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1. METODA POLINOAMELOR RECIPROCE(II)

Prof. Gheorghe Ghita, Buzau

Articolul propune un alt tip de inegalitati care se obtin prin utilizarea pozitivitatii unor
polinoame reciproce (polinoame care au coeficientii egali departati de extreme egali intre ei)
ce admit pe 1 ca radacina dubla. Fie P(t), t > 0 polinomul reciproc atasat inegalitatii

respective.

Al. Dacaa,b,c > 0, atunci

a+b+b+c+c+a>2(1+1+1)
c? a? b2 — \a b c

problema O.VIIL.537, RM.T., nr. 3-4/2023 de Neculai Stanciu, Buzau
Solutie.
P oyley (Ll Loty goulatay_y o) -(6) -5+1] 5 2763
a bz = a? b) a2p? -

0, unde

PA)=t3—-t>?—-t+1=t*t-1D-—-1D=(t—-1D*@t+1)=0.
Egalitatea are loc daca si numai dacaa = b = c.

Extidere Al: Daca a,b,c > 0,n,k € N atunci

ak + bk bk 4 ¢k ck+ak> (1 1 1)

L N S T T

Gheorghe Ghita, Buzau

Solutie.
ak+pk > 7 pk 1 1) S 0
Z cntk — Z And Z bn+k an+k - a_n - b_n - <

ntzky pnizk_gkpntk_gnikpk > b"[(%)n+2k—(%)n+k—(%)k+1]

antkpn+k antk

ko(@
=pr—()>0 unde

antk —

a

P(t) — tn+2k _ tn+k _ tk +1= tn+k(tk _ 1) _ (tk _ 1) — (tk _ 1)(tn+k _ 1) —
-2+t 2+t + DM 2 44t 4+ 1) > 0.

Egalitatea are loc daca si numai dacaa = b = c.
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Observatia 1.

Pentrun = k = 1 = problema 0.VIII.537, RM.T., nr. 3-4/2023 de Neculai Stanciu,
Buzau:

Observatia 2.
Pentrun = 4,k = 11in inegalitatea anterioara se obtineinegalitatea:

b+c+c+a+a+b> 2
as b> ¢> ~ 3R*

problema L:535, Sclipirea Mintii, n;19/2917 de D.M. Batinetu-Giurgiu,Bucuresti si
Neculai Stanciu,Buzau

Observatia 3.

Pentru un triunghi ABC sin, k € N se obtine inegalitatea:

ak+bk+bk+ck+ck+ak> 6
Cn+k an+k bn+k - (\/§R)n’

Kok Radon (5 i1 i1 Mitrinovic i1
a™+b ~ 1 2-3 2-3 ~ 2:3
deoarece Y, ——F— =22y —==2)— = — == > ==
c a a Ca (2p) 2"p zn(3~/§R)
2

_5
(v3R)"

A2.Dacda,b,c > 0;n € N atunci
1 1 1
(@"+b™ +c™) ( +tot ) +3(@* 2 +b"% +c"7?)
1 1
= 2(a"t + b + " 1)( +ot )
Gheorghe Ghita, Buzau
Solutie.
Za”2%+ 3Ya"? > ZZa"‘lziﬁ

n lel

S(E+%)+Tam? +35am2 223 (-

)+22a” 2o

2(“n+ )+22a”2>22( bzl)@

b2

aZp?

Zan—l an—l) an+2_Zan+1b+anb2+a2bn_2abn+1+bn+2

a_n ﬁ n-2 n-2_ %
2(b2+a2+a +b .

2 =26 6 -20) ) =2Ep () 2 0unae

a
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P(t) =t 2 -2t 4t 4 ¢2 — 2t + 1 =tP(t2 -2t + D)+ (2 -2t + 1) =
(t—D?*({t"+1) > 0.

Egalitatea are loc daca si numai dacaa = b = c.
Observatie.

1\2

Pentrun=0=>32%2(zz) o3y x*=>2Cx)eXx?=Yxy;
pentrun—l:ZaZ +32 >6Z sYa)d 2232 @Zﬂ>22—
(apllca'gla A1),
pentrun=2=Ya?T—+9=2%a¥;

A3.3,b,c>0n=>0=>=

1 1 1 1 1 1 1
(a+b+c)( tosts )+(2n—3)( toato ) zn(a2b2+b2c2+c2a2)

Gheorghe Ghita, Buzau

Solutie.
1 1 1
Ya¥=s+(@n-3)rZ2my—— e
S(E+2)+si+@-rizmr-t e
b
S(E+2)+n-3izmy-t e
a , b n-1 n-1 20\ _ a®+(n-1a’b—2na’b’+n-1)ab®+b® _
Z(F+;+a_4+b_4_azbz)_z 25b5 =
b ((a)° a)® a)3 a b a
25 () +@-0() () +-D5+1) =22 (5) 2 0,unce

PO =t +(n-Dt>=-2nt3+(n-Dt+1=
e —tS—t+1D)+nt(t* =22+ 1) =t —-D(E>—1) +nt(t? —1)? =
E—-D[t*+(n+ D3+ Cn+ D>+ (n+ Dt +1] = 0.
Egalitatea are loc daca si numai dacaa = b = c.
A4.3,b,c>0,n€[04] =
(@® + b3 +¢%) (5 + 3 +2)+(2n — 2)(ab + be + ca)=(2n + 1)(a? + b? + ¢?)

Gheorghe Ghita, Buzau
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Solutie.

Sal¥s+@n-2)Yab2 (2n+1)ya? e
Z(—3+%3)+Za2+(2n—2)2ab2 2n+1DYa? &

Z(a§+bf:)+(2n—2)2ab22n2a2 =

a*-na3b+(2n-2)a’b?*-nab3+b* _

Z<%3+%3+(2n—2)ab—n(a2+b2)>=Z =

ab

5[0 -n() +@-n () —ni+a]=xTp () 2 0umae
P)=t*—nt3+Cn—-2)t>—nt+1= t*-2t2+1) —nt(t>* -2t +1) =
(t—1?[t>?+ (2 —-n)t+1] =>0,vn € [0,4].
Egalitatea are loc daca si numai dacaa = b = c.

A5.3,b,c>0;n>-2=

a® + b> + ¢ + n[ab(a® + b3) + bc(b® + ¢3) + ca(c® + a?)]
> (n+ 1[a?b?(a + b) + b%c?(b + ¢) + c?a?(c + a)]

Gheorghe Ghita, Buzau
Solutie.
Ya*+nYab(a®+b3)=>n+1)Ya*b?*(a+b) ©

Y[a® +na*bh — (n + 1)ab? — (n + 1)a?b® + nab* + b°] =

Y b° [(%)5 +n (%)4 -(n+1) (%)3 -(n+1) (%)2 + n% + 1] =Y b>P (%) > 0, unde
PO =t +nt*—(n+ D3 -(n+Dt>+nt+1=
-t -t?+D+nt@E-t>?—-t+D=E-DE*-D+nt(t>*-D(t—-1) =
-3+ (m+2)t2+(n+2)t+1] = 0.
Egalitatea are loc daca si numai dacaa = b = c.
A6.a,b,c>0;n=>-1=

(a4+b4+c4)(§+%+%)+ (2n—1) (@3 + b + ¢3) = (n + D[ab(a + b) + be(b + ¢) +
ca(c + a)]
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Gheorghe Ghita, Buzau

za4zg+(2n—1)2a32(n+1)2ab(a+b)<:>

Z(%+§)+Z“3+(2"—1)Za3 >m+1)Yab(a+b) &

Solutie.

a* b*
> [?+ na® — (n+ 1)a’b — (n + ab* + nb® + ;] =

a’+na*b—(n+1)a®b?—(n+1)a’b3+nab*+b5 b5 |/a 5 a\?* a\3
) p =35(G) +n() -+ () ~+

1) (%)2 +n%+ 1] =Zl;—4P (%) = 0, unde

P =t +nt*—(n+D3-—(n+ D> +nt+1=>C—-D2[t3+ (n+ 2)t? +
(n+2)t+1]=0.

Egalitatea are loc daca si numai dacaa = b = c.

A7.a,b,c>0;n=-2=

(a3+b3+C3)<l+l+l>+n(a2+b2+c2)<1+1+1)>(3n+3)(a+b+c)
a?  b? c? a b ¢/

Gheorghe Ghita, Buzau
Solutie.

za3za—§+nzazz§z Bn+3)Yae

Z(Z—E+Z—z)+2a+n2(a§+§)+n2a2(3n+3)2a=>
S(E+5)+n3(2+L) 2 @n+DTa s

3 3 2 2
Z[Z—2+Z—2+n%+n%—(n+1)a—(n+1)b]=

) a’+na*b-(n+1)a3b?—(n+1)a’b3+nab*+b>

a’b?

2[6) +nC) - e 0 E) e 0 () enga] -2 () 2 0.unae

a?b? | \b

PO=t+nt*—(n+ D3 —(n+ Dt* +nt+ 1= - D3+ (n+2)t? +
n+2)t+1]=0

Egalitatea are loc daca si numai dacaa = b = c.

A8. 3,b,c>0,n>-3=
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1 1
bt o)+ 2n - D@ 4B+ )

> (n+ 1)[ab(a+ b) + bc(b +c) + ca(c + a)]

(a® +b5+c5)<

Gheorghe Ghita, Buzau
Solutie.

Za52$+(2n—1)2a3 >(n+1Yab(a+b) &

Z(Z—z+z—2)+2a3+(2n—1)2a3 >(n+1)Yab(a+b) &

Z(Zj-l- )++2n2a >n+1)Yab(a+b) &

Z[—+ +na® +"b3—(”+1)a2b—(n+1)ab2]=

Zag—;[(%)7+n(%)5 —(n+1)(%)4—(n+1)( ) +n - +1] Z P )> 0, unde
PO =t+nt’—(m+Dt*—(n+Dt3 +nt>+1=
-1 +2t* +(n+3)t2+(n+3)t> +2t+1) > 0,vn > 3.
Egalitatea are loc daca si numai dacaa = b = c.

A9. 3,b,c>0,n>-3=

1 1 1 1 1
(a* +b4+c4)< st >+n(a2+b2+cz)<a+g+z>2(3n+3)(a+b+c)

Gheorghe Ghita, Buzau
Solutie.

za4za%+nzazz§z (3n+3)Ya e

P&+ +Za+nT(E+L) +nTazGntDTa e

b3

2(a4+ >+n§]( )2(2n+2)2a(:)

b3
4 4 2 2
Z[Z—3+Z—3+n%+n%—(n+1)a—(n+1)b] =

a’+na®p?-(n+1)a*b3-(n+1)a®b*+na?p5+b7 _ b7 a\’ a\® a\*
: 5[ ) e -

a3b3 a3b3 |\b

(n+1) (%)3 +n(%)2 + 1] = ZZ—:P (%) > 0; unde

PO =t"+nt5—(n+Dt*—(n+ D3 +nt2+1=
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-1 +2t*+(n+3)t3+ (n+3)t>? +2t+1) > 0,vn = 3.
Egalitatea are loc daca si numai dacaa = b = c.

Al10.a,b,c>0,x<2,n€EN=>

1 1 1
(a™* + pntt 4+ ) (a_z + 0 + §> +o [ab(a™ + b™) + be(b™ + c™) + ca(c™ + a™)]

2 (2 < +3)(an+2 + bn+2 + Cn+2)

Gheorghe Ghita, Buzau
Solutie.

Zan+4zai2+oc Yab(@*+b") > 2x+3)Ya""?

an+4 bn+4
z( + )+zan+2 +oc Yab(a® + b") = (2 « +3)Y a"*? &

b2 a?

an+4 b‘l’l+4-
b2 a?

)+o< Yab(@® +b") = (2 x +2) ¥ a™*? &

Qi+t pn+a
[+

b2 a?

+oc ab(a™ + b™) — (o +1)(a™? + b™2)|=

an+6+bn+6+°<an+3b3+°<a3bn+3_(o<+1)an+4b2_(0<+1)a2bn+4 _

a?b?

S| - @+ () e (O () @+ () +1] =25 P () 2

0, unde

P(t) = t"° — (o + Dt 4o t"3 o t? — ( +1)t2 + 1 =
(= D2 +2t"3 + 2t + 1+ 22— ("2 + " + -+t + 1)) = 0.

Egalitatea are loc daca si numai dacaa = b = c.
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Art 7000

Math Journal
4-

Marin Chirciu *

Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de specialitate .
Problema255.

IfX,y,2>0,X+Yy+2z=3then

Pure Inequalities, Problem(135) 11/24, Konstantinos Geronikolas, Greece

Solutie.

Se aplica inegalitatea lui Jensen pentru functia concava f (X) = L, X > 0 obtinem:
2(x+1)
LHS=f(x)+f(y)+f(z)£3f(x+;’+z /

Egalitatea are loc daca sinumaidacdax=y=2z=1.

=RHS.

Nloo

Generalizare.

If X, X500 X, >0, X + X, +...4+ X, =Nthen

Remarca.

InAABC

! Profesor, Colegiul National ,, Zinca Golescu "Pitesti
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1 3
1 —_— < —.
2 3r+r, \'2r
Solutie

Lema

IfX,y,2>0,X+Yy+2z=3then

i s
x+ 2
o101 11 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+ —=- < —+—+—=3.
r, b I r r, I, I,
. 3r 3r 3r
Folosind Lema pentru(X,y,Z) —,—,— | obtinem:
ra rb rc

3r 3

* X a2 Zm(

Egalitatea are loc daca si numai daca triunghiul este echilateral.

1 3
- < =
2)24/3r+ha _\/;

www.mateinfo.ro

Dezvoltari,Marin Chirciu

Problema256.
In AABC
r. 3R
Z\/% =5
Mathematical Inequalities 11/2024, George Apostolopoulos, Greece

Solutie.
Lema.
In AABC



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024

ra CBS ra ZR_r Euler 3R
LHS:Z\/%S\/gzh—a:\/s . SE:RHS,

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC
s h
2r \6 R
3 — | < 2 <3 — .
(Rj z\]ra (er

Solutie.
Lema.

In AABC

zg_ p?+r?—8Rr
r 2Rr

a

Inegalitatea din dreapta.

2 2 _ erretsen 6 Rz — RI’ + r2 uler
SN 5 SRR e ar
r, r, 4Rr 4Rr 2r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din stanga.

1
aAM—GM ha B &_ E_ ﬁg
T W TR ER O

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC

|s

1)632(\/?—7a+\/7j337R.

g

www.mateinfo.ro

Marin Chirciu



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024

Solutie.
Lemal.
In AABC

1

(%) <z{r=dlz)
R r, 2r
ZE _ pP+r’—8Rr

r, 2Rr

Solutie.

Inegalitatea din dreapta.

CBS _ Gerretsen 6 RZ — RI’ +r Euler
z 32 \/ p +1?—8Rr \/ ( ) p 3R
4Rr o’

Inegalitatea din stanga.

Lema2.

In AABC

2r h, =~ 2r
Zr_aZZR—r
h r

Inegalitatea din dreapta.

Z r, css\/sz \/ 2R — rEuIer3R

Inegalitatea din stanga.

N Rk

www.mateinfo.ro

Marin Chirciu
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Adunand dublele inegalitati din Lemele de mai sus obtinem concluzia.

h r
Y 2 <N 2
)Zra ha

4) 32 < r—a+r:—as?"§R.

www.mateinfo.ro

Dezvotari, Marin Chirciu

3 h o) p>+4R*—10Rr +r°
r, h 2Rr '

Solutie.

Inegalitatea din dreapta.

CBS (€] 2 Euler
D h < 3y h 5|2 /3.2 IR
r, h r, h 2r 2r

|

=

> g+£ _ p?+4R?—10Rr +r? Gerretsen 4R? +4Rr +3r® +4R* —10Rr +r? _
r, h, 2Rr - 2Rr
3R?
_8R*—6Rr+4r® 4R°-3Rr+2r° = 5 3R’
2Rr Rr " Rr 2r*’

Inegalitatea din stanga.

h r AM -GM
> [P 2 e

ra ha
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema257.

IfX,y,2>0,X+Yy+z=1then find min of

RMM 11/2024,Socrate Romanidis, Greece

Solutie.
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ooy X ¢ (EX) (XX) 1 (X0 11

yi+2° Z(y+z) 2y’ x° 2 T2 09 2 9 18

1
Rezultd cd minP = —pentrux=y=2=—.
18 3
Remarca.

Let A > Ofixed. IfX, Y,z >0, X+ Y+ zZ =1then find min of

P=2 v

y*+A7°

Marin Chirciu
Solutie.

by s (20 (S e (5]

y+}tz Z(y3+ﬂ,z3)_(/1+1)2x3_/1+1 T2+l 9

1 13 1
T a+41 9 9(/1+1)

1
Rezultd cd min P = pentruX=Yy=12= 3

1
9(A+1)
Problema258.

Ifa,b,c>0,a’+b%+c?+abc =4then

RMM 11/2024,Nguyen Hung Cuong, Vietham

Solutie.

Cu substltutla(x Y,z ) (E,%,a—bjavem(az,bz,cz):(yZ,ZX,Xy).
a C

Problema se reformuleaza:

IfX,y,z2>0,yz+2zX+ Xy + Xyz = 4then
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D x=2>xy.

Demonstratie.

VZ+IX+ XY +XyZ =4 & 2—1:2c> Ll 1.
X+ X+

R B O 3L D W) N
1_Zx+1_ x2+x_Z(x +x) > X +Zx

2
:122)( +22xy S DX+ X2 KH2Y Xy & D x=2> xy.

Egalitatea are loc dac sinumaidacax=y=z=1< a=b=c=1.
Remarca.

Ifa,b,c>0,a’+b%*+c’*+abc=4andn e Nthen

1 2« a )

Solutie.

Pentrun = 0 se obtine egalitatea 3 = 3.
Pentrun =1se obtine Lema.

Pentrun > 2 se foloseste inegalitatea lui Holder.
Lema.

Ifa,b,c>0,a’+b%+c?+abc =4then

1 a
zgzz o’

l n a n
older Zj ema(ZZJ n
LHS = Zin ( a’) g e :3(22 aj — RHS.

3t 3t 3%

Egalitatea are loc dacd si numai dacda=b=c=1.

Problema259.

www.mateinfo.ro

Marin Chirciu
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Ifa,b,c >0,abc =1then

www.mateinfo.ro

Mathematical Inequalities 11/2024, Imad Zak, Lebanon

Solutie.
1+ab
1)Zl+a =3
1+ab 1+ab bc(1+ab) Am-em bc(1+ab)
LHS = - - S gyt a)
Z1+a §:1+il 2 1+bc - I 1+bc
bc
1+ab
)§:1+c =3
l1+ab <1l+ab ab(l+ab) AM-GM z .
Zl+c _21+1_Z b =>ab > 3(abc)” =3=RHS.
ab
1+ab
3 >
)§:1+J_
1
glaabse Mo L+ 1+ ZJchAM GMZ\/Z\/_ ZE
1+c 1/ 1+c 0421+c c2 c
1 AM GM 1
=2.- 3,/-——=3=RHS.
Y {glabey

Remarca.

Ifa,b,c,d >0,abcd =1then

=3{/(abc)” =3=RHS.

Marin Chirciu
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Solutie.

1+abc 1+ abc bed (1-+abc) Av-em \/ bed (1+abc)
LHS = = el Sllibstd/ AN P11 ] ok Sl
2 Z R 1+bcd [ 1+bcd
bcd

= 4¢/(abcd)’ =4=RHS.

Problema260.

If X,y,z > 0then

www.mateinfo.ro

Mathematical Inequalities 11/2024

x* +1
Y22
y +ty +y
Solutie.
Lema.
If X,y >0then
4
X +1 23_
X+x*+x 3

Demonstratie.

4
—3X ng 2%@3x4—2x3—2x2—2x+320<:>(x—l)2(3x2+4x+3)20.
X +X +X

~ 4 ema
o AT, AT

Y +yi+y y +y +y

Remarca.

If X, Y,z > 0then

Y +yi+y
Solutie.
If X, y > 0then
5
2X°+3 25
XC+x>+x 3
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2x° +3
X3+ X2+ X

5 _ 5 ema
ugJ 2048 JH 2643 25 15 5 _pes.
Y +Y +y V' +Yy +y X3 +x%+x 3

6
2)ZX—+223.

zg@ 6x° —5x°—5x>-5x+9>0 < (x—1)2(6x3+12x2 +13x+9)20.

3 2
y +y +y
Solutie.
6
X +2
Rl
X3+ x2+x
X° +2 6 U3 U2 2( 4 3 2
———21e X -x"—x —x+220<:>(x—1) (x +2X° +3x +3x+2)20.
X3+ x2+x

6 AM —GM 6 6 Lema
3 T e R

y +y +Yy y +y +Yy X +X +X

7
3)2—2)( 5 >7.

Y +yi+y
Solutie.
7
2X'+5 T
XX+x>+x 3
2x"'+5 7

#2—©6x7—7x3—7x2—7x+1520<:>
X +X+X 3

(x—1)" (6x° +12x* +18X’ +24x" +23x +15) > 0.

7 AM —GM 7 7 Lema
B RS (IS
X+ X +X

y +y +y y +y +y

y Hy +y
Solutie.
8
X +3 Zﬂ.
X+x*+x 3
X*+3 _4

3—22—<:>3x8—4x3—4x2—4x+920<:>
X*+X+X 3
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=N (x—l)2 (3x6 +6x° +9x* +12x3 +15x2 +14x+9) >0.

X*+3  Av_GM X°+3 X*+3 lema 4
— =2 3| |=———=33| | =——— = 33| | ==4=RHS.
> M2 a2 T

3 2
y +y +y
Remarca.

2n _
S)Z)(s+—r2]12n,neN,n22.
y +y +y

Dezvoltari, Marin Chirciu

Solutie.

x*"+n-1 _n
2_

V+yi+y 3

2n
X"+n-1 _n
>— o 3" - —nx*—nx+3n-3>0<

y+y*+y 3

& (x=1)" (377 +6x" +9x"* +..+(6n-12)X° +(6n—9) X" +(5n—6) X +3n—-3) 20,

X*" +n—1 AM—GM X" +n-1 \/ X*" +n—1 Lema n
— > 33 |—=—=3| | ———— = 33| | ==n=RHS.
> M2t g g

Yy +yi+y

Egalitatea are loc daca si numaidacax=y =2z =1.

Problema261.

In non-obtse AABC

r+r, <7b%+7c? —2bc—4a’ .
RMM 11/2024,Dang Ngoc Minh, Vietnam
Solutie.

Lema.

In non-obtse AABC

r+r,<b+c.

Demonstratie
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par =S, S _ (L 1 J:S(p—aWJ:S[M_—aJ:pr&:
p p-a p p-a p(p-a) p(p-a) p(p-a)

A<z

:(b+c)#:(b+c)tan§ < (b+c)-1=b+c.

Lema

@
LHS =r+r, < b+c<+/7b?+7c>—2bc—4a? = RHS,

undeb+C(2\/7b2 +7c? —2bc—4a® < (b+c)’ <7b%+7c? —2bc-4a® <

& Bb”+6c7 —4bc—4a” >0 < 4(b* +¢* —a”)+2(b—c) 20,

care rezulta din (b2 +c?-a’ ) >0 in non-obtse AABC.

Egalitatea are loc daca si numai daca (b2 +c?— az) =0si (b — C)2 =0, adica in triunghiul
dreptunghic isoscel.

Remarca.

In non-obtse AABC
r+r < 2(b2 +cz) :
Marin Chirciu
Solutie.
Lema.
In non-obtse AABC

r+r,<b+c.

LHS =r+r, Leénab+cC28«/2(b2 +¢*) =RHS .

Egalitatea are loc daci si numai dacd AABC este dreptunghic isoscel.
Problema262.

Ifa,b,c>0,abc =1then

Zbc S 27

l1+a (a+b+c)(3+a+b+c)’

Mathematical Inequalities 11/2024
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Solutie.
bc 27 abe=1 1 27

> > .

Z1+a (a+b+c)(3+a+b+c) = Za+a2 (a+b+c)(3+a+b+c)
2
Functia f (X): ! > f'(X): _2X_12 , f”(X)=6X+—6X22 >0 = f este convexa.
X+X (x+x%) (x+x%)
Folosind inegalitatea lui Jensen obtinem:
f(a)+f(b)+f(c)zBf(aerJrcj: . L _ 21
a+b+c (a+b+c

3
Remarca.

Ifa,b,c>0,abc=1and A >0then

bc

jz (a+b+c)(3+a+b+c)

g

3

27

2

> .
1+2a (a+b+c)(3+A(a+b+c))

Marin Chirciu
Solutie.
bc 27 abc=1 27
> > .
Z1+/1a (a+b+c)(3+a+b+c) < Za-|r/1a2 (a+b+c)(3+a+b+c)
2,2
Consideram functia f (x) =%, f'(x) :L)(—EIZ., f”(X) = 64 +6/1);+2 >0 =
X+ AX (x+x°) (x+x)
f este convexa.
Folosind inegalitatea lui Jensen obtinem:
f(a)+f(b)+f(c)23f(a+b+cj: . 1 _ 21 :
a+b+c (a+b+cj 3(a+b+c)+A(a+b+c)
+A
3 3
Egalitatea are loc daca si numaidacda=b=c=1.
Problema263.
Ifa,,a,,..,a,,0b,b,,..,0b, >0then
1 2 )
—)> (a,+b) =4n
I ONCRLY
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Mathematical Inequalities 11/2024, Imad Zak, Lebanon

Solutie.

HS =3 L5 () 2 3T dah =43 L ah 411 -

=4n* =RHS.
Am folosit mai sus(X+ y)2 > 4xy, pentru(X, Y) = (a| ' bu) =1 _n

Remarca.

Ifa,a,,..,a,,0b,b,,..,0b, >0then

> > (af+bf)=2n’.

Marin Chirciu

Solutie.

LHS = zai_lblz(al b)) CSZ%ZZ@Q - ZZ%Zalblgz(hh..ﬁl)z -

=2n’ =RHS.

Am folosit mai sus X> + y* > 2xy, pentru(X, y) = (a b, ) =1

(|
Egalitatea are loc daca si numai dacaa, =b,,i=1n.

Problema264.

Solve for real numbers

JX=Y+2y-2+3z+x=x+7.

Problem(108), Konstantinos Geronikolas, Greece

Solutie.

CBS

X+7=X=y+2y— z+3Jz+x<\/(12+22+32)(x—y+y—z+z+x):\/14-2x:2\/ﬁ.

Dinx+7 < 27X & (VX —+7) <0 x=T.

Egalitatea Tn CBS are loc daca si numai daca
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1 4 9 14419 14 7

x—y: y—z:z+x_x—y+y—z+z+x_§_x'

Din ! :ZgiX=7:> y=6.

X—-y X

. 7

Din =—six=1T=>12=2.
Z+X X

Solutia ecuatiei este (X, y,2) =(7,6,2).

Remarca.

Let A > O fixed. Solve for real numbers

X—V+AJY—Z+(A+D)VzZ+Xx =X+ A2+ A1 +1.
\/ y \/y ( )
Marin Chirciu

Solutie.

X+ A2+ A+1=x-y+Ay-z +(/1+1)\/z+xcés (12+12+(/1+1)2)(x—y+ y—2+2+X)=

:\/(2/12+2/1+2)-2x =2\/(12+/1+1)x .

2
DinX+ A%+ A+1< 2«/x(12+/1+1) = (\/;—\//12+/1+1) <0 x=A2+1+1.

Egalitatea in CBS are loc daca si numai daca

122 (A+1) 1+ 2+(A+1)° 2(P+a+1) a2ia4

x—y=y—z_ Z+X  X—Y+Y—Z+Z+X 2X X

1 AP+l
Din = Si
X—y X

X=2+A+1l=>y=A"+1.

A+1)
(4+1) zzsix:/12+/1+1:>z=/1.
Z+ X X

Din
Solutia ecuatiei este(X, Y, Z) = (/12 +A+1 1%+ A, 1) .

Cazul A =3.

Solve for real numbers

JX=y+3y-z+4Jz+x=x+13.
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Solutia ecuatiei este(X, Y, Z) = (13,12, 3) .

Problema265.

Ifa,b,c >0,a’+b?+c? =1then

>ayfa(b+c)<v2.

MathAtelier 11/2024, Panagiotis Danousis, Greece

Solutie.

LHS=Za\/a(b+c \/ZaZZa b+c)=1-2> ab E \/ZZa =\2-1=\2=RHS .

Remarca.

Ifa,b,c>0,a’+b*+c?=1and 1 >0then

> ayfa(b+Ac) <A+1.

Marin Chirciu

Solutie.
LHS =Y afa(b+4c) < S a2 a(b+4c) = [ (A +1) Dab < \[(A+1) D a’ =
= J(A+1)1=Va+1=RHs.

Egalitatea are loc dacd si numaidacda=b=c= % .
Problema266.
In AABC
ZE <6R.
Wa
RMM 11/2024, Nguyen Minh Tho, Vietnam
Solutie
LHS=ZESZ%= Zabc ﬁ_Zm 6R = RHS .
Wa a
a

Remarca.
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In AABC
Z—<6R
2) Z— <6R.
3
12r < ZE < Si
ra
Solutie

bc bc bc p—a p p2+r2—8Rr p +r —8Rr Gerretsen3R3
Sho s be s ela-s) ol +r o)

S pr r T

p—a
— Gerretsen
be _ p*+r*—8Rr o,
I r

a

www.mateinfo.ro
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Solutie

bc bc 3R’
LHS = < <
zwb+wc Zhb+hc 8r’

Solutie

bc bc _3R*
LHS = < < .
Zsb+sC Zh,o+hC 8r’

2 4
12r SZ bc <3R

14 < .
) R h,+h — 8r

Solutie

bc  P°+p*(3r’—4Rr)+ p’r®(32R* +8Rr +3r” )+ r’ (4R+r)’

Zhb+hc_

4rp? ( p°+r? +2Rr)

Inegalitatea din dreapta.

bc  P°+p*(3rP —4Rr)+ p’r®(32R* +8Rr +3r )+ r* (4R + )’ cerresen

zhb+hc_

arp?(p® +r”+2Rr) -
81R®
cerssen 8R® +16R°r + 48R’ + 64R°r* + 25Rr* + 28Rr°+8r° er 5 3R*
B r®(144R* - 77Rr +10r?) ~ r®.108R*  8r°

Inegalitatea din stanga.

3
Z bc _ pG + p4 (3|’2 —4Rr)+ p2r2(32R2 +8Rr +3r2)+ r3 (4R+r) Ger;tsen
h, +h, arp*(p® +r”+2Rr)

Gerten 8 (228R° ~151R*r +40Rr® —4r°) culr 8r? 162R" _12r°
27R*(2R*+3Rr +2r°) T 27R?-4R? R

15)6r <"

e _ 3.
rb+rc

=RHS.
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Dezvoltari, Marin Chirciu

Solutie
bc  P°(p*+2r*—4Rr)+r(4R+r)’
Zrb+rC - 4Rp? '
Demonstratie
Inegalitatea din dreapta.
2(p?+2r2—4Rr)+r(4R+r)’ | cerrten

5 be P (p PR 11 e ar gy, TR fom

L+r, 4Rp 4R p

3
e L 4R2+4Rr+3r2+2r2—4Rr+r(L+r)2 :i[4R2+5r2+(4R+r)(R+r)]=
4R r(4R+r) 4R
R+r

2 2 Euler 2

:8R +5Rr +6r ESI 12R _3R.
4R 4R
Inegalitatea din stanga.
2(p?+2r* —4Rr)+r(4R+r)° * | cerretsen

5 be _P'(r )+r(4R+1) :i{p2+2rz_4Rr+r(4R:—r) }G .

r+r, 4Rp 4R P

3
L 16Rr—5r2+2r2—4Rr+r(L+r)2 =i{12Rr—3r2+Z(ZR_r)r(‘m”)}:
4R R(4R+r) 4R
_ 2(2R 1) |

_r 12R°-3Rr+2(2R-r)(4R+r1) _ r(28F<2—7Rr—2lr2)Egerr-24R2 e
4R R B 4R? T O4R?2

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema267.

Ifa,b,c>0,abc =1then
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Solutie

¢ (S0 _ (5] o (Sa) i me
a’ +hbc Z(a +bc) Za2+2bc dat+y a’ "2

AM-GM
> %-3\3/a2b2 2 zgz RHS .

LHs =5 2

Egalitatea are loc dacd si numaidacsa=b=c=1.
Remarca.
Ifa,b,c>0,abc=1and A >0then

3 at 3
a’+ibc A+l

Marin Chirciu

Solutie

CBS ? 2 ? SOS 2 ? AM -GM
(Xa') (X)) (Xa®) 1,
LHS =2 2+/1bc = Z(a2+;tbc)_2a2+/12bc = Y at+ay.a _/1+1Za =

AM -GM 1 3
> — .33a%h’*c® =——=RHS.
A+1 A+1

Egalitatea are loc dacd si numai dacsa=b=c=1.

Problema268.

In AABC
IR
a“+bc 4R
RMM 11/2024,Nguyen Minh Tho, Vietnam
Solutie

b +c?
+C CBS 1 b2 +C‘2 AM-GM

Tereshln
LHS =2, 2+bc - Za +bc_4RZ 2+bc 4R \/(a2+b2)(a2+c2) -

AM-GM 1 2 3

b? +c

a2+b2)(a2+c )
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Remarca.
In AABC
ZM>1
a’+bc 2R’
Marin Chirciu
Solutie
a2+cz+a2+b2 - .
LHS - Zmb_|_m Terfhm AR 2 AR :iz(a +b 2)+(a +C )AM—G;I&CBS
a’+bc a“+bc 4R a“+bc
- 2 a +b2 a’+c
AM GT&CBS \/ ( ) 1 22—£=1:RHS.
4R \/(a +b2)(a +c ) 4R 4R 2R
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema269.
In AABC
3
> m, cot 2 2P
2 O9Rr
RMM 11/2024, Nguyen Minh Tho, Vietnam
Solutie
ereshin 2 2 _ 2 2 _
LHS =S mcot2 5 3P HC P(p-2a) _y e p(p-2) _
2 4R \(p-b)(p-c) 4R [p(p-a)(p-b)(p-c)
b2+C p p 2 2
= =—:2 —3r°—6Rr )=
Z ~ 4RS Z( ) ) 4Rrp p(p ' r)
p(p 3r —6Rr)Gerretsen2p
= =RHS,
2Rr 9Rr
Remarca.
In AABC
1)) m, tan As 27pr

Marin Chirciu
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Solutie

LHS = Zm tangTergh'nzb2+C2 (p_b)(P—C):zbzﬂ"2 (p-b)(p-c)

4R \ p(p-a) 4R [p(p-a)(p-b)(p-c)
_Zb2+c —b)(p-¢) _ 1 Z(b2+02)(p_b)(p_c)=L.2r[p2(2R+3r)—r(4R+r)z]=
S 4RS 4Rrp

2 2 rretsen — 2 - 2
p?(2R+3r)—r (4R +T) aare (16Rr —5r*)(2R+3r)—r (4R +r)
2Rp 2Rp

2 2 2 2
_ r(16R* +30Rr —16r ): r(8R +15Rr —8r )E;er r-27Rr _27r% RS
2Rp Rp Rp p

2)>'m, (tan g + cotgj > JART

Y
Marin Chirciu
Solutie
Zm ta A 27r°
P
ereshin 2 2 2 2
>om, tanAT S Zb +c® |(p=b)(p- C) Zb +C (p b)(p C)
4R p(p-a) 4R \/p )(p- c)
b2+c -b)(p-c) 1 1 2
Z S = IRS Z(b2+cz)(p—b)(p—c):M-Zr[p2(2R+3r)—r(4R+r) J:
2 2 erretsen - 2 - 2 uler
p (2R-+3r)—-r(4R-+r) ware (16Rr —5r*)(2R+3r)~r (4R +r) cuer 271"
2Rp 2Rp p
A _ p(S5R—-4r)
t—2=>
2)> ' m, co =
>m, cotémfhm b*+c* | p(p-a) :zb2+02 p(p-a) _
4R \(p-b)(p-c) = 4R [p(p-a)(p-b)(p-c)
b? +c? p( ) p ) )
= b —2 -3r°—6Rr)=
"R 4RSZ( +o)(p-2)= 4Rrp p((p*-3r ~6Rr)

p( p2 -3r? —6Rr) Gerretsen p(16Rr —5r2 —3r? —6Rr> Buler BARr
_ > 2 :
2Rr 2Rr p
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27r? . p(5R—4r)

A A
Adunand inegalitatile 1) si 2) obtinem Z m, (tan E + COtEj > R
p

p2 (5R _4r)+ 27Rr2 Ger;tsen (16Rr —5r2)(5R —4r)+ 27RI’2
- PR N PR -

2r (40R* —31Rr +10r” ) ever oy . 27R?  54Rr
2 = .
PR PR p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema270.
9a +4
Fie sirul (an )n>1 definit prina, =1si a,,, = —" 5 N >1. Aratati c3 sirul este convergent si calulati
- a, +
limita.
Bulgarian Mathematical Competition-2023
Solutie
. : . 4.2" -3
Demonstrdm prin inductie matematica :a, = ———— ,N >1.
2"+3
. 4.2" - A+1 ) L
Sirul cu termenul generala, = —— N >1 este convergent si are limita A4 .
2"+ 1-1
Remarca.
24+1)a + 4
Fie A > O fixat. Fie sirul (an )n>1 definit prina, =1si @, = # ,N>1. Aratati c3 sirul este
- a,+4+2
convergent si calulati limita.
Marin Chirciu
Solutie
— _ . A-2"-2+1
Demonstrdm prin inductie matematica : 8, = ————,N >1.
2"+ 1-1
. A-2"—A+1 . L N
Sirul cu termenul generala, = ﬁ ,N>1 este convergent si are limita egali cu 4.
+ —

Problema271.

Find A,,, , where
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A =1-2+3-4+5-8+..+(2n-1)-2".

Bulgarian Mathematical Competition-2023,Nedialka Dumitrova

Solutie

2A, =1-4+3-8+5-16+...+(2n-3)-2" +(2n+1)-2"".
A =2A -A =(2n-1)-2"" —(1.242:442.8+..+2.2") =

2n+l_2
2-1

+2=

=(2n-1)-2""-2(2+4+8+..+2")+1.2=(2n-1)- 2" -2

=(2n-1)-2"-2"?+4+2=2""(2n-1-2)+6=2""(2n-3)+6.
Deducem ci Ay, = 2°°° (4048 -3)+6 = 2. 4045+6.

Remarca.

Find A5, where
A =2-3+5-9+8-27+..+(3n-1)-3",neN".

Marin Chirciu

Solutie

3A,=2-3+5-3+8-3" +..+(3n-4)-3"+(3n-1)-3".
2A, =3A —A =(3n-1)-3" -3 -3 -3 -..-3"-2.3=(3n-1)-3"" -5 -6.

;37 -1 327

AvemS =3°+3'+3 +..+3" =3
2 2

Obtinem:

3n+2 _ 27 3n+2 15
- 4 — =

2A, =(3n-1)-3" S, —6=(3n-1)-3"' - —6=(3n-1).3" - —

:%[2(%—1)-3”*1—3"” +15 = %[3“*1(6n—5)+15] -

2A, =%[3“+1(6n—5)+15] = A =%[3”*1(6n—5)+15].

Deducem ci Ay,s = %[32026 (6-2025-5)+15 | = %(12145 .37 +15).
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RMM 11/2024, Nguyen Minh Tho, Vietnam

Problema272.
In AABC
Zi> 2\/5
W, /p?+r?—8Rr
Solutie
Z 1 ¢s 9 was\)p(p—a) 9 CBS Q Gerretsen 2\/5
—_—2> > > > .
w, >w, > J/p(p-a) p3 Jp°+r>—8Rr

Remarca.
In AABC

4 1 2

_< <=

1) _Z —AST
w, sin—
2
Solutie
1 2
Z—:—,(Gergonne).
A r
w, sin—
Z)Z 1 nZB(Ej,neN.
[ . A] 3r
W, sin —
2

Solutie

Pentrun = 0 se obtine egalitatea3=3.

1 2
Pentrun =1se obtineZ— = —,(Gergonne).

W, Sin —
2 2

Pentrun > 2 se foloseste inegalitatea lui Holder.

www.mateinfo.ro

Dezvoltari, Marin Chirciu
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Holder

1 1 2 Y
LHS =" => > T = S _3(3—j =RHS .

1
" 2 A 2Y
W, sin E Gergonne | 1

(W SinA) W, Siné
a 2 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema273.
InAABC
% < Z; =3
a“+b°+c h, +hh, —2r
RMM 11/2024, Nguyen Hung Cuong, Vietnam
Solutie

Inegalitatea din dreapta.

1 osaif1 1 ) 1e(1 [T 1 )wmoemi (1 1(1 1
Z—SZ— —+ =—z —+ == < |+ =—+—||=
h+Jhh  <4lh,  Jhh ) 4<(h \h h 4~h, 2(h h

a

1 1 11 1
:—2 —_— == —,
4 Zha 2 r 2r
Inegalitatea din stanga.
z 1 C>5 9 AM-GM 9 9 ® 9R

> > = > ,
h, +yh, 3 (h, +fh,) Z(h +ho+hc) 2> h, "> &
2

® 9R

9 >a’
ﬁzzaz = Zhagﬁ

Egalitatea are loc daca si numai daca triunghiul este echilateral.

unde

Remarca.

In AABC

9R 1 1
1 < E < —.
)4(R+r)2 h, +hh, —2r
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1 1 1
=<y —= <=
R Zra+ Lroo2r

1

3)—< <—.
Zm +ymm, 2r

1 1 1
4)—< <—
R W, +Ww, 2r
1 1 1
5)—< <=

Dezvoltari, Marin Chirciu

Problema274.
Ifa,b > Othen
a+1 b+1
Va2 +8b? ++/b? +8a% + —=->10.

RMM 11/2024,Nguyen Hung Cuong, Vietham
Solutie
Lema.
Ifa,b > 0then

a+8b

a?+8b% > .

Demonstratie

Ja?+8b? > aJ;Sb < 3/a’+8b* 2 (a+8h) & 9(a2 +8b2)2(a+8b)2 =N 8(a—b)2 >0

Lema 3 3 2 2
LHS = /a? 1807 + \b? 1 8a2 4 2+ Dr1gra+8b b+8a a'+b +a +b

> +
b? a’ 3 3 a’h?

a®+b® a®+b? a®+b® a’+b? Av-om
3a+3b+ 02 + b2 =(a+b)+(a+b)+(a+b)+ b2 + 02 >

AM —-GM a’+b® a’+b’ a’+b® a®+b*®
S slasb)-(arb) (arh) LA g & By



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

3 3 2 2
o (a+b)3-a +b a +b >32 & (a+b)3(a3+b3)(a2+b2)232a4b4,care rezultd din AM-

a’h® a%’
GM:a+b>2./ab ,a® +b® > 24/a%0® sia? +b? > 2ab.
Obtinem:

AM -GM

(a+b)’(a’+b%)(a®+b°) = (2@)3 -2y/a’h® -2ab=32a’p*.
Egalitatea are loc dacd si numaidacda=b=1.

Remarca.

Ifa,b>0andk e N then

a+l b+1
b* " a

Ja% +4k(k-1)b? +Jb? + 4k (k-1)a® + >2(2k+1).

Marin Chirciu
Solutie
Lema.

Ifa,b>0and A > 0then

Ab
Ja’+ib? > a+tav.
NA+1

Demonstratie

Jatt a2 32 o et + bt zatab o (A+1)(a*+4b%) > (a+Ab)’ <

JA+1
& A(a-b) 0.
pune 2= (1) = &+ ak (k- = TR,
2k -1

Lema
a+l b+1 7

b* a“

LHS = /a® + 4k (k —1)b? +/b? + 4k (k—1)a’ +

Lema a+4k(k—1)b b+4k(k—1)a a“tp*t gk 4pk
= + + kT gk
2k -1 2k -1 ab ab
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_(2k—1)2(a+b) a1 pt gk 4 p

ak+1+bk+1 . a.k +bk B
a“b* a“b

1 T ST =(2k-1)(a+b)+

ak+1+bk+l a.k -I-bk AM —GM . a.k+l+bk+1 ak +bk )
=(a+b)+..+(a+b)+ T + T > (2k+1)2'<+\/(a+b)2 ' T T >

2k-1

)

>2(2k+1)=RHS,

k+1 k @
unde(2k+1)2k+\i/(a+b)2kla DA Y k1) o

akb* akb"
k+1 k+l Ak k k+1 k+1 Ak k
kaa T +b" a“ +b kad T+ba +b
2k+\/(a+b) - —— 22 < (a+b) — —— 22" o
a‘b a‘b a‘b a‘b

PN (a+b)2k—1(ak+l+bk+l)(ak +bk)2 92K+ 52k 2k '

care rezults din AM-GM: a+b > 2/ab , a*" +b*** > 24/a*"h* sia* +b* > 24/a*b* .

Obtinem:

AM -GM

(a+b)2k*l( ket bk+1)(ak +bk) > (zﬁ)Zk_l'Z\/akﬂbkﬂ.2\/akbk :22k+1a2kb2k.

Egalitatea are loc dacd si numaidacida=b=1.

Remarca.
Ifa,b > 0then
1)\ 12407 + b7 + 2407 + 3L DAL 4y
2)Ja? + 480 + b + 48a’ + 2+1 b+l_18.

Problema275.
In acute AABC

Zasec A

[ ]tan A

Math Olymp 11/2024, Elton Papanikolla

Solutie
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_2pr
p’ —(2R+r)2 '

Folosim ) tan A =] Jtan A=

1
ZasecA ZZRS"‘A ZZRtanA 2R> tan A

LHS = =2R=RHS.
Htan A Htan A Htan A Htan A

Remarca.
In acute AABC

D asecA

r< <
[Jtan A
Marin Chirciu
Solutie
Folosim Ztan A :H tan A= L .
p*—(2R+ r)2

Inegalitatea din dreapta.

1
> asecA 2 2RsinA__— _Y2RtanA 2R tanA

HtanA HtanA HtanA HtanA B

Inegalitatea din stanga.

1
DasecA ZZRS'”ACOS _2.2RtanA 2RTtanA e

=2R > 4r.
[Jtan A [JtanA [JtanA [tanA

Egalitatatea are loc daca si numai daca triunghiul este echilateral.

Problema276.
Determine all non-negative integer pairs(X, y)for which:
(xy-7) =x*+y?.
MathOlymp 11/2024, Mathew Bailla

Solutie

Ifx>y>4= LHS =(xy—7)" 2 (4x-7)" > (2x)" > 2x* > x* + y* = RHS = fals,
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fx>y=3= LHS =(xy-7)">(3x-7)"=x*+3 =RHS = (3x-7)" = x*+9 &
S 42 -21x+20=0 < (x—4)(4x-5)=0< x=4=(x,y)=(4,3).
fXx>y,1<y<2=fals.

fx>y=0=x=7=(xy)=(7,0).

Deducem c3 ecuatia admite squ’;iiIe(X, y) = (4, 3),(3, 4) , (7, O),(O, 7) )

Problema277.
In AABC
2
-2 1R,
cos® —
RMM 11/2024, Nguyen Hung Cuong, Vietnam
Solutie
Lema.
In AABC
2
>~ =8R(2R-T).
cos® —
2
LHS & _gR(2R-1) % 12R?  RHS
= = — > =
> r(r) .
cos® —
Remarca.
In AABC
2 3
1)12R* <) a2 < oR°
cos’ r
a.2
2)72Rr <’ A336R2.
ﬁnzzi
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Solutie
In AABC
a‘2
> =8R(4R+T).
sin? —

Inegalitatea din dreapta.

LHS ="

a2 Euler R
=8R(4R+r) < 8R(4R+—j:36R2 =RHS .

-, A 2

Sin E

Inegalitatea din stanga.

Euler

2
2 __8R(4R+r) > 8R(4-2r+1)=T2Rr.

I

sin® —
2

a2
2 A
2

aZ
32— 5 <3

sin® —
2

COos

Dezvoltari, Marin Chirciu

Solutie

Lemal.

In AABC
a2
>, A =8R(4R+T).

Lema2.

InAABC
az
> =8R(2R-T).

Folosind Lemele inegalitatea se scrie:
8R(4R+ r)33-8R(2R—r) = (4R+r) £3(2R—r) < R=>2r,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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Problema278.

Determinati numerele prime a,b, ¢ ,care verifica egalitatea:

7a% +35b% —19¢ = 2020.
OL,Mehedinti
Solutie

Se studiaza dup3 paritatea numerele prime a, b, C.
Daca toate numerele prime @, b, C sunt impare = contradictie.
Dac3 toate numerele prime a,b, ¢ sunt pare= a =b = ¢ =2 = contradictie.

Daca doua dintre numere prime a,b, Cc sunt pare = membrul sting=impar si membrul

drept=2020=par = contradictie.

DaciC =2 = 7a’ +35b° —19-2 = 2020 = 7a* +35b* = 2058 = a* +5b* = 294 =
=be {3, 5, 7} .

Pentrub =3 = contradictie.

Pentrub=5= a=13.

Pentrub=7 => a=7.

Numerele prime ciutate sunt(a, b, C) = (13, 5, 2) , (7, 7, 2).

Remarca.

Determinati numerele prime a,b, C,care verifica egalitatea:

5a° + 45b” +387¢ = 2024 .
Marin Chirciu
Solutie
Se studiaza dupé paritatea numerele primea, b, C.
Daca toate numerele prime a,b, C sunt impare = contradictie.
Dac3 toate numerele prime a,b, C sunt pare= a =b =C =2 = contradictie.

Daca doua dintre numere prime a,b, ¢ sunt pare = membrul sting=impar si membrul

drept=2020=par = contradictie.
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DaciC =2 = 5a” +45b” +387-2 = 2024 = 5a* +45b* =1250 = a® + 9b* = 250 =
=be {3, 5} .
Pentrub =3 = contradictie.
Pentrub=5=a=>5.
Numerele prime cautate sunt(a, b, C) = (5, 5, 2) .
Problema279.
In AABC, M este mijlocul laturii BC si AM L AC . Atunci
BC? = AB® +3AC”.

Math Olymp 11/2024, Elton Papanikolla
Solutie
Lema.
In AABC, M este mijlocul laturii BC . Atunci

AB? + AC® =2(AM? +MC?).
Teorema lui Appolonius

Folosind Teorema lui Appolonius: AB? + AC? = Z(AM 24 MCZ) si teorema lui Pitagora in AMAC :
AM?+ AC?* =MC* =
= AB?+ AC?*=2AM?+2MC? = Z(MC2 - AC2)+2MC2 =4MC?*-2AC* =BC? -2AC"?.
Din AB® + AC* =BC?-2AC? = BC? = AB* +3AC”.
Problema280.

Solve in real numbers the equation

(x+1)\/x2+2x+2+x\/x2+1:0.

Bulgarian Mathematical Competition-2023, Nedyalka Dimitrova
Solutie

Lema.

NotandVX* +2x+2=a>0siVx’*+1=b>0=
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Ecuatia se scrie:

a? —b? +1_a+a2—b2
2 2

b=0e (a®-b7+1)-a+(a’~b’-1)-b=0 &

= (a2—bz)-a+(a2—b2)-b+a—b:0<:> (a—b)[(a+b)2 +1}:0<:> a=b <

S U +2x+2 =X +1 & X2+ 2x+2=X2+1 < 2X = -1 < x=?.

Deducem ca ecuatia admite solutia unica X = ? .

Remarca.

Let A > 0 fixed.Solve in real numbers the equation

(x+}t)\/x2+2x+2/l+x\/x2+/1 =0.

Marin Chirciu
Solutie

Lema.

Notand VX’ +2x+24 =a>0sivx’+1=b>0 =

(x2+2x+2/1)2—(x2+}t)—/1 _ a2_t2)2_1 I az—l;2+/1.

X =

Ecuatia se scrie:

a’-b*+1 a’-b*-1
‘a+
2 2

b=0c (a’-b’+1)-a+(a’-b’-1)b=0<

& (a’-b’)-a+(a’-b’)-b+i(a-h)=0< (a—b)[(a+b)2+ﬂ}:0 sa=be

o D H2XHA =X 4D & X A2X42A =X+ A < 2X=—] < x:7.

Deducem ca ecuatia admite solutia unica X = 7

Remarca.
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Solve in real numbers the equation:

1)(x+2)\/x2+2x+4+x\/x2+2 =0.

Ecuatia admite solutia unicd X =—1.

2)(x+3)\/x2+2x+6+x\/x2+3=0.

Ecuatia admite solutia unica X = 7 .

3)(X+5)Vx? +2x+10 + x3/x? +5 =0,

Ecuatia admite solutia unica X = ?

Problema281.

IfX,y,2>0,X+Yy+2z=3then

X -1
Z(y4 +z4) +7yz 3
Mathematical Inequalities 11/2024

Solutie

Lema.

IfX,y,z > 0then

1 1
>

2(y*+2")+7yz - 2y*+5yz+22°°

Demonstratie

1 1
> 2y* -2 z+22224/2 ‘4z
2y +5yz + 277 Ty (y )<:>

\/2(y4+z4)+7yz

oy -4y'z+6y°2° -4yP+2' >0 (y-2)' 20,
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LHS = X

Lema X

Z X

CS

www.mateinfo.ro

(XX

(Xx)

Z\/Z(y“+z“)+7yz S Loy byl

9 27

27 o1

unde >

54-2> x°+33xyz 3
veziAM-GM Y x° > 3xyz.
Ramane sa ardtam ca:
2-3Xyz+ 27 > 33Xyz < Xyz

Am folosit mai sus:

& 81254-2%"x°+33xyz < 2> x°+27>33xyz,

<1,vezi3=X+Yy+22>33xyz = xyz <1.

ZZX(y2 +22)+15xyz - 2(9_;ZX3—2Xij+15xyz - 54—22X3+33xyz

>
2xy? +5xyz+2x2° Y (2xy® +5xyz +2x2°)

&
21: RHS,
3

(x+ y+z)3=Zx3+3H(x+ y), X+ y+z=3:33:2x3+6xyz+32x(y2+22) =

= ZX(y2+zz):9—%2x3—2xyz.

Egalitatea are loc daca si numaidacax=y =2z =1.

Remarca.

Ifx,y,2>0,X+y+2z=3and

Solutie
Lema.

IfX,y,Z>0and A >4 then

Demonstratie

A >4 then

X S 3
\/2(y4+z4)+/1yz S A+2

1 1
>

\/2(y4+24)+/ty2 2y +(A-2)yz+27"

Marin Chirciu
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1 1 2 2 , 4, 4
2(y4+24)+/1yz22y2+(/1_2)y2+222 =22tz 2y @

oy -4y*z+ 6y -4yP+2' >0 (y-2)' >0,

Lema X 2

X Cs
LHS = > = >
2 2(y4+z4)+/1yz Z2y2+(/1—2)yz+222 Z2xy2+(/1—2)xyz+2xz2

c (Zx) _ (Zx) _
Z(ny +(1-2) xyz+2xzz) 22x(y2+zz)+3(}t—2)xyz
9 27 “ 3

= 3 2
2(9—gzx3—2xyzj+3(l—2)xyz 54-2 X +(94-30)xyz A+2

=RHS,

27 (>1) 3
54-2> X°+(94-30)xyz  A+2

ZZ X3 +9(/1 —4) > 3(31 —10) XYz, care rezultd din AM-GM Z x® >3xyz.

< 9(1+2)254-2> x°+(94-30)xyz <

unde

Ramane sa aratam ca:
A>4

2-3xyz+9(A—-4)>3(34-10)xyz < 9(A-4)xyz<9(A-4) & xyz <1, vezi
3=X+y+2>33xyz = xyz <1.

Am folosit mai sus:

(x+y+z)° =D X +3[[(x+y), x+y+2=3=3F =D x*+6xyz+3D X (y2+22):>

= Zx(y2+zz):9—%2x3—2xyz.

Egalitatea are loc daca sinumaidacdax=y=2z=1.

Remarca.

Cifx,y,2>0,Xx+Yy+z=3then

N |~

T

2(y4 + 24) +4yz
Solutie

Cazul A = 4in inegalitatea de mai sus.

Remarca.
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IfX,y,z>0,%x*+Yy°+2° =3and A > 2 then

solutie
Lema.
IfX,y,z>0and A > 2then
1 S 1
\/2(y4+z4)+}tyz S22yt +(A-2)yz+22t

Demonstratie
1 S 1
2(y*+2")+ Ayz S 2y*+(A-2)yz+27°

oy -4ylz+6yt -4yt ' 20 & (y—z)4 >0.
1 LeénaZ 1 Cs

2 2(y*+12")+ Ayz 2y* +(A-2)yz+22*
cs 9 9 9

www.mateinfo.ro

& 2yP —2yz+27° > 2(y4+z4) SN

Marin Chirciu

SOS

Sy (2] 2RV er) (9T w AKX (G-2Tve

9 S0S 9 9 3

T3 (23X (D) Az o

Egalitatea are loc daca sinumaidacdax=y=2z=1.
Remarca.

IfX,y,z>0, %> +Yy*+2° =3then

2(y4 + 24) +2yz
Solutie

Cazul A = 21in inegalitatea de mai sus.

Problema282.
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Ifa,b,c>0,a+b+c=3then

ab 3
<=.
2 2(b+1) ~ 2

RMM 11/2024, Konstantinos Geronikolas, Greece

Solutie
AM GM CBS CBS
LHS =Y b 3 Z Z\/_«/5<E aZ«/E<—J - —RHS
+
CBS
Am folosit mai sus: ZJE < «[328. J3-3=3.
Remarca.
Ifa,b,c,A>0,a+b+c=3Athen
ab 3
— < —+JA.
Z 2(b+l) 2\/_

Marin Chirciu
Solutie

AM GM

O D e PR CCErr R I
Tl faaali=S J_J_—3J_ RHS .

" 24 244

CBS
Am folosit mai sus: ZJE < 1/32& =4/3-34 3\/_
Problema283.

Ifa,b,c>0,a®+b®+c? =3abcthen

a b ¢ 3
———

b ¢ a a+b+c

>4.

Mathematical Inequalities 11/2024, Witcher Ben
Solutie

Folosim pqr -Method.

Notam p=a+b+c,q=ab+bc+ca,r =abc.
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Lema.

Ifa,b,c > 0then

Demonstratie

+
c C

1 2
:ZSaZ 3" _33r_or :9%:93232293 §(Za) _9s 2.2 2.
T A A N ;

2 2
on( 2] =9 57) = Zpof%"
LHS=ZE+iLezma33&+i:3§/E+E:JE+JE+JE+§AM§GM

b Ya VB D a 3 p V3 \3 \3 p
AMZGM4J§/E-§/E-JE-E:44/£-§:4:RHS.

3 V3 V3 p 3 p

Egalitatea in AM-GM are loc pentru i/g = i < p'=8le p=3.
p

Egalitatea are loc dac3 si numai dacsa=b=c=1.

Remarca.

Ifa,b,c>0,a’+b?+c?=3abcandn e Nthen

n+1 n
E+9+E+ 3 2(n+4)n+4[ 3 ) .
b ¢ a a+b+c a+b+c

Marin Chirciu
Solutie

Folosim pqr -Method.
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Notam p=a+b+c,q=ab+bc+ca,r =abc.

Lema.

Ifa,b,c > 0then

§+9+3233 a+b+c
b ¢ a 3

n+1 Lema a n+1 n+1 AM GM
o Ep BT e
AM _GM p p 3 n+l 3 n
> n+4 \/7 \/7 \/7_ n+4)n+4 — :(n+4)n+4 — | =RHS.
n+4 3 p p

Egalitatea in AM-GM are loc pentru i/g = 3 < p*=8le p=3.
P

Egalitatea are loc dacd si numaidacia=b=c=1.

Remarca.

Ifa,b,c>0,a’+b?+c? =3abcthen

Marin Chirciu

Problema284.

Ifa,b,c>0,a®+b®+c®=3then

18 >.a

>1+

D a) ab Dab

Mathematical Inequalities 11/2024, Nguyen Minh Tho, Vietnam

Solutie

S— 18 Za = 628. ChegshEVG Za Za 223_ SOS Z
_ZaZab - Yayab ZaZab dab Za

1
Am folosit mai sus inegalitatea lui ChebyshevZa3 > 528.22&.

=RHS.
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2 2
(S0S) < 2).2 sglerZa s Yaxdab e Y (a-b) 2

> ab D ab
Egalitatea are loc dacd si numai dacsa=b=c=1.
Remarca.
Ifa,b,c>0,a®>+b*+c®=3and A >0then

ZaZab +H(A71) %Zb

Marin Chirciu
Solutie
s _ 9 Tes 3y’ Chebzyshev?’/I Za 2. XSS (2 1)Za2 RHs.
> ay ab > ay ab ZaZab > ab > ab

(SOS) < ﬂ%ai Sgsl+(/1 1) % eYaz)ya o Y (a- b

Egalitatea are loc dacd si numaidacia=b=c=1.
Problema285.
If X, ¥,z > 0,solve the system:

X*+y*+2°=3

x> -3 y +zz—3_
x—4 y -4 7 -4

MathAtelier 11/2024,Panagiotis Danousis, Greece

Solutie

a+b+c=3
Cu substitutia (Xz, y?, 22) =(a,b,c)sistemul devine< 1 1 1

+ + =
4-a 4-b 4-c

1
Folosind inegalitatea lui Jensen pentru functia convexa f (t) = 4— te (O, 4) obtinem

=1, cu egalitate pentrua = b=c=1.

Zrlazzua)zﬁ (a+:+cj=3f (1)=3

OOII—‘
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Sistemul initial admite solutia unica (X, Y, Z) = (1,1,1) .
Remarca.
1). Let A > Ofixed. If X, y, Z > 0,solve the system:

X+y*+2°=3

3 _ 3 3 _ .
3X_ /3 + 3y_ /3 + 32_ /E :3[1—1j
X-1-1 y'-1-1 z72-1-1 A

Solutie

a+b+c=3
Cu substitutia(XS, ye, 23) =(a,b,c) sistemul devine 1 1 1

www.mateinfo.ro

+ +
A+l-a A+1-b A+l1l-c

1
A+1-t

Folosind inegalitatea lui Jensen pentru functia convexa f (t) =

A+l-a

3.
A

,t€(0,2+1) obtinem

Z L —Zf(a)ZSf(a+2+CJ:3f(1):3-%:%,cuegalitatepentru&zszzl.

Sistemul initial admite solutia unica (X, Y, Z) = (1,1,1) .
Remarca.
2). Let A > Ofixed. If X, y, z,t > 0,solve the system:

Xy 428+t =4

4l1-=
A

N y -1 A} -1 ( 1]-

+ + + =
x—1-1 y3—/1—1 22-1-1 tt-21-1
Solutie

Cu substitutia (XS, vy, 23,t3) =(a,b,c,d)sistemul devine

a+b+c+d=4
1 1 1 1
+ + +
A+l-a A+1-b A+1-c A+1-d

4.
A

Folosind inegalitatea lui Jensen pentru functia convexa f (t) = 1ot
+ -

’

zmi_azzf(a)ﬂf [sz“ (1)=4-

N
PN

e (0, A +1) obtinem
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cu egalitate pentrua=b=c=d =1.

Sistemul initial admite solutia unica (X, Y, z,t) =(1,1,11).

Remarca.

3). Let A > O fixed. If X, y > 0,solve the system:

x> +y?=2

2 2 .
et (B
X—-A-1 y -1-1 A

Dezvoltari, Marin Chirciu

Solutie
a+bh=2
Cu substitutia (Xz, yz) = (a, b) sistemul devine 1 1

2.
+ —_
A+l-a A+1-b A
1

A+1-t

Folosind inegalitatea lui Jensen pentru functia convexa f (t) = e (0, A +1) obtinem

Zi+i_a=2f(a)22f [aTH)j=2f (1)=2-%=%,cu egalitate pentrua=b=1.

Sistemul initial admite solutia unica (X, y)=(11).

Problema286.
In AABC
> cot A+Hcot§ >2% cscA.
RMM 11/2024,Nguyen Hung Cuong, Vietnam
Solutie

Folosind identitatile Tn triunghi:

2 2 2 2
Zcot A= M,HCO é _p Si ZCSC A= w , inegalitatea se scrie:
2pr 2 r 2pr

2 2 24y’
P AR P, P AR b2 >12Rr +3r%, veri Gerretsen p? > 16Rr —5r2.
2pr r 2pr

Remarca.
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In AABC

1)ZCotA+/IHcot—> > (31+1) chcA 1>0.

Marin Chirciu
Solutie

Folosind identitatile Tn triunghi:

2 2
Z:COtA=LArRr H 5|ZCSCA p +1°+4Rr , inegalitatea se scrie:
2pr 2pr
2 2 2, .2
P AR AP L) P AR 2 s 1R 431, veri p? 2 16Rr 517
2pr r 2 2pr
In acute AABC

2)Y tan A+ secA> 9(3+ 2\/§)Htan§.

Marin Chirciu
Solutie
Folosind relatiile in triunghi:

2pr p2+r’—4
tanA:—23x/§, SeCA=———2>6 tan—:
z pz—(2R+r)2 Z P —(2R+r SIH

LHS :Ztan A+ZsecA23\/§+6(21)9(3+2\/§)Htan§: RHS,

()]
unde 3J§+629(3+2J§)Htan§ B 3J§+629(3+2J§)% & 2233 vezi p23ry3.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema287.

S682.1fa,b,c > 0then

a? b c a
+ + >
2bc a+b a+c b+c

+1.

Mathematical Reflections 6/2024, Nguyen Viet Hung, Vietnam

Solution.
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LHS—a2+ b? . c? Ti-Lemma (a+b+c)2 B (a+b+c)2 B
~2bc ab+b? ac+c® b2+c2+2bc+ab+ac_(b+c)2+a(b+c)_
2
(a+b+c)” _a+b+c_ a 1< RHS.

(b+c)(a+b+c) b+c  b+c

Equality occurs ifand onlyifa=b=c.
Remarca.

Ifa,b,c > 0then

a® b’ c? bc
+ >a4+—o.
2bc a+b a+c b+c
Marin Chirciu
Solution.
3 2 2 3 3 3 older 3
LHS:a+b LA b2+ csz (a+b+c) _
2bc a+b a+c 2bc ab+b® ac+c 3(b2+c2+2bc+ab+ac)
3 3 2
_ (a+2b+c) _ (a+b+c) :(a+b+c) S;SB(ab+bc+ca):
3[(b+c) +a(b+c)] 3(b+c)(a+b+c)  3(b+c) 3(b+c)
_a+2C _RHs.
b+c
Equality occurs ifand only ifa=b=c.
Remarca.
Ifa,b,c >0andn e N then
a”*l+ b" . c" _ 3 (a+b+cjn
2bc a+b a+c b+c 3 '
Marin Chirciu
Solution.
n+l n n n+l n+l n+l  Holder n+l
T N S - . c zHZ (a+b+c) _
2bc a+b a+c 2bc ab+b? ac+c 3”‘1(b2+c2+2bc+ab+ac)
~ (a+b+c)™ ~ (a+b+c)™  (a+b+c)’ 3 [a+b+cj"_
—3n_1[(b+c)z+a(b+c)] 3 (b+c)(a+b+c) 3*(b+c) b+cl 3 -
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=RHS .
Equality occurs ifand onlyifa=b=c.

Problema287.

IfX,y,2>0,Xy+Yyz+zx =3then

i+X+E+ 3 >4.

Yy Z X X+y+z

Marin Chirciu

Solutie

2
35Xy 3 _p 39, oo

x 3
BARREID FRRNTED D ST R A

2 @
unde%+§24 < p’ —12p+920,vezi(p—3)(p2+3p—3)20,vezi p >3, care rezulta din

pP=(x+y+2) 23(xy+yz+2x)=3-3=9= p*>9= p>3.
Egalitatea are loc daca sinumaidacdax=y=2z=1.

Remarca.
IfX,y,2>0,Xy+yz+zx=3and A <18then

5+X+£+ A >3+£.

y zZ X X+y+z 3

Marin Chirciu

Solutie

2
2 2 (6}
LHS=ZE+L=ZX—+ 4 ch(zx) o2 =p—+i£3+i=RHS,
y DX XY DX DXy >x 3 p 3
p2 AO A 3 2
unde?+523+§© p —(/1+9)p+3/120,vezi(p—3)(p +3p—i)20,vezip23,care

rezults din p° =(x+y+z)223(xy+yz+zx)=3-3=9:> p°’>9= p>3.
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Pentru p=3 = (p-3)(p°+3p-4)20,21<18.

Egalitatea are loc daca si numaidacax=y =2z =1.
Remarca.

IfX,y,z>0,Xy+Yyz+zx =3then

Solutie

Cazul A =18 mai sus.

Remarca.
In AABC
fan é tan E tan E
2, 2. o 3,
B C A 4R+r
tan— tan— tan—
2 2 2
Solutie
Lema

IfX,y,z>0,Xy+Yyz+zx =3then

Se cunoaste identitatea in triunghi Ztan % tan % =le Z\/§tan % . \/§tan % =3.
. A B C .
Folosind Lema pentru (X, Y, Z) = \/§tan E , \/§tan E , \/§tan E obtinem:

A B C
\/§tanE \/§tanE \/§tanE 3

B c’ AT A B
\/§tanE \/§tanE \/§tanE «/§tan§+\/§tan§+\/§tan5

>4 &

Marin Chirciu
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tané tanE tang
2, 2.2 P

= + + 2
@t tanC tan” AR+T
2 2 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema288.

3

Aflati numerele naturale abcd stiind ca (%—E) ad .

Solutie

ad este cub perfect=> ad e {27,64}.

Cazul 1). ad =27 = abcd = 2017.

Cazul 1). ad =64 => abcd = 6864

Problema289.

—\4
Determinati cifrele X, y,a,b, c, stiind c& (xy) =abc321

Solutie

(X_y)4trebuie sa fie un numar de 6 cifre= 18 < x_y <31.
Avem19* =130321.

Deducem(X, y,a,b,c)=(1,9,1,3,0).

Problema290.

Aflati numerele prime p si( pentru care p = 2017 —(3q)3 .

Solutie

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

RMT, Mihai Vijdeluc, Baia Mare

RMT, Aurel Dobosan, Lugoj

RMT, Mihai Vijdeluc, Baia Mare

p=2017-27¢° = 27¢° = 2017 - p< 2017 = q<4,q=prim= q € {2,3} .
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Convineq = 2si p =1801.

Problema291.

Solve in real numbers the equation

\/E+\/5—_x+4\/;:2(x+3).
THCS 11/2024.
Solutie
Domeniul de definitie este[0,5].

AM -GM

LHS = VX3 +4B-x + 4 =2 JA(x+3) +2 AE—X) +44% <

AMéGM£'4+(X+3)+£.4+(5—X)+4‘ x+1 _
2 2 2 2 2

2(X+ 3) = RHS, cu egalitate pentru

4=(x+3),4=(5-x),x=1< x=1.

Deducem c3 ecuatia admite solutia unicd X =1.
Remarca.

Let A > O fixed. Solve in real numbers the equation

VX422 —14+A2 +1- X + 42X = 24(x+2).

Marin Chirciu

Solutie

Domeniul de definitie este [0, A2 +1] .

CBS&AM -GM
LHS =x+ 22 —1+3 A7 +1-x+44/x < \/2(x+/12—1+/12+1—x)+4ﬂ-XT+1=

= 2/1+2/1(x+1): 2/1(X+2): RHS, cu egalitate pentru X+ A —1= A2 +1-x,x =1.

Deducem ca ecuatia admite solutia unicaX =1.

Problema292.

Deterrminati numerele naturale ab cu proprietatea ca b =a
a-+
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RMT, Eugen Predoiu,Calarasi

Solutie

Deducem ciab = 48.
Problema293.
Deterrminati numerele naturale X, Y, Z care verifica simultan relatiile:
Xy + Xz =14, yz + yx =18, zx + xy = 20.
RMT, Mircea Mario Stoica,Arad
Solutie

Obtinem Xy + X2+ Yz =26 = Xy =6,Xx2=8,yz =12 = xyz =24
Deducem cé(X, Y, Z) = (2,3,4) )

Problema294.

Fie a,b,ccifre nenulesi K = ab+ba(a2+b2—cz), L= bC+Cb(b2+Cz—a2),si
a-b b-c

M :C_ifr;_c(cﬁaz—bz).

ArdtaticasumaK+L+M eN.
RMT, Radu Ghenghiu, Oradea

Solutie

11(a+b)
ab

AvemK = (a2 +Db? —Cz)si analoagele.

ObtinemK + L+ M :Z%(az+bz—cz)z22(a+b+c)e N

Problema295.
In AABC
52,2 F
ab 4\ 5R-r
RMM 11/2024, Dang Ngoc Minh, Vietnam
Solutie
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Lema.
InAABC
2
%>ﬂ(p ~r’—4Rr).
ab 8p?

Demonstratie

www.mateinfo.ro

(zbc o A)Z szc: p(E—a)
T +c c 4p(p-a)c
Zab 2 - :z( )ab B2 <'§)((bp+c)2 )
CAM —GM p(p—a)C _ p(p—a)C _ p(p—a)C_

—Z b+c b+c 3_2 a+b+c 3_2 2pY’

(2) a+23+2 ( 3 j (3)
-y AR 3 R B (p-a)en (P Y -
82p7 (p-2p—p’~r®—4Rr)= 2! g7 P/ -1 —4Rr).

7— Lema 27 Mitrinovic&EuIerg 6R_3r
LHS = z (p ~r*—4Rr) > 2 /SR—r = RHS .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2
9 < z& < 3R
4 ab 8r
Solutie

Inegalitatea din dreapta.

4b’c* p(p-a)
b+ c)2 bc
ab

2bc A
coS

Zab Z(b+c ZTZ(

-3

a(b+c)2

4p(p-a)c AM;M24p(p—a)c B

Marin Chirciu

a-4bc
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Zp(p aje_ S (p #(pZC—ZaC)zﬁ(D-ZP—pz—r2—4Rr):

a-bc  abc
Gerretsen 2 2
. ——(p*~r*-4Rr) < 1 ——(4R* +4Rr +3r* —r’ —4Rr) = AR+ 207
" 4Rr 4Rr 4Rr
9R®
2RZ4rZEer , QR
2Rr 2Rr  8r
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Inegalitatea din stanga.
( 2c Ajz 4b*c* p(p-a)
Z _y b+c 2 :Z(b+c)2 be :Z4p(p—a)c:
ab ab a(b+c)2

_Z CAM GMZ p(p_a)c

( j b+c b+c)
g a+——+—
2 2 2

3

_227p(p a)c Z27(p—a)c_ 27 S (p-

8p° 8p®  8p*

502 = (p-2p—p°-r’*—4Rr)= 82p7 (p?—r®—4Rr)=

8

16Rr —5r? 8 16R-5r

ceresen 27 ( ARr+r” ) 27(  4R+r ) _27
> - 1- £

"8

p(p-a)c z p(p-a)c

(a+b+cj3
3

~arr(PXc-Yac)-

8 p° B
(12R —br j Euler 27

21 2_9
16R —5r 4

2 \ Gerretsen
27 (1_ 4Rr 412 | oo

2
8 3

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema296.

Ifa,b,c > 0then

a

8(1+%+1j+15>812
C

a+b+5

Math Atelier 11/2024,Panagiotis Danousis, Greece

Solutie

Lema.
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Ifa,b,c > 0then

81 4 4
<5+ —+4—
a+b+5 a b
Demonstratie
4 4 52 22 2205(5+2+2) 81
SB4—4—="—4—2 ,cu egalitate pentru

a b 5 a b 5+a+b+5 5+a+b

Obtinem:

Lema 4 4 111
RHS = 81Za+ +5<Z(5+g+bj 15+ S(a b Cj LHS.

Egalitatea are loc dacd si numai dacsa=b=c=2.

Remarca.

Ifa,b,c,A,n>0then

1 1 1 1
31+2n°| =+= >(A1+2n S
(a b c) ( )Za+b+ﬂ
Marin Chirciu
Solutie
Lema.
Ifa,b, A,n > 0then
A+2n) 2 p2
u£/1+n—+n—.
A+a+b a
Demonstratie
n> n® A% n ZCS(ﬂu+n+n) , A n . n
/1+—+—=—+—+—_— cu egalitate pentru—=—=—a=b=n
a b 4 a b A+a+b A a b
Obtinem:
Lema n> n? 1 1 1
RHS=(2+2n)" Y —=— < M| A+ —+-— [=32+2n? LHS
( )Za+b+/1 Z( a bj (a b cj

Egalitatea are loc dac3 si numaidacda=b=c=n.

Problema297.
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Determinati toate numerele de forma abbc, cifrele @, b, ¢ fiind distincte, stiind c& sunt indeplinie

simultan conditiile:
a)l3 divideb_a;

b) ab este numar prim;
c) C este patrat perfect.

0OJ-Teleorman, 1994

Solutie

Dina) si b)= abe {19,31} .
Daci ab =19 = abbc e {1990,1994} .

Daciab =31 = abbc e {3110,,3114,3119}.

Problema are 5 solutii.
Problema298.

Ifa,b,c>0,abc=1

> a’h) ab’ 2(a+b+c)2.
IneMath 11/2024,Marin Chirciu

Solutie

LHS =Y a’h> ab® C;S(Zazbz)2 (21)(261)2 — RHS,
unde(Zazbz)z S(Za)z o Y ah’>>a,veziy a’h’>abcd a=>a.

Egalitatea are loc daca si numai dacsa=b=c=1.

Problema299.

0682.Ifa,b,c > 0then

a’+b?+c? N a+b+c
ab+bc+ca +fab ++/bc++/ca

Mathematical Reflections 6/2024, Nguyen Viet Hung, Vietnam

Solution.
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With substitution(a, b, C) = (Xz, y?, Zz)we have:

x*+yt+ 2 >x2+y2+z2
XCY2 + Y22+ 2°x% Xy +yz+ 12X

e (X +y + ) (xy+yz+ )2 (P +y +27) (Y + Y+ %) &

N ny(x4 + y4)+ xyzy x* =" x%y? (x2 + y2)+3x2y222 ,which results from:

S (X +3')2 DA (X +5) seery(xt s )2 (1)

o (X +y)zxy (X +yt) e (x-y)(X*-y’)20 & (x—y)z(x2+xy+ yz)zo,
and xyz Y x* >3x*y*z* < ) x* >3xyz, see AM-GM.

Equality occursifand onlyif x=y=z < a=b=c.

Remarca.

Ifa,b,c >0,abc =1then

3 a’+b?+c? S a+b+c
Ja+vb+c Jab++bc++fca
a?+b?+c? a+b+c

2 > :
)JE+JB+JE ab+bc+ca

Dezvoltari, Marin Chirciu
Problema300.

Sa se afle toate numerele prime abc astel incat abc = 567 .
Olimpiada Matematica din Republica Moldova, 1994
Solutie
Avem567 =3"-7 = abc = 979,997 .
Problema301.
in triunghiul ABC se inscrie rombul de Arie S, care are comun cu triunghiul unghiul A.

Sa dse arate ca

SAB-AC'



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

Constantin Apostol,Rm.Sarat, Concursul Laurentiu Duican, 1997

Solutie

Fie ADEF rombul, D e(AB), E e(BC), F e(AC).

Fie X =latura rombului.Din AEFC ~ ABAC = X_ u & X :i.
c b b+c

.Y .Ql SinA<2 y2 2,2

S = 2Aria(AADF )si Aria(AADF )= X X SIMATEEX. g e o DC
2 2 (b+c)
par—° <1 (b—c)*>0.
(b+C) 4
in final S SE.
4

Problema302.

a)Aratati ca x* — x3y - Xy3 +y*>0,oricarearfix,yeR.
b)Daca triunghiul ABC este dreptunghic in A si AD este indltime, atunci:
BC®—AB-AC > AD?.
Adriana Duta, Fagaras,Concursul Laurentiu Duican, 1997

Solutie

a) X' —xy—xy*+y'20 o (x—y)z(x2+xy+ y2)20, cu egalitate pentrux =Y.

b)Avemh:AD:%é\C:Ega2 =b*+c?.
a

2 a)
BC?-AB-AC > AD? & az—bcz(ﬁj < bt =bc-bct+c* >0 <
a

(b —C)2 (b2 +bc+ Cz) >0, cu egalitate pentrub =cC.
Problema303.

In acute AABC, H -ortocenter, AD, BE, CF -altidudes, then:

AH BH CH

sec A+secB+secC < + + .
HD HE HF

Mathematical Inequalities 11/2024, George Apostolopoulos, Greece
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Solutie.
Lema.
In acute AABC, H -ortocenter, AD, BE, CF -altitudes, then:

AH  p’—r’—4Rr
Z - 2 2_3'
HD  p*—(2R+r)

Demonstratie.

2 2
Folosimﬁ =tanBtanC —1si2tan BtanC = LA'RZ .
HD p’—(2R+r)
1 p*+r’-4Rr?
cosA  p’—(2R+r)"’

Folosim Lema si ZSEC A= Z inegalitatea se scrie:

p°+r2—4R® - p®> —r’>—4Rr
p2—(2R+r)2 - pz—(2R+r)2
p? <4R*+4Rr +3r?.

—3 & 3p® <16R* +8Rr +r?, vezi Gerretsen:

Remarca.

In acute AABC, H -ortocenter, AD, BE, CF -altitudes, then:

(AHJ +(BHj {CHJ >3.2' neN.
HD) \HE) \HF

Solutie.

Pentrun = 0 se obtine egalitatea3=3.
AH
Pentrun =1se obtinezﬁ >6, vezi Lema.

Pentrun > 2 se foloseste inegalitatea lui Holder.

AH " Holder HD Lema 6” N
LHS = z(ﬁj 2 3I"|71 2 3n71 = 3' 2 = RHS .

Lema.

In acute AABC, H -ortocenter, AD, BE, CF -altitudes, then:

www.mateinfo.ro

Marin Chirciu
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Demonstratie.

www.mateinfo.ro

2 L2
Folosimﬂ =tanBtanC —1§iZtan BtanC = LZLRI’Z .
HD p*—(2R+r)
ZAH_ p?—r?—4Rr _ g% 16Rr —5r? —r? —4Rr _3_12Rr—6r2
HD p?—(2R+r)"  4R?+4Rr+3r’—(2R+r)’ 2r*

:%(R—r)EuZIer6
r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema304.
In AABC
Z cos A -
B C
COS—CO0S —
2 2
RMM 11/2024,Nguyen Hung Cuong, Vietham
Solutie
COSA  AM-GM cos A 2cos A
= —_——— > = =
HS=>—F ¢ 2 2B c-2 .8 ¢
COS—CO0S — COS™ —+C0S™ — COS™ —+C0S™ —
2 2 2 2 2 2
2
Lema
:Z 4cos A :42 cos A 24E=2=RHS.
1+cosB+1+cosC 2+cosB+cosC 2
Lema.
In AABC

Z Cos A >£
2+cosB+cosC 2

Demonstratie

¥ cos A ¥ cos? A cs (z Cos A)2

2c0s A+cos Acos B+cos AcosC — 2) cos A+2) cosBcosC B

2+cosB+cosC B
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(D cos A)2

(H;T ~ (R+r)’ 1

= = 2 2 .
2) cosA+2) cosBcosC 2( r)+2Rr+r 2(R+r)" 2

1+—
R R?

Remarca.
In AABC
Z Cos A > 3 0<A1<2.
A+cosB+cosC  2(A+1)
Marin Chirciu
Solutie
2
3 cos A 5 cos® A ¢ (D cosA) _

A+cosB+cosC -

(D cos A)2

Acos A+cos Acos B+cos AcosC 1) cos A+2) cosBcosC B

2
r
1+)
Euler
( R __R+r =& 3

_ﬂ,ZCOSA—FZZCOSBCOSC_ﬂ( rj+2Rr+r2 AR+2r 2(A+1)’

R+ r Euler 3
unde >

AR+2r = 2(2+1)

1+—
R R?

R(2-2)22r(2-4),veziR=2rsi0<A<2.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema306.

Ifa,b,c>0,a>+b*+c®*=3

Solutie

Lema.

Ifa,b,c>0,a%+b*+c*=3

(a+b)(b+c)(c+a)<4+4abc.

THCS 11/2024, Nguyen Minh Tho, Vietnam

(a+b)(b+c)(c+a)<3+5abc.
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Demonstratie

Folosim inegalitatea lui Schur a® + b*® + ¢® + 3abc > Zab(a+ b).

(a+b)(b+c)(c+a)=> ab( a+b)+2abc rZa3+3abc+2abc=3+5abc.

Lema abc<l

LHS =(a+b)(b+c)(c+a) < 3+5abc=3+4abc+abc < 3+4abc+1=4+4abc=RHS.

Am folosit mai susabc <1, care rezultd din3=2a®+b* +¢® > 3abc = abc <1.
Egalitatea are loc dacd si numaidacda=b=c=1.

Remarca.

Ifa,b,c>0,a®+b®+c®=3then

1 1 1 ab+bc+ca
+ + > )
a+b b+c c+a 1+abc

Marin Chirciu

Solutie

> (b+c)(c+a) Za +32ab 4% ab Lam 4% ab
HS =Y - [Ma+b)  [[@+b) [[@+b) ~ adrabc) >

Lema.
Ifa,b,c>0,a>+b*+c*=3
(a+b)(b+c)(c+a)<4+4abc.

Demonstratie
Folosim inegalitatea lui Schura® +b® + ¢® + 3abc > z ab(a + b) .

Schur

(a+b)(b+c)(c+a)=>) ab(a+b)+2abc < > a’-+3abc+2abc =3+5abc =

abc<1

=3+4abc+abc < 3+4abc+1=4+4abc.
Egalitatea are loc dacd si numai dacda=b=c=1.
Problema307.

In AABC
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> omw, >

RMM 11/2024, Nguyen Hung Cuong, Vietnam

Solutie

Lema.

In AABC

A
m_w. >bc cos® E

a a —
Demonstratie

b+ A
Folosim inegalitatea lui Lascum, > TCOSE,(Mircea Lascu, 1987).

Lassu fy 4 ¢ A 2bc A )
= mWw, > ——C0S—-——C0S— =hccos” —
2 2 b+c 2

A

Lema

LHS = m,w, > > bccos? ——p =RHS.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
R 2
1 mw, < .
)Z as (er
Solutie
Lema.
In AABC
2 -2
m,w, < R 2p

Demonstratie

Panaitopol 2,2
R R R

a a a

Lema 1 Stemlg 1 R 2
LHS =" m,w, —Rzpzz P:pz(z] =RHS.
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

2
2)p? <) mw, < (Rj

3) > bccos® — >3Z bcsin?

NI>

Dezvoltari, Marin Chirciu
Solutie

A

Folosind ZbCCOS =p S|ZbCS|n2 7 I’(4R+r)inegalitatea se scrie:

p°>>3. r(4R + r), care rezultd din inegalitatea lui Gerretsen: p° >16Rr —5r?.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema308.
In AABC
Z:sm BsinC 59
., A
SIn™ —
2
RMM 11/2024, Nguyen Hung Cuong, Vietnam
Solutie
Lema.
InAABC
Zsm BsinC  P*(p*+2r*—12Rr)+r°(4R+r)
A 4R?r? '
2
i i 2(p? + 2r2 -12Rr )+ I’3 4R + 1) Gerretsen
LHS:ZSIHBSInC: P (IO = 2) ( ) N
sin® = r
2

Garten (16Rr —5r”)(16Rr —5r” +2r* ~12Rr )+ r*(4R+r)  r*(64R*—64Rr +16r°)
- 4R*r? - 4R?r? -

4(4R2 _4Rr + r2) Euler
- = > 9=RHS.
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Remarca.
In AABC
2 ; ; 2 2
1)(4—£j <y AnEAY BS'/':C < 4(R—2—7r—2j.
Solutie
Lema.
In AABC

sinBsinC p ( p? +2r? —12Rr)+ ré (4R+r)
- 4R?r? '

2

sinZé
2

Inegalitatea din dreapta.

Zsin BsinC _ p2 ( p2 +2r? —12Rr)+ r3 (4R + I’) Gerztsen .
sin? 2 4R°r?
2
certsen (4R? + 4Rr + 31 ) (4R + 4R +3r° + 2r° ~12Rr ) + 1 (4R +1)
B 4R’r?

16R* —16R°r +16r* 4(R4—R3r+r4)EuIer4(R4—7r4) 4[R2 rzj

AR?r? R2r2 R?r2 2 R?

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din stanga.

sinBsinC _ p*(p*+2r*—12Rr)+ r (4R +) Garecen
4R*r? '

2

sinZé
2

Garten (16Rr —5r?)(16Rr —5r” +2r* ~12Rr )+ r*(4R+r)  r*(64R*—64Rr +16r°)
- 4R - 4R?r? -

_ 4(4R?—4Rr +1?) _ 4(2R-r)’ :[4_£j2
R? R? R’

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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2)ggzsm BS|XC <3
R cos’ —
2
Solutie
Lema.
In AABC

sin BsinC _ p*(p*+2r° —4Rr)+r(4R+r)’
4R?p? '

2

cos? A
2

Inegalitatea din dreapta.

sinBsinC  P2(p?+2r*—4Rr)+r(4R+r)’ 1
= ( 4R2p2) =R p?+2r° —4Rr +

2

cos? A
2

Gerretsen 1

4R* +4Rr +3r® +2r* —4Rr + ~|= -
r(4R+r) 4R

R+r

©4R?

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din stanga.

in Bsi 2(p?+2r2—4Rr)+r(4R+rY
sinBsinC _ P (P ) ( ) _ 12 0% +2r° —4Rr +

2

www.mateinfo.ro

r (4R + r)3 Gerﬁtsen .

2 =

p

r(4R+r)’ | 8R®+5Rr+6r’ e

r (4R + r)3 Ger:tsen '

2 =

cos? A 4R*p’ 4R
2
erretsen 3 r 28R2—7Rr—2r2 uler
. 12 16Rr —5r% +2r° —4Rr + r(4R+r)2 = ( - )Ezl or.
4R R(4R+T) 4R R
i 2(2R-1) |

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

sinBsinC sinBsinC
R
cos® — sin® —
2 2
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Dezvoltari, Marin Chirciu

Solutie
Lemal.
In AABC
Zsin BsinC _ P°(p*+2r’—4Rr)+r(4R+r)’
- 2 2 .
coszé 4R"p
Lema2.
In AABC

sinBsinC _ P*(p?+2r* —12Rr)+r°(4R+r)
- 4R?r? '

2

. o A

sin® =

2
Folosind Lemele inegalitatea se scrie:

p? ( p? +2r? —4Rr)+ r(4R+r)’ p? ( p? +2r2 —12Rr)+ r’(4R+r)

4R?p? < -

3.
4R?r?

= 3r2p2(p2 +2r° —4Rr)+3r‘°’(4R+r)3 < p“(p2 +2r° —12Rr)+ p’r’(4R+r) <
& p°—p*(r*+12Rr)+ p’r*(16R-5r) > 3r* (4R +r1)’

< p? [ p*(p?*—r®—12Rr)+r*(16R —5r)} >3r® (4R +r)’, care rezults din inegalitatea lui

r(4R+r)2

Gerretsen: p° >16Rr —5r* >
R+r

Ramaéne sa aratam ca:

r(4R+r)2

- [ (16Rr —5r*)(16Rr —5r° —r® —12Rr )+ r* (16R-5r) | >3r* (4R +1)’ =

< (16R—5r)(4R—6r)+r(16R—5r)>3(R+r)(4R+r) < 52R* -115Rr + 22r? >0 <

= (R —2I’)(52R —11I’) >0, veziR> 2r ,(Euler).
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema309.
Ifx,y>0
1 1 X+Yy+2
> +— < >
X“+Yy Yy +X (x + y)
MathAtelier 11/2024, Panagiotis Danousis, Greece
Solutie
Lema.
If X,y > 0then

1 < y+1
X2+y_(x+y)2-

Demonstratie

1 < y+1
X2+y_(x+y)2

& y(x—1)2 >0, cu egalitate pentrux =1.

1 1 tema y4] N X+1  X+y+2

LHS = + < . . = —RHS
(x+y) (x+y)  (x+y)

XX+y  yi+x
Remarca.

IfX,Y¥,Z2>0,X+Yy+Z=3then

Zl<i

X2+y  2xyz
Marin Chirciu
Solutie
Lema.
If X,y > 0then
1 +1
et

Lema 7 X
LHS =3 1 SZyH:Zy t2X 3+3_ 3 pue
X“+y 4xy 4xyz 4xyz  2Xyz
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SOS 1 1

Am folositz yz <3, veziZyZ < E(ZX)2 =§32 =3.

www.mateinfo.ro

Problema310.
In AABC
3 m, a’+b*+c’ .
sin'; or
RMM 11/2024, Nguyen Hung Cuong, Vietnam

Solutie
Lema.
In AABC

D> b—erCcotg

SIn—

Demonstratie

+C A
Folosim inegalitatea lui Lascum, > TCOSE,(Mircea Lascu, 1987).

b+cCOSA
Lascu A
= maA > 2 A 2 :b+ccoté.
sin — sin — 2 2
2 2

m, tmb+c A 1 A a’+b’+c?
LHS = i > Y2 ot 223 (b (2270 TF _RHS.
ZsinA > 5 cot 22( +c)co > o

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
m, tan —
)y ——5222(R+r).
COS —
Solutie
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Lema.

In AABC

Demonstratie

. . . b+ A
Folosim inegalitatea lui Lascum, > TCOSE,(chea Lascu, 1987).

m tanA b+CCOSAtanA
a A Lascu A “n "
- 2% 2 "2 2 bxc A

Ccos A cosé 2 2
2 2

A
m, tan — |
a i _hyc, A 1 A 1
LHSZZ? 2 thanE=§Z(b+C)tanE=§4(R+r)=2(R+r)=RHS

2) 32(b+c)tan§s2(b+c)cot§.

Dezvoltari, Marin Chirciu

Solutie

2(p*—r?—4Rr
Folosind Z(b+c)tan§:4(R+r)$i2(b+c)cot§: (p - ) obtinem:

< 2(p®-r*—4Rr)

3-4(R+r
,

& p? 210Rr +7r?, vezi Gerretsen: p° >16Rr —5r?.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema311.

in AABC dreptunghicin Asi BC =2AB, fie BP bisectoarea unghiului B si
CD L BP,PE(AC),DE BP.

. AP
Aflati valoarea raportului—.
PC

Concursul Spiru Haret-Gheorghe Vranceanu, 1994
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Solutie

Fie O mijlocul Iui BC , BC =2a Avem AABO echilateral de laturda.

ABQOD este romb si ABCD trapez isoscel. Obtinem % = l

2

Problema312.

Aflati Xyz asfel incat /4 —X ++/9—y ++24—2 +[x+y+z =11,

Concursul Spiru Haret-Gheorghe Vranceanu, 1994
Solutie
Obtinemx_yz = 358.
Problema313.
Ifa>1then

log, (a+1)>log,,,(a+2).
Manual X

Solutie

Folosim: (a+1)2 > a(a+2) < 1>0.

a+l a+2 a+1 a+2
= —>——=log, —>log,
a a+l a a+l

silog, x>log,,, x =

al+1> log a+2 -
a *a+l

~ log am+1>|0g a+2>|0g a+2
® a ®a+1 ! a

=lo
1 9

< log, (a+1)—log,a>log,, (a+2)-log,,(a+1) < log, (a+1)>log,,, (a+2).

Problema314.
In AABC
> oot Asin A< 22403,
RMM 11/2024, Konstantinos Geronikolas, Greece
Solutie
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erlnowc
LHS = Z\/cotAsmA<\/ZcotAZsm A< /jir j R /plr t 3 RJ_ RHS .

—r’>—4Rr Gerretsen R? — Gerretsen
AmfoIositmaisus:ZCO'[A:p < 9 SIZSII’] A= p*—r°—4Rr 9

2pr Apr 2R? 4

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In acute AABC
3g/F (5r° ~R?) 9R
< cot Asin A<
R WF
Marin Chirciu
Solutie

Inegalitatea din dreapta.

. CBS - 9R* 9 9R [1 O9R
cot Asin A < cot AS sinA< [—. 220 | - T
S eothsinA T (oo Az A< (.8 98 [L_ 98

p2 _ r2 _4Rr Gerztsen 9R2
2pr ~ 4pr

Am folosit mai sus: Zcot A=

Inegalitatea din stanga.

AM-GM 2 P2 -1 101 =2
> JcotAsinA > SQ/H\/cotAHsinA23#,/5r = R .2';2 ~3.23 (5r2—R2)6 F6R3 =

_3,6/F(5r2—R2)
e

Am folosit mai sus:

[TcotA= P —(2R+1)’ waiker 2R 1+ 8Rr +3r° —4R*—4Rr -1’ _—2R*+4Rr+2r° _
2pr a 2pr 2pr

_ —R®+2Rr+r® ®er5r® — R
pr ~opr

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema315.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

InAABC cuabc =1

b? +c® —a?
z— < 3RZ COS A.
b+c—a
RMM 11/2024, Ertan Yildirim, Turkey

Solutie

Lema

In AABC

§:b2+cz—a2_5p2—(4R+rf
b+c—a p '

2 2

Folosind Lema si identitatea in triunghiZCOtA= P _gp; r, inegalitatea se scrie:
5p2 —(4R+r)° 2_yp2_

P (4R+1) $3R~w<:> p? (3R—10r)+r(20R? +13Rr +2r*) > 0.
p pr

Cazull). Daca (3R —10r) >0, inegalitatea este evidenta.
Cazul2). Daci (3R —10r) <0, inegalitatea se rescrie:

r(20R2 +13Rr + 2I’2) > p? (10!’ —3R) , vezi Gerretsen: p° <4R*+4Rr +3r?.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
2 2 2 2
E(59r2—8R2)§Zb re - 2R
p b+c-a 2p
Marin Chirciu
Problema316.

IfX,y,2>0,X+Yy+z=3then

1 2(X+y+t)+21
Zx+12 18 '
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RMM 11/2024, Phan Ngoc Chau, Vietnam

Solutie

Folosim pqr -Method.
Notdim: p=X+Yy+2=3,0=Xy+ YyZ+2ZX,I = XyzZ.

AM -GM

Avemq233/r7,veziq:xy+ yZ+2zx > 33(xyz)2 =32

Inegalitatea se scrie:

1 2(X*+y* +2°)+21 - 3 (y+1)(z+2) § 2(X* +y*+2°)+21
X+1 18 [T(x+1) 18

2

R

q+2p+3 >2(p2—2q)+21pi3 q+9 _2(9-2q)+21

> > < 40° -5q+4qr +6>39r,
r+gq+p+1 18 r+q+4 18

care rezultd dinq > 33/r” .
Ramane sa aratam ca:

Pr=t

31 (43U -5)+4-3rr+6>30r & 3°(4-3°-5)+4-3° -t +6 230

& 12t°+36t* —39t° ~15t° +6 > 0 <> (t—1)(12t" + 48> +9t* — 6t —6) > 0 ?22vezi

SOS

9=(x+y+z)2 > 3(xy+yz+2x)=39=9>3q = q<3.

Egalitatea are loc daca si numaidacax=y =2z =1.

Remarca.
In AABC
1 6
1) >, > .

3r 3r(4R+r
74_2 ( : )+5
I’a1 p

Solutie

Lema

IfX,y,2>0,X+Yy+2z=3then

zl> 18

X+2 Xy+Yyz+2x+15



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

Solutie

Folosim pqr -Method.
Notdm: p=X+Yy+2=3,0 =Xy + YZ+ZX,I = XyZ.
Avem @’ >3rp, veziq® = (Xxy + yz+zx)2 >3xyz(x+y+2z)=3rp.

Inegalitatea se scrie:

2 2
5 1. 18 @Z(y+ )(z+ )Z 18 -
X+2 Xy+Yyz+zx+15 H(x+2) Xy + Yz +zx+15
p=3 2
q+4p+12 > 18 = q+24 > 18 <:>q2+3q218r,carerezultédinréq—,
r+2q+4p+8 q+15 r+2q+20 q+15 9

veziq® >3rp, p=3=q°>09r.
Ramane sa aratam ca:

2 S0S
q

q° +3q 218-? =S q£3,vezi9=(x+y+z)2 > 3(xy+yz+2x)=39=9>3q = q<3.

Egalitatea are loc daca sinumaidacdax=y=2z=1.

Sa trecem la rezolvarea problemei din enunt.

... 1 1 1 1 3r 3r 3Ir
Se cunoaste identitatea in triunghi —+ —+ —== < —+—+—=3.
r, b I r r, I, I,
. 3r 3r 3r .
Folosind Lema pentru(x, Y, Z) =| —,—,— | obtinem:
ra rb rc

—+ +——+15 —+2
r I ra rc ra ra rb rb rc rc r-a

a a

y Lo 18 O 1 6
3r “3r 3r 3r 3r 3r 3r 3r “3r? 3r? 3r?
2 .= 4= .= . T 4T 45
rb rb rc

1 6 1 6
= > = >
a 3r2-4Rtr+5 §+2 3r(4R+r)

r, rp r, p2

+5

Dezvoltari, Marin Chirciu
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Problema317.

IfX,y,z2>0,Xxyz =1then

RMM 11/2024, Tahirov Shirvan, Azerbaijan
Solutie
Folosim pqr -Method.
Notdm: p=X+Yy+Z,q=Xy+Yyz+2zX,r =xyz=1.

AM -GM

Avemp=>3,vezip=X+y+2z > 33xyz =3¥1=3.

AM -GM

AnalogQ>3,vezig=Xy+Yyz+zx > 33 (xyz)2 =331=3.
Obtinem:

LHs =Y X :Zx(z+2): q+2p = g+2p (zl)lzRHS,
(x+2)(y+2) J[(x+2) r+2q+4p+8 2q+4p+9 3

@
ﬂzlc 2p+Qq=>9, care rezultda din p > 3,9 > 3, vezi mai sus.
2q+4p+9 3

unde

Remarca.

IfX,y,2>0,xyz=1 and A >0 then

Marin Chirciu
Solutie
Folosim pqr -Method.
Notam: p=X+Y+2Z,q=Xy+Yyz+2zX,r =xyz=1.

AM -GM

Avem p>3,vezip=Xx+y+z > 3Jxyz =331=3.

AM -GM

Analogq>3,veziq=Xy+Yyz+zx > 33 (Xyz)2 =331=3.
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Obtinem:

Hs-y— * 2xX(z+4) _ qeap t qAp @
(x+2)(y+4) JJ(x+4) r+aq+A%p+A° Aq+A°p+A°+1

>3 _RHs,

(A+1)

()]
unde q+4p 5_ 3 > < Ap+0>3(A+1), carerezultd din p>3,q>3.

/1q+/12p+l3+1_(1+1)

Problema318.

é+c—13=3then

Ifa,b,c >O,i3+
a
3abcz azbz ab’ > (ab+bc+ ca)3.

RMM 11/2024, Nguyen Hung Cuong, Vietnam

Solutie
AM -GM
Avem3:i3+i3+i3 > 33%-%-%:i:>abczl.
a b’ c a> b°> ¢® abc

T 2 3 .
Folosindabc >1,rdmane s& aratdm ca: 32 azbz ab™ > (ab+bc+ca) , care rezultd din:

> 1> a%hy’ b’ > (Z%/L a’b-ab’ )3 =(> ab)3 :

Remarca.
Ifa,b,c,d>O,i4+i4+i4+i:4then
a~ b* ¢ d
16abcd Y a® ab’ > (ab+bc+cd +da)’.
Marin Chirciu

Solutie

1 1 1 1aem 1 1 1 1 4
Avemd=—+—+—+— > 44— —.—. — =——— = abcd >1.

a* b* ¢* d* a* b* ¢* d* abcd

Folosindabcd >1,rdméane s3 ardtam ca: 162 azbz ab” > (ab +bc+cd + da)4 , vezi
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4

Yiy iy abyan’ > (YT abab’) =(3ab)"

Problema319.

Ifa,b,c>0,a+b+c=1then:

(ab+bc+ca—abc), Z; >1.

a’(b+c)’
Mathematical Inequalities 11/2024,George Apostolopoulos, Greece

Solutie.

Folosim pqr -Method.

Notam: p=a+b+c=1q=ab+bc+ca,r=abc.

Avem @’ > 3rp, veziQ® =(ab+bc+ca)2 >3abc(a+b+c)=3rp,p=1=9°>3r.

p® >3q, vezi p° =(a+b+c)2 >3(ab+bc+ca)=3q,p=1=1>3q.

1 p?+q Pt 1+q ¢
——=(g-r)——=(gq-r)——=1=RHS,
b+c (q r) pg-—r (q r)q—r

1+q ¥ 2 2
unde(q—r)ﬁzlcq Zr(3q+2),carerezultédinq >3r.

Ramane sa aratam ca:
3r> r(3q+2) < 3>3q+2 < 1>3q, vezi mai sus.
Remarca.

Ifa,b,c>0,a+b+c=1andn e Nthen:

T
a"(b+c)

(ab+bc+ca—abc)n+\iz

Marin Chirciu

Solutie.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

Folosim pqr -Method.

Notam: p=a+b+c=1g=ab+bc+ca,r=abc.
Avem q® > 3rp, veziq® :(ab+bc+ca)2 >3abc(a+b+c)=3rp,p=1=9°23r.

p? >3q, vezi p° :(a+b+c)2 >3(ab+bc+ca)=3q,p=1=1>3q.

Obtinem:

a"(b+c -

+q (@)
)

unde(q >1<q >r(3q+2) care rezults ding® > 3r .

g-r
Problema320.

IfX,y,2>0,X+Yy+z=3then

212 18

X+2 Xy+Yyz+2x+15
RMM 11/2024, Phan Ngoc Chau, Vietnam
Solutie

Folosim pqr -Method.
Notdm: p=X+Y+2=3,0=Xy+ YZ+ZX,I = XyZ.
AM -GM
Avemq>3\/_ veziq=Xy+yz+zx > 3 xyz 3\/_

Inegalitatea se scrie:

5 1 18 Z(y+2)(z+2)> 18

> < > =
X+2 Xy+yz+2x+15 H(x+2) Xy + Yz +zX+15

p=3
qg+4p+12 S 18 2 q+24 S 18 o 2 +3q>18r
r+2q+4p+8 q+15 r+2q+20 q+15
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care rezultd dinq > 33/r” .

Ramane sa aratam ca:

2 Hr=t
(3€/r_2) +3(3€/r_2)218r o (3t2) +3(3t7) 218 < o' +9t? 218 & Ot* (t-1)° 20.
Remarca.

IfX,y,2>0,x+Yy+2z=3and 1>0,3(22° +64° + 24 +1) =k (44 +1)then

2 xiﬂ - (2 +1)()3<’)Ei+yiz(zL zx+k)
Marin Chirciu

solutie
Folosim pqr -Method.
Notdm: p=X+Yy+2Z =3, =Xy+YyzZ+2X,I = XyzZ.
Avem > R/, veziQ =Xy + Yz + xs 33 (xyz)2 =32
Inegalitatea se scrie:
2 xii : (4 +1)(i$i+ylz(zr zx+k) it Z(H(i)f;;ﬂ) - (2 +1)(>3<)3§i+yiz<l 2x+k)

q+24p+32° _ 3(8+k) = q+62+34% _  3(3+k)

r+Aq+A%p+4° (A+1)(q+k) r+iq+32°+4° (A+1)(q+k) e

(A+1)Q° +(34° +94° —32 -2k A +k)q 2 3(k +3)r+92° + 272° —6kA4,
care rezultd ding > 3§/r_2.
Rdmane sd aratam ca:
2
(2+2)(3Ur ) +(34° 927 ~32-2ka +k)(3Ur ) 2 3(k-+3)r+ 947 + 272 ~ 6k

Yr=t 2
& (A+1)(37) +(32°+94% 34— 2k A +k)(3t*) 2 3(k +3)t° +94° +272° —6kA <
9(A+1)t* —3(k+3)t*+3(34°+94° =31 - 2k A +k)t* —=92° = 274° + 6k A >0 <
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(t-1)"[9(A+1)t* +3(62—k+3)t+34° +94 +64 -2k —k+3]>0.< q <3, vezi

SOS

9=(x+y+z)2 > 3(xy+yz+2x)=39=9>3q = q<3.

Egalitatea are loc daca si numaidacax=y =2z =1.

Remarca.
In AABC
1 6
1) > >
3, 3r(4R+r)+5
r, p2
Solutie
Lema
IfX,y,2>0,X+Yy+z=3then
Z 1 > 18 '
X+2 Xy+yz+zx+15
U | 1 1 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+ —== < —+—+—=3.
r, b I r ra rb rc
r ar or
Folosind Lema pentru(X, Y, z) = 3—,3—,3— obtinem:
raL rb rc

v L. 18 oy Lo 6
3r . 3r 3r 3r 3r 3r 3r 3r ,  3r(4R+r)
—+2 ——+——4+——+ ———>+5
r A A A A

15 —+2
a I’a ra p2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

1 6

2) >, > .
3" 42 3(Rr) |
h, p?

Dezvoltari, Marin Chirciu

Problema321.
Aflati abc asfel incat abc = (a +1)(b + 2)(C +3)

MathOlymp 11/2024, Elton Papanikolla

Solutie
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Obtinem abc =396

Problema322.

Aflati abc asfel Tncéta_bCTmpértit lacba si dea catuls ti restul46
IneMath11/2024
Solutie

Folosim teorema impartirii cu rest:
abc =cha-5+46 < 100a+10b+c = (100c +10b+a)-5+46 < 95a =539 +126.
in mod necesara > 7.

Obtinem abc =731
Problema323.

IfX,y,2>0,X+y+z=1then

Zx,/2y+1£\/2—x2—y2 -7%.
MathOlymp 11/2024, Elton Papanikolla

Solutie

LHS =3 /2y 1= SR By X & TS o) = 32y =
=S L (XX) 2K = 23X =RHS.

Remarca.

IfX,y,2>0,X+Yy+z=21and A >0then

Sxfiy+1<y 1+%(1—Zx2).

Marin Chirciu

Solutie

LHS =3 0Ty 11= Yo T v & (SRS o) = 3 A =
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-y l+/1.%((2x)2—Zx) Y 142 ( ~ 3K =RHS.

Egalitatea are loc dacd sinumaidacaX=y =2z = 5 .

Remarca.
In AABC
2
L 2liic 2—1(5j .
r\ n 3\R
Solutie
Lema

IfX,y,2>0,X+y+2z=1then

Zx«/2y+1s\/2—x2—y2—z2

I - 11 1 1 rr r
Se cunoaste identitatea in triunghi —+ —+ — == < —+—+—=1.
r, b I r r, n I

Folosind Lema pentru(X, y,z) = {

r Lema r2 o
> — 2 +1< 2- Z— 2— 1< 2——@
ra
2
@ZL 2l 1< Z—E(Ej .
L\ r 3LR

rr
,—,— |obtinem:
[

mqlﬁ

SLfelas2

Dezvoltari, Marin Chirciu
Problema324.

IfX,y,2>0,X+Yy+z=3then

2%31.

X“+y+1z
RMM 11/2024, Nguyen Hung Cuong, Vietnam

Solutie
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Lema

IfX,y,2>0,X+Yy+2z=3then

1 < 1+y+z
XX+y+z 9
Demonstratie

CBS

(x2+y+z)(1+ y+12) > (x+y+z)2 =3*=9.

Lema 1+y+z 3+2) X 3+23
s 2

LHS = =1=RHS.
) D X +y+z 9
Remarca.
In AABC
1
1) > 7 1 1° 3r
ra2 rb rc
Solutie
Lema

IfX,y,2>0,X+Yy+2z=3then

2%31.

X“+y+2z
o111 1 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+—=- < — +—+—=3.
r, b I r r, I, I,
) 3r 3r 3r
Folosind Lema pentru(X, y,z) —,—,— | obtinem:
ra rb rc
1
— <l <3r.
Z9r2 3r 3r Z3r 1 1"
ra2 Lo I’a rb r,

Egalitatea are loc daca si numai daca triunghiul este echilateral.

ZSr 1 <3r.
2

7+7
'h h

www.mateinfo.ro

Dezvoltari, Marin Chirciu
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Problema325.

IfX,y,z2>0,Xxyz =1then

x+y+z>5/x2+y2+z"‘
3 3 '

Mathematical Inequalities 11/2024

Solutie

X+y+z 25/X2+y2”2 o (”y”Tz XHy'rz (x+y+2) 281(x* +y? +2%)
3 3 3 3

xyz=1 5
& (x+y+z) > 8lxyz(x2 +y2+ 22), care rezultd din Lema.

Lema.
IfX,y,z >0 then
(x+ y+z)5 281xyz(x2+y2+zz).
Demonstratie.
Fie p=X+Y+2Z,=Xy+YZ+2ZX,F =XyZ.
D
3p 27

IA

AvemxyZ(X2+y2+Zz)=r(pz_zq)3pr<°‘2 q2<p2_2q)A(;Mi(q+q+pz_2q]

3p 3p 3

81 81

p° _(x+y+z)5

Egalitatea are loc daca si numaidacax=y =2z =1.

Problema326.

In AABC

H(H cot? gj >64.

RMM 11/2024, Neculai Stanciu, Buzau
Solutie

Lema.

In AABC
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H(1+ cot’ 2) (4rR jz :

LHS = H(1+cot2 /;) (4Rj > 64=RHS .

r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
InAABC
64 A\ 16R?
1) 55 S 1_[(1+tan2 Ej TR
Solutie
Lema.
In AABC

w2} 3]

Inegalitatea din dreapta.

w2

Inegalitatea din stanga.

2 2 Mitrinovic 2
H(lﬂanz Aj 4R _ 16I§ N 16R2 Z%
2 p p 27/R* 27

16R2 Mitrzovic 16 RZ
p> 27r*

www.mateinfo.ro

Dezvoltari, Marin Chirciu

4
AABC
A A

2) 27T [| 1+tan®*= |< 1+cot®> = |.
) ][ 3)<T]( 1o 5

Solutie

Lemal.

In AABC
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Lema2.

In AABC

2 2
Folosind H(l+ tan? g) = (ﬁj si H(l+ cot? gj = (ﬁj negalitatea se scrie:
p r

2 2
27[%} g(?j = p2227r2,(Mitrinovic).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema327.

IfX,y,2>0,Xy+ yxX+zx=3then
(x+y+2) 224(x+y*+7°).
Mathematical Inequalities 11/2024, Nguyen Minh Tho, Vietnam

Solutie

Folosim pqr -Method.

Notam p=X+Yy+2=3,=Xy+Yyz+2X=3,r =Xyz.
Avem:X* +y’ +2°=p°-20q,q=3 = X +y*+2°=p°-6.
Inegalitatea se scrie:

p*224(p’-6) < p'-24p°+14420 < (p’ —12)2 >0, cu egalitate pentru p? =12 <

S p= 23.
Egalitatea are loc dacd si numai daca Xy + yX+zZX=3siX+Yy+2 = 2\/§ .

Problema328.

If AABC, G -centroid, K, L, M -mijloacele laturilor BC,CA, AB si A’, B’,C’ -punctele unde

medianele AK, BL, CP intersecteazd cercul circumscris AABC . Aratati c&:

KA'-cot'§+ LB’-cot2+ MC’-cotE

2 >R.

sin2A+sin2B +sin2C

Mathematical Inequalities 11/2024, George Apostolopoulos, Greece
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Solutie.

Lema

If AABC, G -centroid, K, L, M -mijloacele laturilor BC,CA, AB si A’, B’,C’ -punctele unde

medianele AK, BL, CP intersecteazd cercul circumscris AABC . Aratati ca:

2(2R+3r)=r(4R+r)
KA’-cot§+LB'-cot%+MC'-cot%z P ( ) ( ) )

2Rp
Demonstratie.
Se scrie puterea punctului K fatd de cercul circumscris AABC =
2 2
— KA-KA'=KB-KC = m, - KA =22 5 ko= o kacot 2= 2 eor 2,
2 2 4m, 2 4m, 2
2 Panaitopol 2 A

ZKAﬂcoté:Za—coté > & cotAi Ll Spcatle

2 4m, 2 Rp 2 4R 2

p?(2R+3r)—r(4R+r)’
2Rp '

4—;)-2[p2(2R+3r)—r(4R+r)2}:

Am folosit mai sus:Za3 Cotg = Z[p2 (2R+3|’)— I’(4R+ r)z} .

Rp

Inegalitatea lui Panaitopolm, < —.
a

i 2pr
Folosind Lema si identitatea Tn triunghi Zsm 2A= sz obtinem:

A P*(2R+3r)—r(4R+r)’
2 2Rp _ R
D sin2A 2pr ~ 4rp?
R2

| p*(2R+3r)-r(4R+1)" | =

2 2
_RIppyar JURAT) (o R | e ar TR | R opiar—Ror)-
ar p ar r(4R+r) 4r

R+r
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Euler

:E(R+2r) > R=RHS.
4r

Egalitatea are loc daca si numai daca triunghil este echilateral.
Remarca.

If AABC, G -centroid, K, L, M -mijloacele laturilor BC,CA, AB si A’, B’,C’ -punctele unde

medianele AK, BL, CP intersecteazd cercul circumscris AABC . Aratati c&:

KA"coté+LB"cotE+MC'-cotE R
1) 2 . 2_ 2 SZr(—j
sin2A+sin2B+sin2C 2r
Solutie.
Lema
3
KA'-coté+LB’-cotE+MC’-cotE§27R )
2 2 2 16rp
KA’-coté+LB'-cotE+MC'-cotE R
2) R< _2 - 2 - 2 <or| =
sin2A+sin2B +sin2C 2r
Remarca.
R( R KA’-coté+LB'-cotE+MC’-cotE R
3) —(—+1js 2 2 < r(—}
2\ 2r sin2A+sin2B +sin2C r
Marin Chirciu
Solutie.
Inegalitatea din dreapta.
3
KA’~coté+LB’-cotE+MC’-cotE£27R )
2 2 2 lorp
A 2R
ZKA'COtE Lema 8rp 27R® Mirinvic  27RS R® RY
LHS = - < = — < 5 5= F=2r —| .
D sin2A 2pr  16r%p 16r2.27r%  16r 2r
R2

Inegalitatea din stanga.

Lema
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C _ p*(2R+3r)-r(4R+r)’

KA’-coté+ LB'-cotE+ MC'-cot—>
2 2 2 2Rp

A p2(2R+3r)—r(4R+r)2

ELema 2Rp R ) 2
LHS = > = 2R+3r)-r(4R+r) |=
D sin2A 2pr 4rp2[p ( )-r( ) }
RZ
r(4R+r 2 | Gerretsen r(4R +r 2
_RIppyar [URAT) |omn R | oo gr FERED) | R opiar-Ror)-
ar p 4r r(4R+r) 4r
R+r
=B(R+2r)=5(3+1j=RHS.
4r 2\ 2r
Egalitatea are loc daca si numai daca triunghil este echilateral.
2 3
4) 271 SKA"COté‘FLB"COtE-}-MC,'COtES27R )
p 2 2 2 8rp
3 5.3
5) ﬁsKA’~tané+LB"tanE+MC’-tanEsM.
2p 2 2 2 rp

Dezvoltari, Marin Chirciu

Problema329.

Solve in real numbers

(L+X) V1= x+(1- X)L+ x = 241+ %2 .

Math Atelier 11/2024, Konstantinos Geronikolas, Greece

Solutie
Domeniul de definitie este[—l,l] .

Folosind CBS obtinem:

2\/1+7=(1+ X) V1= % + (1= X)V1+x = VI xy1-x* +1-x1-x* =

:\/1—7(«/1+_x+\/1—_x)czs\/1—x2\/2(1+x+1—x) —1-%?-2=2J1-%* .

RezultéZ\/1+ NG SZ\/l—x2 S 1+x°<1-xX2 < 2x* <0 < x=0.
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Deducem c& ecuatia admite solutia unicd X=0.

Remarca.

Let A > O fixed. Solve in real numbers

(A+ X)X +(A=X)NA+x =222+ ¢ .

Marin Chirciu

Solutie
Domeniul de definitie este[—/I, Z].

Folosind CBS obtinem:

23+ X =(A+X)NA—X+(A=X)VA+X = A+ X2 =X +A—xJA2 = =

=\A" =X (\//1+x+\/}t—x)cgsx/ﬂz —xz\/2(1+x+l—x) =N =X 22 =
=20A3—Ax? .

Rezultd 2043 + X% <208 —Ax% & P4+ A2 < A3 —Ax% e 242 <0 < x=0.

Deducem ca ecuatia admite solutia unicd X=0.
Remarca.

Solve in real numbers

(2+x)V2=x +(2-x)V2+x = 28+2x* .
Solutie
CazulA =2.
Ecuatia admite solutia unicd X=0.
Problema330.

IfX,y,2>0,X+Yy+z=3then
2 2 2
xyz(x* +y?+2°)<3.
Mathematical Inequalities 11/2024

Solutie



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

Folosim pqr -Method.

Notim p=X+Yy+2=3,q=Xy+YZ+2X,I = XyZ.

Avem@® >3rp (1), veziq® =(xy +yz+ zx)2 >3xyz(x+y+2z)=3rp.

AM -GM

9= p?= x+y+Z =3 X +2) xy=>x+20=y X’ +q+q > 33/Zx q-q=
=33> x*-q :>923§/Zx2-q2 :>2xzs§—z,(2)

Obtinem:
(2) p=3
LHS = xyz(x2 +y? +22): ry x<r 207 3pr <3=RHS.
q°
Remarca.

IfX,y,2>0,X+Yy+z=3andn € Nthen
xyz(x2+y2+zz)n <3,

Marin Chirciu
Solutie

Folosim pqr -Method.

Notdm p=X+Y+2Z=3,0=Xy+YyZ+ 22X, = XyZ.
3=X+Yy+12z2>33xyz =3r = r<i1.

Avem@® >3rp (1), veziq® =(xy + yz+zx)2 >3xyz(x+y+2z)=3rp.

AM -GM

9= p =(x+y+z) =2 X +23xy =2 x*+20=) X +q+q = DX -q-q=
=33> x*q° = 923> x*q =>ZX23§_Z'(2)

LHS=xyz(x2+y2+zz) r(>x? ) <r (?J Lsr.(s.%j 2r.3 23 —RHS.

Remarca.

In AABC
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Solutie
Lema

IfX,y,2>0,X+Yy+z=3then

xyz(x* +y?+2°)<3.

oo 1111 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+ —=- < — +—+—=3.
r, b I r r, I, I,
. 3r 3r 3r )
Folosind Lema pentru(X, Y, Z) =| —,—,— | obtinem:
ra rb rc

2 2 2 2
g.ﬂﬂ(i&&jgg@ ol 1,1 0

2 2 2 2 4
rh b rir 1 I o> 8lr

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2) i+i+i< p2
"h? h2 h? 8l

a

www.mateinfo.ro

Dezvoltari, Marin Chirciu

Problema331.

Ifa,b,c>0,ab+bc+ca=1then

RMM 11/2024, Nguyen Hung Cuong, Vietnam

Solutie

LHS=Z—C>SZZ( 2 o1 (Xa) _1(2""4):%2&4:

a4+b“) _EZ(a“er“) 2 2> a*

a8
(a2 +b2)2 -

CSl 1 CS 1 1 1
Zz'g(zaz)z ZE(Zab)z =E(1)2 =5 =RHS.

Remarca.
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Ifa,b,c>0,ab+bc+ca=1and A >0then

a® o1
(a?+ap?)" 3(2+1)

1)

Solutie

s & s (Saf 1 (3ay

LHS = Z( ﬂbz)z = (ﬂ+1)(a4+lb4) - i+12(a4 +ﬂb4) l+1 A+1 Za

1 4_C>5 1 1 22 2‘32S 1 a 2 _ 1 2 _ 1 _
Za = )2 3(2 ) )2(2 b) 3(/1+1)2 (1) 3(1_’_1)2

(2+1)° (2+1 3(A+1

= RHS .

Am folosit mai sus(2 +1)(a* + 2b*) 2 (a? + 4b?)” = 2(a® -b?) 20.
Remarca.

Ifa,b,c>0,ab+bc+ca=1andA>0then

! 1

2 ? 2(/1+l)2 '

(a+4b)

Dezvoltari, Marin Chirciu

Solutie

s 1 () 1 (X))

(a+b)’ z (1+1 (a +/1b2) /1+1Z(a2+2,b2) A+1(A+1) Za

LHS =)’

1 1
% (D ab)= T 1= T =RHS.

L 58
= az>
? (2+1

(2+1)

o

Egalitatea are loc dacd si numaidacda=b=c=

Problema332.

Ifa,b > O0then

%+(1+%J 2(a2+b2) >5
a’+ a

RMM 11/2024, Nguyen Hung Cuong, Vietnam
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Solutie

AM -GM
LHS:ZLbZ+(1+1j 2(a2+b2) > 2;ab+2 11 2(a2+b2):
b b

a a’+b? a

2 2 ()
_ 22_a2)2+2\/§ az;? =t32+2\/§t25=RHS:U”de

1)
t%+2«/§t25 = 2\/§t3—5t2 +2>0 < (t—\/E)(Z\/EtZ —t—\/E)ZO, care rezultd dint 2\/5,

Z4 b2 a’+b?
\/_ 2ab

vezit =

>2 < (a-b)*>0.

Egalitatea are loc dacd si numai dacda="b.

Remarca.

Ifa,b>0and/12%then

) _2b /1(1 1) 2(a” +b%) > 42+1.
a‘+b a b
Marin Chirciu

Solutie

AM -GM
LHS:ZZL'OZM(LEJ 2(a’+b*) = Zzabzm-z/l-l 2(a®+b?) =
a“+b a b a“+b ab

2
_ab o m A 2 o ¥ 42— RHS, unde
a2 +b? 2ab t

2

S 2221444 & WM — (44411 +220 & (t-+2)(2424t" -t -42) >0

a+b2 NP a+b2

1
carerezultd din A > E sit > \/E, vezit =

Egalitatea are loc dacd si numai dacda="b.
Remarca.

Ifa,b > 0then
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Solutie
1. . . .
Cazul A = E in inegalitatea de mai sus.
Remarca.
2ab 11 faz +b?
3 50—+ —+— >3.
a“+b a b 2
Dezvoltari, Marin Chirciu

Solutie

2 2 AM-GM 2
LHS = 22ab2+(£+1j /a +b 3 22ab2+2f£1 a’+b
a-+b a b 2 a-+b ab 2

2
2 a+b t2 /2t 23= RHS , unde

Ta +b2
®
t%+\/§t23 o 2324220 & (t—\/f)z(\/ft+1)20

Egalitatea are loc dac3 si numaidacda=>b.
Problema333.

IfX,y,2>0,X+Yy+z=3then

> x?+1526> Vx.

MathAtelier 11/2024, Panagiotis Danousis, Greece

Solutie

. . . 2 ~
FolosimTangent Line Method pentru functia f (X) =X —6\/;+5 in punctul X, =1.
Obtinem ecuatia tangentei y = —X+1.

Avem f (x):x2—6\/§+52—x+1.

ZXZ +15> GZ\/; = Z:(X2 —6&+5) >0, care rezults din:

z(x2—6&+5)T§AZ( x+1)=-> x+3=-3+3=0.

Egalitatea are loc daca sinumaidacax=y=2z=1.
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Remarca.

IfX,y,2>0,Xx+y+z=3and A >0then

DX +342(2+1) > Vx.

Marin Chirciu

Solutie
FolosimTangent Line Method pentru functia f (X) =x? —(/1 +1)\/;+ﬂ, in punctul X, =1.

. . . 3-4_ A1-3
Obtinem ecuatia tangentei y = T X+ T .

Avem f (x):xz_(zu)&mz?"?ﬂm%‘?

ZXZ +322(/L+1)Zx/; = Z:(X2 —(/1+1)\/;+l)20, care rezulta din:

2_ Iy (3A A3 324 A=3_3-4 53,3473 _
> (x (/1+1)\/§+/1)zz( X j_ ST XX+ =T 3435 =0,

Egalitatea are loc daca sinumaidacdax=y=2z=1.

Remarca.

In AABC

2
1). 32:—2+5222 ?

Marin Chirciu
Solutie
Lema

IfX,y,2>0,X+Yy+2z=3then

> X +1526> Vx.
oo 1 1 11 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+ —=- < —+—+—=3.
r, b I r r, I, I,
) 3r 3r 3r .
Folosind Lema pentru(X, Y, Z) =| —,—,— | obtinem:
ra rb rc
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2 2
Zgrizuszsz % o 32:—2+5222 %

a a

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2
2). 3Z%+5222\/‘:’]—T.

Dezvoltari, Marin Chirciu
Problema334.

1669.Ifa,b,c > 0 then

3 b+c +ab+bc+ca>3(a+b+c)2
b? —bc +c’ abc  a*+b*+c

Mathematical Reflections 4/2024, Nguyen Viet Hung, Vietnam
Solutie
Lema.

Ifa,b,c > 0then

b+c _(atb+c)

1
T3 2 = .3 3 3"
a b°-bc+c® a’+b’+c

Demonstratie

(9}

a’ s(a+b+c)’

2
1, b+c ~a® (b+c
a b’-bc+c? a® bi+c®  at+bi+c

\4

2
b+c +ab+bc+ca=2(§+b2 b+c jLZ Z(a+b+c) ~

LHS = =
sz—bc+c2 abc —bc +c? a+b*+¢c?
3(a+b+c)
) _RHS.

a’+b’+c

Egalitatea are loc dacd si numai dacsa=b=c.
Remarca.

Ifa,b,c,d > 0then

a+b +abc+bcd+cda+dab>3(a+b+c+d)2
a’—ab+b’ abcd Cat+bl+ct+d®

2



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024

Solutie
Lema.

Ifa,b,c > 0then

2
1+ b+c 2(a+b+c).
a b’-bc+c® a*+bi+c?
Demonstratie
1 b+c a’ (b+c) cs(a+b+c)
—_—t =+ >
a b?’-bc+c? a® b*+c® at+bi+ct
a+b abc +bcd +cda+dab 1 b+c Lema
LHS = D e
2 a’—ab+b’ abcd Z(a bz—bc+c2j

3D a’

T ~at+bi+c

Ty (at+b4c®) 3yl >a’®

Egalitatea are loc dacd si numaidacda=b=c=d.

www.mateinfo.ro

Leﬁ”aZ(a+b+C)2C§(Z(a+b+°) _(BXa) _9(Xa) s(Xa) — RHS .

Marin Chirciu

Problema335.
InAABC
D=y mi.
RMM 11/2024, Nguyen Hung Cuong, Vietnam
Solutie

3( p?—r? —4Rr)
2

FoIosindZ r’ = (4R + r)2 -2pZsi st =

3(p*~r®—4Rr)

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

Z(h§+ra2)z4—Rerj :

, inegalitatea se scrie:

& 7p® <32R* +28Rr +5r7, vezi p> <4R? + 4Rr +3r°.
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Marin Chirciu

Solutie

p*+p®(2r* —8Rr)+r?(4R+r)’
4R?

Folosind: Zh; = , Zraz =(4R+ I’)2 —2pZsi

, 3(p2—r2—4Rr) o _
Z ma = 2 , Inegalltatea se scrie:

p*+p®(2r* —8Rr)+r?(4R+r)’
4R?

3(p*—r*—4Rr
+(4R+r)2—2p22£- (p )<:>
R 2

& p°(p*+2r’ —32Rr —8R*)+64R" +32R°r +116R°r* +32Rr’ +r* 2 0.
Cazull). Dacé( p®+2r> —32Rr —8R2) > 0, inegalitatea este evidenta.
Cazul2). Dacé( p®+2r° —32Rr —8R2) < 0, inegalitatea se rescrie:

64R* +32R°r +116R°r” +32Rr’ + r* > p* (8R” +32Rr — 2r” — p?), care rezult din inegalitatea

lui Gerretsen:16Rr —5r? < p® <4R* +4Rr +3r°.
Ramane sa aratam ca:
64R* +32R%r +116R%r? +32Rr® +r* 2(4R2 +4Rr +3r2)(8R2 +32Rr —2r2 —16Rr+5r2) N

& 8R*—16R°r +4R’r* —7Rr® —2r* >0 < (R-2r)(8R° +4Rr’* +1°) 20, R> 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema336.

J.2892. InAABC

2
y_a .
4p(p-a)
RMM11/2024,Neculai Stanciu
Solutie

InAABC

2 4(R-r)
p(p-a) ro
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a.2

LHs =Y _LAR=1)_R-r® pus.
4p( 4

p—a) r r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
) 4<y a 34(5—1j
p(p-a) r
Marin Chirciu
Solutie
In AABC
a’ 4(R—r)
z _ =
p(p-a) r

Inegalitaea din dreapta.

> a’ :4(R—r):4(5_ J

p(p-a) r

Inegalitaea din stanga.

2 — uler
a’ __4R-n)r,

3 _

p(p-a) r
2 3 8(2R*-7r3
y BR g & ( )
p p(p-a) pr
Dezvoltari, Marin Chirciu
Solutie
In AABC

a® 2[ p*(2R-3r)+r* (4R +T)]
p(p-a) pr '

2

Inegalitaea din dreapta.

* 2[p*(2R-3r)+r*(4R+1)] Gerztsen8(2R3 ~7r°)

Z a

p(p-a) pr pr

Inegalitaea din stanga.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

3 Z[DZ(ZR—Sr)+ I’2 (4R+r)] Geritsen]_gR2

a
2 - pr p

p(p-a)
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema337.

S$.2830. InAABC

tané ( )2
2 S AR +r 0
> B, C~ p(m(4R+r)+3mr)'m’n> '

m+ntan—tan —
2 2

RMM 11/2024, D.M.Batinetu-Giurgiu, Neculai Stanciu

Solutie
tan 2 tan® 2 tan? ';‘ o
= — _ >
m+ ntan —tan — mtan — + ntan — tan — tan — mtan —+n-—
2 2 22 2"y
an A AR+1Y
< 210, p (4R+r)2
: T AR+r r =RHS.
Z(mtanA+n-rj m- 5 +3n,E p(m(4R+r)+3mr)
p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
COt? P
v S M
2 2
Solutie
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cot'g cot’ 2 tan® 2 cs

= = = >

LHS =2, 5 C 2 A A B.CX A p°
m-+ncot cot meot . +ncotcotcot  mtan -

2
)
-1 P __pms.

Z(mcotA+n.p) m.Pi3p. P r(m+3n)
2 r r r

A A
tanE 6r cot —

22, "R&L_B._C

tan —tan — COtECOtf

Dezvoltari, Marin Chirciu
tan — (4R+r)2—2p2 COIA p2_2r2_8Rr
Folosind Z 2 = SIZ 2 = avem:
C pr C pr
tan —tan — COthOtE

4R+1) —2p° T
( ) P Zﬂwa 2p2(R+3r)£16R3+8R2r+49Rr2 +12r8,
pr R pr
care rezults din inegalitatea lui Gerretsen: p° < 4R*+4Rr +3r?.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema338.

IfX,y,z>0,x*+y°+2° :%the

1 1 52
+ >==

(x+y+2)" xyz(x+y+z) 9

IneMath 11/2024,Marin Chirciu

Solutie

Folosim pqr -Method.

Notdim p=X+Y+2,0=Xy+YZ+2ZX,F = XyZ.
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N | W

3 2 2 ZCS p2
AvemZ=X +y +2° 2 =?:> p<

q*>3pr, veziq® =(xy + yz +2x)’ >3xyz(X+y+2)=3rp.

3 ) ) 2SOS 3
iR AR > xy+yz+zx=q:>qsz.

.9 ) 3 3
Rezultd: —>q° 23pr=> pr<—=r<—.
16 16 16p

Inegalitatea se scrie:

i2+i2g = 9(p+r)252p2r < 9p 2> r(52p2 —9),care rezulta dinr S%.

p= rp 9 16p

Ramane sa aratam ca:

3 2 29 ) 3
9p2ﬁ(52p —9)<:> p Sz,VEZIDSE.

Egalitatea are loc dacd sinumaidacaXx=y=2z= E .
Remarca.

IfX,y,z>0,x*+y? +7° :%and/l,nZOthen

A n
+

4
>—(A+12n).
(x+y+z)" Xyz(x+y+z) 9( )

Marin Chirciu

Problema339.

If X, ¥,z > 0,solve the system:

X+Y+4x+y =12
XS y3 .

+ =1
(x+2)2 (y+2)2

MathAtelier 11/2024

Solutie
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X+y=t
X+y+dfx+y=12 & t+4t=12 = t?+4-12=0c (1-2)(t+6)=0 = t=2 o
& X+y=4.

3
X3 y3 Raion (X + y) x+i:4 4°

(22 (y+2)  (xey+4)  (4+4)

=1.

Deducem ca sistemul admite solotia unica (X, y) = (2, 2) .

Remarca.

Let A > Ofixed. If X, y,z > 0, solve the system:

X+Yy+xX+y=20

X y® 1024
7T 2= 2
(x+2)" (y+1)  (8+2)

Marin Chirciu

Solutie

X+y=t
X+y+X+y=20 & t?+t=20t°+t-20=0< (t-4)(t+5)=0 o t=4 <
& Xx+y=16.

x° N y:  Raen  (x+ y)) s 16 1024
(x+2)" (y+1)

(x+y+20)"  (16+20)° (8+1)

Deducem c3 sistemul admite solotia unica (X, y) = (8,8) )

Problema340.

3
JP.564.1fX,y,2>0, x> +y* +7° = Zthen

4(x+y+z)+2[1+£+1j218.
X y 2

RMM 37, Daniel Sitaru, Romania

Remarca.

1).If X, y,z>0,x2+y2+22:%and0£i£4then
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A(X+y+ z)+%+%+%2§(k+4).
Solutie
Lema.
If X >0and A >1then

7\.X+%Z(7\4—4)X+4.

Demonstratie

M+%z(k—4)x+4© (2x-1)° >0,

Lema

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.matein

fo.ro

ZXS%
LHS:XZX+Z§:Z(M+§) > Z((x—4)x+4)=((x—4)2x+12) > ((x—4)-g+12

~2(h+4)=RHS.

s (Xx)

3 3
Am folosit mai susZX <3, care rezulta din: Z: X% + y2 +2%> T & ZX < E

1
Egalitatea are loc dacd sinumaidacax=y=2z= E .

Problema341.

IfX,y,2>0,Xy+Yyz+zx=3Xxyzand A >1then

1 11
A —+—+—2>3(A+1).
(x+y+z)+X+y+Z (A+1)

Solutie
Lema.

IfX>0and A =1then

XX+EZ(X—1)X+2.
X

Demonstratie

Dezvoltari, Marin Chirciu

j:
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kx+§z(k—nx+2<:(x—nzzo

x>3

5 =250 S L= 512 2500 2= (0 Tre) S (1) 349)-

=3(%+1)=RHS.

Am folosit mai susz X >3, care rezults din:

Cs
>——— = X+Yy+22>3.

1 1
—+
X X+Yy+2

XYy + YyZ +zX = 3Xyz < l+1+—=3:>3=

1
+_
X y z z

1
y
Egalitatea are loc daca sinumaidacdax=y=2z=1.

Problema341.

1682.1fa,b > Othen

2 2
E'|'b—2 a—z'i'E +2Lb;1213
b a b a) a“—ab+b

Mathematical Reflections 6/2024,An Zhenping, China

Solution.

1 1
With substitutionE =t > 0 we have: (t +—2](t2 + —j+ 9 >13 <
b t t 1
t—l+E

10—t +1°—10° 4+ 20t" ~10° +1° —t+12 0 & (t-1)" (t*+ 3+ 7t° +3t+1) > 0.

Equality occursifand only ift =1 < a=D.
Remarca.

Ifa,b>0and A <9then

2 2
1)§+95 %%9-+7fﬁ&—722+4
b a°){b° a) a"—ab+b

Solution.

a 1 1
With substitution B =1 > 0 we have: (t + t_zj (tz + Ej +

A

121+4c>
t—1+E
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St +t°—(A+2)P+2(A+ Dt —(A+2)P+t° —t+120 &

= (t —1)2 (t6 +t° +2t* wL(l—ﬂu)t3 +2t? +3t+1)2 0, care rezults din:

t+t°+2t" +(1-2)t° + 2t* + 3t +1> O pentru A <9, vezi:

6 , 45 4 3 2 3 .2 2 1 1

P+ + 2t +(1-A)C + 2" +t+1>0 < 7+t +2t+(1—/1)+?+t—2+t—320@

t+;:x22

o t3+1 + t2+l +2 t+} +(1-2)20 o (X=3x)+(x=2)+2x+(1-4)>0 <
t3 t? t

S XH+X-x-1-120 X*+x*—x—-1> 1, adeviratidin 1 < 9.
Este suficient sa aratam ca:

XCHxP—x-1>9 = X*+x*-x-10>0 < (x—2)(x2+3x+5)20,vezix:t+%22.

Equality occursifand only ift =1 <> a=D.

Remarca.
Ifa,b > 0then
3 3
2) g+b—3 a—3+E +216—ab2220.
b a’)ilb’ a) a“—ab+b

Solution.
With substitutioné=t>0we have: t+13 t3+} + 16 >20 &

b t t 1

t—1+E

<t —t% +t® —18t° +34t° —18t* +t? -t +1>0 &
< (t —1)4 (t6 +3°+ 7t + 1483 + TH2 + 3t +1) >0.
Equality occurs ifand only ift =1<> a=Db.

4 4
3) E+b—4 a—4+E +225;ab2229.
b a b* a) a“—ab+b

Solution.
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1 1 2
With substitution% =t > 0 we have: [t +t—4j(t4 +EJ + > 1 >29 &

t—1+-
t

Sttt - 27t +52t° - 270 + 34t° + P -t +12 0 &
& (t=1)" (£ +3t7 +7t° +14t° + 25t* +14t° + 7t° + 3t +1) 0.

Equality occursifand only ift =1 < a=D.
a b")(a" b n“ab
Y —+— || =+= [+ 57— 2Zn2+4,l’leN.
b a"/Ilb" a) a"—ab+b
Solution.

. L. a 1Y ,n 1 n’ )
With substltut|0n6=t>0wehave: t+t—n " +- |+ 12n +4 &

A
t

e G G R —(n2 + 2)t“+3 + 2(n2 +1)t”+2 —(n2 + Z)t”+l +tP-t+1>0 <
& (t-1)" (tZ” F3TT T L T+ 3 +1) >0.

Equality occursifand only ift =1 <> a=D.
Remarca.

Ifa,b>0andn e Nthen

n n 2
5) E+b— a_+9 +M2n2+2n+5.
b a"){b" a) a‘-ab+b

Dezvoltari, Marin Chirciu

Solution.

n+1)°
With substitutionE:t>0wehave: t+£ t”+1' +( ) >n’+2n+5 <

b t" 1

t—1+E

SN G CLs I L —(n2 +2n +3)t”+3 +2(n +1)2t”+2 —(n2 +2n +3)t"+1 +t?2-t+1>0 <

< (t —1)4 (tz” +3M T+ T+ 3 +1) >0.
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Equality occursifand only ift =1 < a=D.

Problema342.

0683.I1fa,b,c >0,a+b+c=1then

b+c -

Z\/bc+2a2 +2a

Mathematical Reflections 6/2024, An Zhenping, China

Solution.
Lemma.
Ifa,b,c>0,a+b+c=1then

b+c 22(1_a).
Jbc+2a*+2a 3a+l

Proof.
2 2
Usingbc < (b+C) = (1—8.) we have:
4 4
b+c S 1-a _ 2(1-a) =2(1—a).
Jbe +2a% +2a \/(1—a)2 , J9a?+6a+1 3a+l
~—4-+2a°+2a
b +C Lemma 2(1_ a) 8 1 Titu-Lemma 8 9
LHS = > —_— == -2 2 —=———-2=
Z,/bc+2a2+2a 2 3a+1 3Z3a+1 3> (3a+1)
89 5,.8_9 5 _ 5_pHs.
3 3Za+3 3 3:1+3
Remarca.
Ifa,b,c>0,a+b+c=1and A >1then
22 b+c S 6
\/bc+ﬂ(;t—1)a2+/1a_/1+1'
Marin Chirciu
Solution.
Lemma.
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Ifa,b,c>0,a+b+c=1andA>1then

b+c . 2(1-a)
\/bc+/1(ﬂ—1)a2 +ia (2A-1)a+l

Proof.
2 2
Usingbc < (b+C) = (1_a) we have:
4 4

b+c S 1-a _ 2(1-a) _
bc+A(A-1)a’+da  [(1—a) 1?32 _
Y (2-1) \/(l 4a) +A(A-1)at + Ja \/(2/1 1)"a*+2(24-1)a+1

2(1-a)
(24-1)a+1’
2( 22 A 1 j

LHS =Y b+c Lema 2(1-a) -y 22-1 24-1)

ch+g(g_4Ja?+ga (22-1)a+1 (22-1)a+1

M 1634 9 6
22-1(22-1)a+l 24-1" 24-1 (24-1)> a+3 24-1

42 9 6 42 9 6 6

- : - - : - — —_—RHS.
24-1 (24-1)-143 22-1 22-1 2(A+1) 24-1 A+l

1
Equality occursifand onlyifa=b=c= 5

Problema343.
U682. Evaluate

sin X cos X
[ SXCOS X gy

J54sin4x

Mathematical Reflections 6/2024, Mihaela Berindeanu, Bucuresti

Solution.
sin X cos X 1 ¢ 2sin Xcos X 1 sin 2x 1 sint
| = | —/]——dx==| ————dX == | ———dx == | ——dt.
I\/5+sin4x 2j.\/5+sin4x ZJ.\/5+sin4x 47 /5+sin2t
Lemma.
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Prove that

J' sint ;(arcsmw—ln(sin X +C0S X ++/5+sin 2X)J.

m 7
Proof.
WenoteAJ' sint and B = J- COSt

m 5+sm2
We have:

_ rsint+cost (COSt—sint)’ ) V’(t) )
A+B_‘[\/5+sin2tdt_ —— t_j — dt —
\/5_((C°St_s'“t) -1) JB-VA(t)
_ arcsin ") _ arcsin SiNt-cost
6 %

B-A= ICOSt Slnt (Slnt+(:o3t

dt = dt =
T T gwsety o e
:In(u(t)+1/4+u2(t)):In(sint+cost+\/5+sin2t).

From: A+ B = arcsinwand B-A= In(sint+cost+\/5+sin 2t) =

%

= 2A= arcsinm— In(sint+cost+\/5+sin Zt) =

J6

= A=%(arcsin&\/écost—In(sint+cost+\/5+sin 2t )J

Using Lemma we have:

smt 1 1 1 . Sint—cost . -
| == A arcsin————— —In(sint+cost+~/5+sin2t | |=
'[\/5+sm2 2( J6 ( )j

= é(arcsinw— In (sint+cost +/5+sin 2t )j )

J6
Sin X cos X . Sin2X—c0s2x . -
We deduce thatj4dx =_—| arcsin—————————1In (sm 2X +C0S2X +~/5+Sin 4x) )
J5+sin4x ( \/6
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Remarca.
Evaluate
j sin X cos X i, 11,
l+sm4x
Marin Chirciu
Solution.
I_I sin X Cos X _— IZmnxcosx B f mn2x B I smt
NJA+sin4x 27 JA+sin4dx Jﬁ+mn4x Ji+mn2
Lemma.
Prove that
I sint 1(amﬂ ﬂﬂi:E)—Sf—ln(sinx+cosx+«/5+sin2x)j.
J5+sin 2 2 J6
Proof.
sint cost
We note A= | ———=dtand B = | ————dt.
Jdﬂ+sm2 Jdi+mn2
We have:
sint+cost (cost—sint)
A+B= t=| dt = |
VZ+“”2 Ji cost — mnt ) Jﬂ+1 %
= arcsin vt _ arcsin Mt ot
JA+1 JA+1
S|nt—+cost
B A ICOSt sint (

dt =
Vl+“”2 IJ&+ smt+aBt ) Idﬂ 1+u(

:k%u@)+Ji—l+uzﬁ)y:m(ﬁnt+amt+dﬂ+smzq.

annA+B:amﬂnE£ti£§andB—A:hWQnt+amt+Jﬂ—l+ﬂnm):>

NA+1
= 2A=arcsin M— In(sint+cost ++JA=1+sin Zt) =
JA+1
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1 ._sint—cost . -
= A== arcsin——=——In(sint+cost++A—1+sin2t) |.
2( JA+1 ( )j

Using Lemma we have:

sint 1 11 . sint—cost . -
= ZA=Z.Z| arcsinm——=——In(sint+cost+~/1+sin2t) |=
J‘\//1+sm2 4 4 2( JA+1 ( )j

1 . sint—cost . -
=Z| arcsin ——=——In(sint +cost + 1 +sin 2t ) |.
8[ JA+1 ( )j

JA+sin4x NA+1

Sin X cos X Sin 2X —c0s 2X . -
We deduce thatj.4dx = 8(arcsm—— In (sm 2X +C0S 2X ++/ A +sin 4x)).

Problema344.

5683. Let OA, OB, OC be rays in the plane such that

OB® =20A-0C and AB’ BCZ =3(OA+ OC).
OC
Find <AOC .
Mathematical Reflections 6/2024, Titu Andreescu, USA
Solution .

We noteOA=a,0B =b,0C =c,<xAOB=x,«BOC =y.
We have: b® = 2ac.

Using the cosine theorem we have AB? = a’ +b? — 2abcos x and BC* =b® + c*> —2bccos y .

2 2 2 2 2 2 _
AB BC :3(0A+OC)c>a +b 2abcosx+b +C 2bccosy:3(a

+ +C) &
OA OC a c

b?=2ac

& 2abc(cosx+cosy)=(a+c)(b’~2bc) < 2abc(cosx+cosy)=0 <

& CoSX+Cosy =0 < ZCos%cosﬂ:O.

Casel). If(OB  Int(«AOC) = «AOC = x+Y.

cos> Y _0= X;y:90°:>x+y=180°:><xA0C=180°.
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Case12. If(OC < Int(«<AOB) = «AOC = x— .

cos%:o N X;Zyzgof’ — x—y=180" = «AOC =180".

We deduce <AOC =180°.

Problema345.

J679. Let N be a positive integer. Find a reprezentation of N = 6" + 6*"" +1as the sum of the
squares of three positive integers.

Mathematical Reflections 6/2024, Adrian Andreescu, USA

Solution.

N =6"+6-6" +1=(6"—2-6" +1)+8-6" =(64“—1)2+4.64“+4.64" =
= (6 -1) +(2-6™) +(2-6) =a® +b? +c?.

Remark.

1). Let N be a positive integer. Find a reprezentation of N = 6®" + 6™ +1as the sum of the squares
of three distinct positive integers.

Solution
N =6 +6% +1=6° +6° -64“+3+1=(68“ —2.6" +1)+218-64” =(64" —1)2 +(72 +132)-64” =
= (6% —1) +7%.6% +13% 6% = (6 ~1) +(7-62") +(13-6"") =@ +b? +?.

2). Aratati cd numarul N =6%" +6°"? +1,n € N, se poate scrie ca sumé de patru pitrate perfecte.

Solutie.
N =6°" +62 -6 +1=(68n —2.6" +1)+38~64” =(64” —1)2+(22+32+52)~64“ =
= (6 1) +(22 432 +5%)-6" = (6% ~1) +(2-6%") +(3-67") +(5-6™) =a’ +b?+c?+d?.

Dezvoltari,Marin Chirciu

Problema346.

JP.556. In acute AABC
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2 3
ZsinzA(cosB+cosC)£2+l 13£—15(LJ —G(Lj :
8 R R R

RMM-38, Autumn 2025,Marian Ursarescu, Romania
Solutie
Lema.

InAABC

2 _ _ 2
ZSinZA(cosB+cosC)= p*(2R-r)-r (4R+r).

4R’
R(4R+r)’ )
) (2R-1)-r? (4R
- 02 (2R 1)~ r* (4R + ) o 2(2R—r) 21 ) 7 (4R+T)
LHS = sin® A(cos B +cosC) = . < .
4R 4R
3 2 2 3 2 3 uler 2 3
LR BRI TR 2 h LI A1) 2+1(13L_15(Lj (1) J:RHS
8R R 8(R) 4\R 8l "R (R R

Am fololosit mai sus:

2 3Eu|er 2 3
2+L_Z[Lj _i[ij €.t 13L_15(L} _G(Lj @(ﬂ_ j(szgo,vezi
R 8\R 4\ R 8 R R R R R
2r <R, (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
1)%-% <> sin* A(cosB+cosC) < 2+%—%(%)2 —%(%)S
Marin Chirciu
Solutie
Lema.
InAABC

p*(2R—r)—r?(4R+r)

in* A B C)=
> sin? A(cosB+cosC) e

Inegalitatea din dreapta.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

R(4R+r)’ ,
oo (2R=T)=r*(4R+1)
ZSin2 A(COSB+COSC)= pZ(ZR—r)—rz (4R+r)G9rztsen 2(2R—r) )
4R B 4R’
_16R®+8R’r —7Rr? —2r° _2+L_Z(LJ2—1(LJ3
B 8R° ““*R78\rR) T3lR)

Inegalitatea din stanga.

2 -r=r? erretsen 16R|’—5r2 2R—r _r2 AR +r1
> sin? A(cosB+cosC) = pT(2R—r)-r"(4R+r)e g ( I )-r*(4R+T)

4R 4R -
r(32R* —30Rr+4r°) r(16R*-15Rr +2r°) cuer r.OR? _ Or
- 4R® - 2R " 2R® 2R’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

: : 2 3r?
2)% <Y cos® A(sinB+sinC) < Fp(l_ﬁj .
solutie
Lema.
In AABC

p(8R*+2Rr—r®—p?)

?A(sinB+sinC) =
D cos® A(sinB+sinC) e

Inegalitatea din dreapta.

> cos® A(sinB+sinC) = < =

4R® R

p(8R2 +2Rr—l‘2— pz)GerretsenZD( 3r2J
R? )

Inegalitatea din stanga.

8R2+2Rr—r2— 2 erretsen
> cos® A(sinB+sinC) = p( P )G & e

4R? 2R
Egalitatea are loc daca si numai daca triunghiul este echilateral.

AABC
3) > sin* A(cosB+cosC) < \/5-2%20032 A(sinB+sinC).

Dezvoltari, Marin Chirciu
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solutie
Lemal.
InAABC
2(2R=r)—r?(4R+r
> sin? A(cosB+cosC) = P°( 4)1R3 ( )
Lema2.
InAABC

p(8R*+2Rr—r® - p?)
4R®

Y cos® A(sinB+sinC) =

Folosind Lemele inegalitatea se scrie:

p2(2R—r)—r2(4R+r)<\/§ R p(8R2+2Rr—r2—p2)
<V3.- -

4R® IR , vezi Mitrinovic p > 3+/3r .

Ramane sa aratam ca:

p*(2R-1)-r*(4R+1) _ = R 33r(8R +2Rr—r* - p?) _

4R? 2r 4R?
< p?*(18R-2r) < 72R°+18R’r —Rr? + 2r° vezi Gerretsen p> < 4R* +4Rr +3r°.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema347.

JP.557. InAABC

Z(9+choszés§[5+l}
c b 2 2\r

RMM-38, Autumn 2025, Marian Ursarescu, Romania
Solutie
Lema.
InAABC

b ¢c) LA p*+r®+4Rr
D=+ |cos® c=——.
c b 2 4Rr
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Gerretsen 2
LHS = Z L C COSZA p’+r?+4Rr 4R* +4Rr +3r% +r? +4Rr _
2 4Rr 4Rr

2 2 Euler
_AR+8Rr+4r* R’+2Rr+r _, I R §(B+lj

;
ARr a Rr R r  2lr

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
1)5—££ b+E coszé£2+i+5.
R c b 2 R r
Solutie
Lema.
In AABC

ARr

Inegalitatea din dreapta.

Gerretsen 2
LHS = 9 Cleo2 A p’+r’+4Rr AR® +4Rr +3r° +r? +4Rr _
¢ 2 4Rr 4Rr
_AR®+8Rr+4r* R +2Rr+r’ r.R
4Rr Rr R r

Inegalitatea din stanga.

c b 2 4Rr 4Rr 4Rr

Z[b CjcoszA P’ +r° +4Rr Gerretsen16Rr—5r +r? +4Rr 20Rr—4r2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

Remarca.

www.mateinfo.ro

Marin Chirciu

r

=5-—.

R
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Solutie
Lema.

In AABC
b cj 2 A _ p® +r? —8Rr
D[ =+=|sin —
c b 2 4Rr

Inegalitatea din dreapta.

2 2 _ Gerretsen 2 2 2
LHS =3 9+3jsin2§= p’+1? —BRr S 4R” + 4Rr +3r’ + I’ —8Rr _
2 4Rr 4Rr
_4AR*—4Rr+4r> R*-Rr+r? _R,r
4Rr Rr r R

-1.

Inegalitatea din stanga.

Z(b cj , A piar? —8RrGe"etse“16Rr—5r +r? —8Rr 8Rr—4r2

C 4Rr 4Rr 4Rr

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

www.mateinfo.ro

sin —=———— =2-—.
2

Dezvoltari, Marin Chirciu

Solutie
Lemal.

In AABC

4Rr

Lema2.

In AABC
b c s A pPar? +4Rr
Z cos" —=———
C b 2 4Rr

Folosind Lemele inegalitatea se scrie:
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3. p’+r°—8Rr S P’ +r°+4Rr

= p2 >14Rr —r?, vezi Gerretsen: p2 >16Rr —5r2.

4Rr B ARr
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema348.

JP.567. In AABC

o3 r? /6 r
2 <YsinfA T 1——.
2 R? ZI 8 R

RMM-38, Autumn 2025, George Apostolopoulos, Greece

Solutie
Lema.
In AABC
—3r?—6Rr
D sinA= (p - )
8R

Inegalitatea din dreapta.

Zsin3A_ 2p( p —3r? —6Rr) Gerretsen8<<Mltr|nov|c 3\/_R (4R2 +4Rr +3r2—3r2 —GRF) i
8R’

:3J§R(4R2—2Rr):3J§(2R_r) 3[( rjEu|er9[F

8R°® 4R 2

Euler
Am folosit mai sus: ¥£l—ﬁj 9\8/_ 1_E < R*-Rr-2r’>0 < (R—2r)(R+r)20

, vezi R > 2r ,(Euler).

Inegalitatea din stanga.

- 2 p( p® —3r? —GRF) Gerretsen&Mitrinovic 2-3\/§I’ (16Rr —5r% —3r? —GRI’)
D sin®A= T > TE =

_33r(1oRr—8r*) 33r* (5R-4r) 3.3’ ( 4) N

= = 5-— .
4R 4R? R 4R’ R 2 R

Am folosit mai sus:

3\/§r2[ 4rJEU'9f9\/§ r?
2

R 2 T ? < R22r (Euler)

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
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In AABC
1)#-&-2(5—-} < Zsin3A§¥(l—#j
Marin Chirciu
Solutie
Lema.
InAABC

_ 2p( p?—3r>—6Rr
D sinA= ( T )

Inegalitatea din dreapta.

zSin3A= 2 p( p° —3[: —GRI‘) Gerretsen&gaMitrinovic 3\/§R (4R2 +4Rr +33r2 -3r? —GRF) _
8R 8R
_ 3J3R(4R*-2Rr) 33(2R-T) 3\/5(1_ r j

8R® AR 2 2R )’

Inegalitatea din stanga.

2 p( p2 -3r? —GRI’) Gerretsen&Mitrinovic 23\/§I’ (16RI‘ —5r? -3r? —GRI’)

sin®A= > _
2 8R’ 8R’
Sl -a) sl () 56 )
- 4R® ~ 4R? R 4R? R
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
2 2
A RS @ﬂ)gzsmmﬁ@;)gﬁ LT
2 R 4R R 2 2R 8 R
Remarca.
5 r 5 r
3)=—2-— <Y cos’A< =17 —..
)8 R 2 2 R®
Solutie
Lema.
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In AABC

2R+ r)3 —4R® - 3rp?
4R® '

D cos’A= (

Inegalitatea din dreapta.

2R+r)’ —4R® —3rp? Gerrsen (2R+r)’ —4R*-3r (16Rr —5r°)
4R® B 4R®
4R’ +12R°r —42Rr* +16r° _2R®+6R°r —21Rr’ +8r’ € 5R°-34r° 5

ZCOSSA=(

4R® 2R® 2R° 2

Inegalitatea din stanga.

www.mateinfo.ro

r
17“55.

2R+ ) —4R®—3rp’ Garen (2R+r)’—4R°-3r(4R* +4Rr +3r°)

cos3A:(
z 4R® 4R?

4R’ -6Rr*—8r’ 2R®-3Rr’—4r’ &er 5R°—16r° §_2'r_3
4R® 2R? - 8R® 8 R®’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3

Dezvoltari,Marin Chirciu

Remarca.
4)> sin*A<343 cos’A.
Solutie
Lemal.
In AABC
2p(p?=3r*—6Rr
Zsin3 = p( P - ) .
8R
Lema2.
In AABC

2R+r)’ —4R® - 3rp?
4R? '

D cos’A= (

Folosind Lemele inegalitatea se scrie:

2p(p*—3r®—6Rr 2R+r)° —4R® —3rp’
8R° )SS\@'( )4R3 <
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3V/3R
-

& p( p® —3r’ —GRF) < 3\/§-[(2R + r)3 —4R? —3rp2] vezi Mitrinovic p <
Ramane sa aratam ca:

= (p*-3r* —6Rr) <33 (2R+1) -4R°-3p" | &

< p°(R+6r)<8R*+30R’r +15Rr* +2r°, vezi Gerretsen: p* <4R?+4Rr +3r?.

Problema349.

JP.568. InAABC

4
A R
4<y sec? =<2l — | +2.
2 2r
RMM-38, Autumn 2025, George Apostolopoulos, Greece
Solutie

Lema.

InAABC

, A p2+(4R+r)2

D sec 5 -

p
Inegalitatea din dreapta.
2 2 2 erretsen 2 —_
Zseczé: P +(4I§+r) 1. (4R-:r) G e (4R+T) 1. 2(2R I‘):
2 p P R(4R+T) R
2(2R-r)

_ Euler 4
SR-2r _g_2r% 2(Ej 12
R R 2r

Euler 4
Am folosit mai sus:S—E < 2(;) +2 < R°—24Rr* +16r° >0 <
r

(R—2r)(R*+2R°r +4R’r* +8Rr* - 8r*) > 0, vezi R > 2r (Euler).

Inegalitatea din stanga.

2 2 2 ouce! — uler 4
Zse‘32§= P +(4§+r) _1+(4R+r) D>t4 oR 2r:5—£EsI Z(Rj +2

p - p’ B R R 2r
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
A 2r
1) 4<)sec’—<5-=—.
) A= st <5
4
2) 4£Zseczés5—££2 EJ +2.
2 R 2r
2
3) 12<) csc’ A < 4(R—2—1j .
2 r
Solutie
Lema.
In AABC
2 2
ZCSCZ g p°+ rr2 8Rr
4) 3) sec’ g <> csc? A
Dezvoltari,Marin Chirciu
Problema350.

SP.559. In acute AABC

3
r < _Sa%Sc < &

R a+b+c 4
RMM-38, Autumn 2025, Marian Ursarescu, Romania
Remarca.

Problema se poate dezvolta.

In AABC
P sss Re
R a+b+c 4
Marin Chirciu
Solutie
Lema.
In AABC
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Demonstratie

Folosim:h, <s, <m, = h,h h, <s,s;s, <m,mm,

2 -2 2

Avemh. hh = aP sim,mm, < Rp
R 2

Obtinem:

2 .2 2
2r P SSaSbSc < Rp .

R 2
Folosind Lema obtinem:

2r2p2 RpZ 2r2p2 Rp2

e - 2

R < Sasbs'c < 2 P R < Sasbsc < 2 P r pS SaSbSc S@.

a+b+c a+b+c a+b+c 2p a+b+c 2p R a+b+c 4

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema351.

JP.565. Ifa,b > 0 then

3%a+5%a +3%b +5%b < 4a+4b +8.
RMM-38, Autumn 2025, Daniel Sitaru, Romania
Solutie
Lema.

Ifa > 0then

3%a +5%a <4a+4.

Demonstratie
Notand % =tinegalitatea 33/5+ 53/5 < 4\/5+ 4se scrie3t® +5t° <4t +4 <
& M- -5t +4>0 &

(t—1)° (4t" +8t™ +12t™ +16t™ + 20t° + 21t° + 227 + 23t° + 24t° + 20t* +16t> +12t° + 8t +4) > 0

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem :



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

LHS =Y (3¥a +5%a) Lesmaz(4\/5+4) —4Ja+4Jb+8=RHS.

Egalitatea are loc dacd si numaidacd a=b=1.
Remarca.
Problema se poate dezvolta.

Ifa,b,c > 0then

323/5+525/5£4(\/5+\/5+\/6+3).

Marin Chirciu
Solutie
Lema.
Ifa > Othen
3¥a+5a<ala+4.
Demonstratie
Notand ¥/a = tinegalitatea33/a +53/a < 4+/a + 4 se scrie 3t +5t° < 4t + 4 <

o P3P -5t°+4>0 <

(t—1)° (4t" +8t™ +12t™ +16t™ + 20t° + 21t° + 2217 + 23t° + 24t° + 20t* + 16t +12t° +8t +4) > 0

LHS =2(33/5+55/5)L2a2(4\/5+4):4(\/5+\/5+«/E+3)= RHS .

Egalitatea are loc dacd si numaidacd a=b=c=1.

Problema352.

3
JP.564.1fX,Y,2>0,X* +y*+7° = Zthen

4(x+y+z)+2(l+£+1j218.
X y z

RMM-38, Autumn 2025, Daniel Sitaru, Romania

Solutie

Folosim pqr -Method.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

Notdm p =X+ Y+2,0 =Xy + YZ+2ZX,I = XyZ.

3 3 4p2—3
X*+y*+2°=" p’-2q== <= L (1)
y ;&P 0= e a=—0— 0
2 2 2
By Sltyra) _p7 3 9 3
4 3 3 43 2

2
q°>3rp < rﬁg—p ,(2), vezig? :(xy+yz+zx)2 >3xyz(x+y+2)=3rp.

Inegalitatea de demonstrat se scrie:

4p+29:18 < 2p+ 950,03
r r

Din (2) si (3) este suficient sa aratam ca:

2

(€]
2p+%29<:> 2p+3P >0 & 2p+ ; 3p £29.©8p°-36p"+18p+2720 &
94 q ap =

3p 8
= (3p—2)(4p2 —12p—9)20, care rezultd din(3p—2)20,vezi psg$i4p2 -12p-9<0,vezi

O<p< g, (parabola X — 4x? —12x —9 are varful V (g , —18j si pentruX € (O, g} este negativa).

Egalitatea are loc dacd si numaidaca X=y=2= >
Remarca.

IfX,y,z>0,x*+y? +7° =%andn2/1>0then
20 (x+ y+z)+n(1+i+lj23(k+2n).
X y z
Marin Chirciu

Solutie

Folosim pqr -Method.

Notdm p =X+ Y+2,0 =Xy + YZ+2ZX,I = XyZ.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

2
CS(X+y+2 2
%:x2+y2+222u—

2
q°>3rp < rsg— ,(2), veziq® =(xy + yz +2x)’ >3xyz(X+y+2)=3rp.
p

Inegalitatea de demonstrat se scrie:
2np+nd >3(x+2n),3)
r

Din (2) si (3) este suficient sa aratam ca:

1)
2%p+n%23(k+2n) o 2p+nP>3(a+2n) S 24pn 4p32p 5230+ 2n) &
a q -

3p 8

8Ap°—12(A+2n)p*+6p(4n—-1)+9(A+2n)>0 <

< (3p —2)[4/1 p?—12np-3(A+ 2n)] >0, care rezults din(3p—2)>0,vezi p Sgsi
42p° -12np —3(/1 + 2n) wveziD< p< g, (parabola X — 4Ax° —12nx—3(/1+ 2n)are varful

\Y 3—”,—3(/12+ﬂn+3n2) ,3—n2§§i pentruX e O,§ este negativa).
24 24 2 2

Egalitatea are loc dacad si numaidaca X=y=2= E .

Remarca.

IfX,y,z2>0,xyz<landn e Nthen

) EREREL U]

X y z Xyz
Marin Chirciu

Solutie

1 1 1 1 1 1 \AM-cM 1 1 1
LHS = +——t—|= t——t+t—| 2 33/ —_— =
Z( Xn+4 yn+2 Zn J Z( Xn+4 Xn+2 Xn ] Z Xn+4 Xn+2 Xn
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_Z n+22 y__RHS

ns 111 1
Unde(l @Z n+2_z—<:>za 2>Zbc CU abC (; ; ;j abC—XyZZl

abc>1 SOsS

) Chebyshev l ) AM -GM N ) > )
Avem > a™? > 5Za”Za > J(abc)'> a® > >'a® > Hbc.
Egalitatea are loc dacd si numaidacd a=b=c=1< x=y=z=1.

Problema354.

JP.558.1fa,b,c >0,x>0then

a’+x)(b*+x ba®+ x)(cb? + x
Z( ac2)(+x )ZZ( c3)£x )
RMM-38, Autumn 2025, Daniel Sitaru, Romania
solutie
Lema.
Ifa,b,c >0, x20then
(a3 + x)(b3 - x) . (ba2 + x)(c:b2 - x)
ac’+x c’+x '
Demonstratie
(a3 + x)(b3 + x) N (ba2 + x)(cb2 + x) -
ac’ +x ¢’ +x

o (a3 + x)(b3 + x)(c3 + x) > (ba2 + x)(cb2 + x)(ac2 + x) o
< a’b’c’+xD a%h’+x2) a®+x* > a’h’c® + xabc) ab® +x* ) ah+x° <
< x> a’h’ +x*) a’ > xabc) ab® +x*> a’h, care rezults din:

313 2 3143 31,3 3.3 ™M M o s
xZa b 2xachab ,vezia’b® +a’b” +b’c® > 3a®b°csianaloagele si se sumeaza.

AM -GM
X Za > X Zazb vezia’+a’+b® > 3a’b sianaloagele si se sumeazs.

Folosind Lema si sumand obtinem concluzia.
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Egalitatea are loc dacd si numaidacd a=b=cC saux=0.
Remarca.
Ifa,b,c >0,Xx>0then

(a4 + x)(b4 + x)

(ba3 + x)(cb3 + x)
ac® +x '

ct+x

1)) >3

Solutie

Lema.

Ifa,b,c>0,x>0then

(a4 + x)(b4 + x) N (ba3 + x)(cb3 + x) |

ac® +x c* +x

Folosind Lema si sumand obtinem concluzia.

Egalitatea are loc dacd si numaidacd a=b=cC saux=0.
Remarca.

Ifa,b,c >0,X>0then

a™ + x)(b”+l + x)

ac" +x

(ba" +x)(cb” +x)

n+1

c +X

,neN.

2)2( >

Solutie
Lema.

Ifa,b,c >0,Xx>0then

(2™ +x)(b"* +x) . (ba" +x)(cb" +x) |

n+l

ac" +x "X
Folosind Lema si sumand obtinem concluzia.
Egalitatea are loc dacd si numaidacd a=b=C saux=0.

Problema355.

SP.557. Prove the following inequality:

www.mateinfo.ro

Marin Chirciu
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RMM-38, Autumn 2025, Adalbert Kovacs, Romania

Solutie

sin x . _ o e .
Folosim—— <1, X > 0 .AplicAnd proprietatea de monotonie a integralei definite obtinem:

@)
<2+1In3g,

‘n—\'—.w
@,
X |3
X
< >
A\

3
!dx=x| 1 =3—

2024

@)
14<2+In3<:> 1—L<In3<:> %dn&vezi 2023

2024 2024

<1=Ine<In3.

Remarca.

Problema se poate dezvolta.

Letn € N fixed. Prove the following inequality:

Marin Chirciu

Solutie

sin x . _ o e .
Folosim—— <1, X > 0 .AplicAnd proprietatea de monotonie a integralei definite obtinem:
X

sin x 1
—dx< |dx=x1=e-=<e.
X n

n

S| hrt—
S ht—

Problema356.

\J3X+sin x

SP.556. We consider the function f : (O, oo) >R, f (X) =
X

Prove that it is integrable and prove the inequality:

8
jf(x)dx<10+|n2,

wherel> ¢ >0andg —>0.
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RMM-38, Autumn 2025, Adalbert Kovacs, Romania

Remarca.

Problema se poate dezvolta.

B JAX+sin x

We consider the function f :(0,00) >R, f (X)
X

Prove that it is integrable and prove the inequality:

[t (x)dx<2irD)a.

Marin Chirciu
where1>0,a>0,1>¢>0ande —>0.
Solutie
Folosim Teorema de integrabilitate a functiilor continue:
Orice functie continua f :[a,b] — R este integrabil3 pe[a, b].
Cum functia f : [8, a] >R, f (X) = w este continua pe[e, a]rezulté ca este integrabila

pe[e,a].

_ JAx+sinx - VAX+X A+l

X X Jx

Aplicand proprietatea de monotonie a integralei definite obtinem:

Avemsinx < x,x>0= f(x)

j‘f(x)dXJJ?dx:m.z&[:m(z@_z@)d 1.

Problema357.

JP.566 . In AABC

b c)a® 4R(R
8<y | =+ | <5 21,
N S
RMM-38, Autumn 2025, Marin Chirciu

Solutie

Inegalitatea din dreapta.
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b cla®BndR¢ a“”ppa _R 4(R-r) _4R(R
Z(E+Bj—z < - —Z RA )=—£——j-

N r ma I’ r r

2
a=—

2 mzp(p-a) 2 -
Amfolositmaisus:z% pgp Zp(s a):4(Rr r):4(5_j.

Inegalitatea din stanga.

aZ AM-GM

Z(%%)F > 2Za—(>l)24 8.

a2 (6]
Am folosit mai sus: Z— >4, vezi:
m

a

-y 4a° -y 4x -y 4x*
+2c 2b% +2¢* —a’ 2y +22—X 2Xy +2X2 —X*
4

cs 4(Zx)2 43y +2y yz)<2)

_Z(ny+2xz—x ) 45 y1->' %

40) x*+2) yz)@
unde (}Z::yz_%xz)>4<:>2x >>yz e > (y-2)' 20

Cs
>

IR LS

a

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC
b c)a? R®
8< —4— | =<—.
Z(c bjwj 8r°
Marin Chirciu
Solutie

Inegalitatea din dreapta.

c b

r wz_r hz_r 85 art

a

Z(b c)azBLQdR'L a’ _R 2(l)R R5 R®
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aZ () RS
Am folosit mai sus: F < 8_5 , vezi
r
@ 1 27R5 Mitrinovic 1 27R5 R5
Z Z 2= a' < < : T ar5
h? ( ) 4S2 4p2r2 2r 4.27r*-r* 2r 8r’
a

5

unde(2) Za“ < 27R , Vezi Za“ = 2|: p4 - p2 (8Rr + 6r2)+ r? (4R + r)z} si Gerretsen.

Inegalitatea din stanga.

AM -GM 2.(2)
Z(b Eja— > 258 S0.4-8.

c b W,
a2 (2)
Am folosit mai sus: Z— >4, care rezultad din Z— > Z— >4,
W
a a a

Cs

4a* 4x 4%*
Y N e R R ) -2 2

2y+2z—X 2XY + 2XZ — X
4

cs 4(Zx)2 _4(Zx2+22 yz)(§)4'

> (2xy+2x-xt) 4D vz X

40) x*+2) yz)@
unde (;Z::yz_%xz)>4<:>2x >>yz e > (y-2)' 20

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema358.

JP.570. In AABC

12r°p

2 2 2

RMM-38, Autumn 2025, Marin Chirciu

Solutie

Inegalitatea din dreapta.

PN S N) XT3 Yo

2 2
R o R
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2
Am folosit mai sus(l):ZWj < 274R siZaz <9R?,

Inegalitatea din stanga.

b? +c? ¢ (b+c)’ 1 @1 24r%p 12r?p
- > - 7 = > —. =
dw, > >>w, 7 22(b+c)wa_2 = —

@ 24r?
Am folosit mai sus: Z:(b+c)wa1 > P

, vezi

p( p2 +r’— ZRI’) Ger;tsen 24r2 P
R -~ R

Y (b+c)w, > > (b+c)h, =

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC

9R?
6S <> aw, 57\/5

Solutie

Inegalitatea din dreapta.

® ez gre, 2R _9R’
>aw, < (Da?>wi<,9 R

2
274R siy.a’ <9R’.

V3.

Am folosit mai sus(1): ZWj <

Inegalitatea din stanga.

(2

D aw, >6S,vezi ) aw, > Y ah, = > 25 =6S.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema359.

SP.563. If a,b,c>0,a+b+c=23then

4
P R — 2a >1
3a°—-2a+5

www.mateinfo.ro

Marin Chirciu

RMM-38, Autumn 2025, Marin Chirciu
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Solutie

Lema.

If a>0,then

2a* >10&1—7
3a’-2a+5 9

Demonstratie

2a* ,10a-7
3a°-2a+5 9

< 182" —30a° +41x* —64x+35> 0 < (a-1)" (182 +6a+35)>0.

4 ema _ — .3_
LHs = 2a' o lea 7_10>a-21 _10-3 21 | _mis.
3a’-2a+5 9 9 9

Egalitatea are loc dacd si numaidacd a=b=c=1.

Problema360.

SP.564. If a,b,c>0,(a+b-1)" =ab and A > Othen

L 1 +/1\/£21+\/Z.

+ 2 2
ab a“+b a+b
RMM-38, Autumn 2025, Marin Chirciu
Solutie

Lema.
If a,b,c>0,(a+b-1)" =ab then
a+b<2andab<l1.

Demonstratie

(a+b)2
4

2
= (a+b—1)2 s@ = |a+b—]4£a—;b =

(a+b—1)2 =ab<

-a-b a+b

= £a+b—1£T:a+b£2.

Apoi22a+b22\/£:> ab<1.

CS
1 1+1@_1+(1+1j+z\/a_>

LHS =—+—— = —— >
ab a“+b a+b 2ab \2ab a“+b a+b
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*1 4 l\/_ba+b<21 N Aab _ 1 Afab _

> > >+ +1+
2ab (a+b) a+b 2ab 2 a+b 2ab a+b
1. /1\/_ AM GM 1 /1 Lema 1 l
2ab a+b | \/2ab a+b Jab a+b \12 12
—1+JA =RHS .

Egalitatea are loc dacd si numaidacd a=b=4=1.
Problema361.

sp.564. If a,a,,...,a, >0,a +a,+...+a, =n then

[l+£j (1+ij
& a,

RMM-38, Autumn 2025, Marin Chirciu

Solutie

o lag 1 ¢ dx

FleAi—ln[1+a1] =a, In(1+ J a£x+a1'
h a’ cs Zaiz

[t ] -zagaf 2 -z 2 b2 o

dx = de:nln(x+1)|l:nln2.
nx+n o X+1 0

O ey

RezuItéZln[leij 2n|n2<:>H(1+ij >2",

a, a,
Egalitatea are loc dacd sinumaidacd &, =a, =...=a, =1.
Remarca.
InAABC

2
3r

1). (1+%j[”’] ( +%)[r] ( . % j[rj

v
oo

Solutie
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Lema.

If X,y,2>0,Xx+Yy+2=3then

Solutie

y? 1
Fie X = In[1+1j —y2 |n(1+1J= y2[-9L
X X

=j s dt:jidt=3ln(t+1)|;=3ln2.

o 3t+3 o t+1
1) 1)
RezuItéZln(lJr—j 23In2<:>H(1+—j >2°,
X X

Egalitatea are loc daca si numaidaca x=y=z=1.

Sa trecem la rezolvarea problemei din enunt.

I o 1 1 1 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+ —== < —+—+—=3.
r, b I r r, I, I,
3r 3r 3r
Folosind Lema pentru(X,y,z)=| —,—,— |obtinem:
ra rb rc

3r 3r 3r 3r T3 T3
ra a ra

Egalitatea are loc daca si numai daca triunghiul este echilateral.

arY’ arY’ ary’
o o) (18 (1) s
3r 3r 3r

Dezvoltari, Marin Chirciu

Solutie
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Lema.

If X,y,2>0,Xx+Yy+2=3then

y? 22 X2
[1+1j [1+£J [1+1j >8.
X y z

. . N 11 1 1 3r 3r 3r
Se cunoaste identitatea in triunghi —+ —+ — == < —+—+—=3.
a hb hc r ha hb hc
Folosind Lema pentru(X, Y, z) = ﬂ,ﬂ’ﬁ obtinem:
ha hb hc
arY’ ary’ arY’
LR REIES G
1+— 1+— 1+— >8 < [1+2 1+-2 1+-—= >8.
3r 3r 3r 3r 3r 3r
ha ha ha

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Bibliografie:

1. C.Nastasescu, C.Nita, M.Brandiburu, D. Joita , Exercitii de algebra, Editura Didactica si
Pedagogicad, Bucuresti, 1992.

2. 0. Bottema, R. Z. Djordjevi¢, R. R. Jani¢, D. S. Mitrinovi¢ si P. M. Vasi¢, ,Geometric Inequalities”,
Groningen 1969, Olanda .

3. Marin Chirciu, Inegalitati trigonometrice, de la initiere la performanta, Editura Paralela 45,
Pitesti, 2016.

4. Marin Chirciu, Inegalitati cu linii importante in triunghi ,de la initiere la performanta, Editura
Paralela 45, Pitesti, 2018.

5. Marin Chirciu, Inegalitati cu laturi si cu raze in triunghi, de la initiere la performanta, Editura
Paralela 45, Pitesti, 2017.

6. George Apostolopoulos, Greece , Mathematical Inequalites 11/2024.

7. Kostantinos Geronikolas, Greece, Pure Inequalities 11/2024.

8. Socrate Romanidis, Greece, RMM 11/2024.

9. Dang Ngoc Minh, Vietnam, RMM 11/2024.

14. Mehmet Sahin, Turkey, RMM 11/2024.
15.Ertan Yildirim, Turkey, RMM 11/2024.
16.Marian Ursarescu, Roman, RMM-38, Autumn 2025.

15. Nguyen Hung Cuong,Vietnam, RMM 11/2024.
16. Zaza Mzhavanadze, Georgia, RMM 4/2024.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

19.Nguyen Minh Tho, Vietnam, Mathematical Inequalites 11/2024.

23.Panagiotis Danousis, Greece, MathAtelier 11/2024.

26. Imad Zak, Lebanon, Mathematical Inequalities 11/2024.

29.Adrian Andreescu, Dallas, USA, Mathematical Reflections, Nr.6/2024.
30.Shirvan Tahirov, Azerbaijan, RMM 11/2024.

31.Elton Papanikola, MathOlymp 11/2024.

32.Daniel Sitaru, Romania, RMM- Number 38, Autumn 2025.

33.Nguyen Viet Hung,Vietnam, Mathematical Reflections 6/2024.

34, Mathew Bailla, MathOlymp 11/2024.

35. Nedyalka Dimitrova, Bulgarian Mathematical Competition-2023.
36. Witcher Ben, Mathematical Inequalities 11/2024.

37.Mihai Vijdeluc, Baia Mare, RMT.

38.Aurel Dobosan, Lugoj, RMT.

39.Eugen Predoiu,Calarasi, RMT.

40.Mircea Mario Stoica,Arad, RMT.

41.Radu Ghenghiu, Oradea, RMT.

42 .0Olimpiada Matematica din Republica Moldova, 1994.
43.Constantin Apostol,Rm.Sarat, Concursul Laurentiu Duican, 1997.
44 Adriana Duta, Fagaras,Concursul Laurentiu Duican, 1997.
45.Phan Ngoc Chau, Vietham, RMM 11/2024.

46.Neculai Stanciu, Buzau, RMM 11/2024.

47.An Zhenping, China, Mathematical Reflections, Nr.6/2024.
48.Mihaela Berindeanu, Bucuresti, Mathematical Reflections, Nr.6/2024.
49.Titu Andreescu, USA, Mathematical Reflections, Nr.6/2024.
50.Adalbert Kovacs, Romania, RMM- Number 38, Autumn 2025.

51.Marin Chirciu, Inegalitati algebrice 2,de initiere la perf, Ed.Paralela 45, Pitesti, 2021.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2024 www.mateinfo.ro

52.Marin Chirciu, Inegalitati geometrice2, initiere si perf, Ed. Paralela 45, Pitesti, 2021.
Art 7000

1 Decembrie 2024



http://www.mateinfo.ro/

