)+9r2(4R+r)2} <

Gerretsen

. 2[(4R2 +4Rr +3r?) (4R +4Rr +3r* —6r° —24Rr ) +9r* (4R + r)z} -

~2(16R* —64R’r +64R®r?) =32R? (R? ~4Rr +4r?) < 32R?(R—-2r)"

Inegalitatea din stanga:

Gerretsen

(a-b)"+(b—c)" +(c-a)’ :Z[pz(p2—6r2—24Rr)+9r2(4R+r) } >

Gerretsen

> 2[(16Rr—5r2)(16Rr—5r2 —6r? —24Rr)+9r2 (4R + r)z] -

=2r’(16R* —64Rr +64r*) =32r° (R* —4Rr +4r*) =32r* (R-2r)".

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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Problema190.
If X, ¥ € R then
X'yt + APy 2 3xy (X0 +y7).
RMM 8/2024, Nguyen Hung Cuong, Vietnam
Solutie.

X' +y* +ax’y 230y (X +y7) & X' -3y +4xTy -3y +y' 20 &

2
< (x=y) (¥ -xy+y*)=0
Egalitatea are loc dacad si numaidaca x=Yy.
Remarca.

IfX,y € Rand0< A <4then
1). X" +y* +2(A-1)x°y* 2 Axy (¥ +y?).
2). X* +y*+3x°y* > 2xy(x2 +y2).
3). X* +y* +6x°y° 24xy(x2 + yz).

Dezvoltari, Marin Chirciu

Problema191.
If X,y > 0then
X' +y* \/_ 5
(x + y) X +y 8
RMM 8/2024, Nguyen Hung Cuong, Vietnam
Solutie.

2

1 1

44yt GM -HM Y v 44y &)

LHs = X Y +\/y X' 4y’ x y _X+y 2xy 95
Xty

(x+y)' x+y (x+y) (x+y)4 (x+y) 8

unde (1) <

4 4

Xty 2% 2§<:>3x4—4x3y+2x2y2—4xy3+3y420<:>
4 2

(x+y) (x+y) 8
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& (x—y) (3" +2xy+3y*) =0

Egalitatea are loc dacad si numaidaca Xx=Yy.

Remarca.

IfX,y>Oandﬂ£%then

Marin Chirciu

Solutie.

2
1.1

4 4 GM-HM 4 4
LHS:X+y +ﬂ\/ﬁ S X' +y X

4

> ; > = RHS,
(x+Y) X+Yy (x+Y)

(x+y)4 (x+y)2 8

1

+- 4 4 (€]

y X'+y ) 2xy 42+1
+y

x'+y?

2 2xy 24/1+1<:>

de (1
unde ( )Q(X+y)4 (x+y)2 3

< (T-42)x" —4x°y +2(42-3)X2y* —4xy* +(7-42)y* 20 &
< (x=y) [(7-44)X* +2(5-42)xy +(7—44)y* | 2 0, care rezults dinﬂﬁg,

care asigurd [(7—4&)X2 +2(5—42)xy+(7_4l) y2] 50,

Egalitatea are loc daca si numaidaca X=Yy.

Remarca.
If X, y >0 then
x*+y? . 5 Xy .3
(x+ y)4 4(x+y) 4
Marin Chirciu
Problemal92.
Prove that
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cosl5’
1-sinl5

=tan52,5".

Mathematical Inequalities8/2024, George Apostolopoulos, Greece

Solutie.
Lema.

Prove that

COS X T X
— =tan| —+—|.
1-sinx (4 2)

Demonstratie.

. X
sin—
1+—2
T X X X X . X
T X tanZthanE 1+tanE cos— (:05—+smE
tan(—+—j: X X X X X
4 2 1—tanﬁtan— 1-tan— sin— cosS—-sin—
4 2 1— 2
X
coS—
2
X . X X . X X . .X
cosS——sin— || cos—+sin— 22 sin2 2
( 2 2)( 2 2)_ oS 5 =sin 5 _ cosXx
= : = = .
X . X 2 X .2 X . X X 1-sinx
A _sin? COS” —+SIn“ ——2sIn—Cc0S —

. . . X . X
Egalitatea are sens pentrul—sin X # Osi COSE—SIn —=0.

Folosind Lema pentru X =15 obtinem:

ﬂ:tan(w +7,5")=tan52,5'.
1-sin15%’
Remarca.
Prove that
. ws_lztan82,5".
1-sin75%°
. —CO?’lO =tan50°.
1-sin10°
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L
1-sin5’
.—Egizg——:tan80ﬂ
1-sin70°
5. % _ianas s
1-sinT
Dezvoltari,Marin Chirciu
Problema193.
If X,¥,Z2>0,X+Yy+2z=1then
2
Z X+ Xy 51
y+2
Problem(715)8/21, Konstantinos Geronikolas, Greece
Solutie.
x+xy x+y
LHS =" => + ) (X+Y)= D (x+y)=D(x+Y) —+1 -2 x=
y+2 y+2 y+

V+2 y+12

AM -GM
Sy XY 33/Hﬂ_2:3€/i—2=1= RHS .
y+12 y+12

Egalitatea are loc daca sinumaidacd X=y=zZ=—

=3 (x+y) (—+1j 25 x= Zx+y(wj 2.1= Zx+y[yiz)—2=

Remarca.
In AABC
1)23 r,+r, 21.
(n+r) r
Solutie.
Lema.

If X,y,2>0,Xx+Yy+2z=1then
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2
ZX 5.
y+12

1
Se cunoaste identitatea in triunghi —+ —+—=- & —+—+—=1.
r I‘b r I I’b I

c a

111 r r r
r

c

Egalitatea are loc daca si numai daca triunghiul este echilateral.

h, +h, 1
2). Zsz.

Dezvoltari, Marin Chirciu

Problemal94.
In AABC
5(a+b+c)(ab+bc+ca)> (a+b+c)3 +18abc.
Mathematical Inequalities 8/2024, Pham Le Van, Vietnam
Solutie.

Folosind Za =2p, Zbc = p®+r? +4Rr siabc = 4Rrpinegalitatea se scrie:

5-2p(p*+r +4Rr)=8p° +18-4Rrp <> 5( p’ +r° +4Rr) > 4p® +36Rr < p’ >16Rr —5r
vezi inegalitatea lui Gerretsen.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

1).Letn>4,9n>k +27.I1n AABC

n(a+b+c)(ab+bc+ca)2(a+b+c)3+kabc.

Solutie.
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Folosind Za =2p, Zbc = p? +r’ +4Rr siabc = 4Rrpinegalitatea se scrie:

n-2p(p*+r’+4Rr)=8p°+k-4Rrp < n(p*+r’ +4Rr) 2 4p” + 2kRr <

(n —4) p® > (2k —4n)Rr - nr’, care rezult3 din inegalitatea lui Gerretsen p® >16Rr —5r?,
Ramane sa aratam ca:

(n—4)(16Rr —5r”) > (2k —4n)Rr —nr’ < (10n—k —32)R>2(n—5)r, care rezult din
inegalitatea lui Euler R > 2r.

Este suficient sa aratam ca:

(10n—k —32)-2r >2(n-5)r < (10n—k -32)>(n—-5) < 9n>k+27.

Remarca.

2).Let A 2>5.InAABC

A(a+b+c)(ab+bc+ca)>(a+b+c) +9(1-3)abc.

Dezvoltari, Marin Chirciu

Solutie.
Folosind Za =2p, Zbc = p®+r? +4Rr siabc = 4Rrpinegalitatea se scrie:
A-2p(p*+1* +4Rr)28p° +9(1-3)-4Rrp < A(p* +r° +4Rr) > 4p’ +18(1-3)Rr <
(1—4) p2 > (14/1—54) Rr — Ar?, care rezult3 din inegalitatea lui Gerretsen p2 >16Rr —5r2.
Ramane sd aratam ca:

(A—4)(16Rr —5r%) 2 (144 —~54)Rr — Ar* <> (A —-5)R > 2(2-5)r, care rezults din inegalitatea

lui EulerR>2rsiA>5.
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema196.

In AABC, G -barycenter, X, Y, Z -circumradii of triangles BGC,CGA, AGB. Prove that:

sinA_sinB _sinC
x-m,& y-m z-m_

Mathematical Olympiads, George Apostolopoulos, Greece

Solutie.
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Lema.

In AABC, X, Y, Z -circumradii of triangles BGC . Prove that:

(= &-mm,
3F

Demonstratie.
Avem[BGC]=[CGA]=[AGB] =] - % .

2m, 2m,
abc BG-CG-BC 3 3 2 amm,
4s  4[BGC] AF 3F
3

Rezultdi: X=R =

a

sin A IR
Obtinem = 2R = 3F .
X'ma m.m 2Rmambmc

3F ¢

sinA_sinB _sinC
x-m,y-m z-m_

Deducem

Remarca.

InAABC , G -barycenter, R, R,, R; -circumradii of triangles BGC,CGA, AGB. Prove that:
1.R +R,+R >3(17r2 ~2R?).
203

Solutie.

Lema.

InAABC, G -barycenter, R, -circumradii of triangle BGC . Prove that:

a-mym,
Rl:?'
2(l7r2—2R2)

Sy @ MM LS S 2 _oR?)= _
2R=2 == MM, =2 2p(17r* -2R?) = ™ =

2

=§(17r2—2R2),
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a? —4b? —4c? +9bc

unde (1) < Za-mbmc 22p(17l‘2 —ZRZ), vezimym, > n

7

2a’ —4a(b2 + c2)+9abc
(Crux Math18/1992) = amym_ > 2 =

2a° —4a(b2 +c2)+9abc B 2> a’° —4Za(b2 +cz)+27abc
4 B 4 -

=Y amm >’

° 2_ 2_ - * 2 2_ . erretsen
2 2p(p®-3r*~6Rr)-4 24p(p +r? = 2Rr)+27 4Rrp p(25Rr—5r2—p2)G "

Gerretsen Euler

> p(25Rr —5r° —4R* —4Rr—3r”) = p(21Rr —8r* —4R*) > p(42r® -8r* - 4R* )=

= p(34r® —4R*)=2p(17r* —2R?).

2 2 2 4 2 2\?
2).RZ+R?+R: zﬁ(ﬂr -2R?)".

Solutie.

Lema.

InAABC, G -barycenter, R, -circumradii of triangle BGC . Prove that:

a-mym,
e
a-mm o 1 2(17r* —2R?
D R=> 3; —BFZ -mym, >3|Or 2p(17r2—2R2):%:
=3—2r(17r2—2R2),
[2 (17r? 2R2)T
2R (z R 3 = 274r2 (17r2 —2R?)’".
2 2
3). 3—2r(17r2—2R2)s R +R,+R sR(%:r).

Solutie.
Lema.
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InAABC, G -barycenter, R, -circumradii of triangle BGC . Prove that:

a-mm,

R="3F

Inegalitatea din dreapta.

3F b ¢ 3rp ““bc  3r abc

anaitopo 22 2 2
SR =Y 2T 3an m e 1, Ro Rp_Rp’s-a _Rp 2@

R?p 2(p’-r —4Rr)eerztsenR (4R*+4Rr+3r°—r’—4Rr) R (4R*+2r%)

3r 4Rrp T3 2r 3 2r

R(2R2+r2)
B

Inegalitatea din stanga.

a-mm, o 1 2(17r? —2R?
2R= z Z -m,m, >£ 2p(17r? 2R2)=¥:

=3—2r(17r2—2R2).

4). R +R2

4r2 (172 —2R?)’.

Solutie.

Lema.

InAABC, G -barycenter, R, -circumradii of triangle BGC . Prove that:

a-mm
R1: b c .
3F
2(17r? - 2R?
D R= zamm Z mmgi 2p(17r? 2R2)=M:

3r
:3—2r(17r2—2R2).
- (ZRi) {2(17r ZRZ)} A

. = (17r2—2R?Y".
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1 1 1 _3R
—<—+—+ >
R "R R, R 4r

Solutie.
Lema.

InAABC, G -barycenter, R, -circumradii of triangle BGC . Prove that:

_a'mbmc

R 3F
Demonstratie.
Folosind Lema obtinem:
Inegalitatea din dreapta.

RZpZ
bcm
e e A
R, a-mm, abcm,m,m, 4ARrp-rp® 4r

R2 p2
r
b?c? Gold<stone R? p2

Am folosit mai susm,m,m, > 1,1, =rp’si > bcm, < , vezi

Panaitopol

> bem, < Zbc%: RpZ%:RpZ

abc r

Inegalitatea din stanga.

www.mateinfo.ro

bcm 2 2 Mitrinovic 2 2
Z 5 3F o > L3 B4Rr 2:81r2 o 81r 2:122.
a-mym, abcm,m,m, Rp Rp R_27R R
4

R 2
Am folosit mai sus m,mym, < Tp si »_bem, >54Rr?, vezi

Chebyshev 1

> bem, > Zchm >— 18Rr -9r =54Rr?.

1 1 1 _48r'
6) 5+ —S+—5=2—
Rl RZ RS R

Solutie.

Lema.

InAABC, G -barycenter, R, -circumradii of triangle BGC . Prove that:
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— a'mbmc
R="3F
Obtinem:
Z Z 9F2 = 2 szczm: > 9F2 972R2I’4 _ 2187r4 Mitrgovic
z = 2 712 52 — ak >
a mm bcmmm 16R2r2p2.R7p RZp
4

Mitrgovic 2187[’4 ~ 48r4

R2 . 27R2 2 RG

4

Am folosit mai susm,mym_ < 2 vezi

Chebyshev 1

b
> bem, > Zchm >— 18Rr -9r =54Rr?si »_b’c’m? >(Z Cm) .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

5
7). 4Rr’ <RR,R, < %.
r

Solutie.

Lema.

InAABC, G -barycenter, R, -circumradii of triangle BGC . Prove that:

a-mm,

R="3F

Inegalitatea din dreapta.

Rp 27R?
4Rr 3.
HRl Ha m m abC(mamme)z < p( 2 J _ R3 pZ MitrEOVic R 4 _ RS
27F8 - 27p%t 27r 27r? 4r%’

N Rp’
Am folosit mai susm,mm, <——.

Inegalitatea din stanga.

2
a-mm, _ abc(mm,m, * _4Rrp(rp®)  gRp? wirinovic 4R . 27y
1R = H (m,m,m, ) > ( ) _akp ™

> > = > =4Rr?.
27F 27p°r 27 27
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Am folosit mai susm_mm, =, Lr. = rpz.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3R°
8). 6Rr£R1R2+R2R3+R3R1£—8 -
r

Solutie.
Lema.

InAABC, G -barycenter, R, -circumradii of triangle BGC . Prove that:

_amm

R 3F

Inegalitatea din dreapta.

Rp®
b.mcma C.mam mam mC Panaitopol T
LRR =2 o e T TR 2o = gEr b

R? 27R®
_ Rzp ' szcz God<st0ne Rzp . 4R2 p2 B R3p2 Mitrzovic 4 B 3R5
18r> abc  18r® 4Rrp  18r°

B 18r3 8r®’

2
Rp$
2

Am folosit mai susm,m,m_ < iZ:bZC2 < 4R?p?(Goldstone).

Inegalitatea din stanga.

ZR2R3 :zb-mcma c-m,m, _mmm Zbc'ma S

3F 3F oF* ar’p
s 2R
~ R?p . szcz Goditone R%p ‘ 4R%p? ~ R®p? Mitrzovic e 3RS
18r> abc  18r*> 4Rrp 18r° 18r° 8r®’

Am folosit mai sus :m.mm_>r.Lr. =rp’si Zbcma >54Rr?, vezi

Chebyshev 1

> bem, > §Zbc2ma2%-18Rr-9r:54Rr2.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema197.

Dezvoltari, Marin Chirciu

Rp _Rp®-Rps-be _
a 18r%p? 2 a

rp
T -54Rr? =6Rr
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Evaluate
e -1
ITdX’XER
e +1
Solutie.
2X u=e2*
F= ez—ldx:j 1- 22 dx:x—ZI?_d—X = x—f du
e +1 e +1 e +1 u(u+1)

2Xx

=x—(|nu—ln(u+1))=IneX—InL:IneX—In I

u+1 2

€ €

|

" e” -1
In final [ ——dx =1In(e* +e™)+C.
e” +1

Remarca.

Let A > 0. Evaluate

www.mateinfo.ro

MathOlymp 8/2024

ezx:rlJ =In(e*+e™).

e
1). dx,xeR
) J‘e2X+ <
)
2).J‘3X4dX,XeR
e+ A
e™ -1
3). TdX,XER,n>O
e"+ A
Dezvoltari, Marin Chirciu
Solutie.
Pentru A :Oobtinemjdx =x+C.
in continuare fie 4 >0.
F:_[e _ﬁdx:j(l— 24 jdx:x—Z/lj‘ dx = _24 d—u: 2 (l—i u=
e™+1 e™+1 e™+ 4 nYu(u+4) n‘lu u+a
2
x e™ + A
:x—g(lnu—ln(u+/1))=IneX—gInL:Inex—gln € _In( )=
n n u+A4 n e"+1 g*
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2 nx
=Eln(e +/1)—x.

e:_/Idx:gln(e”x+/1)—x+c.
e"+A n

n finalj
Problema198.
Ifa,b,c>0,a®+b?*+c?+abc =4then

a+b+c+2(ab+bc+ca)+3abc<12.

IneMath8/2024, Marin Chirciu
Solutie.
Lema.
Ifa,b,c>0,a?+b?+c?+abc =4then
a+b+c<3;
ab+bc+ca<3;
abc<1.
Demonstratie.

Cu substitutia (a, b, C) = (2COS A,2cos B, ZCOSC), AABC =acute, obtinem:
r Euler 3
a+b+c=2) cosA=2 =] s 22=3.

2 2 _ 2 Gerretsen
ab+bc+ca:4ZcosBcosC:42pJrrR—z4R < .%:3,

p2 _(2R + r)z Gerztsen 1

abc=8HcosA=8- R 8-§=1.

Folosind Lema obtinem:

Lema

LHS =a+b+c+2(ab+bc+ca)+3abc < 3+2-3+3:1=12=RHS .

Egalitatea are loc dacd si numaidacda=b=c=1.

Remarca.

Ifa,b,c>0,a?+b?+c?+abc =4then
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1). a’ +b* +c” +3(ab+bc+ca)+5abc <17.

2). Y’ (a2 +1) >6.

Marin Chirciu
3). a’ +b*+c* > 3;
Demonstratie.
Cu substitutia (a, b, C) = (2COS A,2cos B, ZCOSC), AABC =acute, obtinem:
a’+b’+c?=4) cos’ A=4- 6R” +4Rr:r r-p’ Ger;tsen4-§ =3.
2R 4
4). > a*">3,neN.
Marin Chirciu

Solutie.

Folosind @ +b? +¢? > 3 obtinem:

2\" n
Zaznczs(%ni) < 33;_1 =3.

Lema

LHS =) a'+> a’ > 3+3=6.

Egalitatea are loc dacd si numaidacda=b=c=1.

Problema199.

If f (X) =e”* 4+ 2X+1then evaluate

.[ f(x)dx.

N

MathOlymp8/2024, Elton Papanikolla
Solutie.

FolosimYoung identity extended:

Daca f :[a,b] - [C,d], f derivabils, f'(X) eR",Vxe [a,b], f (a) =c, f (b): d, atunci:
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b d
If(x)dx+I f*(x)dx=hd —ac.

n cazul nostru:

f:[0.1]>[2,e+3], f(x)=e*+2x+1, f(0)=2,f(1)=e+3, f'(x)=€"+2>0.

Rezulta:

e+3

jf(x)dx+ j f*(x)dx=(e+3)-1-0-2=e+3.

jf(x)dx:_l[(ex+2x+1)dx=(ex+x2+x)(1)=e+2—1=e+1.
0

0

e+3

Obtinem '2[ f*(x)dx=(e+3)—(e+1)=2.

Remarca.

1).1f f (x) =€ +3x? +1then evaluate

e+4

Obtinem J; f*(x)dx=(e+4)—(e+1)=3.

2).If f (X) =€* +4x° +1then evaluate

e+5

I f(x)dx.

2

e+4

Obtinem JZ. f*(x)dx=(e+5)—(e+1)=4.

3).If f (X) =e*+nx""+1,n>2then evaluate

eTl f(x)dx.

2

e+n+l
Obtinem j f*(x)dx=(e+n+1)—(e+1)=n.

2

www.mateinfo.ro
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4).If (X) =e* +3x% + 2X then evaluate

e+5
Obtinem j f*(x)dx=(e+5)—(e+1)=4.
1
5).1f f (X) =" +nx"" +(n+1)X",n > 2 then evaluate
e+2n+1

f(x)dx.

1

e+2n+1
Obtinem _[ f*(x)dx=(e+2n+1)—(e+1)=2n.

1

6). If f (X) =e* 4+ 2x +3x’ then evaluate

7). If f (X) =e* + 3% + 4x°then evaluate

e+7

Obtinem Jl. f*(x)dx=(e+7)—(e+1)=6.

Problema200.

Solve in real numbers

3JY+z+2\x-y+Vz-x=12+7.

www.mateinfo.ro

Dezvoltari, Marin Chirciu

MathOlymp 8/2024, Miguel Velaquez Culque

Solutie.

Cu substitutia(\/y+Z,\/X—y,\/Z—X)=(a,b,C)avema2 +b?+c?=2zsi3a+2b+c=2+7.
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Obtinema’ +b? +¢? =2(3a+2b+c) < (a—3) +(b—2)° +(c-1)" =0 < (a,b,c)=(3,2,1)
< (xy,2)=(6,2,7).

Deducem c3 (X, Y, Z) = (6, 2, 7) este solutia ecuatiei.

Remarca.

1). Letn,m,k € R fixed. Solve in real numbers

n\/y+z+m\/x—y+k\/z—x:z+%(n2+m2+k2).

Solutie.

Cu substitutia<\/y+Z,\/X—y,\/Z—X):(a,b,C)avemaz +b*+c? =27 &
< a’+bi+ct+n’+m? +k? :22+n2+m2+k2$ina+mb+kc=z+%(n2+m2+k2).

Obtinema® +b? +¢? +n? +m? +k? =2(na+mb+kc) < (a—n)* +(b—m) +(c—k) =0 =

2 2 2 2 2 2 2 2 2
(00)=(0m) e (1) = T T T

2 2

n®+m?+k?
2

n>—m? -k
2

n®+m?—k
2

Deducem ca (X, Y, Z) :( j este solutia ecuatiei.

Remarca.

2). Let A € R fixed. Solve in real numbers

(A+D)Yy+z+AJX—y +z—x =2+ 2>+ A +1.
Deducem ca (X, Y, Z) = (2,2 + A, 4,47 +/1+1) este solutia ecuatiei.

Remarca.

3). Let A, n € R fixed. Solve in real numbers:

(A+N)Y+Z+AX=y +Mz—X =2+ A"+ An+n’.
Dezvoltari, Marin Chirciu

Deducem ca (X, Y, Z) = (/12 +An,An, A+ An+n? ) este solutia ecuatiei.

Problema201.
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In acute AABC
. 93
D (sinA+tan A)> i .
2
RMM 8/2024, Nguyen Hung Cuong, Vietham
Solutie.

. T
Functia f (X) =sInXx+tanx,X e (O, Ej este convexa, vezi f '(X) =COS X+

] 2
f = -11>0.
(x) sin X(cosgx j>

LHS =" (sin A+tan A) > 3f (LEJFCJ=3f (%j:#: RHS.

cos? x

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC
. A A 3
1). sin—+tan— |>—+4/3.
)Z( 2 2) 2 J_
Solutie.

) T
Functia f (X)=sinx+tanx, x e (O, Ej este convex3,

©
o1&

A A
2). coOS— +Ccot— | >
) Z( 2 ZJ
Solutie.

. z .
Functia f (X)=cosx+cotx,x e (O, E) este convex3,

3). > (cos A+cot A)> g ++/3, acute.

Dezvoltari, Marin Chirciu

Problema202.

Ifa,b,c >0 then
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> a*+3> a%’ > ZZab(a2 +b2).

Mathematical Inequalities 8/2024, Le Thu, Vietnam

Solutie.

Folosim (Z a2)2 =>a*+2> a®’si (Zab)2 =>"a’h”+2abc) a.

Inegalitatea se scrie:

(Zaz)2 ~2Y a%’+3) a’h’ 22y ab(a’+b’) < (Zaz)2 +Y a%h’ 22y ab(a’ +b?) <
SN (Zaz)2 +y a%h’ 22) ab(a’ +b’*) < (Zaz)2 ~2>'a’> bc+>.b*c* 20 &

< (Xa? —Zbc)2 >0, cu egalitate pentru >_a* = > bc < > (a-b) =

Egalitatea are loc dacd si numaidacda=b=c.
Problema203.

IfX,y,2>0,X+Yy+Z=23Xyz then

D N3 +1<2) yz.

THCS 8/2024, Pu Tin Dao, Vietnam

Solutie.
Lema.
IfX,y,Z>0,X+Yy+Z=23Xyz then
V3X? +1<1+1(5+5j
2\y 2z

Demonstratie.

AM GM
v ,2x+y+z /x+y (x+2) 1 x+y x+zj 1+£(5+§j'
z 2\y z

. X+Y  X+2
cu egalitate pentru X+ Y + Z = 3XyZ si = & y=17ZsiX+2y=3xy’.
Yy z

2
LHS =z\/3x2+1L§ %Z(§+§+Z]=%ZX(£+1]+§=£Z§(y+z)+g=%zw+§=

y z) 2 2 yz 2
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e

x(y?+12°) L3 1Zx2yz 3 SZy 3 22y2+ Zyz_ZZyz—RHS

Xyz 22 Xyz

Egalitatea are loc dacd si numaidacax=y=2z=1,

Problema204.

IfX,y,2>0,X+Yy+2Z=Xyzthen

Solutie.
Lema.

IfX,y,Z>0,X+Yy+Zz=Xyzthen

Demonstratie.

2> X +1<3+> yz.

THCS 8/2024, Pu Tin Dao, Vietnam

o 1< X+ %40,
y z

X+VY)(X+2)AM-Gm
2 Xz+1:2/X2M+1=2/w SMXEY XHZ X X
Xyz yz y 2y 1

LHS = zszTz(_+ +2j ZX[—+—]+6 Z y+2)+6= z(y+z)z+6=

yz

_Z (y +Z) GZ%JJ:ZNLLB:RHS.

Egalitatea are loc dacd sinumaidacaX=y =17 = \/§

Remarca.

IfX,Y,Z2>0,X+Yy+2Z=Xyzthen

Solutie.

Lema.

SH\/ES (1+%Z yz}s.

Marin Chirciu
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IfX,y,Z2>0,X+Yy+2Z=Xyzthen

o 1< X+ %40,

LHs=H2\/x2+1Lesma]‘[(§+§+2yMéGM y ? _ y _

_ 3 \
- %} :[1+%Zyz} =RHS.

Egalitatea are loc daca sinumaidacaX=y =2 = \/§

Problema205.

Ifa,b,c>0,a+b+c=23abcthen

bc
3a+hbc+abc

2.

>3,
5
MathOlymp 8/2024, Elton Papanikolla
Solutie.

. 111) . .
Cu substltutla(x, Y, Z) = —,B,— inegalitatea se reformuleaza:
a C

IfX,y,Z2>0,Xy+YyzZ+zX=3then

X 3
Y ety

X+3yz+1

Demonstratie.

Folosim pgr -Method.

Notim p=X+Y+2Z,q=Xy+YzZ+2X=3,I = Xyz.
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e (X (XN

LHS =3 S P—

x+3yz+1 X +3xyz+x_Z(x2+3xyz+x)_Zx2+9xyz+2x:
2
p >3 _RHs,

p -29+9r+p 5
2

unde (1) < P >3 s 2p?_3p+602 27r & 2p?—3p+183 271,
p°-2q+9r+p 5

AM -GM
care rezulti dinr sg, vezi3p=Y xy> X > 3Yxty*z?-3Yxyz =9xyz=9r =r< %

Este suficient sa aratam ca:
2p2—3p+18227-§ © 2p’-12p+1820 < (p-3)° 2 0.

Egalitatea are loc dacé sinumaidacix=y=z=1<a=b=c=1.
Remarca.

Ifa,b,c>0,a+b+c=3abcand A >3then

bc 3
2

> )
Aa+bc+abc A+2

Marin Chirciu

Solutie.

_— 111) . .
Cu substltutla(x, Y, Z) = —,B,— inegalitatea se reformuleaza:
a C

IfX,y,z>0,Xy+yz+zx=3then

Z X 3

> .
X+Ayz+1 A+2

Demonstratie.

Folosim pgr -Method.
Notdim p=X+Yy+2Z,0=Xy+YZ+2X=3,r = Xyz.

e (XX (XX

XA AXYZ+X D (X + Axyz + X) I +3Axyz+ Y X -

LHS =) =>

x+iyz +1
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2 @
P 93

=— > =RHS,
p°—-2q+3Ar+p A+2

p* 3
>
p°—2q+3Ar+p A+2
(A-1)p®-3p+18=>94r,

=3
unde (1) & o (A-1)p*-3p+6q>9Ar &

AM -GM

carerezultédinrﬁg,vezi?:p:ZXyZX > 3\/ﬁ3\/_—9xyz—9r:r<2
Este suficient sd ardatam ca:

(2-1) p2—3p+1829/1-§@(/1—1) p?-3(4+1)p+1820 < (p-3)[(4-1) p—6]>0,
care rezultd din p > 3, vezi p2=(x+y+z)223(xy+yz+zx):3~3=9:> p>3.
Avem[(A—1) p—6]>0pentrur>3.

Egalitatea are loc dacé sinumaidacix=y=z=1<a=b=c=1.

Problema206.
In AABC
3 24 " E4 >18Rr
RMM 8/2023, Mehmet Sahin, Turkey
Solutie.
Lema.
Ifa,b > 0then

a‘+b* N a’ +b?
a?+b* 2

Demonstratie.

a*+b* N a’+b?
a?+b®> 2

2
& (a2 —b2) >0, cu egalitate pentrua=>.

a +b Lema a2+b2 2Lema
LHS = Za T >y 5 =Y a’ > 18Rr =RHS.

Remarca.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — SEPTEMBRIE 2024 www.mateinfo.ro

In AABC
n+2 bn+2
Y2 2 >18Rr,neN.
a"+b"
Marin Chirciu
Solutie.
Lema.

Ifa,b>0andn e Nthen

2+bn+2 3.2+b2
>
a"+hb" 2

Demonstratie.

an+2+bn+2 N a2+b2 <:>(a2_b2)(

a"—-b" ) > 0,deoarece factorii au acelasi semn.

a"+b" 2
b”+2 Lema a2 +b2 Lema
LHS = > =Y a? > 18Rr =RHS.
)
Problema207.

Ifa,b>0,ab=1then

4
a’ +b?

>8.

(a®+b*)(a+b+1)+

RMM 8/2024, Nguyen Hung Cuong, Vietham

Solutie.

4 AM -GM
LHS:(a2+b2)(a+b+1)+a2+b2:(a2+b2)(a+b)+(az+b2)+a2+b2 >
M 2ab. 2\/_+2\/(a2+b2)- 4 _2.212.2=8=RHs.

a+b

Egalitatea are loc dacd si numai dacda=b =1.
Remarca.

Ifa,b>0,ab=1and A >0 then

44
a’+b?

(a2+b2)(a+b+2)+ >4(A+1).
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Marin Chirciu
Solutie.
LHS =(a’ +b2)(a+b+/1)+af’—jl)2 =(a*+b*)(a+h)+A(a’+b*)+ a;‘sz o
s 2ab-2@+21\/(a2+b2)- = jbz —2.2421-2=4(A+1)=RHS.
Egalitatea are loc dacd si numaidacda=b=1.
Problema208.
IfX,y,2>0,Xx+Yy+2z=1then
>, t .t
JX+HY  |/2xyz
MathOlymp 8/2024

Solutie.

CBs 1

1 @ 1
LHS =) —— < |3 <——=—=RHS,
Zq/x+y Zx+y w/nyz
unde (1)< 3D t 1 <3 ! sicﬂ% igi@
X+Yy ﬂ/2xyz X+Yy 2xyz 1-z 2xyz

2(1-x)(-y) _ 1
[T@a-x) "~ 2xyz

Folosim pgr -Method.

=3

Notdm p=X+Yy+2=1,0=Xy+YyzZ+2X,I = Xyz.
Avequ%,vezil%q:C’>leyS(Z:X)2 =1=q<

2 2
Avemrs%,veziq2 =(ny)2 >3xyzy X =3rp=3r :rs%.

1-x)(1-
Obtinem3Z( J y)< 1 <:>3~1+—qsi<:>6(1+Q)S

< -1.
[T@-x) 2Xyz q-r 2r

= |
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2
Folosind r < % , pentru 6(1+ Q) < ——leste suficient < 6(1+ q) < %_1 <

q
3

= |

< 60°+79—3<0 < (39-1)(29+3)<0 @(3q—1)£0,veziqS%-

Egalitatea are loc dacd sinumaidacaX=y =2z = 5 .

Remarca.
In AABC
1
1. T is \/g_r
L h
Solutie.
Lema.

IfX,y,2>0,Xx+Yy+2z=1then

1 1
< .
2\/x+y J2xyz

) ) . 1 1 1 rr r
Se cunoaste identitatea in triunghi —+ —+ —=— < —+—+—=1,
r, L I r r, b I
. r rr .
Folosind Lema pentru(X, Y, Z) =| —,—,— |obtinem:
ra rb rc
1 1 1 1 1 1
> < =3 — < _ = — <&
r r r r r
-+ 20— 4+ 2r — 4+ — ZLZ
r,on r,rr non rrr, b rp
1 p
= < .
D T
r-a rb

. . 2
Am folosit mai susr,rr, =rp-.

www.mateinfo.ro
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Dezvoltari, Marin Chirciu

Problema209.

Ifa,b,c>0,abc=1then

1 11 b° +c°
ST ) 26
a b c a®(b®+c*)
RMMS8/2024, Nguyen Hung Cuong, Vietnam
Solutie.
Lema.

Ifa,b,c >0 then

5 5
b’ +c >1

bric) a

b®+c® _ b?+c? 2 b®+c° b’+c®>_2bc bc abc 1
Di > < (b-c) 20> > > =—=—"="
e 2 (b=c) a’ (b3 + c3) 2a°  2a° a® a* a*

b+C Lema 1 1AM -GM
LHS = Z Z R ([6+0) Zg* \/abc+3\/ - =3+3=6=RHS.

Egalitatea are loc dacd si numaidacda=b=c=1.
Remarca.

1).Ifa,b,c>0,abc=1and A >0then

a b c

b®+c° 111
ZMJJ{_JF +—) 3(A+1).

Solutie.

Lema.

b +C ] Lema 1AM GM 1 1
LHS = Z (b3+C ) ’12— = Z lz_ = \/ a’b*c? +343

abc
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=3+31=3(2+1)=RHS.

Egalitatea are loc dacd si numaidacda=b=c=1.
Remarca.

2).1fa,b,c>0,abc=1andn e Nthen

Solutie.
Lema.

Ifa,b,c >0 then

Demonstratie.

bn+2 +Cn+2 bZ +C2
Avem > = (b2 —Cz)(bn —C”)Z 0, deoarece factorii au acelasi semn.
b" +c" 2
L b™ 4+c™ _b?+c®_ 2bc bc abc
Rezulta > > = =

> > =—=——=—, cu egalitate pentrub=cC.
a’(b"+c")  22° 22 a' a' a

bn+2+Cn+2 Lema

1AM -GM
LHS = Z +D = (b"+c)_z +Z \/ac+3\/ —ipigs ~3t3=6=RHS.

Egalitatea are loc dacd si numaidacda=b=c=1.
Remarca.
3).Ifa,b,c>0,abc=1and A >0,n e Nthen

1 1 1 bn+2+cn+2
Al —+—+— ——2>3(4+1).
(a+b+c]+zag(b”+c”) (A+1)

Dezvoltari, Marin Chirciu
Solutie.
Lema.

Ifa,b,c >0andn e Nthen
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bn+2+cn+2 Lema

1 1
LHS = 12: Py o 2 AN Y 2 3 3 _3+3=
a®(b"+c") PAPSPUES \/abc i i/a“b“c4 i

1 AM-GM

=3(4+1)=RHS.

Egalitatea are loc dacd si numaidacda=b=c=1.
Problema210.

In acute AABC

(1+secA)(1+cscA)>5.

MathOlymp 8/2024, Elton Papanikolla
Solutie.
Lema.

If X, y >0 then

(1+x)(1+y) (1+\/_)

Demonstratie.

(1+X 1+y <1+\/_) (\/;—\/y)zZO,cuegaIitatepentruX:y.

Folosind Lema pentru (X, y) = (sec A, csc A) obtinem:

2
LHS =(1+sec A)(1+cscA) Lz (1+ Jsec Acsc A)2 :[1+;j _

\/sin Acos A
2 25'n <1 2 2
=1+ / : > 1+\ﬁ >5=RHS.
sin2A 1

Remarca.

In acute AABC

2
1). (1+sin A)(1+cos A) > [1+ \ /%sin ZAJ .
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Solutie.

Lema.

If X, y >0 then

(1+x)(1+y) (1+\/_)

Folosind Lema pentru (X, y) = (Sin A, cos A) obtinem:

2
LHS = (L+sin A)(1+cos A) = (1+Sin Acos A = (1+ /%sin 2Aj

, . e V4
Egalitatea are loc daca si numai dacdSIN A=C0S A < A=—

Remarca.

In acute AABC

2). (1+tan A)(1+cot A)>4.

Dezvoltari, Marin Chirciu
Solutie.
Lema.

If X, y >0 then

(1+x)(1+y) (1+\/_)

Folosind Lema pentru (X, y) = (tan A, cot A) obtinem:
LHS = (1+tan A)(1+cot A) = (1+an AcotA) =(1++I) =4=RHs

Vs
Egalitatea are loc daca si numai dacatan A=cotA < A= 1

Problema211.

In AABC

b+c
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RMM 8/2024, Nguyen Hung Cuong, Vietnam

Solutie.
Lema.

In AABC

h, . r 5p>+r’+4Rr
D ioSinA= o
b+c 2R p“+r°+2Rr

2 2 )
LHS = h, sinA=L.w59:RHS,
b+c 2R p°+r°+2Rr 8

r 5p°>+r>+4Rr
unde (1) & — ——————
2R p“+r°+2Rr

9 2 2 2 2
<— &< 4r(5 r-+4Rr)<9R r-+2Rr) <
. ( p2+r2+ ) (p +ri4 )
& p*(9R—-20r)+r(18R* —7Rr —4r*)>0.
Distingem cazurile:

Cazull). Daci (9R - 20I’) > 0 inegalitatea este evidenta.

Cazul2). Daca (9R - 20I’) < Oinegalitatea se rescrie: |’(18R2 —7Rr —4r2) > p? (20r —9R), care
rezults din inegalitatea lui Gerretsen: p° < 4R* +4Rr +3r°.
Ramane sa ardatam ca:

r(18R* —7Rr —4r?) > (4R +4Rr +3r? )(20r -9R) <> 18R* ~13R’r -30Rr’ -32r° >0 <

<> (R—2r)(18R* +23Rr +16r°) >0, vezi R > 2r ,(Euler).

Remarca.
In AABC
> b%c sinA> j—; :
Marin Chirciu
Solutie.
Lema.
In AABC
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r 5p°+r®+4Rr

b+c 2R p?+r?+2Rr

_r. M ﬂzRHs,

b+c 2R p’+r’+2Rr 4R

unde (1)<:> L M gr

< p? >10Rr +7r?, vezi Gerretsen: p°> >16Rr —5r°.
2R p*+r®+2Rr T 4R

R&mane s3 aritam ci: 16Rr —5r? >10Rr + 7r® <> R > 2r ( Euler).

Remarca.
In AABC

9r

4R b+c
Remarca.
In AABC

9 r . 9R

—< & sinA<—.

8 Zb+c 16r

Marin Chirciu
Solutie.
Lema.
In AABC
2
zr—asinA=2p (R- )+Rr(4R+r)
b+c R(p®+r”+2Rr)
Inegalitatea din dreapta.
zr_aSinA:2p2(R_r)_i_Rr(4R_|.r)Ger§tsen2(4R2—+—4RI’-+-3I’2)(R—I')-l-RI’(4R+I’):
b+c R(p®+r”+2Rr) R(16Rr —5r° + %+ 2Rr)

_8R*+4Rr-Rr*-6r° 1 8R’+4R’r—Rr’-6rier 1 9R* OR
R(18Rr—4r2) 2Rr 9R —2r “ 2Rr 8 16r°

Inegalitatea din stanga.
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2 —
Zr—asin A= 2p"(R—r)+Rr(4R+r) 29 < p?(7R-16r)+Rr(14R-r)>0.
b+c R(p*+r®+2Rr) 8

Distingem cazurile:

Cazull). Daca (7R —16r) > O inegalitatea este evidenta.

Cazul2). Daca (7R —16r) < Oinegalitatea se rescrie: Rr (14R - r) > p? (16r - 7R) , care rezulta din

inegalitatea lui Gerretsen: p° < 4R*+4Rr +3r°.
Ramane sa ardtam ca:
Rr(14R—r)> (4R +4Rr+3r°)(16r —7R) <> 14R° ~11R°r —22Rr* —24r° >0 <

& (R—2r)(14R* +17Rr +12r%) 20, vezi R > 2r (Euler).

Remarca.
In AABC
> h, sinAsgsZ 2 sinA.
b+c 8 b+c
Marin Chirciu
Solutie.
Lemal.
In AABC
2 2
Z h, sinA:L.w'
b+c 2R p“+r°+2Rr
Lema2.
In AABC
. 2p°(R=r)+Rr(4R+r
S sina= P ( 2) : (4R+r)
b+c R(p*+r®+2Rr)
Prima inegalitate z h, sin A<9
““~phic 8’

h, . r 5p*+r’+4Rr®9
> SiNA=——-————<—,
b+c 2R p°+r°+2Rr 8



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — SEPTEMBRIE 2024 www.mateinfo.ro

r 5p°>+r®+4Rr 29

unde (1) — - <~ < Ar(5p*+r>+4Rr)<9R(p?+r*+2Rr) <
W 2R p*+r*+2Rr 8 (50 ) (p )

& p*(9R—-20r)+r(18R* —7Rr —4r*)>0.
Distingem cazurile:

Cazull). Daca (9R - 20I’) > 0 inegalitatea este evidenta.

Cazul2). Dac3 (9R - 20I’) < Oinegalitatea se rescrie: r(18R2 —7Rr —4r2) > p2 (20!’ —9R), care
rezultd din inegalitatea lui Gerretsen: p° < 4R* +4Rr +3r°.
Ramane sa aratam ca:

r(18R* —7Rr —4r?) > (4R’ +4Rr +3r? )(20r —-9R) <> 18R* ~13R’r —30Rr’ -32r° >0 <

<> (R—2r)(18R*+23Rr +16r°) >0, vezi R > 2r ,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

ra
b+c

SinA.

9
A doua inegalitate. 5 < Z

2 f—
2p°(R f)+Rr(4R+r)2§© p?(7R-16r)+Rr(14R-r)20.

zbr—asin A=

+C R(p®+r?+2Rr)
Distingem cazurile:

Cazull). Daci (7R —16r) > O inegalitatea este evidenta.

Cazul2). Daca (7R —16r) < Oinegalitatea se rescrie: Rr (14R - r) > p2 (16r - 7R) , care rezultd din

inegalitatea lui Gerretsen: p° <4R* +4Rr +3r°.

Rdmane sd aratam ca:

Rr (14R—r)>(4R? +4Rr +3r? ) (16r - 7R) <> 14R° ~11R*r — 22Rr’ —24r° >0 <
& (R—2r)(14R* +17Rr +12r%) 20, vezi R 2 2r (Euler).

Problema212.

In AABC
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m, R(R? R
/— r<2 N2 _R_q)

Mathematical Inequalities8/2024, Konstantinos Geronikolas, Greece

Solutie.

LHS =Z\/%\/EC§S\/%%2M\/22%(4R+r) =\/‘z—f:(4R+r)E2er

Euler 2
. ZJB(R_Z_B_@:RHS.
20r r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC

m, 3R [3
DM N

m, 3R [3
2 =S

Dezvoltari, Marin Chirciu

Problema213.

In AABC
> P=a. 3\/E .
a R
IneMath8/2024, Marin Chirciu
Solutie.

p—a non JT J(p—a)(p—b)(p—c) p
LHS = — > 33 =3¢ =3 =
Z a \/H a abc \ 4Rrp

r Euler r
=35|— > 3,/— =RHS.
4R R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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Remarca.
In AABC
1).L+ ¢ zﬁ-jsiné.
p-b p-c r a 2
Solutie.
. a R . , A
Folosim—— =—sSIn" —.
p-a r 2
Remarca.
In AABC
\/ b \/ c 2
2) 5 > .
P=b \p—c /sinA
2
Solutie.
. a R . , A a R . A
Folosim——=—:S8IN"— <& [—— =2, |—SsIin—
p-a r 2 p—a r
Remarca.
In AABC
2 2
p-b p-c r a
Problema214.

fFO<x<1,x+ y+z=gthen

Solutie.
Lema.

IfO< X <1then

www.mateinfo.ro

Dezvoltari, Marin Chirciu

IneMath8/2024,Marin Chirciu
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X >2X & X >4Ax? < X(2X—1)2 >0, cu egalitate pentru X = 1
1-x 1-x 2

LHS = Z/ Le>m‘5122x 23X % 2%—3 RHS.

Egalitatea are loc dacd sinumaidacaX=y =72 =—

Problema215.

IfX,y,z2>0,xyz=1then

x° +y°
ZX6+X3 3 622
y +y

www.mateinfo.ro

RMM8/2024, Nguyen Hung Cuong, Vietnam

Solutie.
Cu substitutia (a, b,c) = (X3, y3, 23) problema se reformuleaza.

Ifa,b,c>0,abc =1then
a’+b’
2 a’+ab+b’ =2
Demonstratie.
Lema.
Ifa,b,c > 0then

a’+b? S a+b
a’+ab+b®> 3

3 3
a’+b >a+b

Zabibl- 3 <:>(a+b)(a—b)220,cuega|itatepentrua=b.

a’+b° tresatb 2 AM_GM 2
LHS = > =—>»a > 3\/ab _—3 2=RHS.
Za 2t+ab+b? Z 3 3

Egalitatea are loc dacd sinumaidacda=b=c=1< x=y=z=1.
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Remarca.

Ifa,b,c>0,abc =1and A >—1then

Z a’+b® . 6
a’+Aab+b®> A+2°

Marin Chirciu

Solutie.
Lema.
Ifa,b,c >0 then

a®+b? >a+b
a?+lab+b®> A+2

Demonstratie.

a’+b? S a+b
a’+lab+b®> A1+2

= (/1 +1)(a+b)(a—b)2 >0, cu egalitate pentrua=>b.

Lema AM-GM
S Xy i Y a e I e i
ziz = RS
Egalitatea are loc dacd si numaidacda=b=c=1.
Problema216.
Ifa,b > 0then
a?+b? SJ_
ab a+b
RMM 8/2024, Nguyen Hung Cuong, Vietnam
Solutie.

2, w2 2 2 AM-GM Z241p?
Lpg _al+b? 8ab _a’+b’ 4ab 4vab m 3§/a +b? 4ab 4vab _

ab a+b ab a+b a+b ab a+b a+b
16(a2 +b2) 2(a2 +b2) @
3 L —6; . 26=RHS,
(a+b) (a+b)
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2(a®+b?)
(a+b)2

unde (1) < >l < (a—b)2 >0, cu egalitate pentrua=>b.

Egalitatea are loc daca si numaidacaa=Db.

Remarca.
Ifa,b > 0then
N a®+b° 12J_
' ab\/% a+b
Solutie.

ps o &Fb° 12Jab _a’+b® 4vab 4Vab 4vabruow ) |a®+b® 4Vab 4vab 4vab _
abJab a+b abJab a+b a+b a+b abJab a+b a+b a+b

4J64(a3+b3) 83J4(a3 +b?) O RHS.

(a+b)3 (a+b)3

4 s b3 older
(a—+)>1 rezultd din Holder a° +b* H;j (a+2b)
(a+b) 2

7

>l (a+b)(a—b)2 >0, cu egalitate pentrua=Db.

Egalitatea are loc daca si numai dacda=b.

4 4
). a"+b +16\/%>10

a’b? a+b

Dezvoltari, Marin Chirciu

Solutie.
a’ +b* 16\/_ a‘+b* 4Jab 4Jab 4Jab  4/ab Av-om
LHS = —— > + + + >
a‘b a+b a’b a+b a+b a+b a+b
AM GM \/a +p 4\/_ 4\/_ 4J_ 4Jab k. 256(8. +b4)
a’® a+b a+b a+b a+b (a+b)’
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8(a*+b*)w 8(a* +b* older
=105 (—+4) élO = RHS ,unde(1) < u >1 rezult3 din Holder a* +b* H;j _(a+3b)
(a+b) (a+b)’ 2
8(a*+b*
,sau (1) < uﬂ@ (7a” +10ab+7b*)(a—b)" >0.

4
(a+b)
Egalitatea are loc dacd si numaidacaa=Db.

Problema217.

Ifa,b,c >0 then
4a
Z%/4a3 +4b® <> ——
a+
RMMS8/2024, Nguyen Hung Cuong, Vietnam
Solutie.

Lema.

Ifb,c > Othen

2(a?+b?
\3/4a3 +4h% < (—) .

a+b
Demonstratie.

J4a® +4b° <

2 2
2(%1:’) 4(a®+b*)(a+b)’ <8(a+b?) =
o (a° +b*)(a+b)’ <2(a’ +b?) < a°~3a’b+3ah? —2a°h° + 3a’h* ~3ab® +b° >0 <

& (a—b)4 (a2 +ab+b2) >0, cu egalitate pentrua=Db.

(a +b? )(1)
a+b

2
=322 _Rus,
a+b

LHSS 4a®+40° < 3

2(a2+b2)
a+b

unde (1) <:>Z _Za+b vezi
I SRR 3R R Y GBI I SR i

a+b a+b a+
Egalitatea are loc dacd si numaidacda=b=c.

a+b a+b a+b

Remarca.
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In acute AABC
1, T[R4 <P
Solutie.
Lemal.
Ifb,c > Othen

Y423 +4b° < M .

a+b

Demonstratie.

2 2
J4a® + 4p° SM PN 4(a3 +b‘°‘)(a+b)3 sS(a2 +b2)3 =N
a+b

o (a° +b*)(a+b)’ <2(a’ +b?) < a°~3a’b+3ah? —2a°h° + 3a’h* ~3ab® +b° 20 <
= (a—b)4 (a2 +ab+b2) >0, cu egalitate pentrua=D>.

2R?

Lema 2(32 +b2) 81_[(3.2 +b2) Lema2 8'72.a'zbzc2 2R2
3/4 3% < — < r — .abc =
[1¥4a"+ I1 a+b [(a+b) cesaro 8abc r? e
2R? 8R?
= 2 -4Rrp = rp’
Lema2.
In acute AABC

2
2). [T(0* +¢?) < Zriz-azbzcz.

Dezvoltari, Marin Chirciu

Demonstratie.

2

Folosind % =4sin ?sin gsin % sia = 2Rsin Ainegalitatea l_I(b2 + Cz) < 2&2 -a’b?c? se scrie:
r
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16] [ sin® gl—[(sin2 B +sin? C) <?[[sin° A< l_l(sin2 B +sin? C) <8[ Jcos’ é

2

care rezults dinsin? B +sin? C<Zcosz'2 1_COSZB+1_('\OS’2C <1+CcosA <

2

< —€0s2B—c0s2C < 2c0s A <> c0os Acos(B —C) <cos A ,vezicos A> 0in acute AABC si

COS(B —C) <1, cu egalitate pentruB=C.

Problema218.

Ifa,b,c > 0then

Z b+c
a+3/4b® + 4c®

RMMS8/2024, Nguyen Hung Cuong, Vietnam

<2.

Solutie.
Lema.

Ifb,c > Othen

ap® +4c >b+c.

Demonstratie.

:>4(b‘°’+ce’)2(b+c)3 = 34b® +4c® >b+c.

Hs=Y ¥ "Iy D*C 5 pus.

a+34b® + 4c? a+b+c

Egalitatea are loc dacd si numai dacda=b=c.
Remarca.

1).Ifa,b,c > 0 then

b+c

Z a++/8b* +8c*

<2.

Marin Chirciu

Solutie.
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Lema.

Ifb,c > Othen

{8b* +8c* >b+c.

Demonstratie.

4
b* +c* H; (b;C)

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

Lema

LHS = z b+c

<y b+c o
a+-+/8b* +8c* atb+c
Egalitatea are loc dacd si numaidacda=b=c.
Remarca.

Problema se poate dezvolta.

2).Ifa,b,c>0andneN,n>2then

:>8(b“+c“)2(b+c)4 =V

8b*+8c* >b+c.

RHS , cu egalitate pentrub=c.

b+c <0

z a+ n,2n—lbn + 2n—lcn

Solutie.
Lema.

Ifb,c > Othen

2" p" 42" >b+c.

Demonstratie.

,, Holder (b + C)n

R = 2" (b"+c") 2 (b+c

Lema
LHS:Z b+c b+c

a+i/2"'p" + 2" c" a+b+

Egalitatea are loc dacd si numaidacda=b=c.

) = Y2"h" +2"*c¢" >b+c.

c

=2 =RHS, cu egalitate pentrub =c.

www.mateinfo.ro

Marin Chirciu
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Problema219.
Ifa,b>0,a’+b?+a’b? =3then
a+b<2.

RMMS8/2024, Nguyen Hung Cuong, Vietnam

Solutie.

a? +b?+a’h? 3<:>(a +1)(b2+1) 4=2= \/a +1 ) Va2 +1y1+b? T a+b.

Egalitatea are loc dacd si numaidacda=b=1.

Remarca.

Ifa,b, 1 >0, 1a?+ Ab% +a’h® =31%then

a+rb<2J1.

Marin Chirciu

Solutie.

Aa2+ Ab? +a%h? =31% & (a2 +/1)(b2 +/1) =4)* =

—=21= \/a +/1 ) Jai+a \//1+b2 J_a+b —a+b<2J1

Egalitatea are loc dacd si numai dacda=b = \/I
Problema220.

In AABC

1 2
2 > .
r,(r,+r) 3R
RMM 8/2024, Ertan Yildirim, Turkey
Solutie.

AM GM 1 3 3

ah Z BSHVa(r +1;) ) Q/HraH(rﬁrb) ) 3/rp? -4Rp? )

o
S_> 2 _RHs,

B 34Rrp* 3R
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3 2 27 8 4 Mitrinovic

& 27°R°>32Rmp* <

unde (1) < 2— & 72 5
3/4Rrp4 3R 4Rrp”  27R

Mitrinovic 27 R2 2
& 27°R°>32Rr < R*>2Rr < R>2r,(Euler).

Am folosit mai susH r,=rp’si H(ra +1,) = 4Rp?.
Remarca.

In AABC
1 1
. > .
D 2 i) 3R

1 4r
2). > —.
) zma(ma+m,0) 3R

1 ar
3). >—.
) Zsa(sa+sb) 3R’

4r
4 )
) Z (w, +W) 3R3

Dezvoltari, Marin Chirciu

Problema221

In AABC

RMMS8/2024, Ertan Yildirim, Turkey

Solutie.

AM —GM 1 3 B 3

HHS = Z % Hra(ra+rb) B Q/HraH(rﬁrb) - %/rp2 -4Rp® B

= >——=RHS,
34Rrp* 3R
Mitrinovic
unde (1) < 3 2 27 8 < 27°R° >32Rrp! <

> o>
Yarrp* 3R® T 4Rrp*  27R
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& 27°R°>=32Rr

Mitrinovic [ 27R? 2

] < R?>2Rr < R > 2r,(Euler).

Am folosit mai sus [ [r, =rp®si[ J(r, +1,) = 4Rp*.

Remarca.
In AABC
1
b Z h +h ) 3Rr’
1 4r
2). > .
) Zma(ma+mb) 3R’
1 4ar
3). > .
) Zsa(sa+sb) 3R’
4r
4 .
) Z (w, +w,) 3R3
Dezvoltari, Marin Chirciu
Problema222.

Ifa,b>0,a+b=2then

_1r 1
a’+4 b*+4

MathExam 8/2024

Solutie.
31 + 31 £g<:>2a3b3+3a3+3b328.
a+4 b’+4 5

Punand (a, b) = (1—t,1+t), inegalitatea 2a°b® + 3a° + 3b°® > 8 se scrie:
2(1-t)’ (1+1)° +3(1-t) +3(1+1) 28 < 2t° +6t* +12t° >0 < 24 (t* +3t° +6) > 0.

Egalitatea are loc dacd si numaidacda=b=1.
Remarca.

Ifa,b>0,a+b=2and A >2then
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1 1 2
+ < .
a®+1 bP+1 A+l
Marin Chirciu
Solutie.
1 1 < 2 23%p? 3 3
—+— < < 2a’b +(l—1)a +(A-1)b*>24.
a’+A b’+A4 A+1

Punand (a, b) = (1—t,1+t), inegalitatea 2a°b° +(/1 —1) ad+ (l —1) b® > 24 se scrie:
2(1-t) (A+t) +(2-1)(1-t)’ +(A-1)(1+1) 224 < 2t°+6t' +(64-12)1* 20 =
o 2t [t4 +3t? +3(A— 2)] >0,vezi A >2,cuegalitate pentrut =0.

Egalitatea are loc dacd si numaidacda=b=1.

Problema223.

IfX,y,2>0,%* +y®+2* =3then

X+1 y*+1 72°+1 1 17
+ + 2

y z X X+y+z 3

RMM8/2024, Nguyen Hung Cuong, Vietnam
Solutie.

Lema.

IfX,y,z2>0,%* +y® + 2> =3then

X*+1 y*+1 z7°+1 18
+ + >
y z X (x+y+2)

Demonstratie.

ZX +1SOSZZX ZZXZCSZ(Z ) _2(ZX2+Zny)_2(3+Zny):

20y X

= 6 +4S§S 6 > +4= 18 2+4=4+L2.
PR (2% (> x) (x+y+2)
3

Folosind Lema este suficient sa aratam ca:
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X+Yy+z=p
4+ 18 5= ! ZE = 4+1—§—1>£<:>5p +3p-54<0<
(x+y+z) x+y+z 3 p° p 3

CBS

& (p-3)(5p+18)<0 < p<3,vezrip=3 x <33 % =/3:3=3.

Egalitatea are loc dacd si numaidacax=y=2z2=1,
Remarca.

1).1fX,y,2>0,x* +y* +z° =3and A <6 then

2 2 2
X +1+y +1+z +1+i26+ A _
y z X 3 X+Yy+12
Solutie.
Lema.
IfX,y,z2>0,%* +y®+2* =3then
2 2 2
x+1+y +1+z +124+ 18 .
y z X (x+y+2)

Demonstratie.

ZX +1SOSZZX ZZX CSZ(Z ) _2(2X2+Zny)_2(3+Zny):

X2 Xy

= 6 +4S§S 6 > +4= 18 2+4=4+L2.
2%y (2% (> x) (x+y+2)
3

Folosind Lema este suficient sa aratam ca:

X+y+2=p
4e—28 2+£26+ L e 4_,_1_824_&26_._&@(6—2)p2+3lp—54£0<:>
(x+y+z)" 3 X+Y+2 p 3 p

CBS

< (p-3)[(6-2)p+18]<0 < p<3,vezip= x < 3> % =33=3.

Egalitatea are loc dacd si numaidacaX=y=2=1.
Remarca.

2).fX,y,2>0, x> +y? +2° =3 then
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X*+1 y*+1 7°+1 6
+ + —_
y z X X+Yy+z

Dezvoltari, Marin Chirciu
Solutie.
Punem A =61n1).
Problema224.
Ifa,b,c>0,abc =1then
a’+b*+c*+62(a+b+c)’.

RMMS8/2024, Nguyen Hung Cuong, Vietnam

Solutie.

Lema.

Ifa,b,c>0,abc=1then

a+p+c? 2%(a+b+c)3—§.

Demonstratie.
Folosim inegalitatea lui Schur: a,b,c >0,

a’+b’+c®+3abc> > ab(a+b) < 4(a3+b3+c3)+15abcz(a+b+c)3 piy

4(a3+b3+c3)+152(a+b+c)3 o ad+bi+cd 2%(a+b+c)3—%.

Folosind Lema este suficient sa aratam ca:

a+b+c=p
%(a+b+c)3—§+62(a+b+c) =S %ps—%+62p2<:>p3—4p2+920<:>

<:>(p—3)(p2—p—3)20,care rezultd din p>3,vezip=a+b+c>33abc =3.

Egalitatea are loc dacd si numaidacda=b=c=1.

Remarca.

1).Ifa,b,c >O,abC:1and/1S%then
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a3+b3+c3+/12%+3(a+b+c)2.

Solutie.
Lema.

Ifa,b,c>0,abc =1then

al+bd+c? 2%(a+b+c)a—%.

Demonstratie.
Folosim inegalitatea lui Schur: a,b,c>0,a® +b* +¢c®+3abc > Zab(a+ b) =

=N 4(a3 +b° +c3)+15abc >(a+b+c) piy

4(a3+b3+cg’)+152(a+b+c)3 o at+bi+c 2%(a+b+c)3—%.

Sa trecem la rezolvarea problemei din enunt.
Folosind Lema este suficient sa aratam ca:

a+b+c=p
%(a+b+c)3—% /1>$(a+b+c)2 = lp —% A>’1—+3p

< 9p°—4(1+3)p*+9(44-15)>0 < (p-3)[ 9p* +(15-42) p+3(15-41) | >0,

care rezultd din p >3, vezi p = a+b+c > 33/abc = 3si [9p2 +(15—4l) p+3(15—4l)]20,

vezipZBsiﬂS%,

?+(15-44) p+3(15-41)= p[9p+(15-41)]+3(15-44) 23[9 3+(15-44)]+3(15-41) =

<27 5

~3(57-84) > 0.
Egalitatea are loc dacd si numaidacda=b=c=1.
Remarca.

2).1fa,b,c >0, abc =1then

a3+b3+c3+72%(a+b+c)2.
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Solutie.

Punem A =7 in1).
Ifa,b,c>0,abc =1then
8(a’+b°+¢*)+57=9(a+b+c)’.
Dezvoltari, Marin Chirciu

Solutie.

7
Punem A = 5— in1).

8
Problema225.
Ifa,b>0,a+b=2then

1 1
T+t >1.
a’+1 b°+1

MathAtelier 8/2024
Solutie.

1
+
a’+1 b*+1

>1 < a3+b3+22(a3+1)(b3+1) sal+b+2>ahl+a’+h+1 e

<1>a%’ < ab<1, veri2=a+b>2ab = ab<1.
Egalitatea are loc dacd si numai dacda=b =1.
Remarca.

Ifa,b>0,a+b=2and0< A <1then

1 1 2
+ > .
a+1 b*+1 A+1
Marin Chirciu
Solutie.
1 + 1 > 2 <:>(/1+1)(a3+b3+2/1)22(a3+/1)(b3+ﬂ)<:>
a+1 bP+1 A1+1

(1-2)(a’+b°)+22 > 2a%°.

Deoareceab <1, vezi2 =a+b>2ab = ab <1=> 2a’b® < 2, este suficient s§ aritim ci:
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(1—/1)(8.3 +b3)+2/1 >2 & (1—2)(&3 +b3) > 2(1—&) < ad+Db®>2, care rezults din

3 3
_Z_y
4 4

a3+b3mgﬂ(a+b)

Egalitatea are loc dacd si numaidacda=b=1.
Problema226.

InAABC, AD, BE, CF -internal bisectors, R, R,, R, -circumradius AAEF, ABFD, ACDE , R -
circumradius AABC, r -inradius in AABC .Prove that

3R2

+R, +R; <
R 4r

Mathematical Inequalities8/2024,George Apostolopoulos, Greece

Solutie.
EF o a
Folosind teorema sinusurilor in AAEF si AABC avem —— = 2R, si — =2R =
sin A sin A
a _EF EF
TR T 2R, =R=

Inegalitatea se scrie:

3R2 R-EF 3R2 EF 3R
<= - < -
Z Rl Z a a
Lema.
InAABC, AD, BE,CF -internal bisectors
z EF? 3R
Bc:2 8r
Solutie.
In AABC, AD, BE,CF -internal bisectors
EF?® _b+c
BC? < ‘8a
Demonstratie.
Cu teorema bisectoarei in AABC avem AE = i, AF = £
a+c a+b
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Folosind teorema cosinusului in AAEF obtinem:

2 2 2, 2 .2
EF2:AE2+AF2—2AE-AF-cosA:(_bC J +(_b° J _p e be bric-al
a+c a+b a+c a+b 2bc

bc? bz be(b’+c’-a’)  p? b2c? bc[Zbc +(b—c)’ - az}
(a+c)’ (a+b)” (a+b)(a+c) (a+c) (a+b)’ (a+b)(a+c)

_ b’ . b’c®  2b%¢* be(b—c)’ . a’c
(a+c)” (a+b)’ (a+b)(a+c) (a+b)(a+c) (a+b)(a+c)

_ b’ s b’c®>  2b%* be(b—c)’ N a’c  _
(a+c)’ (a+b)’ (a+b)(a+c) (a+b)(a+c) (a+b)(a+c)

TAR S *  be(b-c)’ L, akc
=P (a+c a+bJ (a+b)(a+c) (a+b)(a+c)

b’c’(b-c)*  be(b—c)’ L ahc

(a+b)’(a+c)” (a+b)(a+c) (a+b)(a+c)

~ bc(b—c)z[bc—(a+b)(a+c)]+ abc

(a+b)’(a+c)’ (a+b)(a+c)

_be(b—c)’(-a’—ab-ac) a?loc _—abc(b—c)’(a+b+c) a’bc

(a+bf(atcy (a+b)(arc)  (atbf(atcy  (a+b)(a+c)

- a’bc
~(a+b)(a+c)
2 2 esaro 2
Obtinem EF? < abe = atbe(b+c) CS abc(b+c):a(b+c)'
(a+b)(a+c) (a+b)(a+c)(b+c) 8abc 8
a(b+c)
. EF? 8 b+c EF2 _b+c
Rezulta > < > = = > < .
BC a 8a BC 8a
Obtinem

EF? 1«b+c 1 b c)\Bndle] R 1 3R 3R
Sae i sttt T s
BC- 8 a 8 c b 8“~r 8 r 8r
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Sa trecem la rezolvarea problemei din enunt.

EF cBs EF? Lema 3R 3 R Euler 3R
— < I3
\/ Z \} 8r \} 2r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

InAABC, AD, BE, CF -internal bisectors, R, R,, R, -circumradius AAEF, ABFD, ACDE , R -
circumradius AABC, r -inradius in AABC .Prove that

3R R
1). R+R,+R; < —.
R 2 \or
Solutie.
EF a
Folosind teorema sinusurilor in AAEF si AABC avem —— = 2R si =2R=
sin A sin A
a _EF EF
2R 2R =R=
Lema.
In AABC, AD, BE, CF -internal bisectors
b+c
<_ g
R 2a
2). R”+R?+RZ < 3R
8r
Solutie.
. . o . EF o a
Folosind teorema sinusurilor in AAEF si AABC avem —— = 2R, si — =2R =
sin A sin A
a _EF EF
~ 2R " 2R =R=
R?. EF2 R EF®tema _ 3R 3R?
LHS =) R?=> ———=R*> — <R o =g ~RHS.
a r r

Lema.

In AABC, AD, BE, CF -internal bisectors



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — SEPTEMBRIE 2024 www.mateinfo.ro

EF? 3R
Z 2 =—
BC 8r
Solutie.
In AABC, AD, BE, CF -internal bisectors
2
EF Sb+c_
BC? 8a
Remarca.
3R?
3. RR, +R,R, +R,R < —.
8r
Solutie.
EF .a
Folosind teorema sinusurilor in AAEF si AABC avem —— = 2R, si — =2R =
Sin A sin A
a EF EF
2R T 2R, =R =
Lema.

In AABC, AD, BE, CF -internal bisectors

b+c

R <

YRR, Legaz bZJ;lcg\/c+a=_Z fb+c c+a _ \/zb+c c+a _

_R_ZZ(E+C)BE‘$‘"&RZ R R? 3R 3R3
8 c b))  8%r 8 r 8
4) i+i+_zg E
R2 3 RYR
Solutie.
Lema
3R R
+R, +R, <— [—.
R T2 \or
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EF
Folosind teorema sinusurilor in AAEF si AABC avem —— = 2R, si a

si—— =2R =
SIn A SIn A
a EF R-EF
=>-—=——=>R = .
2R 2R, a
Lema.

In AABC, AD, BE,CF -internal bisectors

be+c
<—,.]—.
i 2\ 2a
Lema — R ’b+cCBSR’ b+c R /3 b+c R ,3 b ¢ )Bandila
LHS = <Y = |]— <= —==|=>—==|=>|=+=] <
ZR1 Z22a ZZZa 2\2 a 22(cbj

Bandila Euler 2
< E\/§ZE=E\/§£:£ /E <R _RHs.
2\2=r 2\2 r 2 \2r 4r

CS Lema
LHs:Zi> 9 >

>S9 T8 :E/LRHs.
RO2XR R [RORVR
2 \2r

1 1 1 _24r
>

5. —+—+—2>——.
FRTRITRTR
Solutie.
Lema.
3R?
R+R’+R<—.
1 2 3 8r
. . o . EF o a
Folosind teorema sinusurilor in AAEF si AABC avem —— = 2R, si — =2R =
sin A sin A
a EF R-EF
=>-—=——=R = .
2R 2R, a
Obtinem:

R?.EF? EF2tema 3R 3R®
2 2 2
LHS:ZR1 :Z = =R Z 2 <R o ar

Lema.

In AABC, AD, BE, CF -internal bisectors
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ZEFZ 3R
BCZ ™ 8r
Solutie.
In AABC, AD, BE, CF -internal bisectors
2
EF SH_
BC? 8a

Demonstratie.

EF? b+c Bandila ] R 1 3R 3R
<=y == < 2y ===
) L IS s

n final rezult3:

1 CS Lema 9 24r
LHS = 22_ ~=——=RHS.
ZR1 3R* R
8r

1 1 1 24r
>

6). + + > —
RlRZ RZRS R3R1 R

Dezvoltari, Marin Chirciu

Solutie.
Lema.
3R®
RR, +R,R, +R,R < —
8r
EF a
Folosind teorema sinusurilor in AAEF si AABC avem —— = 2R, si =2R =
sin A sin A
a _EF EF
2R 2R =R=

In AABC, AD, BE,CF -internal bisectors

b+c

R <

ZRlR Linaz sz;c g\/c+a:_z fb+c c+a \/Zb+c ﬂ:
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_R (LE)B*‘";‘”‘"R_Z R_RR_R
_ ik _

8 8<~r 8 r or
CS Lema
Hs=y - 5 9 5" 9 2 _ppg
RR, DRR, 3R° R
8r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema227.
In AABC
5 h+h _3V3
b+c =~ 2
RMMS8/2024, Nguyen Hung Cuong, Vietnam
Solutie.
Lema.
In AABC
Z h,+h, P
b+c R’
3V3R
Mitrinovic ~ A
LHs =y ot _ P “2 3B g,
b+c R R 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
D

Solutie.
Lema.
In AABC

Zhb+hc _p

b+c R
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z hb + hc B B Mitrgovic 3\/§|’

brc R R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

zh+h J§

b+c =

p rb_'_rc p
3). — < E —_—<—.
) R b+c 2r

Solutie.
Lema.

In AABC

Zrb+rC _ 2p(3R+2r) |
b+c p*+r®+2Rr

Inegalitatea din dreapta:

Zr +, 2p(3R+2r) cerwen  2p(8R+2r)  2p(3R+2r)
b+c p?+r’+2Rr ~ 16Rr—-5r’+r?+2Rr 18Rr—4r?

p(3R+2r) Blerp 1 p

r(OR-2r) r 2 2r

Inegalitatea din stanga:

Zr +r,  2p(3R+2r) Gerresen 2p(3R+2r) _ 2p(3R+2r)
b+c p?+r’+2Rr  AR*+4Rr+3r’+r2+2Rr 4R?+6Rr+4r?
_ p(3R+2r) Egerﬁ.
2R? +3Rr +2r° R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

a) Zh0+hc szrb+r°.

b+c b+c

Dezvoltari, Marin Chirciu
Solutie.
Lemal.

In AABC
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Zh,D+hC . p
b+c R

Lema2.

In AABC

L+ 2p(3R+2r)
b+c p>+r2+2Rr’

2

Folosind Lema inegalitatea se scrie:

2p(3R+2r)

- = p® <6R*+2Rr —r” vezi inegalitatea Gerretsen: p> <4R” +4Rr +3r”.
p +r°+2Rr

P
R
Ramane sa aratam ca:

4R* +4Rr+3r® <6R*+2Rr—r’ < R*~Rr—2r*>0 < (R-2r)(R+r)>0,R>2r,(Euler)

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema228.

IfO< X< 2then

2x +/4—2x 22(x—1)2.

MathAtelier8/2024, Panagiotis Danousis, Greece

Solutie.

Folosim\/a+\/52\/a+b = a+b+2\/£2a+b<:> \/%ZO,CU egal pentrua=0saub=0.
(@)
LHS =/2x +/4—2x > [2x+(4-2x) =2>2(x~1)* = RHS,

unde (1) < 222(x—1)2 <:>12(x—1)2<:>12 X*—2Xx+1e< x*-2x<0 < 0<x<2.

Egalitatea are loc dacad si numai dacd X =0sauXx=2.

Remarca.
IfO<x<Aand0< A< 2then
\/A_X+MZ2,(X—1)2.
Marin Chirciu
Solutie.
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Folosim a+\/52\/a+b = a+b+2@2a+b<:> @ZO,CU egal pentrua=0saub=0.

@

LHS = JAX +4 A% = Ax > /1X+ /1X /1>ﬂ,x 1 ? =RHS,

unde (1) & 22 A(x-1)° o 1>(x-1) ©12x*-2x+1 e xX* —2x<0 & 0< X< 2.

Problema229.

InAABC cuabc =1

52a(2bc—2a2)+2(2a)3 >54.
MathOlympiads8/2024, Nguyen Minh Tho, Vietham

Solutie.

Cu ipoteza abc =1linegalitatea se scrie echivalent: 52a(2bc—2a2)+ Z(Za)3 >54abc

Folosind Y. @a=2p,> bc=p?+r?+4Rr,> a’ = 2(p®—r*—4Rr),abc = 4Rrp,
inegalitatea se scrie:

5~2p(p2+r2+4Rr—2(p2—r2—4Rr))+2(2p)3254.4Rrp -
& 10p(—p? +3r? +12Rr ) +16 p° > 216Rrp <> 5(—p? +3r +12Rr ) +8p’ > 108Rr <

<> 3p®+15r (4R+r1)>108Rr <> p*+5r (4R +r)>36Rr, care rezults din inegalitatea lui
Gerretsen p* >16Rr —5r7.

Ramane sa ardtam ca:

16Rr —5r? +5r (4R +r) > 36Rr <> 36Rr > 36Rr ,adevarat.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca

1). InAABC cuabc =1and2n <51.

nZa(Zbc—Za2)+ﬁ(Za)3 >271.

Solutie.

Cu ipoteza abc =1linegalitatea se scrie echivalent: nZa(Zbc —Zaz ) +/1(Z a)3 > 27 Aabc
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Folosind Y a=2p, Y bc=p®+r’+4Rr ,Zaz =2(p2 —r? —4Rr),abc =4Rrp,

inegalitatea se scrie:

n-2p(p*+r’+4Rr—2(p* —r’ —4Rr))+ A(2p)’ > 274-4Rrp <
< 2np(— p? +3r2 +12Rr)+8/1 p® >1084Rrp < n(— p? +3r2 +12Rr)+4/1 p? >54ARr <

= (4/1— n) p2 +3nr(4R + r) >54ARr, care rezulta din inegalitatea lui Gerretsen

p2 >16Rr —5rsi (4/1 - n) >0, adevarata din2n <5A4.
Ramane sd aratam ca:
(44—n)(16Rr —5r?)+3nr (4R+r)=544Rr <> (51-2n)(R—-2r)>0,vezi R > 2r (Euler) si

2n<54.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca

2) InAABCcuabc=1and A <

(Xa

’ +AZa(Zbc—Za2) >27.

N | o1

N—

Dezvoltari, Marin Chirciu

Solutie.
Cu ipoteza abc =1linegalitatea se scrie echivalent: (Z:a)3 +lZa(ZbC—Za2) > 27abc
Folosind Y a=2p, » bc=p?+r?+4Rr ,Za2 = 2( p? —r? —4Rr),abc =4Rrp,

inegalitatea se scrie:

(2p)3+/1~2p(p2+r2+4Rr—2(pz—r2—4Rr))2108Rrp =
< 8p°+24p(—p® +3r° +12Rr) > 108Rrp <> 4p” +A(—p® +3r° +12Rr) > 54Rr <

& (4—/1) p? +3/1r(4R + r) >54Rr, care rezultd din inegalitatea lui Gerretsen p2 >16Rr —5r7si

(4—/1) >0, adevaratd din A < g

Ramane sa aratam ca:
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(4—1)(16Rr —5r*)+34r (4R+r)254Rr <> (5-21)(R—2r)>0,veziR > 2r (Euler) si

AL—.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema230.
Ifa,b>0,a’+b* =8then

a’+b®>4ab.

MathAtelier8/2024, Panagiotis Danousis, Greece

Solutie.
Notanda+b =S, ab = P problema se reformuleaza.
IfS,P>0,S?—2P =8then

S*-3SP>4P.
Demonstratie.

2
3" ~8115°~35P > 4P obinem:

Tnlocuind P =

2 2
5°-35.2 . 8543 . % 5 571457245 -32<0 < (S—4)(5?+85+8) <0 <> S <4,

(a+b)2

care rezulti din8=a’ +b* > :>162(a+b)2:>834.

Egalitatea are loc dacd si numaidacda=b=2.
Remarca.
Ifa,b, 1 >0,a?+b?=2A1%then
a’+b’>21ab.
Marin Chirciu
Solutie.

Notanda+b =S, ab = P problema se reformuleaza.

IfS,P,1>0,S%—-2P =2A%then
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S*—3SP>24P.
Demonstratie.

2 2
nlocuind P = %?n S® —3SP > 24P obtinem:

2 na2 2 _ng2
53—35-S 24 22/1-8 24 « S*+21S%-6A°S-44°<0 &

2 2

2
(S—24)(S*+44S +24%) <0 < S <24, care rezultd din 24° = a° RIS Cal) BN
42* > (a+b)’ =S <24.

Egalitatea are loc dacd si numaidacda=b=A1.

Problema231.

In AABC
A
tan® — 4
z - 2 2 el
sin©A 27
Octogon 2022, Pirkulyev Rovsen, Azerbaijan
Solutie.

Doucet
unde (1) < Ztangz 3, veziZtangz 4Rp+ s J3si D sin’ As%, vezi

2 _ 2 Gerretsen
ZsinzA:u < g
2R 4

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

tan®" A

2 _ 4
1). >—,neN.
) ZsinzA 3"
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Solutie.
Stemlg 1 2R Euler
Pentru n=0avem >4, vezi — =>4
Zs,ln A Z3|n A Z 2Rr r
Pentrun € N” folosom inegalitatea lui Holder.
n
2n
tan Holder (z an j 1) (\/é) 4
> =RHS,

LHS = >
z sin? A BZ”ZZsm A gm2 9 9 3"
4

Doucet
unde (1) <:>Ztan§> 3, vemZtan A 4Rp+|’ > +/3si ZSinZAS%,vezi

— — Gerretsen
Z:sin2 A:LZA'Rr < g
2R 4

Egalitatea are loc daca si numai daca triunghiul este echilateral.
2n n

S_n2A2 >4.3" neN.
|

cot

2). ).

Dezvoltari, Marin Chirciu

Solutie.

1 Steinig ) 1 2R Euler

4R = > 4R*—="— >4
a 2Rr r

>4, veuz

Pentru N =0avem z

sin? A sin? A

Pentrun € N” folosom inegalitatea lui Holder.

B (T3] (o)

> =4.3"=RHS,
sin’ A 3"y sin? A 32n2_j

LHS = Z
Mitinovic

unde (1) < ZCOt§23\/§,veziZCOt§:£ t> 3\/§$i ZsinzAS%,vezi

r

2 _ 2 _ Gerretsen
> sin? AzLZA'Rr &9
2R 4

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema232.

Ifa,b,c>0,a’+b?+c? =1then
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2

y_2 >3,
1+2bc 5

Bosnia and Hercegovina 2002

Solutie.
2
a’ at o (D) 1 ®3
LHS = = > = >—=RHS,
Z1+ 2bc 2 a®+2a’bc Z(a2 + 2a2bc) 1+2abcd’a 5
unde (1) & _ 2§ < 3abc) a<le, vezid(xy+yz+2x)<(Xx+y+ 2)2, pentru
1+ 2acha 5

(x,y,z)=(ab,bc,ca)si Y ab< > a’=1.

Egalitatea are loc dacd si numaidacd a=b=c=

i

Remarca.

Ifa,b,c>0,a?+b?+c?*=1and A >0then

z a’ S 3
1+Abc  A+3

Marin Chirciu
Solutie.
Pentru A = 0 obtinem egalitateal=1.
Tn continuare fie 4 >0.
2 4 cs a?)’ @
LS = Z1+aﬂubc B2 a’ +Za2bc - Z((a§+ ﬂlzbc) 1+ /laicZa = /:rs = RS,

1 S A
1+labc2a_ A+3

pentru(X, y,z)=(ab,bc,ca) si ab<> a’=1.

unde (1) < 2;

< 3abc) a<le, verid(xy+yz+2x)<(X+y+2)

Egalitatea are loc dacd si numaidacd a=b=c=

i

Problema233.

IfO< X <1then
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VA+X+4—x+2x*+1>5.

Mathematical Inequalities7/2024, Imad Zak, Lebanon

Solutie.

-GM

AM @
LHS =4+ X +/4—x +4/2x° +1 > 2%16-x° +4/2X* +1>5=RHS,

X2 =t
unde(1) < 2416 —x2 +4/2x2 +1>5 < 2416t +/2t +1>5.

g(t)=2¢16-t+2t+1,9'(t)=

-1 1

+ >0,0<t<1=g9(t)=>g(0)=5.
2fasr)y Vel (=00

Egalitatea are loc daca si numai dacdt=0 < x=0.

Solutie2.

AM -GM

LHS =4+ X +vV4—x +/2x° + =%\/4+x+%\/4+x+%\/4—x+%\/4—x+x/2x2+1 >

@

AM-GM
> 5§/%\/4+x-%\/4+x-%\/4—x%J4—x-\/zx2 +1 =5§/%(16—x2)x/2x2+1 >5,

unde (1) < 5#%(16—%)\/2% +1>5 < %(16—x2)x/2x2 +1>1e
(16—x2)\/2x2+1 >16 <
o (16-x7)" (25 +1)2 256 < 2x° ~63x* +480x’ >0 <= x*(2x* —63x +480) > 0 vezi

x<1
0<x<1,2x* —63x* +480 > 2x* —63-1° +480 = 2x* +417>0.

Egalitatea are loc daca si numai dacd x=0.

Remarca.
IfO < x <1then
YB+x+YB—x+32x*+1>5.
Marin Chirciu
Solutie.
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AM -GM

LHS =38+ x +¥B8—x +3/2x2 + =%3/8+x+%§/8+x+%38—x+%«3/8—x+\3/2x2+1 >
AM-GM ®
> 5§/%€/8+x-%3/8+x-%3/8—x-%€/8—x-\3/2x2+1:5§/%$/(64—x2)2\3/2x2+125,
unde (1) < 5#%,3/(64—%)2 Yot 4125 = %3/(64—%)2 Yo 11210

o= .3/(64— x2) 26 +1216 = (64-x) (2x2 +1)216° < (16— x7) (2x° +1)2 256 =

< 2x° —255x* +8064x2 >0 < x> (2x4 — 255x2 +8064) >0,vezi0<x<1,

x<1
2x* —255x? +8064 > 2x* —255-12 +8064 = 2x* + 7809 > 0.

Egalitatea are loc daca si numai dacd X =0.
Problema234.

Ifa,b,c > 0then

Jab 1 «—a+b_15
—_— )y ——>—.
a+b 16 c 8
THCS7/2024, Pham Van Tuyen, Vietham

Solutie.

Avemz@ 1Za+b 15 15

e i —|z—.
a+b 16 c \/7 \/E 16 ( b aj 8
Cu substltutla X, y, (\/7 \/7 \/7] Xyz =1problema se reformuleaza:

IfX,y,2>0,xyz=1then

Demonstratie.
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1 1 , 1 15 X 1x+1 5
+—Y|¥+= 2 0=
2 1 162( xzj 8 z(x2+1 16 X2 8}

X

PN 2X 1 x* :_1—§_0<:>X —Ox* +16x3—9x*+1>0 <:>(X 1) (X2+4X+1)20.
X +1 16 X 8

Egalitatea are loc dacé sinumaidacix=y=z=1<a=b=c.

Remarca.

1).Ifa,b,c>0and A Z%then

a+b 3
+1 4/1 1
a+b Z )

Solutie.

Avem2%+ﬂza:b 24,1+1 @Z\f \f ( aj g(4z+1).

Cu substltutla X, y, £\/7 \/7 \/7] Xyz =1problema se reformuleaza:

IfX,y,Z>0,Xxyz=1then

Demonstratie.

4
> +/12( j SEIPYREI PRy R She B () PPN
4o 2 X +1 X 2
X
4
R 1+/1X 2+1—4/12+120<:>ZZXG—(21+1)X“+2x3—(2/1+1)x2+2220<:>
X"+ X

& (x=1)"(22%* +44X° +(42-1)X* + 44X +21) 20, vezi A > %.

Egalitatea are loc dacd sinumaidacix=y=z=1<a=b=c.

Remarca.
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Ifa,b,c >0 then

Dezvoltari, Marin Chirciu

1
Punem A ==1n1).

4
Problema235.
In AABC

a 2 r
)y LA
b+c 2R
Pure Inequalities 7/2024, Nguyen Viet Hung, Vietnam

Solutie.

@ A T r
LHS = Z( J+—> sin 2+ =1-—— 4+ L _1-RHS,
b+c) 2R 2 2R~ 2R 2R

unde(l) < Sln— <

SIZSII’] — _l_ﬁ

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca

In AABC

Solutie.

LHs Z( J r2 (;)Z r2 (;) 5 r> r? 5 RHS
_____+ = —= ,
b+c 8R? 2 8R? 32 8R? 8F\’2 32

2
si (2) < Y sin’ —>£+ r

unde(1l) & siné <
2 b+

N
27R?
. A r2 _ p2 Mitrinovic ? 4 r2 27 5 I,.2
dosint ==1+——— > 1+ T e e
2 8R 8R 8R° 32 32 B8R
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

2 3(ot) ()

Solutie.

r? o r? @1 rr rr 1
LHS = > sin? + =—=RHS,
Z(mc) R YRR TR TS

2

5i (2) < Y sin’ E>%_4rR2 ,

unde(1l) & siné <
2 b+

A r’ — p?Gereten 2 _AR* _4Rr—3r> 4R*—4Rr-2r?

sin" —=1+ > 1+ = =
2 2 2

2 8R 8R 8R

_2R°-2Rr-r’®eRr* 1
4R? T 4R? 4 4R*

Egalitatea are loc daca si numai daca triunghiul este echilateral.

25t o)

Dezvoltari, Marin Chirciu

Solutie.
LHS = 2 MM 3, ) gt ; RHS
> sin > sin =33 — | =3 — | = )
S(pie) cxlong) "= 1) <l ) -z
. A . A
unde(1)< sIn—< Si sSiIn—=—.
2 b+c 2 4R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema236.

Solve the equation for real numbers

4(X+7) y+3
X—2 y-1

Math for change 7/2024, Amir Sofi, Kosovo

Solutie.
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Lema.

Ecuatia are sens pentrux > 2,y >1.

_4(X+7) y+3 4(X—2+9) y—1+4 N N
LHS = (4\/_ \/_j L\/_

JIx-2 Jy 1 N Jy— Jr__J B

J_ 2 \Jy- 1%:2\/144+2\/Z:2~12+2-2:28:RHS,

AM -GM

. \/44—
cu egalitate pentru:

Ax—-2 =

siw/y—lzi<:> Xx—2=9siy-1=4 < x=11siy=5.

36
NS y—1

Solutia ecuatiei este (X, y) = (11, 5) .

Remarca.

1). Leta,b > O fixed. Solve the equation for real numbers

4(x+9—a) y+4-b
Jx-a Jy b

=28.

Solutie.
Lema.

Ecuatia are sens pentrux>a,y >b.

_A(x+9-2a) y+4-b_4(x-a+9) y-b+4 . o
R m N e R (‘”— J_aJ (Jy_b

> 2\/4m

4 JAM -GM
>
Jy-b

\/ﬂ/ -b- 4 =244 +2J4=2.12+2.2 =28 =RHS,

y—b

Ja

cu egalitate pentru:

= - =QF==¢3x—a:9$y—b:4c>x:a+9$y:b+4

Solutia ecuatiei este(X, y) = (a +9,b+ 4) .

Remarca.

Cazula=1b=2
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2). Solve the equation for real numbers

4(x+&+_y+2 _28.
Jx-1  Jy-2

Solutia ecuatiei este(X, y) = (10, 6).

Remarca.

3). Leta,b, 4,n,k > 0 fixed. Solve the equation for real numbers

A% (x+n’ -a) y+k?—b _

+
Jx-a y-b

2(2%n+k).
Solutie.

Solutia ecuatiei este (X, y) = (a+ n’,b+ k2) )

Remarca.
CazulA=3,n=2,k =3.

4). Leta,b > O fixed. Solve the equation for real numbers

9(x+4—a)+y+9—b:

a \/y—b 42.
Dezvoltari, Marin Chirciu
Solutia ecuatiei este(X, y) = (a +4,b +9) .
Problema237.
Evaluate
p 1
e aEa™
al=Z.p1=0;091=2,a1=Ley1=Z.1=Z.
3 3 20 10 8
Universitatea Politehnica Bucuresti-2024
Solutie.
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2 0 2 x=—t 0 1
:'[ x +4 3X+1 J; x +4 3X+1) +!(x2+4)(3x+1) _I +4)(3 +1
0 £ 3 L dx 2 (F+)dx
-([ X2 +4 3X+1 !,‘ x? +4 3X+1 +-(|: X +4)(3X+l) -([(x +4)(3X+1)_

)d (—t)+

f x|2 1 1(n P
I —(arctgl—arctgo)z—(——oj:—.
0 x? +4 2 2 0 2 2\ 4 8

Varianta corecta este f).
Remarca.

1).Leta>0andb >1. Evaluate

1

) -[(x2+a2)(bx+1)

dx .

Solutie.

0

m'—"”

x+a bX+1 Ix+a bx+1 £x+a bX+1

a

T j b* dx ji j% bx+1 dx
+ +
2 (X +a%) bX+1 2 (X +a®)(b*+1) 5 (X +a’) bX+1 2 (X +a’ bx+1)
h xja 1 1(x T

rct = (arctgl-arctg0)==| =—0 |=—
! acg ‘O 2(arcg arctg0) a(4 j ”
Remarca.
2). Fiea >1. Calculati

I|an‘ L dx.

e (X240 (@t +1)
Dezvoltari, Marin Chirciu

Solutie.

1

Izjn(x2+n2)(ax+1) XZX!(X +n*)(a” +1)d (_X):I”(szz)(aXH)

dx =

J;X—H’l a+1)x'
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2I=I+I=j

-n

1 T a” , a*+1 tdx
(x*+n*)(a" +l)dx+_J‘n (x*+n?)(a" +1)dx - _In (x*+n)(a" +1)dx - J.ﬁ N

1 x(n 1 1(n (- T
=—arctg—| =-— tgl—arctg(-1))=—| ——| — | |=—.
nangn—n n(arcg arcg( )) (4 (4 j) 2n

Obtinem limn L dx =limn 2 =2
e (xPan?)(at+1) T e 4n 4

Problema238.

Solve the system equation

{\/x—1+\/y—1+\/z—1:3'

X +y*+2°=12
RMM 7/2024, Nguyen Hung Cuong, Vietnam

Solutie.

Avem3=Y VX1 <[ (x-1) - J3(Zx-3) Cgs\/?,( Y x? —3) = 3(v3:12-3) =3, cu

egalitate pentrux=y=2=2.

Deducem c3 (X, Y, Z) = (2, 2, 2) este solutia unicd a sistemului de ecuatii.

Remarca.

1). Solve the system equation

{\/x—1+\/y—1+\/z—1+\/t—1=4_

X +y?+2° +1° =16
Solutie.

Avem4=zmczs\/42(x—l) =\/4(2x—4) Css\/4(\/42“7x2’—4) = J4(V416-4) =4,
-2,

cu egalitate pentrux=y =z =t

Deducem c3 (X, Y, Z,t) = (2, 2,2, 2) este solutia unica a sistemului de ecuatii.

Remarca.

2). Solve the system equation
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{\/x—2+\/y—2+\/z—2 -3

X +y +22=27
Deducem c3 (X, Y, Z) = (3, 3, 3) este solutia unica a sistemului de ecuatii.

Remarca.
3). Let A > 0 fixed. Solve the system equation

{\/xﬂ +Jy—A+Vz-2=3

X2 +y*+2°=3(4 +1)2

Dezvoltari, Marin Chirciu

Solutie.
Deducem c3 (X, Y, Z) = (l, A, ﬂ) este solutia unica a sistemului de ecuatii.

Problema239.

Ifa,b,c >0 then

f b+c
—>42
Z 5a+2b+2c \/_

Mathematical Inequalities7/2024, Vasile Cartoaje, Ploiesti
Solutie.

Folosind inegalitatea lui Holder obtinem:

b+C b+C 2 Holder 3
Z\/5a+2b+2cz\/5a+2b+2CZ(b+c) (5a+2b+2c) > (D (b+c)) .

3
Rezulta: ( b+c (22&)

2
5a+2b+2c] Y (b+c) (5a+2b+2c) '

Ramaéne sa aratam ca:

B(Za)s 22<:>4(Za)gzZ(b+c)2(5a+2b+2c) =

Z(b-l-C)z (5a+2b+2c)

= 4[Za3 +3H(b+c)] > Z:(b+c)2 (5a+2b+2c) <
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=N 4[Za3 +3(2abc+Zbc(b+c))] >4 a’ +11) be(b+c)+30abc <

Zbc(b+c) > 6abc, care rezultd din AM-GM.

Egalitatea are loc dacd si numaidacda=b=c.
Remarca.

1). Ifa,b,c >0and 24 >5n > 0then

Z\/ b+c 23\/ 2 .
Aa+nb+nc A+2n

Marin Chirciu

Solutie.

Folosind inegalitatea lui Holder obtinem:

Z\/ b+c z\/ b+c Z(b+c)2(ia+nb+nc)Ho§er(Z(b+c))3.

Aa+nb+nc Aa+nb+nc

Rezulta:

(Z b+ (2Xa)

2
> )
ﬁa+nb+ncJ Z(b+c)z(/1a+nb+nc)

Ramane sa aratam ca:

(o) s

> (b+c) (da+nb+nc) A+2n

< 4(a+2) (Y a)3 >9%(b+c)’(da+nb+nc) <

= 4(/1+2n)[2a3 +3H(b+c)] > 92(b+c)2 (Za+nb+nc) <

& 4(A+2n)[ > a*+3(2abc+ Y be(b+c))|=9[ 2D a* +(4+3n) > be(b+c)+61abc |
>6

= 2(21—5n)2a3 +3(/1— n)ZbC(b+C) (5/1 —8n), care rezultd din AM-GM si24 >5n>0

Obtinem:
2(22-5n)> @’ +3(4A—n)> bc(b+c)>2(22-5n)-3abc+3(2—n)-6abc =6(51—8n)abc.
Egalitatea are loc dacd si numaidacda=b=c.

Remarca.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — SEPTEMBRIE 2024 www.mateinfo.ro

2).Ifa,b,c>0and A thhen

Z\/ b+c 23\/ 2 _
Aa+b+c A+2

Remarca.

3).Ifa,b,c > 0then

> b%:: >3\2.
Dezvoltari, Marin Chirciu
Problema240.
SP.554. Find:
Q:ISSXX;—ldX,Xe(O,oo).
e” +7x
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.

Q:jf:(;ldx:j(g—igew—jL?J:gx—lln(esx+7x)+C.
e +7x [

Remarca.

fmeR,ne (O,oo)then find:

Solutie.

mx —1 m 1 me™+n) m 1
Q:j _ dx=I ——Z.——— |=—x-=In(e™+nx)+C.
e™ +nx n n e +nx) n n

Problema241.

SP.552.Ifa>0,a #1 then find:

Q= Ja' log, (\/azx2 +1—ax)dx :
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RMM- Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.

Functia f :[—a, a] >R, f (X) =log, (\/aZX2 +1—ax) este impara, vezi:

f(x)+ f (-x)=log, (x/azx2 +1—ax)+ Ioga( a’x’ +1+ax) =log, («/azx2 +1—ax)(x/a2x2 +1+ ax) =
=log, (a’x* +1-a’x*) =log,1=0.

Folosind faptul ca integrala pe un interval simetric dintr-o functie impara este nula deducem ca

Q= i log, (\/azx2 +1—ax)dx =0.

Remarca.

Ifa>0,a#1 then find:
Q= I Ioga(\/azx2 +1+ax)dx.
Solutie.

Analog Q = I log, (\/azx2 +1+ ax)dx =0.

—a

Problema242.
SP.555. Find:
1(1¢ dt
Q=lim==]—-1/.
=0 x{ Xpt+e
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.
X
dt
1(1% dt tve " o - -1 1-x—¢*
Q=lim=| = [—-1|=lim— = limX*&  —iim =
x—0 ¥ X0t+e x—0 X I"Hospital x—0 2X x—0 2x(x+e")
X X (0) X
. 1 . 1l-x—-e" 1, 1-x-e 1. -1-¢ 1
=lim lim =—lim———— = Zlim ==(-2)=-1.
x—0 2(X+ ex) x—0 X 2 x50 X I"Hospital 2 x—0 1 2
Remarca.
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Find:
R
H0x xosmt+e
Marin Chirciu
Solutie.
(1% dt '(t]It X () ot 1—si
i i sint+e . Qi X i - —e*
Q=lim= —j _ ——1|=limi——Ff"— = limSinX+e’  _jj 2-SNXZ€
x—0 X Xos|nt+e x—0 X 1 Hospital x—0 2X x—0 2x(smx+ex)
5
) 1 . l-sinx—e* 1, 1-sinx—-e* ‘@ 1 —cosx—e* 1
=lim— lim ==lim——— = —I|m—=—(—2):—1.
x—0 2(S|n X 4+ ex) x—0 X 2 x>0 X I"Hospital 2 x—0 1 2
Problema243.
UP.545. Find
1
2 x® —3x3
Q= dx .
£3x6—x4—3x2+1
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.
Cu substitutia X* =t obtinem:
1 1 1 1
1¢ - 1t 2 1¢ o -1 —1
=—I t 3t =_J- t 3t J- gt =
2930t -3t+1 24 (t-1)(t+1)(3t- 1) 24| t- 1 31 t+1
1/ 1 1 R :
==/ —=Injt-1-=In3t-1-Inft+1] ||§ =— —In|t ]4+—In|3t 1+Inft+1] ||2 =
20 2 3 2
1/1, |1 1 1 1, 3 1.1 5
=——| =Inj=-— +—In +In = —I —+=In=+In= |=
2(2 |4 3 4 2 4 3 4 4

:—1 lIn3—|n2—gln2+ln5—2In2
2\ 2 3

—(—I 3——In2+|n5j
3

=1—1In2—lln3—lln5.
6 4 2
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Am descompus in fractii simple:

2
- A B
v = + + c ,cuA:—l,B:—l,C:—
(t-1)(3t-1)(t+1) t-1 3t-1 t+1 2
Problema244.
UP.548. Find
e
O- .[1 Inx .
- X* +1In? x
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania
Solutie.
—Inx [ X ]
e e e e
1-Inx 2 X
Q:jﬁdx:j In X dx:j Inx dx = —arctan —| =
1 X" +1In" X (X (X In x|,
— | +1 — +1
In x In x
e 1 T T
—| arctan — —arctan— |=—| arctane—— [|=——arctane.
Ine Inl 2 2
Remarca.
Find
e
Q—jgd% Inz( X .
1 X" =In" X
Marin Chirciu
Solutie.
—Inx _(Xj X 1e
e 1— S niy ¢ Ty _
:_[1 In;< dx= | In” x dx= | In>2< dx=—<pp[Inx T} _ 1y x=Inxj
1 X —In® x 13 1 1 X 1 2 i+l 2 X+|I’]X1
In x In x Inx 1

1. |x=Inx|" 1(, e-lne ., 1-Inl 1(, e-1 1. e-1 1, e+l
=—=1 =——|In —In =——|Ih—-Inl|=—=In——==In———.

2 x+|nx1 2 e+lne 1+Inl 2 e+1 2 e+l 2 e-1
Problema245.

Ifa,b,c >1then
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2
ZIoga(b——b+c]23.
c

Mathematical Inequalities 4/2024, Nguyen Viet Hung, Vietnam
Solutie.

b2
Folosind— —-b+c>b < (b—C)2 > O obtinem:
C

LHS =Y log, (——b+c}>2logab Z'gb>3sh‘[:g—2:3:RHs.

Egalitatea are loc daca si numaidacaa=b=c.

Remarca.

Ifa,b,c >1,abC:§then

2
> log LN STY
e 2

Marin Chirciu

Solutie.

2
Folosindb——£b+c > Eb = (b—C)2 > 0 obtinem:

c 2 2

2

LHS :Zloga[%—%bmjzZloga(ng:ZIogaG-bj :ZIogag+ZIogabz
>9+3=12=RHS .

Am folosit mai sus:

9 9 9
|Oga >9, vezi |Oga > =—=9
2 2 Zlog3 Iog3 abc) log 3 1
32
. lgb Igb
log, b>3, log, b= >3 3.
o0, b3, ves Tog, b -3 9223 -

3
Egalitatea are loc daca si numaidacaa=b=c= i/;
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Problema246.
In AABC
Z(tan%ﬂan %)cot A>2.
RMM4/2024, Zaza Mzhavanadze, Georgia
Solutie.
Lema.
In AABC

Z(tanEHan E)cot A= 2(5—1) .
2 2

r

Demonstratie.

2 2
> tan 2 4 tan & cotA:ZtanAZCOtA—ZtanécotAz4R+r. pT—r"—4Rr
2 2 2 2 P 2pr

2 2
_5p°—(4R+r) :2(5_1)
2p?

Am folosit mai sus:

5p? —(4R+r)’

2

2_ 2_
Ztané:A'RJrr ,ZcotA:M,ZtanécotA=
2 p 2pr 2 2p

Euler
Z(tan%ﬁan%jcotA:Z(E—lj > 2.

r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2R—2r B C R?
1). < tan—+tan— [cot A< —.
) r Z( 2 2) 2r?
Lema.
In AABC
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Z(tanEHanchotA:Z E—l}.
2 2

r

Inegalitatea din stanga.

Z(tangﬂan%jcotA:Z(E—l]z 2R—2r .

r r

Inegalitatea din dreapta.

R Euler RZ

Z(tanEHanE cotA=2|—-1| < —.
2 2 2r

r
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

2). 632(cot%+cot%jcotAs£.
r

Lema.

In AABC

Z(cot5+cotgjcotA: 2 E+1 .
2 2 r

Inegalitatea din stanga.

Euler
Z(cot%+cot%)cotA: 2(E+1) > 6.

r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din dreapta.

Euler
Z(cot5+cot9 COtA=2 E+1 < 3—R
2 2 r r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

3). 3Z(tan % +tan %) cot A> Z[Cot % + cot%jcot A.

Dezvoltari, Marin Chirciu

Solutie.

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — SEPTEMBRIE 2024 www.mateinfo.ro
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Lemal.

In AABC

Z(tanEHan E)cot A= Z(E—g .
2 2

r

Lema2.

In AABC

r

Z(cot%+cot%)cot A= Z(EHJ.

Folosind Lemele de mai susinegalitatea se scrie:

3-2(?—1) > 2($+1) < R>2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema247.

SP.547.1f X,y >1then

3
InxIn y(%/logX y +3[log, x) <2In*(xy).
RMM- Number 37, Summer 2025, Daniel Sitaru, Romania

Solutie.

3
Cu substitutia(a, b) = (In X, In y)inegalitatea se scrie: ab[#%+i/g] < 2(a+b)2.

Notand(a,b) = (u?’,v?’), inegalitatea de mai sus devine:

3 3
u. v 2 u® LU VoV

UV == | <2(uP V) o UV SHB— 43—+ — | <2+ 20 V)
vou Vovou

< ub+3u Vi +3uiV FvE <208 + AUV + 2V o Ut —3utVE AUV UV + Ve > 0 &
2
< (u-v) (u4+2u3v+2uv3+v4)20,cu egal pentrul =V <> a=b < Inx=Iny < x=y.

Remarca.

If X,y >1then
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InxIn y((‘/logx y +;1#/Iogy x)4 <4In’(xy).

Marin Chirciu
Solutie.
b 4
a
Cu substitutia(a, b) = (In X, In y)inegalitatea se scrie: ab(i/ngi/:J < 4(a+b)2 .
a
Notand(a, b) = (u“,v“) , inegalitatea de mai sus devine:
u vY 2 ut  u? Vo Vo
u'v’ {—+—j S4(u4 +v4) < utv? [—4+4—2+6+4—2+—4j s4(u8 +2u'v* +v8) =
vV u \' \'} u u

< U +4uv? +6utvt + 4utve +v8 <4AuB +8utvt + AV &
2
< 33Ut —4uv? +2utvt — AUV +3v >0 & (u2 —v2) (3u4 +2uV? +3v4) >0,

cu egalitate pentrul =V < a=b < Inx=Iny < x=vy.

Problema248.
Prove that
j ox >7
] \/(xz +2)(2x*+1) 6
Octogon2024, PP.41412, Mihaly Bencze, Brasov
Solutie.
Lema.

IfO< x<1lthen

1 S 2

Joe2) (26 +1) 3(x*+1)

Demonstratie.

2 2
R CT R *2)*1” ”):g( 2 +1), egal (¢ +2) = (26 1) = x=1.
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1 2
>

Joe+2) (¢ +1) 3(x*+1)

=

1 1

LHS = j ZI Zf'x =EI 9)( :—arctanx|z—2-£:£—RHS
\/x+2 25 +1) 23(x*+1) 39x*+1 3 34 6

Remarca.
If 4 >0 then

j dx S_ 7

0 \/(xz +ﬂ,)(/1x2 +1) - 2(2+1)

Marin Chirciu

Solutie.
Lema.

IfO<Xx<1lthen
1 >

2
Joe+2)(axt 1) (A+1)(x* +1)

Demonstratie.

2 2
\/<X2 +ﬂ)(/1xz +l) ANEGM (X +l)z(/1x +1) = lzl(xz +1), cu egalitate pentru

(x2+/1)=(/1x2+1) & X=1saud=1.

= ! >

2
\/(x2+l)(ix2+1) (A+1)(x* +1)

i 2 ¢ dx 2 !
_[ j = arctan x|, =
2 (A+1)(x +1) A+13x2+1 A+1

LHS = j
\/x +/1 /1x2+1
2 T 7

=< .2 =RHS .
A+1 4 2(2+1)

Problema248.

Daca ABCD este patrulater convex cu laturile de lungimia, b, ¢, d atunci:
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[ABCD]S%(a+b+c+d)z.

Mathematical Inequalities 3/2024, George Apostolopoulos, Greece

Solutie.

Dacaa = AB,b=BC,c =CA,d = DA atunci

[ABCD] = [ABC]+[ACD] = abszm B + cd S;n D Sinﬁxgla?b+%, cu egal pentruB=D=90".

Analog[ ABCD] =[BCD] +[ ABD] = bcs;”C 2 = Asmsxglb—;+% , egal: A=C =90 .

Adunand cele doua inegalitati obtinem:

2 ABCD] = [ABC]+[ACD]< 2+ £+ 20 B

®
4[ABCD]=[ABC]+[ACD]<ab+bc+cd +da§%(a+b+c+d)z,

unde(1) ab + bc +cd +da£%(a+b+c+d)2 = (a—b+c—d)2 >0.

Egalitatea are loc daca si numai daca ABCD este patrat.

Problema249.

If f : R = Ris a convex function then in AABC holds:

Zf(%}+3f(3—1rj222f(h—t}

Octogon, Mihaly Bencze, Brasov

Solutie.
Inegalitatea lui Popoviciu.
If f :1 © R — Risa convex function and X;, X,, X; € | then
(x)+ f (3)+ f ()31 (&sz{f (%J f (Tj f (T&H

Tiberiu Popoviciu Inequality

Sa trecem la rezolvarea problemei din enunt.
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o111 1.1 1 2
Se cunosc identitatile in triunghi —+ —+ —=—si— + —

r,L r, r. r r r. h

11
—,— |obtinem:
rb rc

1.1 1 11

1 1 1 PR P
f(—)+f£—}+f£—]+3f R ) P
r, I, I, 3 2
= f[£j+f(£J+f[£j+3f
ra rb rc

Remarca.

1
Aplicand inegalitatea lui Popoviciu pentru (Xl, Xy, X3) = (—
ra

wls -
vV
N
M
—h
r\>|m3\|\>
0
™M
—
N
sle
_I_
w
—h
A/~
@[
N
\Y4
N
M
—h
M/
m:T|H
—

1). Daca f : R — R este o functie convexa si crescatoare pe R atunci in AABC avem:
St L]iar[ Po2r —BR, 5[
r? 3p°r? N h? )
Solutie.

1
- 2.2 2
a p r I’-b r-c

+

1 p°-2r°-8Rr 1
Se cunosc identitatile in triunghi Z—z _ Pzt —oRT Si—
r

. . . . . 1 11
Aplicand inegalitatea lui Popoviciu pentru(Xl, X2,X3) =| ===
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p®—2r? —8Rr 2

2.2 2
@f[izj+f(izj+f[iz]+3f p3r >2> f h?a =

1 p®>—2r>—8Rr 1
fl = |[+3f| ————— (=2 f| = |.
e (rj [ 3p°r’ j 2 [hﬁJ
Remarca.

2).If f : R —> Ris a concave function then in AABC holds:

Zf(r—t}sf(%jszz{h—t].

Dezvoltari, Marin Chirciu

1 1 1.1 1 2

1
Se cunosc identitatile in triunghi —+ —+ —=—si—+—=—.
L b r. rr r. h

a c

111
Aplicand inegalitatea lui Popoviciu pentru (Xi, X5, X3) = [— . —,—] obtinem:
ra rC

o

1 1 1 1 1
e o

f[1j+f[£J+f(lj+3f b Liloyeh ke
r I, r 3 2

a c

W= -
IA
N
™M
—
r\>|g,3\|\>
0
™M
-
A/~
sle
+
w
—
A/~
@[
N
IA
N
M
—
I/
m:T|H
P

Problema250.

If A,B,C e M, (R),det A det B,detC >0anddet( ABC) =64 then

det(A+B+C)+det(~A+B+C)+det(A-B+C)+det(A+B—-C)>48.

CruxMath Sep2023, B135, Daniel Sitaru

Solutie.

Lema
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IfX,Y e I\/IZ(R),then

det(X +Y)+det(X —Y)=2det X +2detY .
Folosind Lema (X,Y)=(B+C, A) obtinem:
det(A+B+C)+det(-A+B+C)=2det(B+C)+2det A,(1).
Folosind Lema (X,Y ) =(A, B —C) obtinem:
det(A—B+C)+det(A+B—C)=2det A+2det(B—C),(2).
Adunand (1) si (2) rezulta:

LHS =det(A+B+C)+det(~A+B+C)+det(A-B+C)+det(A+B-C)=

Lema
:4detA+2det(B+C)+ 2det(B—C) = 4det A+4detB+4detC =

Al

M-GM
=4(det A+detB+detC)=4(x+y+z) > 4-3¥xyz=123/det Adet BdetC =

—123[det (ABC) =123/64 =12-4 = 48=RHS .

Egalitatea are loc daca si numai dacadet A=detB=detC =4.

Remarca.

IfA,B,C e M, (R),det A detB,detC >0anddet(ABC)=1°, 1> 0then

det(A+B+C)+det(~A+B+C)+det(A-—B+C)+det(A+B-C)>12).

Marin Chirciu
Solutie.

Lema

IfX,Y e MZ(R),then
det(X +Y)+det(X —Y)=2det X +2detY .
Folosind Lema (X,Y) =(B+C, A) obtinem:

det(A+B+C)+det(—~A+B+C)=2det(B+C)+2det A (1).
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Folosind Lema (X ,Y) = (A, B —C) obtinem:

det(A—B+C)+det(A+B—C)=2det A+2det(B-C),(2).
Adunand (1) si (2) rezulta:
LHS =det(A+B+C)+det(~A+B+C)+det(A-B+C)+det(A+B-C)=

Lema

=4det A+2det(B+C)+2det(B—C) = 4det A+4det B+4detC =

AM-GM

=4(det A+detB+detC)=4(x+y+2z) = 4-3¥xyz=123/det Adet BdetC =

:1243/det(ABC) =123/2° =12- 1 =RHS.

Egalitatea are loc dacd si numaidacidet A=detB=detC =A1.

Problema251.
J633. Find the least positive integer N for which
n*-2023n*+1
is a product of two primes.
Mathematical Reflections, Nr.4/2023, Adrian Andreescu, Dallas, USA

Solution.

We have: n*—2023n° +1=n?(n —2023)+1.
It is necessary that(n2 —2023) >0,son>45.

Forn=45 = n? (n2 —2023)+1=452 .2+1=2025-2 +1=4051=prime number,
it is not a solution.
Forn=46 = nz(nz —2023)+1=462 .93+1=2116-93+1=196789 = 47-53-79,

it is not a solution.

Forn=54 =
n? (n2 —2023)+1= 547 -(542 —2023)93+1= 2916-893+1= 2603989 = 487 -5347 = p,p,,

what is solution.
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We deduce that the least positive integer n for whichn® —2023n% +1 is a product of two primes is
n =54 and in this case N* —2023n? +1=487-5347 .

Remark.

1). Find the least positive integer N for which
n*-2023n%+1

is a product of three primes.

Solution.

We deduce that the least positive integer n for whichn® —2023n% +1 is a product of three primes is
n =46 and in this case n* —2023n* +1=47-53-79.

Remark.

2). Find the least positive integer N for which
n*-2023n*+1

is a prime number.

Solution.

We deduce that the least positive integer n for whichn® —2023n% +1 is a prime number isn = 45
and in this case n* —2023n* +1=4051.

Remark.

3). Find the least positive integer N for which

n* —2024n” +12
is a product of three primes.

Solution.

We deduce that the least positive integer N for whichn* —2024n” +12 is a product of three primes
isn =45 and in this case n* —2024n* +12=3.7-97 .

Remark.
4). Find the least positive integer N for which
4 2
n* —2024n°+10

is a product of three primes.

Solution.
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We deduce that the least positive integer N for whichn* —2024n? +10 is a product of three primes
isn =45 and in this case n* —2024n? +10=5-11-37.

Remark.
5). Find the least positive integer N for which

n* —2024n° +6
is a product of three primes.

Solution.

We deduce that the least positive integer n for whichn® —2024n° + 6 is a product of two primes is
n=45and in this casen* —2024n° +6=3-677 .

Remark.
6). Find the least positive integer n for which

n*-2024n° +2
is a prime number.

Solution.

We deduce that the least positive integer N for whichn® —2024n° + 2 is a prime number isn = 45
and in this case n* —2024n? + 2 = 2027 .

Remark.

7). Find the least positive integer N for which

n* —2024n° +14
is a prime number.

Solution.

We deduce that the least positive integer n for which n* —2024n* +14 is a prime number is N = 45
and in this case n* —2024n” + 2 = 2039

Remark.
8).Find the least positive integer N for which
n* —2024n*+16

is a product of three primes.

Solution.
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We have: n* —2024n2 +16 = n? (n2 - 2024)+16.

We deduce that the least positive integer N for whichn* —2024n? +16 is a product of two primes is
n=45and in this case n* —2024n° +16 =13-157.

Remark.
9). Find the least positive integer N for which
n*-2024n* +1
is a product of three primes.
Dezvoltari, Marin Chirciu

Solution.

We deduce that the least positive integer n for whichn® —2024n? +1 is a product of two primes is
n=45and in this casen* —2024n* +1=2-1013.

Problema252.

Ifx,y,z>0,xyz=1

2

x .3
y+7 2

RMM 8/2024, Shirvan Tahirov, Azerbaijan

Solutie.
Z\/y+7 \/y+7zs“xy+7 [ 3yi7Jz Z%mg
unde (1) > — =) 59 4(2x)32923/x(yT)2,

ZW ‘
care rezult3 dinzm < 52++21,vezi

’7(y+7 \/8x TS AMéGM%.8X+(y+;)+(y+7) _ 4x+3y+7 .
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5 21
323,)((),_,_7)2 SZ4X+3y+7 = z);+ , cu egal pentru8X:(y+7).

Ramane sa aratam ca:

4(Yx) 29

5> x+21

= 4(3x) 23(53 x+21) p1:Z>X4p *23(5p+21) <

AM -GM

© 4p°-15p-63>0 < (p-3)(4p*+12p+21)20 < p=3,vezip=p x > 3xyz=3

Egalitatea are loc dacd si numaidacd x=y=2z=1.

Remarca.

IfX,y,z>0,xyz=1

Dezvoltari, Marin Chirciu

{Z y+z3 1] 23/)( y+13 (l)(B)
unde (1) < (ZX)3 LN 12(2x)329za3/x(y+13—1)2,

Sty

care rezulta din ZﬂX(erﬁs —1)2 < w,vezi
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3 3 3
W:%%/ﬂsx<y+ls—l)(y—i-ﬂ,s—l)AMgGM%.lX+(y+l 31)+(y+l 1):

A +2y+22°-2 N
31

R e

cu egalitate pentru A°x = (y +A° —1) .

22(3x) 2 9-(23 +2)23);+6('13 = = 22(2x) 23(27+2) Y x+18(2° 1) 5

Ap*23(A2+2)p+18(2°-1) < A°p*-3(2°+2) p-18(2°-1)20 <

AM-GM

< (p-3)(A4°p* +34°p+62°~6)=0 < p=3,verip=) x = 3[xyz=3.
Egalitatea are loc dacd si numaidacd x=y=2z=1.

Problema253.

U470. Let N be a positive integer. Evaluate

. 1-cos" x-cosnx
lim 5 )

x—0 X

Mathematical Reflections 1/2019, Nguyen Viet Hung,Vietnam

Solution.

. 1-cos" x-cosnx .
Notam L, =lim > ,undene N .
x—0 X

Obtinem L, =1, L, =3.

. 1-cos"x+cos"x—cos"x-cosnx ,. 1-cos"x .. cos"x—cos"Xx-cosnx
L, =Ilim > =lim —+1im > =A +B,
Xx—0 X Xx—0 X Xx—0 X

Folosind regula lui Hospital sau limite remarcabile obtinem:

. 1-cos"x n
A =lim———=—i
x—0 X 2
. cos"x—cos"x-cosnx . cos"x(1-cosnx) . 1-cosnx n’
B, =Ilim > =lim 5 =lim =
x—0 X x—0 X x—0 X 2
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1-cos"x-cosnx _n n°_ n(n+l)

Rezultdca L, =lim > —
x>0 X 2 2 2

Problema254.

U500. Evaluate

limtan z+/4n% +n .

n—oo

Mathematical Reflections 6/2019, Adrian Andreescu,USA
Solutie.

Because the tangent function has the main period 7 we have:

n—oo

2 2
Iimtanm/4n2+nzlimtan7z( 4n2+n—2n):tanlim7{ An°+n-4n ]

N N \Jan? +n+2n

=tanlim S —tanZ =1.
ines (x/4n2+n+2nj 4
Evaluate
1). !illgocotn\/4n2 +n.
Solutie.

limcot z+/4n* +n =1.

N—o0

2) limcoszy4n?+n.

n—oo

Solutie.

n—oo

limcos z+/4n? +n = g

3).limsin zv4n?+n .

nN—o0

Solutie.

limsin z+/4n% +n = £

2
n—o 2 )

4).limtan 73/8n° +n? .

n—oo

Solutie.
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limtan z3/8n% +n? =2-4/3.

n—o

5). limcot 73/8n° +n? .

N—o0

Solutie.

limcot z3/8n% +n? = 2+4/3.

N—o0

6). limcos 73/8n° +n? .

n—o0

Solutie.

lim cos 73/8n° + n? = M .

n—w 4

7). limsin z3/8n° +n? .

N—o0

Solutie.

n—o

limsin z3/8n° +n? = @

8). limcot z+/n*+n .

n—

Solutie.

limcot z/n>+n=0.

n—o

9). limcot z3n® +n? .

n—o0

Solutie.

] 3
limcot z3n® +n? = % .
n—oo

10). limtan z3n*+n? .

N—o0

www.mateinfo.ro
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Solutie.

limtan z3n? +n? =+/3.

n—o

11). limtan z&n* +n*?, undek e N, k > 3.

n—o

Solutie.

n—o

nN—o0

. _ T
limtan z4/n* +n** =tanI.

12). limtan mk/(Zn)k +n“?, undek e N,k >2.
n—oo

Dezvoltari, Marin Chirciu

Solutie.
. _ T
limtan z/(2n)" +n“* —=tan——=—.
k-2
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