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1. TEN PROBLEMS OF IONESCU-WEITZENBOCK TYPE INEQUALITY

By Neculai Stanciu, Buzau, Romania

Abstract. This paper presents new solutions for some problems - published by math journals
from all over the world.

Introduction

2,72, .2
lon lonescu discovered with 22 years before Weitzenbdck the inequality ¢ +b7+c" 2 4‘/§S

The author of this paper along with D. M, Batinetu-Giurgiu demonstrated in Romanian
Mathematical Gazette , No. 1/2013, pp. 1-10, that the Weitzenbdck’s inequality must be named the
lonescu-Weitzenbdck’s inequality.

Our proof is based on: Romanian Mathematical Gazette, Vol. Il (15 September 1897 — 15 August
1898), No. 2, 15 October 1897, on page 52, lon lonescu, the founder of Romanian Mathematical
Gazette, published problem 273: prove that there is no triangle for which the inequality

4S\/§ >a’ +b* +c’ can be satisfied. The solution of the problem 273, apperead in Romanian
Mathematical Gazette, Vol. Il (15 September 1897 — 15 August 1898), No. 12, 15 August 1898, on
pages 281, 282 and 283. In the year 1919, Roland Weitzenbock publishead in Mathematische
Zeitschrift, Vol. 5, No. 1-2, pp. 137-146 the article Uber eine Ungleichung in der Dreiecksgeometrie,

where he proof that: In any triangle ABC, with usual notations holds the inequality:
a> +b* +c 2438

Main Results

Problem 1 (D.M. Batinetu-Giurgiu , N. Stanciu - La Gaceta de la RSME, No. 2/2020, problem 397).

ma,mb,mc(m

Prove that in any triangle ABC yith the area F , the medians @ is the mediane

from the vertex 4 , n, is the mediane from the vertex B , m, is the mediane from the vertex C )
and usual notations is true the following inequality

V3

T(a2 +b* +c*)>am, +bm, +cm, > 6F

a’+b*+c2 =23 -a-m,

Solution. First we prove that , (1). Indeed,
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a’+b’>+c’ 22\/§-a~ma S (@ +b+c) 212-a° -m’ =3a’ -4m] =

3a°(2b° +2¢° —a®)

S at +b +¢t +2a°b? +2b% ¢ +2¢%a’ > 6a’b? +6¢%a’ —3a’
< dat + b+ —4a’b? —4cta’ +2b* ¢t >0

<:>(2a2—b2—cz)2:(b2+cz—2a2)220 a2+b2+0222\/§-a-ma.

, true. Therefore,

a’+b* +c’ 22\/§-b~mba A +b>+c? 223 c-m

nd
3(a® +b* +c*) =23 (am, +bm,

< which by adding up yielding that

+em,) , (2). Next we have

2f3(am, + bm, +cm,) > 2/3(ah, +bh, +ch,) =12:/3F

, (3), where we denote ha the altitude

from the vertex 4 , hb the altitude from the vertex B , hc the altitude from the vertex C . From (2)
and (3) we obtain the desired inequality.

Problem 2. (D.M. Batinetu-Giurgiu , N. Stanciu- Refinement of lonescu-Weitzenbdck inequality).

ma,mb,mc(m

Prove that in any triangle ABC \ith the area F , the medians 2 is the mediane

from the vertex 4 , m, is the mediane from the vertex B , m, is the mediane from the vertex C )
and usual notations is true the following inequality

a’+b* +c? Z%Mma +bm, +cm,) > 43F

a’+b*+c2 =23 -a-m,

Solution. First we prove that , (1). Indeed,

a’+b>+c’ 22\/§-a-ma S (@ +b*+c*) =212-a° -m) =3a’ -4m’ =
3a°(2b° +2¢ —a®)
S at +b + ¢t +2a°b? +2b% ¢ +2¢%a’ > 6a°h? +6¢%a’ —3at
< dat +b + ¢ —4a’b? —4cta’ +2b* ¢t >0

2 2 2N\2 2 2 25N\2
< QRa”—b"—c’)y =(b"+c” —2a”) Zo,true.

? 4’ 2 2,02 2 2, 2
Therefore, ¢ +b+c 22\/§-a-mal_ a’ +b"+c 22\/§-b-mb; a>+b*+c2 223 .com,

2 2 2
which by adding up yielding that 3a”+b"+c)2 2\/§(ama +bmy, +cm,) , (2).
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2/3(am, +bm, +cm,) = 23 (ah, +bh, +ch,) =12:3F a)

Next we have

where we denote ha the altitude from the vertex 4 , hb the altitude from the vertex B , hc the

altitude from the vertex C . From (2) and (3) we obtain the desired inequality.

Problem 3. (D.M. Batinetu-Giurgiu, N. Stanciu - Other refinement of lonescu-Weitzenbdck

h,,h,,h

inequality). Prove that in any triangle ABC \ith the area F , the altidudes ¢, the interior

W, W, W,

angles bisectors ¢and usual notations is true the following inequality

F(w w,
a’+b>+c* > — “+ > 43F
f( h]

c

> >
Solution. WLOG we can assume that @ <b < € then Wa =Wp = We and

w 1 1
By Chebyshev's inequality we get that @<« cyelie cvelicTa ) (1)

Z Z :—(a+b+c)——

cyclzc cycltc (2) and
’ 7

h,>h, 2h,

w - 2bc cosé— s(s— a) 2\/_ \/(7_<

Jbe
“ b+c 2 b+c bc C\/s(s—a)—\/s(s—a)

,(3)

2 +y2 12> (x+y+z)2
and other two similar. Using the inequality 3 , (*), and (3) we deduce
2
(Z,/s(s—a)j
Zs(s—a) > o 3 & 35’ (Zw/s(s a J = qus(s a) < 53 <

that cyclic cyclic cyclic
= Zwa <s\3
cychic , (4). From (1), (2), (4) and (*) we obtain that

2 2 2 2
¥ cllyy, [vllcl o tethro) S eb +e)
cycl[cha 3 eyclic cyclicha 3 F 4F\/§ 4F\/§

. > >
Since ¢4 a, , ¢ <from (5) we get

» (5).
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2
3<Z 3(a +h +C)<:>a2+b2 +c >—F(W“+W J > 4.3F
cycllc a 4F\/§ \/_ h

c

, Q.E.D.

Problem 4. (D.M. Batinetu-Giurgiu , N. Stanciu - Math Problems, Volume 3, Issue 1, Junior

MathProblems, Problem 1, 2013). Prove that in all triangle ABC, with usual notations, holds:

a’ b’ c’ 4\/5
+ + > S
b-R+c-r c¢c-R+a-r a-R+b-r R+r

Z 2 2 (a2)2

abR+acr (@’ +b*)R+(a’ +c*)r

_Zb R+c- r_z

Solution. We have cye cye

where we apply Bergstrém ‘s inequality and we deduce that:

[

S R@ b7+ > ra® +¢) 2'2(R+r)-2a2 TR+

cyc cyc cyc

) =

cyc __cye

Za > 4S\/_ V> 4573
Then applying lonescu- Weitzenbock’ s inequality, i.e ciclic R+7 | and we are
done.

Problem 5. (D.M. Batinetu-Giurgiu, N. Stanciu - Revista Escolar de la Olimpiada Iberoamericana de

r meR

Matematica, Numero 49 (julio-agosto 2013), Problema 242). +, then in all triangle ABC,

with usual notations (i.e. R - circumradius, 7 - inradius, the lengths of the sides are a,b,c and A

the area of triangle ABC) the following inequality holds:

am+2 N bm+2 . Cm+2 S 4\/5
(b-R+c-r)" (c-R+a-r)" (a-R+b-r)" (R+r)"

2(m+1) (a2)m+l

_Z(b R+c-r)" Z(abR+acr) >2m'é((a%bz)m(aucz)r)m

Solution. cye cye
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and applying the inequality of J. Radon we obtain

z7) o)z
W > 2m X ciclic — 2m . ciclic — ciclic
(O R@* +b*)+ > r(a® +c*)" 2"(R+r)" (D a®)"  (R+r)"

ciclic ciclic ciclic

> a? 24543 W>M

(R+1)"

By lonescu- Weitzenb6ck’s inequality, i.e. ¢ , we get , and the proof is

complete.

Problem 6. (D.M. Batinetu-Giurgiu, N. Stanciu - Math Problems, Volume 3, Issue 1, Junior

). 1f S [0,0) x,,2,t€(0,%0)

MathProblems, Problem 14, 2013 , then in any triangle ABC, with

m+1

St (zw? + w2 )" (z+0)"

m+1
(xmj +ym,f) 23.\/g'(x+y)

usual notations holds

iﬁm:wa Sm:mfﬁs(s_a)

. =

Solution. , and other two similar.

W H+w, +w, <s(s—a+s—b+s—c)=s5Bs—2s)=s" =

So,
a+b+c)’ 3 , 3 )
:—( ) <=(@+b*+c*)y=m +m; +m’ Zma:ZZa
4 4 , (1), by cyclic cyclic , J. Radon’s
m+l1
2 2
m+l (xmy + ym,)
(xmf +ym§) : RAgaN (c‘yzcl;c !
2 2 n - m -
eyclic \ZW,, +tw
( b ) Z(zwj +iw;)
cycclic

inequality and (1), we obtain

(<x+y>zm:j <x+y>m“[zm:J
>

- mo = o (x+y)m+l[zm5J m+1
((z+t) ij} (z+t)"’(zm5j eyclic _E‘(XJFJ’) Zaz

cycclic cyclic (Z + t)m - 4 (Z + t)m cyclic

2 2 2
(2), by lon lonescu — Weitzenbdck inequality we have ¢ +b7+c" 2 4\/§S, (3). By (2)and (3) we
obtain
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m+l1

m-+1
(xmf+yM§) >3.3. %Y

cyclic (ZWj + tW}f )m (Z + t)m

, g.e.d.

Problem 7. (D.M. Batinetu-Giurgiu , N. Stanciu - [1]). Prove that in all triangle ABC, with usual
3

3 3
m m m 3V3
. - 2 + L > S
R-m,+r-m, R-m,+r-m, R-m,+r-m, R+r

notations, holds

Uzz mi =Z (mj)2 >

Solution. oe Remy +r-m, STR-m,-my+r-m, -m,

22.2 (m;)’*

e R(mj +m§)+r(m§ +mf,)

, where we apply Bergstrém’s inequality and well-known

3
m:+m; +m’==(a’+b>+c?)
4

formula . We obtain that

2 2
) (2]
cyc _ cyc _
RZ(mj +m§)+r~2(mj +m’) - 2R-Zm§ +2r~2m5
cyc cyc cyc cyc
2,

S 3 a b+l
R+r 4 R+r

, Where we use the lonescu — Weitzenbéck inequality, i.e.

1
2 2 2 UZE' ’4S'\/_= 3\/§
a +b”+c 24S‘/§,andwededucethat 4 R+r R+r

S

, and we are done.

Problem 8. (D.M. Batinetu-Giurgiu, N. Stanciu - The College Mathematics Journal (CMJ), Vol. 45, No.

5, November 2014, Problem 1038). If me R+,x,y € +, then in any triangle ABChoIds
am+2 bm+2 m+2 4

+ + ¢ > \/5 -areaABC
(xb+yc)"  (xc+ya)" (xa+yb)" (x+y)"

E _ Z am+2 _ Z a2(m+]) (RAQON) (a2 +b2 + 62)m+l _
Sa(xb+ yo)"  Soi(xab+ yac)" "
Z(xab + yac)
Solution. eyelic
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(a2+b2+02)m+1

(x+ )" (ab +bc+ca)" , and by a*+b*+c* > ab+bc+ca e deduce

> (a’> +b> +c*)™ _aerszrc2
B (x+y)’"(a2 +b? +cz)’” (x+y)"

, (1)
2,12, 2
lonescu-Weitzenbdck inequality ¢ +b" +c 24\/§-areaABC’ (2)

From (1) and (2) we obtain the desired inequality.

Problem 9. (D.M. Batinetu-Giurgiu, N. Stanciu - The College Mathematics Journal (CMJ), Vol. 46, No.

2, March 2015, Problem 1050). Let A44,..4, R 23, be a convex polygon with % the length of the
[AkAk+1 ]’ k= Tn, 4,,=4

side 1>and let S be the area of the polygon. Prove that

(Za,f“j(z%] >168%g> =

= o ag n VmeR,
, .

Solution. By J. Radon’s inequality we deduce that: *~!

m+2
< 2m+4 l < 2
+
a2 Y
n = VmeR,
7 ’

(1),

and also by J. Radon’s inequality we obtain that k=t vmeR, , (2).

2
n - n 1 n
U":[ “ 4}[261”]2(205} VmeR
So, (1) and (2) yields that =l k=t Pk =t ,VmE R (3.

By E. Just and N. Schaumberger’ s inequality (The Problem 1634 from AMM, 70(1963)) we have that

Yai=451g”" U, 21687 =
k=1 ' (4). Therefore, from (3) and (4) we obtain that n Vi €L and
we are done.

Problem 10. (D.M. Batinetu-Giurgiu, N. Stanciu - Revista Escolar de la Olimpiada Iberoamericana de

Matematica, Numero Problema 277, August 2016) . Show tha in any triangle ABC (with usual
notations) holds the following inequality

(ab+bc+ca)’ +2a’ +b* +c)? 216357 -7
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2 2 2
. w, €R WoHW, W 2w, oW, W, W, W, W
Solution. For any 1> W2> W3 we have 1 2 3 12 2073 3071, (1),

p P >m+n+p

with equality iff "1 =W =W g, peR+ , then (2) with

equality iff =" =P Indeed if in (1) we take U V V yields (2).

(tx+uy +vz)(ty + uz + vx) N (ty +uz +vx)(tz + ux +vy) N
Z+ux+vy Ix+uy+vz

16U, v, X, ., eR; _then

Lztux+vy) e +uy +vz) 2(t+u+v)(x+y+z)

y+tuz+vx , (3). Indeed if in (2) we take
,n =ty+uz+vx'p =tz+ux+vy yields (3).

m=tx+uy+vz

Lemma. For any XV, Z€ R+, holds
(+yz+2) +2(x° +y* +22)Y 2 (X° + Y +2)(x+y+2)° (4)
Proof. In (3) we take [=XU=Y,v=2 3nd we obtain

()c2 +y2 +zz)(xy+yz+zx) (xy+yz+zx)(xz +xy+yz)

XZ+ Xy +zy xP+yi 4z’
2 2 2 2
+(xz+xy+yz)(x +y +z )Z(x+y+z)2 (x);+yz+zx)
Xy +yz+xz & Xty +zZ

2 + Y +20) > (x+y+2)°
S +yz+20) 420"+ +2°) 2 (x+y+2)°(FC +y7 +27) Goq

If in (4) we take x:a’yzblzzc we obtain

(ab+bc+ca)’ +2(a* +b° +¢*)* 2 (a+b+c)’ (@ +b° +¢%) (g

2 2 2
By lonescu-Weitzenbdck ‘s inequality we have @ +0° +¢ 24\/§'S, (I-w).

So (5) becomes (ab+bc+ca)® +2(a> +b* +c*)? 2 4s” - 4/35 =163 - 52 -sr =16v/3s°r .
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2. Puteri de matrice patratice

Profesor Pop Adela Terezia,

Colegiul Economic ,,Nicolae Titulescu”, Baia Mare

1 2 5
1. Se considerd matricele A= -1 -2 -5|si X(a)=1,+ad unde aeR.
2 4 10

a) S& se demonstreze cd A° =9- Asicd X(a)- X(b)=X(a+b+9ab), Va,beR.

b) S& se calculeze (X(a))’, unde neN*.

c) Sa determine numarul real ¢, astfel incat X(%SJX(in(§j =X(1).

9 9
. 2026
d) Sa se determine a € R astfel incat (X(a)) =1,.
Rezolvare
1 2 5 I 2 5 9 18 45 1 2 5
a) A7 =|-1 -2 -5[|-1 -2 -5|=-9 —-18 —45|=9:|-1 -2 -5|=94.
2 4 10 2 4 10 18 36 90 2 4 10

A*=94

X(a)-X(b)=(I, +ad)-(I, +bA)= I’ + I,-bA+ad-I, + abA> = I,+ad+bA+9abA=
=I,+(a+b+9ab)- A= X(a+b+9ab),Ya,b e R

b) X(a)- X(b) = X(a+b+9ab) = X(9a(b + é) + bj = X(9(a 4 éj(b + é) - é)

(@) =X<a>-x<a>zx[9(a+$) ;]X[¥j

P(n):(X(a)) :X[(QCH_TD,’_IJ, neN¥*,
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) P(1): X(a) = X(%J o X(a)= X(a), “A

) P(k) > P(k+1),VkeN*

9a+1)* -1

P(k): (X(a)) = X( 5

j, presupunem adevarat.

k+
P(k+1): (X(a))“1 = X(%)lj , trebuie demonstrat.

(X(@)"' = (X(@) - X(a)= X(%} . X(a) =

k ko k_ . k_
:X(%+a+9.%.aj:)(((9a+l) 1+9a+9a-(9a+1) 9aj:

9
_ X((9a +1)! —1}
9

—=> P(k+1) propozitie adevarata.

P)"A" M.IM
Din = P(n) propozitie adevarata, Vn e N*.
P(k) > P(k+1),VkeN*

Metoda Il.

A*=9-4, £ =4 4=9-4-4=9-94=9%- A. Prin metoda inductiei matematice obtinem
A"=9""- A, VneN*.

Deoarece [, - (ad) =(aA)- I, se poate aplica formula binomului lui Newton:

A"=9"".4
(X(a))' =(I;+ad)' =C° - I, + Clad + C2a* A* +..+ C'a" 4" =
(C*+Cl9a+C29%a* +..+C19"a" 1)

=+(Cla+Ca®9+. +Cla"9 )A=1, +

:Is+(9a+91) —I.A:X[(9a+91) —1}

c) Conform punctului a) X(a)-X(%lj = X(a —é+9-a~_—1j :X[_?lj,‘v’a eR =

CERRORC)
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Conform punctului a) X(%IJ-X(Z)) = X(—é+b+9-§-bj = X(%},Vh eR=

@)-)-)

Relatia din enunt X(%SJ-X(%U-...X@) =Xt < X(%lj =X)eot= %1.

d) (X(a))2018 =, < X[(9a+)zm_1] = X(0) < (9a+1)2026 =1 aE<:>R ac {_72,0}.

cosx+sinx 2sin x

2. Se considerd matricea A(x) = ) .
—sinx COSX —sin x

j, unde xeR.

a) Sd se demonstreze cd A(x)- A(y) = A(x+y), Vx,y e R.

b) Sa se calculeze A"(x),unde neN¥*.

c)Daca B = 1+\/§ 2\/5 , sa se calculeze B",unde neN*.
-3 1-43
\/§+1 1
d)Daca C = 2 , sd se determine n € N*, astfel incat C" =1,.
22
Rezolvare a)
COSx +sinx 2sinx cosy+siny 2siny
A(X)'A(y){ : . ][ . .=
—smx COSX—smnx —siny cosy—smy
_ (cosx-cosy —sinx-sin y)+(sin x-cosy +cosx-sin y) 2(sinx-cosy +cosx-sin y) -
B —(sinx~cosy+cosx~siny) (cosx~cosy—sinx~siny)—(sinx~cosy+cosx~siny)
coslx + y)+sin(x + 2sin(x +
_(cos( 2) (x+) ( .y) x4 )y <R,
—sin(x+ y) cos(x + y)—sin(x + y)

b) A*(x) = A(x)- A(x) = A(x +x) = A(2x).

A (x) = A (x)- A(x) = A2x) - A(x) = A2x+x) = A(3x) .
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P(n): A"(x)= A(nx), ne N*

1) P(1): A(x) = A(x) propozitie adevarata

) P(k) > P(k+1),VkeN*

P(k) : A*(x) = A(kx) presupunem adevirat

P(k+1): A (x) = A((k +1)- x) trebuie demonstrat.

A (x) = A" (x) - A(x) = A(kx) - A(x) = A(kx+x) = A((k +1)- x) = P(k+1) propozitie adevirati.

P(])"A" MM
Din = P(n) propozitie adevaratd, Vne N* =
P(k) > P(k+1),VkeN*

cosnx +sinnx 2sin nx
A"(x) = A(nx) = . . :
—sinnx cosnx —sinnx
1+\/§ 2\/5 l+£ \/§ COS— +8in — 2sin —
c)B=( 5 \/_}2-2\/_2 A2 3 _ _ 3”:>
-3 1-+3 __3 l__3 —sin— COsS— —sin —
2 2 2 3 3
COS— +Ssin — 2sin— b) cos™ - 4 sin % 2sin %
B =2". =2’ 3 3 3
T . n nrw 7¥/4
—sin— cOS— —sin— —sin— coS— —sin —
3 3
\/§+1 .
5 1 COS— +Ssin — 2S]Ilg
d) C= = =
_l E —sin — COS— +sin —
2 2
T . T . ! nr . Ax . I
COS— +Sin— 2sin— CcOS— +Ssin— 2sin—
C" = 6 6 6 _ _
. T . T . N7 nr . Axm
—sin— cOS— +sin— —sin— COS— +Sin —
6 6 6 6 6 6
sinﬂzOneN*
C=Le! ® S cbizkeNtoni2
nr 6
cos— =1
6
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0 01 2
0 01 1
3. Fie 4= .S3 se calculeze 4",unde neN*.
1 2 00
1 1 0 O
Rezolvare.
34 00 7 10
5 2 3 0 0 3 5 5 7
A" =A-A= ,AA=4"-A=
0 0 3 4 10 0 O
0 0 2 3 7 0 O
0 0 a, 2b,
. 2n+l 0 O bn an . . 2n+3 2n+1 2
Fie 4 = ,unde 7z € N. Din egalitatea 4 =4 -A°,VneN
a, 2b, 0
b, a, 0

0
0

a,, =3a,+4b,,VneN,(1)
obtinem relatiile de recurenta

b,.,=2a,+3b,,VneN,(2)

a, ., —3a
Din (1) obtinem b, = %,Vn € N * care substituit in relatia (2) conduce la

a,,—6a, +a, =0,VneN¥*. Folosind ecuatia caracteristica relatiei de recurenta si conditiile

(1 + \/E)ZM + (1 — \/E)M

n+l

initiale a, =1,a, =7 obtinem a, =

2
b - gl:(l 4 \/E)ZHI 3 (1 _\/E)Zn+1j|.
0 0 a 2b
Prin urmare A>"" = 005 ,unde a,_ = (1_,_\/5)2”“ +(1_ﬁ)2"+1 )
a 2b 0 " >
b, a, 0 0

b, =g-[(1+\/5)2”+1 —(1—\/5)2””] VneN.
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0 0 a,, 2b,.,)(0 0 1 2
A2n — A2n*1 _AZ _ O 0 bn—l an—l . 0 O 1 1 _
a,, 2bn—l 0 0 1 2 0 O
b,, a,, 0 0 1 1.0 0
a, + 2bn—1 261”_1 + an—l 0 0
— an—l + bn—l an_l + 2bn_1 0 O ~
) 0 0 a,,+2b,_, 2a,, +2b, B
0 0 a,,+b,, a, +2b, ,
x, 2y, 0 0
g g 0 0 (1 + \/5)2” + (1 B \/5)211 \/E 2n 2n
_| 7 n ,unde x, = ,yn:_.[(1+\/§) _(1_J§) }
0 O xn 2yn 2 4
0 0 y, x,

4. O matrice A€ M, (C) se numegte involutivd daci: A° =1 ;

0 matrice B € M, (C) se numeste idempotentd daci: B> = B..

Sa se arate ca:

1
a) Daca A este involutiva atunci E(A + In) este idempotenta.

b) dacd B este indempotentd atunci 28—, este involutiva.

Rezolvare:

a) Din A° =1, obtinem
1 1y, 1 1 1 . .
E(AJF]n) :Z(A +2A+I"):Z(1” +2A+In)=5(A+I”) = E(A+I”) este idempotenta.

b) Din B* = B obtinem

(2B—1,f =4B>~4B+1,=4B—4B+1, =1, = 2B—1I, este involutivi.
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5. Se considerd matricea A=|1 & & ,unde g este o radacina a ecuatiei X +x+1=0.S5se
1 & ¢

calculeze 4", unde neN*.

Rezolvare.

£este o ridicing a ecuatiei x> +x+1=0 => g’ +g+1=0.

g —1=(£—1)(52 +5+1):O:>g3 =1.

I 1 1Y(1 1 1 300
A =1 ¢ &1 ¢ &|=/0 0 3]|.
1 & 1 & ¢ 0 30
30 0(1 1 1 3 3 3
A =A4-4=|0 0 3|1 & &*|=|3 3&° 3¢
0 3 0/\1 & ¢ 3 3¢ 3¢°
3 3 1 1 1 9 0 0
A=A A=|3 3¢ 3¢ |-|1 & & |=|0 9 0]=9-1,
3¢ 3821 & ¢ 0 09
9. I,,n=4k
9. A,n=4k+1
A% =(4*f =L =9*-1,, VkeN = 4" = " ,keN
o . A* n=4k+2
O A n=4k+3
a b
6. Se considerd matricea 4 =( J, cua,beR.
a

j,unde X, :(a+b) ;r(a—b) ’

v v n xn yn
a)Sdsearatecda VneN*, 4" =
yn xn

(a+b) —(a-b) .
2

Yn =
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2 1
b) S3 se rezolve in multimea M, (R) ecuatia X’ =( j

1 2
Rezolvare.
P(n):An:(xn ynJ' unde xn:(a+b)n+(a—b)n’yn:(a+b)”_(a_b)n |
Yu X 2 >
a+b+a->b a+b—(a—b)
) P): 4= 2 2 A= a b ropozitie adevarata
' a+b—(a—b) a+b+a-b b oalPP -

2 2

) P(k) — P(k +1),Vk e N*

k k k k
P(k):Akz[xk ykJ, unde sz(a+b) +(a—b) , Vi =(a+b) —(a—b) presupunem
Vi X 2 2
adevarat.
k+1 k+1
Pk +1): A :[xkn ykﬂ} unde x,., =(a+b) +(a—b) ,
yk+] xk+l 2
k+1 k+1
yk+1:(a+b) ;(a—b) trebuie demonstrat.
Ak+1=Ak.A=(‘xk yk}(a sz(a'xk+b'J’k b'xk+a'J’kJ:>
Vi X, b a b-x,+a-y, a-x,+b-y,
=
) a.(a+b)kJ2r(a—b)k+b_(a+b)k;(a—b)k b'(a+b)kJ2r(a—b)k+a.(a+b)k—(a—b)k
A" = 3 3 3 3 3 3 3 3
b'(a—kb) —;(a—b) +a'(a+b) ;(a—b) a.(a+b) ;—(a—b) +b.(a+b) —(a—b)

N Lo 2 2 = P(k +1) propozitie adevarata.

(a + b)k+1 _ (a _ b)k+1 (a 4 b)k+1 4 (a _ b)k+1
2

P(])"A" M.IM .
Din = P(n) propozitie adevarata, Vne N* .
P(k) > P(k+1),VkeN*
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,3_21 _4_21 4 2 1)
b) Daca X~ = | 2 atunci X =11 5 - X si X —X—1 5 , prin urmare

2a+c=2a+b
2b+d =a+2b {d =qa [a bJ conform a)
=
b a

= =
a+2c=2c+d c=b

b+2d=c+2d

(@+b) +(a-b) (a+b) —(a—b)

3 2 2
T @b Z(amb) (a+b) +(a—b)
2 2

(a+b) +(a—b) (a+b) —(a—b)

el e,

2 2
V341
a+ 3+(a—b3:4 (a+b)3:3a,beR a+b=33 4= 2
3 3 < 3 <
(@+b) —(a-by=2 |(a=b) =1 a-b=1 b_%/?-l
2
V+1 ¥3-1
2 2
X =
¥3-1 Y3+1
2 2
1 z+1i 2z
7. Se considerd matricele A=| z+i z*+2iz—1 2z*+2iz| , unde zeC Si
—1i 1-iz —2iz

X(a)=1,+a- A, unde a €C. Sa se calculeze (X(a))" ,unde ne N*.

Rezolvare

. v v 2 2
Prin calcul searatdca A° =z"- A4

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

, prin urmare
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X(a)- X(b)=(I,+a- AN\, +b-A)=I,+a-A+b-A+ab-A* =1, +a-A+b-A+abz* - A=
=L, +(a+b+abz’)- A= X(a+b+ab-z*),Va,beC '

I) Dacd z=0 atunci X(a)- X(b)=X(a+b),Ya,beC siprin metoda inductiei matematice se

demonstreazd ca (X(a))" =X(na)=1,+na-A4.

Il) Daca z e C* atunci

X(a)-X(b):X(a+b+ab-zz):X(zz-[a+%)(b+%}—%}‘v’a,bec si prin metoda

z z z
’ la-22+1) -1 la-z*+1) -1
inductiei matematice se demonstreazd cd (X(a)) =X 5 =1, + 5 ‘A
z z

Bibliogradfie:
1. Marius Burtea, Georgeta Burtea, Manual de matematica pentru clasa a Xl-a, Editura Carminis, 2009.

2. Traian Cohal, Gheorghe lurea, Probleme de matematica, Editura Paralela 45, 2010.
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Art 10500

Marin Chirciu !

Mathematical Journal prezinta o selectie de probleme recente din diverse publicatii de specialitate .

Problema1315.
InAABC
zcosB+cosC <6
sin —
2
Nguyen Hung Cuong, Vietnam
Solutie.
B+C B-C ) B-C
03 B+ cos C 2¢cos > coS 2 2sin — cos
LHS =) ————=2. A =2 . -
sin — sin — sin —
2 2

— cos x<1
:2ZcosB € 6= RS

2
Remarca.
In AABC
Z cosB+c:1)sC <3
2sin —
Solutie.

! Profesor, Colegiul National ,, Zinca Golescu’Pitesti

Marin Chirciu
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CBS Lema
LHS=Z COSB+CZSC£ 3Z:cosB+c;1)sC S\/E=3=RHS.

2sin — 2sin —
2 2
Lema.
InAABC
zcosB+c0sC <6
. A
sin —
2

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal316.
Ifa,b,c > 0then

Z b2+C2 >§
P+t +2a° 2

Sanong Huayrerai

Solutie.

LHS bz + C2 2 X Nesbitt 3 RHS
— — = > =
Ly (s +52) BRI

Egalitatea are loc dacd si numaidacaa=b=c.
Remarca.

Ifa,b,c >0and A >0then

z b+c > 3
b+Ac+(A+1)a  A+1
Marin Chirciu

Solutie.

Nesbitt

b+c b+c X 3
LHS = = > =RHS.
Zb-l—ﬂC-i— (A+1)a Z(a+b)+/1(c+a) Zy+/1z A+1

Egalitatea are loc daca si numaidacaa=b=c.
Problemal317.

Solve for naturals
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X =18 +24° +30°.

Math 3/26
Solutie.
X =18'+24430 & ¥’ =6'(3’+4°+5) o x' =6"-6’ =36" < x=36.
Deducem ca x = 36 este solutia ecuatiei.
Remarca.
Let be A € N fixed. Solve for naturals
X =(32) +(42) +(52) .
Marin Chirciu

Solutie.
¥ =(34) +(44) +(54) &' =2(3+4+5) o x’* =216’ =(64) © x=64.
Deducem ca x = 61 este solutia ecuatiei.

Problema1318.

Ifa,b,c > 0then

Math Olympiads 5/2025, Sachin Mittal
Solutie.
Lema.

Ifa,b > 0then

a’+b* ’ a+b
> .
a+b 2

Demonstratie.

2 303
L X 3 3 20 430 3120 o (x— 1) (x4 x+1) 20,
x+1 2
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2, 12 3,73
a +b a +b
> , cuegal pentrua=>5.
a+b 2

a
Pentrux = Z obtinem [

2 2 3Lema 3 3
LHS=Z£a +h ] S A S g b v = RHS.

a+b 2

Egalitatea are loc daca si numaidacaa=b=c.
Remarca.

1).Let be A > 0O fixed.Solve for reals

X+ ’ B X+A
X+ A+1

Solutie.

x+A B A+1
<:>/1(x6—3x5 +3x" (22 +1)x° +3/12x2—3/12x+/12)=0.

Pentrul =0 = x € R este solutie.

Pentrul >0 = x* —3x° +3x* —(lz +l)x3 +32°x* =31 %+ 17 =0 &

And (x—1)3 (x3 —12)= 0, cu solutiile reale x, =1si x, = 3/,1_2

2).0fx,y,z>0,x° +y3 +2z° =3then

211

3= >2.
x+1

Solutie.

Lema.

If x > 0then

2 3 3
x~+1 2x +1.
x+1 2

Demonstratie.

2 3 3
(x +lj =X +4 <:>/1x6—3/1x5+3/1x4—/1(2,2+1)x3+3ﬂ,3x2—3ﬂ3x+ﬂ,3=0<:>

Dezvoltari,Marin Chirciu
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x+1 2

2 303
(" ”j > T L 3 43t 2 #3034 120 e (x—1)' (¥ +x+1)20.

x+1 2

2 2

2 3y oma 3 3, .3, .3
LHS:Z{X +1] 3 Zx +1:x +y +z +1:3+1:2:RHS.

Egalitatea are loc dacé si numaidacdx=y=z=1.

Problema1319.

Ifx,,x,,....x, >0, x.x,..x, =land k > O then

Solutie.

Consideram functia convexa f(t) =

Z x13 > n
Jx +k l+k’

Mathematical Inequalities 5/2025, Craciun Gheorghe

3t

e
Je' +k

si folosim inegalitatea lui Jensen.

n

L D e

In1 1 n
:nf[%j—nf(O):nm:\/H—k.

Egalitatea are loc dacd si numaidacdx, =x, =...=x, =1.

Remarca.

n

1).1fx;, x,,...,x, >0, x,x,..x, =land 4 > 0 then

Solutie.

Consideram functia convexa f(t) =

4

si folosim inegalitatea lui Jensen.
e+A
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t Inx, Inx,x,...
Zf(a)an[Zl}nf(—z 1j=nf(—x‘x2 ""j=
n

n

n
Inl 1 n
=nf| — |=nf(0)=n = .
f( n j f( ) JI+4  1+4
Egalitatea are loc daca si numaidacdx, =x, =...=x, =1.

2). Ifx;, x,,...,x, >0, x,x,..x, =land 4 > 0 then

Dezvoltari, Marin Chirciu
Solutie.

5t

e
si folosim inegalitatea lui Jensen.
Ve + 1

> (1)2 W(%J - M{%} - nf(Mj _

Consideram functia convexa f(t) =

n
Inl 1 n
=nf| — |=nf(0)=n = )
( n j ( ) NI E N E)
Egalitatea are loc dacd si numaidacdx, =x, =...=x, =1.
Problema1320.

Ifa,b,c>0,abc=1then

2a
Z /EQ'

Nguyen Hung Cuong, Vietnam

Solutie.

2x
xX+y

, =, <3, vezi Lema.

Cu substitutia (a,b, c) = [

N
= | N

b

— j inegalitatea se scrie Z
Y

Lema.

If x, v,z > 0then
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> 2 o3

xX+y

Vasile Cirtoaje

Solutie.

2

<3C>Z\/2x y+z zZ+Xx <3\/H y+z

x+y

= (Z:\/2x(y+z)(z+x))2 < 9H(y+z), vezi

)2 CBS

< Z2x(y+z)2(z+x):42xy-22x:

(Z\2x(v+2)(z+x)

Lema8/9

=8> x> x < 9[J(y+2).
Am folosit mai sus Lema8/9: H y+ Z Z)cny

Egalitatea are loc dacd sinumaidacdx=y=z < a=b=c=1.
Remarca.

Ifa,b,c >0,abc =1then

a+1
Marin Chirciu

Solutie.

2 2 CBS
LHS =4 “I:Z\// - \/Z <J33=3=RHS,

a+

de(l) & —<3
unde(1) Z a+1
Cu substitutia (a,b,c) = [f,l,ij inegalitatea se scrie Z <3, vezi Lema.
y z X x+y

Lema.

Ifx,y,z>0then
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32 <,

xX+y

Egalitatea are loc dacd sinumaidacax=y=z < a=b=c=1.
Problemal321.

ifa,b,c>0,a* +b* +c* <3then

2 2 2
Z a 2a +b" +c .
b+c 2

Nguyen Hung Cuong, Vietnam

Solutie.
a WNesbit 3 23 a’ +b* +c?
LHS:Z > - > —————— =RHS .

b+c 2 2
Egalitatea are loc daca si numaidacia=b=c=1.

Remarca.

ifa,b,c>0,a* +b* +c* <3and A >0then

Z a >az+bz+c2
b+Ac A+1 '

Marin Chirciu

Solutie.

Nesbi Y a<3 2 2,2
LS =y 42" 3 S At ppg
b+ Ac A+1 A+1

Egalitatea are loc daca sinumaidacda=b=c=1.

Problemal322.

Ifa,b,c >0,a+b+c=1then
Z a’+4a+4 < 49
3a>-2a+1 2
Mathematical Inequalities,Craciun Gheorghe
Solutie.

Lema.
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Ifa > 0then

a’+4a+4 35
— < Ta+=.
3a> —2a+1 6

Demonstratie.

2
A g, B 1260 150 ~52a+112 0 < (3a—1)’ (14a+11)>0.
3a° —2a+1 6

Lema
LHS = Zw< 7+— —73a+ 3—_71 PP _ras.

2a+1 2 2
Egalitatea are loc dacd si numaidacda=b=c= E .

Remarca.

1
1).fa,b,c>0,a+b+c=1andn thhen

3 (a+n)2 - (3n+1)2 .

3¢>-2a+1 2
Solutie.

Lema.

1
Ifa >0andn>— then

(a+n)2

on’ -1
3a> -2a+1 '

S(3n+1)a+

Demonstratie.

2 2 2 2_1
g ronarh Jg natn £(3n+1)a+9n =
3a-—2a+1

< 18(3n+1)a’ +(27n° —36n-21)a* +(-182" +6n+8)a+3n"~120 <

< (3a—1)[18(3n+1)a+9(3n*—1)] >0, vezin> .

Nl

a +2na+n Lema 9n2—l 9n° —1
LHS = Z —ail _Z[(3n a+ - ]—(3n+1)2a+3- =
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9n° —1_(3n+1)’
2 2

= RHS

=(3n+1)-1+
Egalitatea are loc dacd si numaidacda=b=c= 5 .

2)Ifa,b,c>0,a+b+c=1and 1 Z%then

(a+/”t)2 (3/”L+1)2
Z3a2—2a+ls 2

Solutie.

Lema.

1
Ifa>0 and/12—3then

a+A) 942 ~1
ﬁ£(3ﬂ+l)a+—
Demonstratie.
2 2
(zaJr—ﬂ)s(MH)cH% -1 =N
3a” —2a+1

< 18(34+1)a’ +(274° =364 -21)a’ +(~184° +61+8)a+31" -120 =

& (3a-1)[18(34+1)a+9(32" —I)Jzo,veziZZ%.
a’+2a+A* tema 91 -1 917 -1
LHS=Zm < ((3/1+1)a+ ]:(3/1+1)Za+3~ =

) 2
:(3m1)-1+9}“2_1 = (3’1;1) = RHS .

Egalitatea are loc dacd si numaidacda=b=c= 5 .

Remarca.

3).Ifa,b,c>0,a+b+c=1then
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3 (a+1)2
3’ —2a+1
Dezvoltari, Marin Chirciu
Problemal323.
Ifn e N then
) 1 N 1 - 1 n
a), — = .
1-4 4.7 (3n-2)-(3n+1) 3n+l1
b)i+ 1 - 1 _n
1559 7 (4n-3)-(4n+1) 4n+l
1 1 n
c).—+ +..+ = .
1.6 6-11 (5n—4)-(5n+1) 5n+1
d) 1 N 1 - 1 _n
1-10 10-19 7 (9n-8)-(9n+1) 9n+1
Math 5/2026,Manual
Solutie.

Inductie matematica.

Problema 1324.

Ifa,b,c > 0then

1

Z b+c 4261

Mathematical Inequalities ,Problem(326), 2/26, Konstantinos Geronikolas, Greece

Solutie.

i o(Zred) )

1 b+c CS b+c Nesbitt 2

LHS = = = > >

Z:(b+c ? Z Z Zaz Z 42(1
Egalitatea are loc dacd si numaidacaa=b=c.

Remarca.

1).Ifa,b,c > 0then
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1 S 9
ST

Solutie.

a Y a Y 3
a3 (b + Cj Holder (Z b + Cj Nesbitt (2)
LHS =Y = =y > > =

(b+c) Z:a3-(b+c)3 a’ B 32613 B 32613_

=RHS .

9
_8Za3

Egalitatea are loc daca si numaidacaa=b=c.

2).Ifa,b,c >0and A >0 then

1 S 9

z(b+/1c)3 (A >

Solutie.

(55) e (i) wonl5)
LES — Z Z a’ _Z b+ Ac H"fe" b+ Ac Ne;b"” A+l) _

(b+ic) “d-(b+ic) a Y

)
_\A+1) 9 _ RIS .

S 3d (A Y

Egalitatea are loc daca si numai dacaa=b=c.

3).I1fa,b,c >0andn € Nthen

1
z b+C n 2nza
Solutie.

Pentrun = 0 se obtine egalitatea3 =3.

1 S 9 Z C>S 9
b+c 2 a,ve2| b+c_2b+c 2Za'

Pentrun =1 avem Z

Pentrun > 2 se foloseste inegalitatea lui Holder.
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1
LHS:Z(b+c "

9
_2”261”

(55 v (Zite) o (3)
= Z n an n = Z b+nc Hoéder n72b+cn Negm n—22 n =
) a -(b+c) a 3 Za 3 Za

=RHS .

Egalitatea are loc daca si numai dacaa=b=c.

4).1fa,b,c >0andneN, A >0then

Solutie.

L 9
(b+dc)  (A+1)"Da"

Dezvoltari, Marin Chirciu

Pentru#n = 0 se obtine egalitatea3 =3.

9

1 1 < 9 9
Pentrun =1avem Z 2 , Vezi Z 7 =

b+Ac (/1+1)Za

i S (beac) (ASa

Pentrun > 2 se foloseste inegalitatea lui Holder.

1

LHS=Z(

-2
(A+1)" D a"

Egalitatea are loc
Problema1325.

Ifa,b,c >1then

Solutie.

LHS =H(a2 +

b+ic)

(i) e (Zite) e (5
_Z an :Z b_‘_/’lc Ho;ier b_{_ﬂc Nes>bitt ﬂ/_'_l _
an (b+/1C)n a’ - 3n—22an - 311—22an

= RHS .

daca si numaidacaa=b=c.

I_I(a2 +%} > 92& .

Mathematical Inequalities 5/2026, Craciun Gheorghe

ERT o (SRR L o ERERENLN o O
j_H(a +a+a)2H33a - 113 2729Za RHS,

a
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Q)]
unde27>9z <:>Z <3,vezia,b,c>1.

Egalitatea are loc daca si numaidacda=b=c=1.
Remarca.

1). Ifa,b,c,d >1then

H(“3+2j21625-

Solutie.

LHS=H(‘13+§)=H(“ LI J>H44a ————— =H4=64(£16Zl=RHS,
a a

a a a
(6] 1 1
unde642162— = 2234,vezia,b,c,d >1.
a

Egalitatea are loc daca sinumaidacda=b=c=d =1.

2). Ifa,a,,...,a, >1then

Dezvoltari, Marin Chirciu

Solutie.

LHS = H(a;"

)
=n"2n" 12— RHS,

o 1 1
-1 .
unden” >n" —@Z—Sn,vezml,az,...,anZl.
al al
Egalitatea are loc dacd si numaidacda, =a, =...=a, =1.

Problemal326.

1).In AABC holds
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81R®

<> <8R 5751

Solutie.

InAABC
Zr; = (4R+r)3 —12p°R.

Inegalitatea din dreapta.

Gerretsen

>l =(4R+r) —=12p°R < (4R+r) —12(16Rr—5r")R=

uler

Ei
=64R> —144R*r +72Rr* +1° < 82R* —575r°.

Inegalitatea din stanga.

Gerretsen

Yl =(4R+r) —12p’R > (4R+r) —12(4R* +4Rr+3r")R=

Euler 3
=16R’ —24Rr* +1° > 8IR

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2).In AABC holds

3
81 <> k< 81

Solutie.

(r2 —4Rr) +3prt + 7 (4R + r)3
8K’ '

Zh3 :p6+3p4

Inegalitatea din dreapta.

Zh3 =p(’+3p4(r2—4Rr)+3pzr4+r3(4R+r)3 B

S8R’ B
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2 2 2 2 4 3 3
:P [P (P +3r —12;31;)+3r ]+r (4R+r) Gerztsen

aorer (4R° +4Rr+3r )| (4R +4Rr+317 )(4R” + 4Rr+3r> +3r> <12Rr )+ 3r* |+ (4R + )’
) 8 B

64R® +32R°F +144R%* +96 R + 640 2(4R°+2R'F +9R*r* + 6Rr* +4r° ) suter
= = <

8R’ R’ B
5 81R°
uler < 3
ES 16 _ 81R .
R’ 8

Euler
=64R> —144R*r + T2Rr* + 1> < 82R*—5751°.

Inegalitatea din stanga.

Zh3 =p6 +3p° (r2 —4Rr)+3p2r4 Jrr3(4R+r)3 _
‘ S8R’

2[ 2 2 2 4 3 3
:P [P (P +3r —12;311;3)+3r ]+r (4R+r) Ger;tsen

o (16Rr=5r)[ (16Rr =51 ) (16Rr =5 + 31> =12Rr)+ 3r* |+ (4R+7)
- SR’ B

16R —57)[ (16R =5r)(4R=2r)+ 372 |+ (4R +7)  #*(1088R> —1104R*r + 480Rr> — 64+
s ( )( )( )

=y - = =

8R* SR’
, 81R?
= (136R3 —138R*r + 60Rr> —8r3) 253 (68R3 —69R*r +30Rr —4r3) Euter 21 5
= R3 = R3 2 R3 =

=817,
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In AABC holds

Dezvoltari,Marin Chirciu
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Solutie.
Lemal.
InAABC
Zh3 p’+3p* (r2 —4Rr)+3p2r4 +r (4R +7")3
“ 8R’ ‘
Lema2.
In AABC

>} =(4R+r) —12p°R.
Folosind Lemele inegalitatea se scrie:

p°+3p* (r2 —4Rr)+3pzr4 +7 (4R +r)3
8R’

2 3
> (Erj (4R +r) ~12p°R) =
o p*+3pt (r2 —4Rr)+p2r2 (128Rr+3r2)2 63r° (4R+r)3 =

o pt [pz (p2 +3r —12Rr)+ r (128Rr +3r )} >63r (4R + r)3, care rezult3 din inegalitatea lui

r (4R + r)2

Gerretsen p> > 16Rr —5r* >
R+r

Problemal327.

1).Ifa,b,c >3,a+b+c=12then

Solutie.

FolosimTangent Line Method pentru functia f(x) =

,x >3 n punctul x, =4.

F(x) =285 r(4)=16, £/(4)= 8.

(x=3)"

Ecuatia tangentei este y —16 = —8()6—4) & y=—8x+48.

2

Avem f'(x) = T > 8x+48 <::>(>C—4)2 0.

X —
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2
LHS =Y a 3TLZMZ(—8a+48):—8Za+3-48:—8-12+144:48.
a—

Egalitatea are loc daca si numaidacaa=b=c=4.

2).Ifa,b,c>n,a+b+c=3(n+1)then

Solutie.

FolosimTangent Line Method pentru functia f(x) = ,X>ninpunctulx, =n+1.

X—n

x? = 2nx

W,f(n):(n+1)2,f'(n+l)=1—n2.

/(%)

Ecuatia tangentei estey—(l’l-irl)2 :(l—nz)(x—n—l) IS y=(1—112))c+n3 +2n* +n.

Avem f(x) =

Z(I—nz)x+n3+2n2+n = nz(x—n—l)2 >0,
xX—n

2
a TLM

LHS=Z > Z((l—nz)a+n3 +2n° +n):(1—n2)Za+3-(n3 +2n2+n)=

a—n
=(1-n*)-3(n+1)+3(n’ +20" +n)=3(n+1)’
Egalitatea are loc daca si numaidacda=b=c=n+1.
Remarca.

3).1fa,b,c>A,a+b+c=3(A+1)then

Dezvoltari, Marin Chirciu

Solutie.

2

. . , X
FolosimTangent Line Method pentru functia f(x) =
x_

,x > Ainpunctulx, =A+1.

3 x> =2Ax

W,f(;t)=(/1+1)2,f'(/1+1)=1—/12.

/(%)
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Ecuatia tangentei estey—(/1+1)2 =(1—/12)(x—ﬂ,—1) = y=(1—/12)x+l(l+1)2 )

2
X

x—A

Avemf(x): 2(1—12)x+/1(ﬂ,+1)2@lz(x—ﬂ—l)ZZO.

2
a TLM

LHS =) " > S ((1-#)a+a(2+1))=(1-2°) Za+3-4(2+1)" =

S(1-22)3(A+1)+34(A+1) =3(A+1)

Egalitatea are loc daca sinumaidacia=b=c=A1+1.

Problema1328.

1 1 1 1 1
f—4+—+—= then find £ = - )

Xy z xty+z szom szon

Math5/2026,Samuel Okpako

Solutie.

1 1 1 1 1 1 1 1
=>—+—+-—= S —+—= -— <

X Yy z x+y+z X y x+y+z z

X+ —Xx— X+ X+ 1 1
o= s S 4 =0 (x+y)| —+———|=0 <

xy  z(x+y+z) xy  z(x+y+z) v z(x+y+z)

(x+y)(y+z)(z+x)
< xyz(x+y+z) =0

Cazull).x+y=0.

x+y=0,x+y+z=1=z=-1=

o 1 N 1 N 1 1 1 N 1 N 1
2027 T e T e BT 0T 20 (_x)2027 (_1)2027

Cazul2).y+z=0.

1 1
X X

Cazul3).z+x=0.
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1 1
Z+x:O,x+y+z=1:>y:—1:>E=ZW—W=O,

Deducemca £ =0.

Remarca.

1 1 1 1 1 1
f—+—+—=—+——thenfind £ = Z—n——n,undeneste numar natural impar.
X y z x+y+z X x

Marin Chirciu
Solutie.
Deducemca E=0.
Problema1329.

Ifx,y,z>0,x+y+z=1then

Zx3 +6xyz > 1 .

3

Octogon- April 2007, Mihaly Bencze, Brasov
Solutie.
Folosim pgr -Method.
Notémp=2x=1,q=2xy,r=xyz,
Avem Zx3 =p’ -3pqg+9r,p=1< Zx3 =1-3g+3r.
Inegalitatea se scrie:

1 1 e : 3

(1—3q+3r)+6r > 3 < 1-3¢g+9r> 3 care rezulta din inegalitatea lui Schur p” —4pg+9r >0,
p=1<1-4g+972>20 < 9r=>4qg-1.

Este suficient sa aratam ca:

1—3q+4q—12% <???3¢ <1, vezil = p’ :(x+y+z)2 >3(xy+yz+2zx)=3q.

Egalitatea are loc daca si numaidacax=y =z =

3

Remarca.
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1
1). Ifx,y,z>0,x+y+z=1and/1thhen

> < o
XH+A 91+1
Solutie.

xe(01), £(x) =25 ()= 2x(x*-32)

A (++2) (x+a)

X
Consideram functia f(x) =

<0=

=> [ este concava si aplicdm inegalitatea lui Jensen:

I
x Jensen - (x+y+z 1 3 9
LHS = _ PEE YA Rl NI L S E _ RHS
Lo =2l f( 3 j f[3) PRy
9

Egalitatea are loc daca si numaidacax=y=z =

5 .

CazuI/1=l.
3

2).1fx,y,z2>0,x+y+z=1then

3). InA4ABC holds

v+ 107
Lema.
Ifx,y,z>0,x+y+z=1then
>s2
x+1 10

. . ~ . . r
Se cunoaste identitatea in triunghi Z— =1.

a



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

. r r r . . .
Folosind Lema pentru (x,y,Z) =| —,—,— |inegalitatea se scrie:
ra rb rc
r r
. 9 v 9 r 9
— 55— <= —<— < —
z Y 10 Zr2 10 Zraz+r2 107
— | +1 S+l
T
7, a

4). In AABC holds

Dezvoltari, Marin Chirciu
Lema.

Ifx,y,z>0,x+y+z=1then

X 9
Z 2 —E'

x +1

. . ~ . . r
Se cunoaste identitatea in triunghi Zh— =1.

a

ror.r
Folosind Lema pentru (X, y,Z) = (h_’h_,h_J inegalitatea se scrie:
a b c

r r

h 9 9 h 9

a <_<:> a S— a S—
2 » Y 10 )2 r’ 10 Zhj +r* " 107

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1330.

In AABC holds

RMM 5/2026,Nguyen Hung Cuong, Vietnam
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Solutie

cot

Remarca.
In AABC holds
tan —
> —2>33.
tan® —
Solutie

=3%/3ﬁ=3;/(\/§)3 ~33 =RHS.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1331.

ifa,b>0,a’ +b> <2then

3 3
Za + 2b <1.
a+1 b +1

=3, HLA :3i/Hcot§ =
tanz

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

1 A 7 Mitrinovic 7
— =33 tan— =33— > 3 =
4 \/H 2 \E | 3R\3
2 2

Inemath 5/2026, Marin Chirciu

3i/ZMitri2novic33 37/\/5 _
r d r

RMM 5/2026, Nguyen Hung Cuong, Vietnam

Solutie

Folosim inegalitatea ponderata a mediilor.
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2 3 2 3
\/Za Si/zza ,a3+b3S2:>\/z2a silzza ss\/gzljzazsz,

2
a’ b G B ad b2
— 4 <—4—= <
a+1 b*+1 2a 2b 2

Egalitatea are loc dacd si numai dacsa=b=1.

Remarca.

ifa,b>0,a>"" +b*"*" <2andn e Nthen

2n+l 2n+l
a b
—+— <1.
a +1 b +1
Marin Chirciu
Solutie
a b 46 g b
Pentruz =0 se obtine + <1, vezi + <—+—=1
a4+l b+ a’+1 b*+1 2a 2b

~ . . *
In continuare fien e N .

Folosim inegalitatea ponderata a mediilor.

2</—Z;2n < 2\1/—Z ZM L b <2 = 2(/ Zzaz < an\l/ Za;nﬂ < Z"KE =1= ) a" <2,

2n 2n
a2
2b 2 2 2

2n+l1 2n+1 2n+1 2n+1
a” b= AG g™ +b”

+ <
a+1 b*+1 2a

Egalitatea are loc daca si numai dacda=b=1.

Problemal1332.

X+y+z=3
Ifx,,z€C,¢x* +y* +2° =3 then find P = ™ + " + 227

x3+y3+z3:3

Solutie

Notdam p =Zx,q =ZX)’,7’ =Xyz
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x+y+z=3 p=3 p=3

x2+y2+zz=3<:> p2—2q=3 &9q9=3.
XY+y +2=3 p’ =3pg+3r=3 r=1

3
Ecuatia cu solutiile x, y,z este’ — px* +gx—r =0 < £ =3x* +3x-1=0 < (1-1) =0 &

sSt=lox=y=z=1.

Obtinem P — x2026 +y2026 + 22026 — 12026 +12026 + 12026 — 3 .

Deducemca P=3.
Remarca.

X+y+z=3
Ifx,y,z2€C,x’ +y*+z* =3 thenfind P=x"+ )" +z",undeneN,
X +y +z2 =3
Marin Chirciu

Deducemca P=3.

Problema1333.

1735.1fa=b>12¢>0, a=3then

1 >
—2 a”
I3
Mathematical Reflections 3/2026, Mircea Lascu, Zaldu, Romania

Solution.

Sincea>b>12>¢>0 we have(a—1)(b-1)(c-1)<0 <

o abe+ Y a—Y ab-1<0,> a=3 < abc+3-) ab-1<0 &
& 2+abc<) ab < 2+r<q.

We use pgr -Method: p=Y a=3,q=Y ab,r=abc.

q

1
We needtoshowthatZ:ZZZ:a2 @%2])2—261,19:3 @%29—26] <:>;+2q29 I
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<:>q(1+2j29,seeq22+r,
B

1
It is enough to show that(2+r)(—+2j29 2 —4r+220 & 2(1/—1)2 >0.

r

Equality occurs ifand only ifa=b=c=1.

RMM 5/2026,Nguyen Hung Cuong, Vietnam

Problema1334.
In AABC holds
z cot’ A S 2\/§
sind 3
Solutie.

c0t2AC>S(ZCOtA)2 (U(«/g)z 3

>

2
sind ZSinA & _ﬁ_ﬁ'
2 2

LHS =Y

2 2
_ p’—r’—4Rr - . p 33
Am folosit(1): Y cot A=2—— " > 3 Y sina=£L <X
m OOSI()Z o 5'2 2 g
Remarca.
In acute AABC holds
2
Z tan” 4 S18.
cos 4
Math 5/2026, Marin Chirciu
Solutie.
tan® A4 ¢S (Ztan A)2 ) (3\/3:)2 27
LHS =Y > > =218,
cos A ZcosA 3 3
2 2
Am fOlOSit(l)' ZtanA = L > 3\/§ Si ZcosA — 1+L < E
P’ —(2R+r) ’ R 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1335.
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1). InAABC holds

27R? , _27R’
<> >r <
4 Z “ 8r

Solutie.
Lema.

InAABC
Zraz :(4R+r)2 -2p°.

Inegalitatea din dreapta.

Gerretsen Euler 3
S =(4R+r) —2p" < (4R+r) —2(16Rr=5r>)=16R" —24Rr+11r> < 2;R ,
r
Inegalitatea din stanga.
Gerretsen Euler 27 R2

Yl =(4R+r) =2p’ = (4R+r) —2(4R’ +4Rr+3r’)=8R*-5r" >

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2)In AABC holds

2
27 <Y < 27f :
Solutie.
Lema.
InAABC
S - pz(pz +2r° —8Rr)+r2(4R+r)2
‘ 4R’ '

Inegalitatea din dreapta.

Zh; _ p2 (pz +2r7 — 8RI;) +7? (4R + I")z Gerztsen
4R
Ger?sen (4R2 +4Rr +3r° )(4R2 +4Rr+3r* + 21 — 8Rr) +7r? (4R + r)z
N 4R -
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27R*

_16R +32R* +16RA 4167 _A(R'+2R AR+ )i T a7p?
4R> R> - R 4
Inegalitatea din stanga.
2 2 2 2 2
Zh2=p (p +2r —8Rr)+r (4R+r) Ger;tsen
¢ 4R*

Gerresen (16Rr =517 ) (16Rr = 51° + 21 —=8Rr )+ 1 (4R+r)”  r*(144R* —=80Rr +167°)

Z = =

4R> 4R>
, 27R?

167> (91!32 —5Rr+ rz) 45> (9R2 —5Rr+ rz) Futer 47 T

= = > = 277’2 .

4R? R? Bl R?
Egalitatea are loc daca si numai daca triunghiul este echilateral.

3).In AABC holds

27R?
2 2
E h, < 2 < E .
Dezvoltari, Marin Chirciu
Solutie.
Lemal.

In AABC

) p’ (p2 +2r° —8Rr)+r2 (4R+r)2
2k = 4R '

Lema2.

InAABC

St =(4R+r) -2p*.

~
I

Q

Folosind Lemele obtinem:

Prima inegalitate:

p2 (p2 +2r° —8Rr)+r2 (4R +r)2 - 27R?
4R? 4
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2 2 2 2 2
thzp (p +27" —8R7")+7" (4R+I") Ger;tsen
¢ 4R’
Gerresen (4R +4Rr + 317 ) (4R” +4Rr +3r” +2r° =8Rr)+ 7 (4R +7)’
< =
4R*
4 2 o 4 4 2.2 3 4 4277}34 2
_16R* +32R%7 +16RA +16r* _ 4(R'+ 2R + R 41" e 47 7R
4R? R? h R? 4
A doua inegalitate:
27R? 2 5
S(4R+r) -2p°.
Gerretsen Euler 27 R2

Yl =(4R+r) =2p’ = (4R+r) —2(4R’ +4Rr+3r’)=8R*-5r" 2 YR

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1336.
ifa,b,c>0,a* +b*+c* <3then
2

> L <.

a+2

RMM 5/2026, Nguyen Hung Cuong, Vietnam
Solutie.

Lema.

Ifa > 0,then

2 2
a 2a°+a
< .

a+2 9

Demonstratie.

a’ 2d° +a 2
< & 2a°—4a’+2a>0 < 2a(a—1) =20,

a+2 9

2 Lema 2a% + 1 Lema | Y a’<3
LHS =Y o <Y S = (2" 4 Ya) < 5(2Za2+4/32a2) <
Zazéfsl

1
< 5(2-3+«/3~3)=§(2-3+3)=1=RHS.
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Egalitatea are loc daca sinumaidacd a=b=c=1.

Remarca.

1).1fa,b,c>0,a* +b* +c* <3and A >0 then

Solutie.
Lema.

Ifa>0 and A >0then

Demonstratie.

2 2
a Aa“ +a
<

a+i (a+1)

2

= < 3
a+Al A+1

Marin Chirciu

2 2
a Aa”+a
<

atd  (A+1)

o Ad*—24a* +a>0 < Aa(a-1) 20,

a+l

ZQZS:; 1

< 2(1-3+\/3-_3):

a2 Lema ﬂ,az +a 1 Lema 1 Za2£3
LHS = < = 2 a? < (ﬂ 243 ﬂ <
2 Z(1+1)2 (4+1)2( 2 +2a) (2+1) 2 3
L (13+3)=—2=&HS.
(A+1) A+1

(A+1)

Egalitatea are loc daca si numaidacd a=b=c=1.

2).1fa,b,c>0,a* +b* +c* <3then

Problemal1337.

Ifa,b,c>0,abc=1then

Dezvoltari, Marin Chirciu

a+b+c+;>&.

ab+bc+ca 3

RMM 5/2026, Nguyen Hung Cuong, Vietnam
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Solutie.

Folosim pgqr -Method.

Notémp=Za,q=Zab,r=abc=l.

2

10
Inegalitatea se scrie p+— = —, care rezultd ding < P .

q 3 3
Ramane sa aratam ca:
3 10 3 2 2 .
P52 < 3p’-10p +9>0 < (p-3)(3p° - p—3)20,vezi p>3.
p

Egalitatea are loc daca sinumaidacd a=b=c=1.

Remarca.
9
1).Ifa,b,c>0,abc=1and0< A < Ethen

A >l+9.

a+b+c+ >
ab+bc+ca 3

Solutie.

Folosim pgqr -Method.

NotémpzZa,q=Zab,r:abc:l,

2

Inegalitatea se scrie]hLi 2 , care rezulta ding < P2 .
q 3 3
Ramane sa aratam ca
3p—/32 /1;_9 3p’ —(ﬂu+9)p2 +91>20 & (p—3)(3p2 —/Ip—3l)20, vezi p > 3si
0<A< 2
2

Egalitatea are loc daca sinumaidacd a=b=c=1.

Cazulﬂzg.
2

2).I1fa,b,c>0,abc =1then
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9

2(a+b+c)+—29
ab+bc+ca
Dezvoltari, Marin Chirciu
Problema1338.
Ifa,b>0,ab=1then
5
atb+——52—.
a +b° 2

RMM 5/2026, Nguyen Hung Cuong, Vietnam

Solutie.

Cu substitutia x = a+b > 2+/ab =2 obtinem x +

> 2§©2x3—5x2—4x+1220<:>

X2 —
<:>(x—2)2(2x+3)20.
Egalitatea are loc daca si numaidacd a=b=1.
Remarca.
lfa,b>0,ab=1and A <1then
a+b+ 22 22/“_4.
a +b 2

Marin Chirciu

Solutie.
Cu substitutiax =a+b > 2/ ab =2 obtinem:

2/1 2/1+4

x =2

X+

& 20 —(A+4)x* —4x+42+820 &

& (x-2)(2x° —Ax—24-4)20, vezix >25i A <1.
Egalitatea are loc daca si numaidacd a=5b=1.
Problema1339

ifa,b>0,a’ +b> =2then

27

(a2 +b* +1)(a6+b6+1)2 P
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Mathmatical Inequalities5/2026, Craciun Gheorghe

Solutie.

Holder

(a+b+l)(a2+b2+1)<a6+b6+1) > (%/a.az.a6 +3b-b*b° +3 1.1.1)

3

=(a +6°+1) =(2+1) =27.
Egalitatea are loc daca si numaidacd a=5b=1.

Remarca.

1).fa,b>0,a’ +b’ =2and 1 >0 then

3
(az +b* +/1)(a" +b° +/1) > M
a+b+ A
Marin Chirciu
Solutie.

Holder

(a+b+/1)(a2+b2+ﬂ)(a6+b6+i) >

3
(Q/a-az-a6 +3/b-bz-b6 +i/m) =

3
:(a3+b3+/1) =(2+/1)3.
Egalitatea are loc daca si numai dacd a=5b=1.
2).Ifa,b>0,a" +b" =2,n e Nthen

(az” +b*" +1)(a6” +b*" +1) >— 27n .
a’"+b" +1
Dezvoltari, Marin Chirciu
Solutie.
Pentrun = 0 se obtine egalitatea 27 =27.

~ . . *
In continuare fien e N .

Holder

(a"+b" +1)(a> +5> +1)(a” +5% +1) 2 (%/a” a3 b b +%/1-1-1)3 -

=(a" +b" +1) =(2+1) =27,
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Egalitatea are loc daca si numaidacd a=b=1.

Problema1340.
x+y+z=1
1 1 1 . 2023 2023 2023
If —+—+—=1 thenfind P=x"""+y" 4z~ .
X y z
I 1 2
—2+—2+—2+—:1
xT y. zi xz
THCS 2/2022
Solutie.
I 1 1 I 1 1 1 I 1 1 1
—4—+—-=lxtyt+z=l>—+—+-=—"""S —F+—=—"—"-—"—-
X y z X Yy z Xx+y+z X y x+y+z z
+ —X— + + 1 1
xy  z(x+y+z) xv  z(x+y+z) xy z(x+y+z)

(x+y)(y+z)(z+x)_o

xyz(x+y+z)

Cazull).x+y=0.

x+y=0,x+y+z=1 :>z=—1:>P=)c2°23+(—)c)2023+12023 =1.

Cazul2).y+z=0.

y+z=0,x+y+z=1=>x=-1 :>P:12023+yzoz3+(_y)2023 _1

Cazul3).z+x=0.

Z+x=0,x+y+Z:1 :}y:—l :}P:x2023+12023+(_x

Deducemca P=1.

)2023

=1,

Remarca.
x+y+z=1

if<1 1 1 1then find P=x"+ " +z" ,unde 11 este numar natural impar.
—t—t—=
X y z
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Marin Chirciu

Solutie.
Deducemca P=1.
Problemal1341.

Ifa,b,c>0,abc=1then

2
A(Y.a*) 233 a+6y ab+9.
MathAtelier 2/2026,Panagiotis Danousis, Greece

Solutie.

Folosim pgr -Method.
Notémp=2a,q =Zab,r=abc=l.
Y at=3 r=1=>1.

Inegalitatea se scrie:

4(32) 23p+6q+9

(Za)z S3Za2,2abSZa2 :>p£3t,q$3t2.

Este suficient sa aratam ca:
4(3°) 233t46:37 +9 o ' 20 ~1-120 & (1-1) (46 +4£2 +20+1)20 & 1 >1.

Egalitatea are loc daca sinumaidacd a=b=c=1.
Remarca.

1).Ifa,b,c>0,abc=1andn >0,k > 0then

g(n+k)(2a2)2 Zn2a+k2ab+n+k.

Solutie.

Folosim pgr -Method.

NotémpzZa,q=Zab,r=abc:l,
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Zaz =3, r=1=¢>1.

Inegalitatea se scrie:

g(n+k)(3z‘2)2 >np+kqg+n+k

(Za)2 <3>a’,Y ab<) a’ = p<3t,q<3’.

Este suficient s aratam ca:

g(n+k)(3t2)2 >n-3t+k-30 +n+k < d(n+k)t =3k =3nt—n—k>0 <
(t—l)(4(n+k)t3 +4(n+k)r’ +(4n+k)t+n+k)20<:> t>1.

Egalitatea are loc daca si numaidacd a=b=c=1.

2).Ifa,b,c>0,abc=1and A >0then

g(i+1)(2a2)2 212a+2ab+i+1.

Dezvoltari, Marin Chirciu

Problema1342.

ifa,a,,..,a,>0,aa,..a, =1then

Turkey NMO 2010
Solutie.
Lema.
If a > 0 then
a SL
a*+3 a+l

Demonstratie.

a

—< a1<:> a4+32a—|—1<:>a4+32(a+1)2<:>a4—a2—2a+220<:>
a+3 a+t
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<:>(a—1)2(a2+a+2)20,

1 ") -2
(erl)2 0.1 () (erl)3

crescatoare si concava si folosim inegalitatea lui Jensen.

¥t B r) | 2 anzal zzﬂ% v

X , .
Consideram functia f(x) =——.,f (x) = <0 = f este strict

x+1

n
2
2n 2
Lema
S =Y
Egalitatea are loc dacd si numaidacd @, =a, =...=qa, =1.

Remarca.

1).Ifa,b,c >0, abc =1then

Marin Chirciu
Solutie.
Lema.
If @ > 0 then
a < _a_
a'+3 a+l

Lema

< —< a.

Z\/_ a+l1

Egalitatea are loc dacd sinumaidacd a=b=c=1.

Remarca.

Ifx,y>0,xy=1solve
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x 1
\/x +3 \/y +3 (x+y)

Marin Chirciu
Solutie.
Lema.
If @ > 0 then
a < _a_
a*+3 a+l

Lema

< —< X.

z\/x_+ x+1

Egalitatea are loc dacd si numaidacd x=y =1.

Deducem ca ecuatia admite solutia unica (x,y) = (1,1).

Problema1343.

1). Solve for reals

Yx+1-Rx-1=Yx"-1.
Solutie.

Domeniul de definitie este D = (—oo,—l]U[l,OO) .
Cu substitutia(\3/x+1,\3/x—1) =(a,b) = a—-b=+Jabsia’®-b =2.
(a—b)(a2 +ab+b2) =2 & x/%(a2 +ab+b2)= 2 & «/E((a—b)z +3ab)=2 P

3
@JE((JE)Z+3ab)=2Q@mb:z@zab\/%:l@(abf =% < (ab)r ==

V5
Multimea solutiilor ecuatiei este S = {—} .

Remarca.
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Let be A > Ofixed.Solve for reals

Ix+ A —-Ax-1=Yx" -1 .
Dezvoltari, Marin Chirciu

Solutie.

+:/5
2 }

Multimea solutiilor ecuatiei este S = {

Problema1344.
Solve for reals
66" —30" =36".
Ecuatia admite x =1 solutie unica.
Remarca.

Let be a,b > 1fixed. Solve for reals
(a+b) —b"=a".

Dezvoltari, Marin Chirciu

Solutie.

x x a * b *
b) —b =a" <> a* +b" =(a+b 1,
(a+b) a‘' < a'+ (a+b) Q(a+bj +(a+bj

Ecuatia este de forma f(x) =k, cu f functie strict crescitoare, deci injectiv.
O astfel de ecuatie are cel mult o solutie.
cum /(1) =1, rezulta c& x =1 este solutia unic3 a ecuatiei.

Ecuatia admite x =1 solutie unica.
Problemal345.

Solve for reals

Jax—9 +/4x+9=5+7.
Solutie.

Ecuatia admite x =4 solutie unica.
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Remarca.

letbea>bh>0,a+b=A%, 1> 0fixed. Solve for reals

Jax—b+ax+b=A+JA*—=2b .

Dezvoltari, Marin Chirciu

Solutie.

. - b
Domeniul de definitie este D =| —,0 |.
a

Ecuatia este de forma f(x) =k, cu f functie strict crescitoare, deci injectiv.

O astfel de ecuatie are cel mult o solutie.

Cum f(l) =A++A% =2b , rezults cd x =1 este solutia unici a ecuatiei.

Ecuatia admite x =1 solutie unica.

Problema1346.

Ifa,b,c>O,Z:a2 =2 then

Z +1>Zab

Mathematical Inequalities 5/2026, Duy Hong, Vietnam

a +b2

Solutie.

LHS =Y > ((Za:af.)y) (szz) (%Cf) +12 Y ab = RHS,

b M 7
unde%ﬂizab@ 4+1>q<:>(q 2)" 20,

2
Egalitatea are loc dacd si numai dacd a=b=c=,|—.

3

Remarca.

1).Ifa,b,c,n >0,Z:a!2 =n and A > 0then
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Solutie.

a’b? n 2
+ > ab
Zc12+/1bz A+1 /1+1Z

b no (S . (Sa)

LHS = 2 at+Ab* A+1 Z(a +}tb2) A+l (A+1)>.d’ I

(Zab) n O

(l+1)n /1+1 A+1

(Xab) 0

unde

(ﬂ+1)n A+1 A+1

<:>(q—n)2 >0,

Zab RHS,

2 2 2

Zab@ El + & = q<:>q—+n>2q<:>

(A+1)-n A+1 A+1

n
Egalitatea are loc dacd si numai dacd a=b=c= \/;

Cazuln=A1.

2).Ifa,b,c,A>0, Zaz =/ then

Problema1347.

Ifx,y,z>0,xyz=1 then

Solutie.

Folosim pgr -Method.

a’b’ A 2
+ > b .
Zc12+/1192 A+1 Z+lza

Dezvoltari, Marin Chirciu

22xy—2x2 <3.

Mathematical Inequalities 5/2026, Craciun Gheorghe

Notémpsz,quxy,r:xyzzl.

Inegalitatea se scrie:
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2q —(p2 —2q) <3 < p® +3>4q, care rezults din inegalitatea lui Schur p° —4pg+9r>0,r =1

p3+9
» )

& p—4pg+9>0 = 4g <

Este suficient sa aratam ca:

3
p2+32p s

< p>3,veziAM-GMsir=1.

Egalitatea are loc dacd si numaidacd x=y =z=1.
Remarca.

Ifx,y,z>0,xyz=1 and1< A <2then

) xy=Y x> <3(A-1).
Marin Chirciu

Solutie.

Folosim pgr -Method.
Notdm p = Zx,q = ny,r =xyz=1.
Inegalitatea se scrie:

lq—(pz —2q) <3(A-1) & p* +3(A-1)=(A+2)q, care rezults din inegalitatea lui Schur

p3+9
4p '

p3—4pq+9r20,r=1 <:,>p3—4pq+920<:>qS

Este suficient sa aratam ca:

3
P31z (142222 o p(2-2)412p(3-1)29(242) &
p

o (p-3)[(2-4) P +3(2-4) p+3(2+4) |20, p>3, vezi AM-GM si r =1.

Egalitatea are loc dacd si numaidacd x=y=z=1.
Problema1348.

ifa,b,c,d >0,a+b+c+d =6 then
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Solutie.

LHS:Z\/b a _Z\/“

+c+d

6—a
3
—42 -0 5 p-gms.
TR
Am foI03|tf( ) 6_x,f"(x):

Mathematical Inequalities 5/2026, Craciun Gheorghe

=5

i(24—x)(6—x)2>0,0<x<6.

Egalitatea are loc dacd si numaidacd a=b=c=d = 5

Remarca.

ifa,b,c,d,A>0,a+b+c+d =27 then

Solutie.

LHS =Y

st ol
b+c+d 3

Marin Chirciu

ST (B (2)-

24\/; \/37 \/in

A

Am foIositf(x) = -
—Xx

Egalitatea are loc dacd si numaidacd a=b=c=d =

Problema1349.

ifa,b,c>0,a+b+c=3 then

S (%)=

-5

i(4l—x)(i—x)2 >0,0<x<A.

4
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a
—_—>1.
Z\/a+2b+6bc

Math Atelier 5/2026,Konstantinos Geronikolas, Greece

Solutie.

a , a Z a 2 Radon

a
LHS = ) —————==
z a+2b+6bc z \/az +2ab + 6abc (a2 +2ab + 6abc)E

—_

o (Zap _ (Zap_ (Zap

(Z(cﬂ +2ab+6abc)); (ZaZ +22ab+1861b0); ((za)z +18abc)2

3
$ @ 33 33 38

. =

1 1
(3° +18abc)  (9+18): 272 W3

=1=RHS .

Egalitatea are loc daca si numaidaca a=b=c=1.
Remarca.

ifa,b,c>0,a+b+c=3and A >0 then

a 3
> .
zJa+2b+/1bc JA+3

Marin Chirciu

Solutie.

3

a , a a 2 Radon

a
_a  _ — >
e xR AN e Z(amabwabc);

LHS=Y"

o (Zaf _ (Zaf_ (Zay

1

(Z(aZ +2ab+ labc)); (Za2 +2Zab+3/1abc); ((za)z +3ﬂabc)2

3
32 w33 33 3

(32+3ﬂ,abc); - (94_3/1)% BA+9  JA+3

=RHS .

Egalitatea are loc daca sinumaidacd a=b=c=1.
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Problema1350.

1). InAABC holds

2
3%£ %S l§r4 '

Solutie.

Lema.

InA4BC holds

Zi _ p>—2r*—8Rr
122 p2r2 :

Inegalitatea din dreapta.

Zi P —2r’—8Rr _ 1 2(4R+r) Gerresen 2(4R+r) 4R’ —T7Rr+4* e

raz pr r? pr o R(4R+r)2 Rr? (4R+r)
"2(2R-7)
3R’
e 4 _ R
CORF9r 124°

Inegalitatea din stanga.

T [ S ——

| p-27-8Rr 1 2(4R+r)emsa | 2(4R+r) 1 2(R+r)
Z;ZTZ— > = i T re—
’ pr r pr r r(4R+r) roor (4R+r)

1 2R—rml 1
r* 4R+r 1 3

1
3
Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

Solutie.
Lema.

In AABC holds
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I p>—r*—4Rr

n 2p*r?
Inegalitatea din dreapta.
L_pz—r2—4Rr_ 1 _4R+rGe’Z’“" 1 4R +7r 1 2R-r
hf 2pzr2 272 2p2r T2 5 R(4R+r)2 272 Rr(4R+r)
r.i
2(2R—r)
_A4R’-3Rr+2r*fe 1 R R
2Rr2(4R+r) T2t 3k 6
Inegalitatea din stanga.
L_pz—r2—4Rr_ 1 _4R+rG€’§’S‘f" 1 4R +r _ 3R
ha2 2pzr2 272 2p2r 2 5 r(4R+r)2 2r2(4R+r)
7‘.7
R+r
3R 3 2 1
2/ (4R+r) 2 9 37

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC holds

Solutie.
Lemal.

In AABC holds

Lema2.

In AABC holds

Dezvoltari, Marin Chirciu

1 p>—r’ —4Rr
n 2p°r

Zi_p2—2r2—8Rr

2.2
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Folosind Lemele inegalitatea se scrie:

*—r*—4R >-2r* -8R
P Zrz T P T TP s PP ARr<2p  — 4 —16Rr < p* 212Rr 431,
pr p'r

vezi inegalitatea lui Gerretsen p*> >16Rr —5r.
Rdamane sa aratam ca:
16Rr —5r* >12Rr+3r* & R> 27, (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1351.

1). InAABC holds

<

p Ta p

54R*r a 27R’
<2

Solutie.
Lema.
In AABC holds

2p* (2R+3r)-2r (4R +r)’
. .

3
Y=
ra

Inegalitatea din dreapta.

2
Za_3= 2p2 (2R+3r)_2r(4R+r)2 Gerztsen 2(4R2 +4RI"+37’2)(2R+37’)—27"(4R+7")
P2

a p p

27R’°
4(4R +2R°r +5Rr +4r° ) sur = 7R
< 4 = .

p p p

Inegalitatea din stanga.

2
Za_a 29" (2R+3r)=2r(4R+7)’ Ger;tsen2(16Rr—5r2)(2R+3r)—2r(4R+r)

Ta p p

2 2 4 LRZ
_4r(8R +15Rr—8r )Eu>1er r 2 S4R’r
p P P
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

2 3 3
54Rr£za_£27R
P h, p
Solutie.

Lema.

In AABC holds

p’ (p2 —8Rr—6r2)+r2 (4R+r)2

3
a
Y-

pr

Inegalitatea din dreapta.

p2 (pz_SRr_6r2)+rz (4R+I")2 Gerretsen

3
a
Zh—a— =

pr

Gorasn (4R +4Rr + 37 )(4R® +4Rr+3r> —8Rr—6r° ) +r* (4R + 1)’

pr

(4R* +4Rr+317 ) (4R —4Rr =37 )+r* (4R+7r)"  8(2R*-2Rr" —r*) sutr

pr pr

Inegalitatea din stanga.

Za_3 _2p"(2R+3r)=2r(4R+r) G 2(16Rr =5 )(2R+3r) = 2r (4R +7)’

T p p

27R?
4r(8R* +15Rr =817 ) suer 4 5 54p2,
> = .

p p p
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC holds

Dezvoltari, Marin Chirciu
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Solutie.
Lemal.
In AABC holds
Za3 P’ (p2 —8Rr—6r2)+r2 (4R+r)2
h, B pr '
Lema2.
In AABC holds

Za_3: 2p* (2R+3r)-2r(4R+r)

7, P

Folosind Lemele inegalitatea se scrie:

2
pz(p2 —8Rr—6r2)+r2 (4R+r) S 2p° (2R+3r)—2r(4R+r)2 -
pr p

o p’(p* 12" —12Rr)+37 (4R+7) 20.
Distingem cazurile.

Cazull).Dac3 (p2 —127% - 12Rr) > 0 inegalitatea este evident3.

Cazul2).Daci (p2 —12r° — 12RI’) < 0 inegalitatea se rescrie:

3r’ (4R + r)2 > p’ (12Rr +1277 - pz) , vezi inegalitatea lui Gerretsen

2
16Rr —5r* < p* ZM.
2(2R-r)

Ramaéne sa aratam ca:

R(4R+r)

2(2R—r)

6r(2R—r) ZR(—4R+17r) < 4R —5Rr—6r' >0 & (R—2r)(4R+3r) >0, vezi

32 (4R +r) 2 (12Rr+12r° —16Rr +517 )

R >2r, (Euler).
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1352.
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1). InAABC holds

4< a_j < 2R
v, r
Solutie.
Lema.
In A4BC holds

Inegalitatea din dreapta.

i 2[R+ ) =P ((aR4rY  Nowmser | (4R4r) Rtr
2_2: ; 2 -1 £ 2| —F-1|=2|—-1|=

1 p r(4R+r)
R+r

:2(R+r_1j:§.

r r

Inegalitatea din stanga.

a2_2[(4R+r)2—p2} (4R+r)2 Gerrte (4R+r)2 . [2(2R-r)
Zg— - 2{ —1} 52 W_l _Z(T_lj
2(2R-r)

4.

:2(2(21{—;»)_1}: 2(3R—2r)fur 2. 2R _
R R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

R _ga R
r 4t
Solutie.
Lema.
In AABC holds
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P (p2 —6r° —8Rr)+ r’ (4R +r)2

h 2p%r

a

Inegalitatea din dreapta.

Za_z_pz (p2—67"2—8R}")+I"2 (4R+l")2 _p2_67"2—8R7"+(4R+r)2 Gerztsen
h; B 2p%r’ B 2r° 2p° B

Gerresen 4R* +4Rr +3r* —6r* —8Rr N (4R+r)2 4R* —4Rr-3r* N R+r

27 5 r(4R+r)2 2r? 2r
R+r
R4
_AR*-3Rr-2r* P 5,2 R
272 o2t 4t

Inegalitatea din stanga.

Za_z_pz (p2—67'2—8Rl")+l’2 (4R+I")2 _p2_6r2_8Rr+(4R+r)2 Gerztsen
hf B 2p%r? B 2r° 2p° B

G 16Rr =5r° ~6r* —8Rr _ (4R+r) _8R—1lr 2R—r 8R’—TRr—2r "o
- 2r° ) R(4R+r) 2r R 2Rr
2(2R-r)

Euler 4R2 2R
> =—.
2Rr r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds
2 2
z“_ > Za— _
h? r?
Dezvoltari, Marin Chirciu
Solutie.
Lemal.

In AABC holds

P (p2 —6r° —8Rr)+ r’ (4R +r)2

h 2p%r

a
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Lema2.

In A4BC holds

a2 2[(4R+;’)2 —pz]
Bl 2 :

Ta p

Folosind Lemele inegalitatea se scrie:

P’ (p2 —6r° —8Rr)+ r* (4R +r)2
2p’r p

& PP (PP =67 =8Rr) 417 (4R-+r) 24| (4R +r) —p* |

r(4R + r)2

P’ (p2 -2r° —8Rr) >3 (4R +r)2, vezi inegalitatea lui Gerretsen p*> > 16Rr —5r” > R
+r

Ramane sa aratam ca:

r (4R + r)2

n (16Rr—5r> —2r* —8Rr)23r* (4R +r)’ < (8R=7r)23(R+r) < R>2r.
+r

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1353.

1).1fx,y,z>0,xy+ yz+zx =1then

Solutie.

¥ s (D] > ’
LHS = Z xiy)>z( (jcchr)y) (22)0);)/ :Z;y:%:RHS'

1
Egalitatea are loc daca sinumaidacdax=y =z = T .
3

2).1fx,y,z>0,xy+yz+zx =1land A > 0 then

x*y? 1
2 ( 21+1'

z x+ly)
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Solutie.

sey Xy ¢ (Zo) _(Zef P 1.0

Z(x+/1y) - Zz(er/iy) B (/1+1)ny A+l A+l

Egalitatea are loc daca sinumaidacax=y =z =

o~

3)In AABC holds

tan’ étanz B
2 2

P I
tan —| tan—+tan — 2
2( 2 2)

Lema.

Ifx,y,z>0,xy+ yz+zx =1then

x*y? 1
_=r >
zZ()H—y)_ 2

o N ) A B
Se cunoaste identitatea in triunghi Z tanztanz =1.

. A4 B C) . .
Folosind Lema pentru (x, y,z) = tanE,tanE,tanE inegalitatea se scrie:

tan’ A tan’ B
2 2

> >1
C A B 2

tan —| tan —+tan —

2 2 2

4). In acute AABC holds

Z cot’ Acot’ B g
cotC(cotA+cotB) 2°
Dezvoltari, Marin Chirciu

Lema.

Ifx,y,z>0,xy+ yz+zx =1then
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x*y* 1
I
Z:z(x+y)_ 27

Se cunoaste identitatea in triunghi Zcot AcotB=1.

Folosind Lema pentru (x, y,z) = (Cot A, cot B,cot C) inegalitatea se scrie:

Z cot® Acot’ B

1
>
cotC(cot A+cotB) 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal354.

Ifx,y,z>0,x+y+z=1then

ny—2xyz£27—7.

Octogon- April 2007, Mihaly Bencze, Brasov
Solutie.

Folosim pgr -Method.
Notam p =Zx=l,q = ny,r =abc .
Inegalitatea se scrie:

7
q—2r< 57 care rezults din inegalitatea lui Schur p° —4pg+9r >0, p=1<1-4¢+9r 20 <

4g -1
5

P

Este suficient sa aratam ca:

q—2-4q9_1£% < 3g<1,vezil=p’ :()c+y+z)2 >3(xy+yz+2x)=3q.

Egalitatea are loc daca sinumaidacax=y =z = 5 .
Remarca.

9
1). Ifx,y,z>0,x+y+z=landﬂ£zthen
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2xy—}txyzﬁ%.

Marin Chirciu
Solutie.

Folosim pqr -Method.

Notémp=2x=l,q=2xy,r=abc.

Inegalitatea se scrie:

7
q—2r< 57 care rezults din inegalitatea lui Schur p° —4pg+9r>0,p=1<1-4g+9r 20 <

Este suficient sa aratam ca:

q_ﬂ,4i;1§9;;'c;&ﬂ9—4ﬂ)£(9—4l)¢>3q£lﬂmﬂ

1=p° =(x+y+z)2 23(xy+yz+zx)=3q.

Egalitatea are loc daca sinumaidacax=y=z=—.

3
Cazul/1=2.
4

2).fx,y,z>0,x+ y+z=1then

Zx —gx z<l
s

3). InAABC holds

1 7 2
Z—S >+t —.
ron, 27r" p

Lema.

Ifx,y,z>0,x+y+z=1then
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ny—2xyz£%.

. . ~ . . r
Se cunoaste identitatea in triunghi E —=1.
v

a

r r r

Folosind Lema pentru (x,y,Z) = (—,—,—J inegalitatea se scrie:
r, hoT

a c

4). In AABC holds

Lema.

ifx,y,z>0,x+y+z=1then

ny—2xyz£%.

. . ~ . . r
Se cunoaste identitatea in triunghi Zh— =1.

a

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

Dezvoltari, Marin Chirciu

ror r
Folosind Lema pentru(x, y,Z) =| —,7—,7— |inegalitatea se scrie:
ha hb hc
2
DI AP AN [ S S P AP Sl .
ha hb ha hb hc 27 hahb hahbhc 27 hahb

2 2
r Rr<7c>zr <l Rr

hh 27 p°

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problemal1355.

P 7
'22 TS5, &
r'p” 27

R
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In AABC holds
sec—
Z 2 gi
a 27
Mathematical Inequalities, George Apostolopoulos, Greece
Solutie.
A
SeCE CBS \/ 1 A 1 R 1 R Euler R
LHS = < D =Ysec? L < |— 245 |=— [ 2+= | < — =RHS-
2 a Zazz 2 4r2[ r) 2r ( rj 2r?

1 A R
Am folosit mai sus: Z < F Si Zsec2 — <24 —, vezi:

1
a’ r 2 7

2 2
zSeczé=z ! =1+(4Rtr) R (4R+r)2 _e R, R
2 coszé p r(4R+r) r r

R+r

Egalitatea are lo daca si numai daca triunghiul este echilateral.
Remarca.

1). In AABCholds

Marin Chirciu

Solutie.

Inegalitatea din dreapta.

SCCé
2 C

BS 1 A 1 R 1 R
< —Ysec’ =< [—-| 2+— :—,/2+—-
a \/Zazz 2 \/4r2 ( rj 2r r

1 A R .
Sﬁ$|ZSeczgé2+7,vezu

2

1
Am folosit mai sus: Z_z
a

2 2
Zseczézz ! :1+(4Rtr) ’ St I+ (4R+r)2 :1+R+r:2+£.
2 cos2 4 p r(4R+r) r r

R+r

Inegalitatea din stanga.
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1 1
. 4R
seC— ¢ sec— Hsecé 3 cosécosgcosg 3 P -

Z 2233H 2:33 2: 2 2 =3 4R :33 P —

a a abc 4Rrp 4Rrp 4Rrp

Euler & Mitrinovic

:33L2 > 3’ ! 2:3’ 13:3.i:£.

p 3\/ R 27R 3\I27R 3R R

2 4 8

Egalitatea are lo daca si numai daca triunghiul este echilateral.

A
Z secz<l 3_R
a _r\)2 '

2). In AABC holds

Marin Chirciu

Solutie.
SCCA;CBS SCCELEM R 1 3R
LHS =Y = < 327 < \/3.;:; = = RHS.
Lema.
In AABC holds

S€C—
2 . R

a 21

2

Egalitatea are lo daca si numai daca triunghiul este echilateral.
Problema1356.

1). InA4BC holds

Solutie.
Lema.

In AABC holds
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B p(p2 +r? —8Rr)
Zb__ 4Rr '

a

Inegalitatea din dreapta.

nro p(p2 +r? —SRr) Ger;tsen p(4R2 +4Rr +3r7 + 77 —8Rr) p(4R2 —4Rr+4r2)

27_ 4Ry 4Ry B 4Rr B
2 2 .K
=p(R —Rr+r )Eu<1erp 8y =3R2p
Rr ~  Rr 8r?

Inegalitatea din stanga.

nr. P(p2 +r? —8Rr) Gerfsen p(l6Rr —5r7 47 —8Rr) B p(SRr —4r2) B
27 - 4Rr B 4Rr B 4Rr B

3R
_p(zR_r)Ezgerp'7 3_p

R R 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2).InAABC holds

2
9r \/ggzhbhc S9r\/§.
R a

2
Solutie.
Lema.
In AABC holds
ZM:M
a R

Inegalitatea din dreapta.

3R3

s 3o ors

a R R 2

Inegalitatea din stanga.

Z% _ﬂﬂ/ﬁtri;ovic 3,,,3,,\/5 ~ 9,,2\/?
a R R R

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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3).InAABC holds

ZaSZa-

Dezvoltari,Marin Chirciu

Solutie.
Lemal.
In A4ABC holds
zhb_hczﬂ
a R
Lema2.
In A4BC holds
Zrbr” _p(p2+r2—8Rr)
a 4Rr '

Folosind Lemele inegalitatea se scrie:

3pr < p(p2+r2—8Rr)

< p* 28Rr+1177, vezi inegalitatea lui Gerretsen p° > 16Rr —5r.
R 4Rr

Ramane sa ardtam ca:

16Rr —5r* 28Rr +11r* < R>2r, (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1357.

Ifx,y,z>0,x+y+z=1then

P <2
X411 10

Octogon- April 2007, Mihaly Bencze, Brasov

Solutie.
52 2x(x* -3
Consideram functiaf(x) = 2x ,XE(O,l),f'(x) =l—xsz”(x)ZX(x—3)<O =
x°+1 (x2+1) (x2+1)

=> f este concav4 si aplicdm inegalitatea lui Jensen:
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1
LHS:Z X :zf(x)Jegen:sf(MJ:3f(%J=3il:izRHS.
9

2
x +1 3 1+ 10

Egalitatea are loc daca sinumaidacax=y=z =

3
Remarca.

1
1). Ifx,y,z>O,x+y+z=land12§then

>y < o .
X+ 91+1

Marin Chirciu
Solutie.
— 2 2x(x* =34
Considerdm functia f'(x) = 2x ,x€(0,1), f'(x)= /1—)62, f"(x)= (—3) <0=
x'+4 (x2+i) (x2+l)
=> f este concav4 si aplicdm inegalitatea lui Jensen:
1
X Jensen X+y+z 1 3 9
LHS = = x) < 3f| ——— |=3f|=-|=3——+= = RHS
zx2+/1 2./() f( 3 j f[3j /1+1 94 +1
9
1
Egalitatea are loc daca si numaidacax=y=z = 5 .
1
Cazul A =—
3
2).1fx,y,2>0,x+y+z=1then
X 3
Z T 157
3Ix*+1 4

3). InAABC holds
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Ifx,y,z>0,x+y+z=1then

X 9
Z 2 —E'

x +1

. . ~ . . r
Se cunoaste identitatea n triunghi Z— =1.

a

. r r r . . .
Folosind Lema pentru (X,y,Z) =| —,—,— |inegalitatea se scrie:
Ta By T
r r
r 9 9 T 9
— 4 <~ a <—= 4 <—
z » g 10 Zrz 10 er+r2 107
r, ”

Egalitatea are loc daca si numai daca triunghiul este echilateral.

4). InAABC holds

> <O
h +r= 10r
Dezvoltari,Marin Chirciu

Lema.

Ifx,y,z>0,x+y+z=1then

X 9
Z 2 —E'

x +1

. . ~ . . r
Se cunoaste identitatea n triunghi Zh_ =1.

a

ror.r
Folosind Lema pentru (X, y,Z) = (h_’h_’h_J inegalitatea se scrie:
a b c

r r
h 9 h 9 h 9
—t <o <l — o s < —.
Z(FT 10 Zrz 10 Zhj+r2 107
h
h, ’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1358.
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1). InAABC holds

Solutie.

Lema.

InAABC holds
r, 2R-r
E: 2Rr

Inegalitatea din dreapta.

a

r, 2R-r 1 1

bc 2Rr r 2R’

Inegalitatea din stanga.

3R
_ 3 Euler
r :2R rEe o 3

a

be 2Rr 2RF_E'

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

2). InAABC holds

3 .vh_3
4y bc 4r
Solutie.
Lema.
In AABC holds
h,_ 3
bc 2R’

Inegalitatea din dreapta.

a

h,_3 . 3 _3
bc 2R 2-2r 4r’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din stanga.
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h 3 3

R

bc 2R 2R’

3). InAA4BC holds

Solutie.
Lemal.

In AABC holds

Lema2.

In AABC holds

Folosind Lemele inegalitatea se scrie:

3 _2R-r
2R 2Rr

< R =2r, (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1359

1). InAABC holds

Solutie.
Lema.

In AABC holds

Inegalitatea din dreapta.

zh_ag r_a
bc bc
h,_ 3
bc 2R’
T 2R—r
be 2Rr

2

.

bc

4R +7r

2R

Dezvoltari,Marin Chirciu
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R+§

4
Zrbrc 4R+7-Euler
bc — <

9
bc 2R 2R 4’

Inegalitatea din stanga.

Zﬁ_4R+rEl§”4-2r+r _9_r
bc 2R 2R 2R’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds
or hh 9
<) e
2R Z be 4
Solutie.

Lema.

In AABC holds

C

bc 2R?

zhbh B p°—r>—4Rr

Inegalitatea din dreapta.

5 hh, _p’—r’ —4Rr G AR® + ARr +3r* —1* —4Rr 4R’ +2r°

be 2R? 2R? 2R’
R2
2
_2R2+r2Euler2R +7_9
R’ B R? 4

Inegalitatea din stanga.

Z hh, p>—r>—4Rr G”Z‘S@” 16Rr —5r° —1r* —4Rr _12Rr —6r’ _

bc 2R? 2R? 2R?
3 3R
:31"(2R—I")Eu>ler V'7=2
R? - R 2R’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

Z“bc SZ“bc'
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Dezvoltari,Marin Chirciu

Solutie.
Lemal.
In AABC holds
zhbhc _ p’—r’—4Rr

bc 2R? '
Lema2.
In AABC holds

Zﬂ _ 4R+r

bc 2R

Folosind Lemele inegalitatea se scrie:

p'—r"—4Rr 4R+r ) 2 2 2
e < Y & pi-r —4RrSR(4R+r)c>p < 4R +5Rr+r°, vezi inegalitatea

lui Gerretsen: p° <4R*+4Rr+3r°.

Ramane sa aratam ca:
4R* +4Rr+3r* <4R* +5Rr+1r> < R>2r, (Euler).
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1360.
1). InAABC holds

108° (R—r)< Zazra <27R’ (R-r).
Solutie.

Lema.

In AABC holds
Zazra = 4p2 (R—r),

Inegalitatea din dreapta.

) ) Mitrinovic 27 R2 )
Zara:4p (R—r) < 4. 2 (R—r):27R (R—r).

Inegalitatea din stanga.
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Mitrinovic

Y ar,=4p*(R-r) = 4277 (R-r)=108*(R-r).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

108° <> a’h, <27R*r.

Solutie.
Lema.
In A4ABC holds
> a*h, =4p’r.
Inegalitatea din dreapta.
Zazha =4p’r Mitrismwc4- 27%° r=27Rr.

Inegalitatea din stanga.

Mitrinovic

Zazha:4p2r > 42777 r=108".

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

> a*h, <Y a’r,.

Dezvoltari,Marin Chirciu
Solutie.

Lemal.

ZaZha =4p2r_

Lema2.

Zazra =4p° (R—r),
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Folosind Lemele inegalitatea se scrie:

4p2r S4p2 (R—r) < R=>2r, (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal361.

Ifx,y,z>0,x+y+z=1then

sz +24/3xz <1.

Octogon- April 2007, Mihaly Bencze, Brasov

Solutie.
Y r2Boz sl o (Xx) 2 wr2fuz sl o P-2Y w2z <l o
2> xy223xz & D xy 23z, care rezultd din pgr -Method.

Notim p= x=1g=> xy,r=xyz.

Inegalitatea > xy > \[3xz se scrieq > \3r < ¢* >3r,vezig> >3pr, p=1 < ¢* >3r

Am folositg* >3 pr, vezig® = (ny)z > 3xysz =3pr.

Egalitatea are loc daca sinumaidacax=y=z=—.

3
Remarca.

1). In AABC holds

2
Zr—2+2\/§r <1.
I’a P

Solutie.

Lema.

Ifx,y,z>0,x+y+z=1then

Zx2+2 3xyz <1.

. . ~ . . r
Se cunoaste identitatea in triunghi Z— =1.

a
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ror.r
Folosind Lema pentru (x,y,Z) = [—,—,—J inegalitatea se scrie:
r, n T

a c

2). InAABC holds

Solutie.

Lema.

Ifx,y,z>0,x+y+z=1then
sz +2/3xz <1.

. . ~ . . r
Se cunoaste identitatea in triunghi Zh— =1.

a

Dezvoltari,Marin Chirciu

ror. r
Folosind Lema pentru(X, y,Z) =| —,7—,~— |inegalitatea se scrie
h, h, h,
2 1"2 3 3 }"3
— | +2 83— —— <l ) —5+2 <le ) —+2 <l
z a a b c Z hj hahbhc Z h2 2r2p2
R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1362.

Solve forx € (0°,90°)
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2-(1+tan13')

tan x =

>
2—(1-tan13")
Math 5/2026,CS Cheong
Solutie.

Deducem c3 solutia ecuatiei este x =19 .

Remarca.

- T V4
1). Letbea €| —,— |fixed. Solve forx €| 0,— | .
4 8 2

Solutie.

2—(1+tana)2 _2-1-2tana—tan’a 1-tan’a—2tana _

tan x = > = — = 5 =
2—(1—tana) 2—1+2tang—tan“a l—tan“a+2tana

(l_tanza) 1_& 1_ Ztana
l1-tan’a) ~ 1—tan’q l—tan2a tan45 —tan2a _

:(1_tanza)(1+2tana)_l+2tana_1+tan2a_1+tan45°tan2a_

1—tan’ a l1-tan’a
= tan(z —2aj .
4

Din tan x = tan z—2a ,X€E 0,z :>x=£—2a.
4 2 4

T
Deducem ca solutia ecuatiei este x = Z -2a.

Remarca.
Cazula =18".

2). Solve forx € (0°,90° ) .

2—(1+tan18')’

tanx = -
2—(1—tan18°)
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Dezvoltari, Marin Chirciu

Solutie.

Deducem c3 solutia ecuatiei estex =9° .
Problemal363.

1). InAABC holds

a (b + c)
24r<y ——=<12R.
ra
Solutie.
Lema.
In AABC holds
ZM =12R.
r

Inegalitatea din dreapta.

2

a(b+c)

r

a

=12R<I12R.

Inegalitatea din stanga.

2

a(b+c) Euler
———==12R > 24r.

v

a
Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

a(b+c) 6R?
12R<Y" (ha )< —
Solutie.
Lema.
In A4BC holds

a(b+c) p’+r’=2Rr
Z n r '

a

Inegalitatea din dreapta.
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a (b + c) p’+r> —2Ry Gerresen AR* + 4Ry + 37> + 1> —2Rr
ELE s =
r r

a

4R +2Rr+47° 22K+ Rr+2r7 )i ) 382 6R?

r r r r

Inegalitatea din stanga.

Z a(b+c) B p2 +r*=2Rr G”fse" 16Rr —5r* +r* —2Rr B 14Rr — 47 _
h B 7 r B 7 -

a

Euler

=2(7R-2r) > 2-6R=12R.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

Dezvoltari, Marin Chirciu

Solutie.
Lemal.
In A4BC holds
Z:a(b+c) _p+r’=2Rr
h, r '
Lema2.
In A4ABC holds
a(b+c)

=12R.

Folosind Lemele inegalitatea se scrie:

2 2
+r°=2R
P "V SR p’+r> —2Rr >12Rr < p* 214Rr—r’, vezi inegalitatea lui Gerretsen
r

p> =16Rr—5r°.
Ramane sa aratam ca:

16Rr —5r> > 14Rr —r> < R>2r, (Euler).



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1364.

1).InAABC holds

324r* < Z:bcrbrC < BIR .
8r
Solutie.
Lema.
InAABC holds

Zbcrbrc =p’ (p2 +r —8Rr) .

Inegalitatea din dreapta.

Gerretsen 27 2

Zbcrbrc =p° (p2 +r? —8Rr) < 4R (4R2 +4Rr +3r" +7° —8Rr) =

2 Euler 3 5
_27R (4R2—4Rr+4r2):27R2 (R2—Rr+r2) < 27R23i= BIR"

87 87

Inegalitatea din stanga.

Gerretsen

Zbcrbrc =p’ (p2 +r° —8Rr) > 277 (16Rr—5r2 +r —8Rr) =

277 (8Rr—42) =108 (2R—r) > 108" -3r =324+
Egalitatea are loc daca si numai daca triunghiul este echilateral.
2). InAABC holds

324r* < bchyh, <8I1R*F*
Solutie.

Lema.

InAABC holds
Zbchbhc =12p°r".

Inegalitatea din dreapta.
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Mitrinovic 27 R2

> behh, =12p°r* < 12

r* =81R%* .

Inegalitatea din stanga.

Mitrinovic

Zbchbhc =12p°r" > 12:27r°r" =324r",
Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAA4ABC holds

> behyh, < berr, .
Dezvoltari, Marin Chirciu
Solutie.
Lemal.
In AABC holds
> bchyh, =12p*
Lema2.

In AABC holds
Zbcrbrc =p’ (p2 +r —8Rr) )
Folosind Lemele inegalitatea se scrie:

12p%r < p (p2 +7r —8Rr) < 1277 < p* +1r* —8Rr < p* >8Rr+11r%, vezi inegalitatea lui
Gerretsen p° > 16Rr —5r°.

Ramane sa ardtam ca:

16Rr —5r* >8Rr +11r* < R>2r, (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1365.

1). InA4ABC holds

Solutie.
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Lema.

In AABC holds

Inegalitatea din dreapta.

za_zz“(R_‘”):{E_l)

LY. r r

Inegalitatea din stanga.

2 4(R_r)Euler4.

L= > -t

L, r r r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

2
4<S 4 2R
hh —r
Solutie.
Lema.
In AABC holds
y o 2R
hbhc

Inegalitatea din dreapta.

a> 2R 2R
Y —==<=.
hyh r r

c

Inegalitatea din stanga.

2 Euler 7).
Z a :2_R > 2-2r —4
hh, 1 r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds
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2 2
Ly a
hyh, nr.
Dezvoltari, Marin Chirciu
Solutie.
Lemal.
In AABC holds
3 @ _2R
hbhc
Lema2.
In AABC holds
Z“_2 _4(R-r)
BT r

Folosind Lemele inegalitatea se scrie:

2R _4(R-r)

< <> R>=2r, (Euler).
r r

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1366.

1). INnAABC holds
18/°p <> anr. <9Rrp.
Solutie.

Lema.

In AABC holds
Zarbrc = 2pr(4R+r) )

Inegalitatea din dreapta.

Euler

Zarbrc :2pr(4R+r) < 2pr(4R+§j=9Rrp.

Inegalitatea din stanga.
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Euler

Zarbrc :Zpr(4R+r) > 2pr(4~2r+r):18r2p.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds
187°p < Zahbhc <9Rmp.
Solutie.

Lema.

In AABC holds

Inegalitatea din dreapta.

Zahbhc _ 2pr(p2 - - 4Rr) Gerztsen 2pr(4R2 +4Rr +3r° =17 —4Rr)
R R

2
2 -
2pr(4R2 +2r2) 4pr(2R2 +7'2)Euler 4pr(2R + 4 ]
— - = P < =9Rrp

Inegalitatea din stanga.

2pr(p2 - —4Rr) Gerretsen 2pr(l6Rr—5r2 —7? —4Rr) ~ 2Pr(12RF—6r2)

> ahyh, = n > n R =

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

Zahbhc < Zarbrc _

Dezvoltari, Marin Chirciu
Solutie.
Lemal.

In AABC holds
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Lema2.

In AABC holds
Zarbrc :2pr(4R+r).
Folosind Lemele inegalitatea se scrie:

2pr(p2 -7 —4Rr)
R
ingalitatea lui Gerretsen p” <4R* +4Rr+3r°.

SZpr(4R+r) = pz—r2—4RrSR(4R+r) & p* <4R? +5Rr+17, ver

Ramane sa ardtam ca:

4R? +4Rr+3r* <4R* +5Rr+1r> < R>2r, (Euler).
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal367.

1). InAABC holds

Solutie.
Lema.

In AABC holds

Inegalitatea din dreapta.

3R\3
Z’,;)+,,;_£A/ﬁtri<navi02_3R\/§
a ro r 2r

Inegalitatea din stanga.

Zn)_'_rc :£Mim’2nov[c3r\/§:3\/§.

a r r

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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2). InAABC holds

6J§szhb+hc IR

a r
Solutie.
Lema.
In AABC holds
Z h, +h, _ 2p
a R’

Inegalitatea din dreapta.

3R3

zhb+hc :2pMim<novic2' > _3R«/§

a R r r

Inegalitatea din stanga.

zhb+hc :2_pMitrgovi02,3rJ§ :6\/§
a R v

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

3). InAABC holds

h, +h, o+,
Shth yntn

a

Dezvoltari, Marin Chirciu

Solutie.
Lemal.
InAABC holds
Z h, +h, _ 2p
a R
Lema2.
In AABC holds

Z”b""”c:E.
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Folosind Lemele inegalitatea se scrie:

p>+r° —8Rr

27 >3 < p’ >8Rr+1177, vezi ingalitatea Iui Gerretsen p° > 16Rr —5r".
r
Ramane sa ardtam ca:

2
2P <P R>2r, (Euler).
R r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema 1368.

1). InA4BC holds

Solutie.

2). InAABC holds

Solutie.
Lema.

InA4BC

Inegalitatea din dreapta.

> p(p—a) _p’+r’ —8Rr e AR> + 4Rr +31” +7° —8Rr _ 4R’ —4Rr+ 47 Fie

hyh, 4r? - 47° 4r? -
3R’
4.2%
Eger 8]" _ 3R3 .
4° 87’

Inegalitatea din stanga.
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Z p(l? —a) _p +r’—8Rr Ge’f“” 16Rr—5r" +7> —8Rr 8Rr—4r’ _ 4(2R —l”) E“>1“’
hyh. 4r* B 472 452 4r h

Eger 4(2 . 2r—r)
4r

Egalitatea are loc daca si numai daca triunghiul este echilateral.
3). InAABC holds

Zp(p—a)>zp(p—a).

hh, hr.

c

Dezvoltari, Marin Chirciu

Solutie.
Lemal.
InAABC
Z:p(p—a) _ p>+r°—8Rr
hh, 47’ '
Lema2.
InA4BC

Folosind Lemele inegalitatea se scrie:

2 2
+7r°—8R
% >3 < p’ >8Rr+11r7, vezi ingalitatea lui Gerretsen p”> >16Rr—5r°.
B
Ramane sa ardtam ca:
16Rr —5r> >28Rr+11r* < R>2r, (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema 1369.

1). InAABC holds

a(b+c)

n+r

c

12r < <6R.
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Solutie.
Lema.
InAABC
a(b+c)
=4(R
SO =4(rer)

Inegalitatea din dreapta.

Z—a(b+c) :4(R+r)E2W4(R+§j=4-§=6R.

n,*r,

Inegalitatea din stanga.

2

AO*) _yRar) L 424 r) =121
T,

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

12rszah(bbTJ;Z)s6R.
Solutie.
Lema.
In AABC
a(b+c
> h(b+hc) =6R

Inegalitatea din dreapta.

Za(b—Jrc)=6RS6R.
h, +h,

Inegalitatea din stanga.

ZM=6RE§”6-2r=12r.
h, +h,

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

a(b+c) a(b+c)
N > N
Z h, +h, _Z n+r,
Dezvoltari, Marin Chirciu
Solutie.
Lemal.
InAABC
a(b+c)
— 2 =6R.
Z h,+h,
Lema2.
InAABC
pIEACALI NP Y

n+r

c

Folosind Lemele inegalitatea se scrie:
6R>4(R+r)< R>2r, (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1370.

1). InAABC holds

6\/§SZ a-l’a S3R\/§

Solutie.
Lema.

InAABC

Inegalitatea din dreapta.

3R3

Z a-r, _ 2_pMierovic ' b B 3R«/§
—( <

p=b)(p=c) r r r

7
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Inegalitatea din stanga.

p—b)(p—c) r r

Z( a,},-a 2pMitrZ0vic’2_3r_\/?_):6\/§.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

NP ) L3R

(p=b)(p-c)
Solutie.
Lema.

In AABC

Inegalitatea din dreapta.

- 7’

Z a.]/;l _ 2p Mitrinovicz.T 3R,\/§
(p—b)(p—c) r r r

Inegalitatea din stanga.

p—b)(p—c) r r

z( a'ra 2pMitr;0vic’2,3r\/§:6\/§.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

ah, ah,
200 = Bra)
Dezvoltari, Marin Chirciu
solutie.
Lemal.
InAABC
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_ah  _2p
Z( :

p—b)(p—c) r
Lema2.

InAABC

Folosind Lemele obtinem concluzia.
Problemal371.

1). InAABC holds

I oylp=b)lp=c) 9k
2p a-r, 4p

Solutie.

Lema.

InAABC

Z(p—b)(p—C) _p A H4Rr
a-r, 4Rp '

Inegalitatea din dreapta.

Z(p—b)(p—c) _p A1’ +4Rr G AR + 4Rr +3r” +17 +4Rr AR’ +8Rr +4r”
a-r, 4Rp 4Rp 4Rp

Rp Rp Rp Rp  4p

RY' (3RY
5 ) 2 R+— —
R +2Rr+r® (R+r) #e\™ 2) \2) 9R

Inegalitatea din stanga.

Z(p—b)(l’—c) _ p>+r>+4Rr G‘”;’S‘f"16Rr—5r2 +7> +4Rr _ 20Rr —4r* _ S5Rr—r’ _

a-, 4Rp 4Rp 4Rp Rp
9R
_ r-(5R-r) Eierf"? =2.
Rp  Rp 2p

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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2).InAABC holds

9 osolp=b)lp=c) 9k
2p a-h, 4p

Solutie.

Lema.

InAABC

Z(p—b)(p—c) _4R+r

a-h 2p

a

Inegalitatea din dreapta.

R O9R
Z(p—b)(p—c):4R+rE”£’e’4R+2 2 _9R
a-h, 2p 2p 2p 4p

Inegalitatea din stanga.

Z(P_b)(p—c) _ 4R+r5g”4-2r+r 9

a-h, 2p 2p 2p
9R
:r.(SR—r)Eierr‘Tzz.
Ro  Rp 2p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

3). InAA4BC holds

y (P=b)(p=c) - (p=b)(p=c)

a-h a-r

a a
Dezvoltari, Marin Chirciu

Solutie.
Lemal.

InAABC

Z(p—b)(p—c) =4R+r'

a-h 2p
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Lema2.

InAABC

Z(p—b)(p—c) =p2+r2+4Rr
a-r, 4Rp '

Folosind Lemele inegalitatea se scrie:

2 2
p +7r +4RrS4R+I’ <:>p2+r2+4Rr32R(4R+r)<:>p2 S8R2—2Rl’—r2,
4Rp 2p

vezi inegalitatea lui Gerretsen p> <4R* +4Rr+3r°.

Ramane sa aratam ca:

4R* +4Rr+3r> <8R* —2Rr—r’ < 2R’ —3Rr—2r’ 20 < (R-2r)(2R+r)20, vezi R > 2r
,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema 1372.

1). InAABC holds

r’ 9R
RN s s
solutie.
Lema.
InAABC

Inegalitatea din dreapta.

R
> r :4R+VE“’”4R+§_9_R
(p-b)(p—c) ror 2r
Inegalitatea din stanga.
r’ 4R +r Euler 4.2y + 7
4 = > =9,
Z“(p—b)(p—c) r r
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InA4BC holds

4(2—%)2 < Z% < 9(%)3.

Solutie.
Lema.

In AABC

" P’ (p2+2r2—12Rr)+r3 (4R+r)
z( - 4R '

p=b)(p—c)

Inegalitatea din dreapta.

Z hj _ p2 (p2 +2r° —12Rr) +7° (4R + r) Gergsen
(p-b)(p—c) 4R*r*

G (4R +4Rr+3r7 )(4R* +4Rr+3r” + 217 =12Rr ) +1° (4R +7)
B 4R*r?

(4R2 +4R7f+3r2)(4R2 —8Rr+5r2)+r3 (4R +V) 16R* —16R*r +16+*

4R*r? 4R*r?
16(R4—R3r+r4) 4(R4—R3r+r4)5ule,4.9R5 OR’ R 3
4R*r? R** R 87 2r

Inegalitatea din stanga.

Z( hj =pz(pz+2r2_12R7")+7"3(4R+7")Ger;tsen

p—b)(p—c) 4R’r?

G (16Rr =517 )(16Rr —5r7 +2¢> —12Rr)+ 7’ (4R +7)
B 4R*r?

~ (16Rr—5r2)(4Rr—3r2)+r3 (4R+r) (l6R—5r)(4R—3r)+r(4R+r)

4R*r? 4R?

G4R? —G4Rr+16>  4(4R° —4Rr+r7) 4QR=r) _ (1Y
- 4R? R R> '
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

Dezvoltari, Marin Chirciu

Solutie.
Lemal.
InAABC
3 s ~ p’ (p2+2r2—12Rr)+r3 (4R+7)
(p-b)(p—c) 4R’r? '
Lema2.
InAABC

v’ _AR+r
2 -

p—b)(p—c) r

Folosind Lemele inegalitatea se scrie:

2 2 2 3
p (p +2r —12Rr)+r (4R+r)£2-4R+r<:>
4R R r

o p’(p*+2r7 —12Rr)+ 7 (AR+7) 2 8Rr* (4R +7),

vezi inegalitatea lui Gerretsen p*> >16Rr —5r".

Rdmane sd aratam ca.

(16R1”—57’2)(16Rr—5r2 +2r7 —12Rr)+r3 (4R +r) >8Ry’ (4R +r) =S

& (16R-5r)(4R-3r)+r(4R+r)28R(4R+r) < 4R*-9Rr+2r* 20 &

= (R—2r)(4R—r) >0, vezi R >2r ,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problemal373.
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1). InAABC holds

4 B_1)< Es45—12.
(F)ezi=e(i)

r r r

a
Solutie.
Lema.

In AABC

be _ p>+r*—12Rr

2 2
r r

a

Inegalitatea din dreapta.

be _ p>+r’—12Rr G”Z’S@” 4R* +4Rr +3r* +1> —12Rr B 4AR*> —8Rr +4r’
2 - —_

2 - 2 2
T r r r

Inegalitatea din stanga.

=1
r 7"2 1’2 7’2 r r

a

be _ p*+r’=12Rr G”Z”enmRr—SrZ +r>—12Rr _4Rr—4r> 4(R-r) “{R j
c_ S _ _ -

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

4< E < 2_R
oo
Solutie.
Lema.
In AABC
be 2R
h? ro

a

Inegalitatea din dreapta.

bc 2R 2R
=<

2
h 7 7
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Inegalitatea din stanga.

Euler
be _2R™,.

72
h —r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC
ZZ—S < %.
Dezvoltari, Marin Chirciu

Lemal.
InAABC

be 2R

Boor '
Lema2.
InAABC

be _ p>+r’—12Rr

2 2
r r

a

Folosind Lemele inegalitatea se scrie:

2_R< p*+r*—12Rr
- 2

r r

& 2Rr < p* +1* —12Rr < p* 214Rr—17,

vezi inegalitatea lui Gerretsen p> >16Rr —5r°.

Ramane sa ardtam ca.

16Rr —5r° >14Rr —r* < R > 2r ,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal374.

1). InAABC holds

Solutie.
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Lema.
InAABC
zrhrc _ p(p2 +l"2 —12RI’)
ar, 4Rr* '
Inegalitatea din dreapta.
5 p(p* +7” —12Rr ) Gerasen p(4R” +4Rr +3r” + 17 ~12Rr)
Dple _ < =
ar, 4Rr? 4Rr?

p(4R2 —8Rr+4r2) p(R2 —2Rr+r2) p(R—r)2

4Rr* Rr? Rr?

Inegalitatea din stanga.

rr p(p2 +77 —12Rr) Ger;tsen p(l6Rr—5r2 +7’ —12Rr) p(4Rr —4r2)
Za_ra - ARr - ARP T 4R
Rr R\ r '

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds
3\/_ —< Z h hc < i

Solutie.
Lema.

InAABC
Z%:Q
ah R

Inegalitatea din dreapta.

3R\3
Z%ZEMWZUWCT _M
ah, R =~ R 2

a

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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Inegalitatea din stanga.

Z%_EMM;UWC 3},«\/§
ah, R R

a
Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

zaha Szara'

Solutie.
Lemal.
In AABC
Z kbhc :B.
ah, R
Lema2.
InAABC
Z%— p(p2 +r° —12Rr)
ar, 4Rr? '

p—a p>+r’—12Rr

Am folosit mai sus: Z = 3 .
a(p—b)(p—c) 4Rr

Folosind Lemele inegalitatea se scrie:

- p(p2 +7? —12Rr)
B ARr?

S 4 < pP+1r° —12Rr < p® 212Rr +317,

S RRS

vezi inegalitatea lui Gerretsen p”> >16Rr —5r".

Ramane sa ardtam ca.

16Rr —5r* >212Rr + 31> < R > 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1375.

1). InAABC holds

Dezvoltari, Marin Chirciu
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_<Zr—r %

v, +r
Solutie.
Lema.
InAABC
Zra—r_z a _2(p2—r2—Rr)
ra+r_ b+c  p*+r*+2Rr

Inegalitatea din dreapta.

2([)2 - —Rr) r 2 2 2
— <2—-— <& p” <6R” +2Rr—r", veziinegalitatea lui Gerretsen
p +r +2Rr R

P> <4R’ +4Rr+3r.
Ramane sa aratam ca:

AR? +4Rr+3r* <6R*+2Rr—1r* & R*—Rr-2r' >0 < (R—2r)(R+r)20,vezi R>2r
,(Euler).

Inegalitatea din stanga.

a Nesbltt 3

et i

ro4r b+c

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

2). InAABC holds

3 h,—r r
220w
Solutie.
Lema.
InAABC

zha—r_Isz—rz—IORr
h,+r 9p> +r* +6Rr

Inegalitatea din dreapta.
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_ 2_,2_ ()
Zha r 15p™—r 10Rr<2 r

ha+r_ Op*+r’+6Rr ~ R’
22 e
unde D2 IRy T s 3p? (R-3r)+ (22K ~3Rr = 1) 2 0.
Op°+r +6Rr R

Distingem cazurile:

Cazull). Daca (R—3r) >0, inegalitatea este evidenta.

Cazul2). Daca (R—3r) <0, inegalitatea se rescrie:

r(22R2 —-3Rr —rz) >3p*(3r—R), vezi inegalitatea lui Gerretsen: p> <4R* +4Rr+3r.
Ramane sd aratam ca:

r(22R* =3Rr—17)23(4R* +4Rr+3r")(3r - R) < 6K —R°r—15Rr* —14r’ 20 &
< (R-2r)(6R* +11Rr+7r*) 2 0, vezi R > 2r (Euler).

Inegalitatea din stanga.

Zha—r _15p* —1"~10Rr 23
h+r 9p*+r*+6Rr 2’

2_ 2_ (2)
p —r 10Rr2§<:>2(15p2—r2—10Rr)23(9p2+r2+6Rr)<:>
Op"+r +6Rr 2

unde

<> 3p° >38Rr+5r7, vezi inegalitatea lui Gerretsen p” > 16Rr—5r".
Ramane sa ardtam ca:

3(16Rr—5r*) 2 38Rr+5r° < R >2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

3). InAABC holds

h —r r—r
2 s>

h,+r ro+r
Dezvoltari, Marin Chirciu

Solutie.
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Lemal.
InAABC
zha—r:15p2—r2—10Rr
h,+r 9p® +r* +6Rr
Lema2.
InAABC

r—r _2(p2—r2—Rr)
r.+r  p +r +2Rr '

2

Folosind Lemele inegalitatea se scrie:

2_ 2 2(p*=r*—Rr
15p2 rz 10Rr < (f 5 ) o p (3p2—30r2 —26Rr)+r2 (8R2 —2Rr—r2)20.
Op”+r +6Rr p +r +2Rr
Distingem cazurile.

Cazull). Daca (3p2 —30r% — 26Rr) > 0 inegalitatea este evidenta.
Cazul2). Daca (3p2 —-30r% - 26Rr) < 0 inegalitatea se rescrie:

r (8R2 —14Rr —»* ) > p’ (26Rr +3077 —3p2), care rezulta din inegalitatea lui Gerretsen
16Rr —5r* < p* <4R* +4Rr+3r".

r (SR2 —2Rr —r2) > p’ (26Rr +30r° —3p2)

Rdmane sd aratam ca:

P (8R* =2Rr—r”) 2 (4R + 4Rr+3r”)(26Rr + 307" =3(16Rr ~ 57" ))

< 22R —21R*r —28Rr* =34 20 < (R—2r)(22R* +23Rr +17/7) 20,

vezi R > 2r ,(Euler).
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1376.
Solve for integers
2 =¥+ x+1

OL-2014-Dambovita, GM 1983
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Solutie.

1
1).Dacix <2 =2 <27 = 5 <x*+x+1 =fals.

2). x = —1 este solutie.
3). x =0nu convine.

4). x =1este solutie.

5).Dacax>1= 2 s X x+ 1, inductie matematica.

Multimea solutiilor ecuatiei este S = {—1, 1} .

Problemal1377.

1). InAABC holds

Solutie.
Lema.

InAABC

Inegalitatea din dreapta.

Z2R—ra :L<L

bc 2R 4r

Inegalitatea din stanga.

Z2R—ra 1 S 1

bc 2R 2R’

Remarca.

2). InAABC holds

Solutie.

L< 2R-r, 1
2R bc  4r’

2R—r, 1
z bc 2R’

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

—<

4r be 4t

1 Z2R—ha J2R-3r
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Lema.

InAABC

Z2R—ha _2R-3r
bc 2Rr

Inegalitatea din dreapta.

Z2R—ha _2R-3r E’i”2R—3r
be 2Rr 4

Inegalitatea din stanga.

Z2R—ha_2R—3rE“>’”2-2r—3r_ r 1

bc 2Rr 4r? 47> 4r’

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

2R—h, 2R-r,
Z bc ZZ be

Dezvoltari, Marin Chirciu

Solutie.
Lemal.
InAABC
zZR—ha _ 2R-3r
bc 2Rr
Lema2.
InAABC

Z 2R-r, 1
bc 2R
Folosind Lemele inegalitatea se scrie:

2R - 1
3 > — <> R >2r (Euler).
2Rr 2R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1378.
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ifa,b,c>0,a+b+c=1then

7Zab <2+9abc.

April Octogon 2007, Mihaly Bencze, Brasov
Solutie.

Folosim pgr -Method.
Notémp:Za zl,q:Zab,r:abc.

Inegalitatea se scrie: 7¢g <2+9r, care rezult3 din inegalitatea lui Schur p° —4pg+9r >0, p=1 <
1-49+9r20 < 9r=4q-1.

Este suficient sa aratam ca:

7q<2+4q-1<3q<1,vezil = p* >3qg = 3¢ <1.
Egalitatea are loc dacd si numaidacda=b=c =§.

Remarca.

1),1fx,y,z>0,x+y+z=1and4k >n>0then

nZab < k+9(n—3k)abc.

Solutie.

Folosim pgr -Method.
Notémp:Za zl,q:Zab,r:abc.

Inegalitatea se scrie: ng < k+9(n —3k)r, care rezults din inegalitatea lui Schur p° —4pg+9r >0,

p=1<1-4¢+9r20 <= 9r=>4qg-1.
Este suficient sa aratam ca:
nqsk+(n—3k)(4q—l) = 3q(4k—n)£(4k—n) &3¢ <1,vezil=p° >3q =>3q<1.

Egalitatea are loc dacd si numaidacda=b=c= g

2).1fx,,z>0,x+y+z=1and0< A <4then
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AY ab<1+9(A-3)abc .
Solutie.

Folosim pgr -Method.
Notémp:Za zl,q:Zab,r:abc.

Inegalitatea se scrie: Ag < 1+9(ﬂ—3)r, care rezults din inegalitatea lui Schur p° —4pg+9r >0,
p=1=1-4¢+9r>20 <= 9r=>4qg-1.

Este suficient sa aratam ca:

Ag<1+(A-3)(4g-1) = 3q(4-2)<(4-2) © 3q<1,vezil = p’ 23qg = 3¢ <1.
. . . 1
Egalitatea are loc dacd si numaidacda=b=c= 5

CazulA =4.

3).Ifx,y,z>0,x+y+z=1then

4> ab<1+9abc.
Dezvoltari, Marin Chirciu
Problema1379.
In AABC then
Zaz cos 4 < 91; .
RMM 5/2026,Nguen Hung Cuong, Vietham
Solutie.
Lema.
In AABCthen

3 a cosA=%(3p2 ~r? —6Rr—8R?).

Gerretsen

LHS =Y d? cosAz%(3p2 —1*—6Rr-8R*) < E<3(4R2 +4Rr+3r" )=’ —6Rr -8R’ ) =

=RHS .

Euler 2 FEuler 2
=1(4R2+6Rr+8r2)=2(2R2+3Rr+4r2) <2 R g, IR
R R R



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

Remarca.

1). InAABCthen

%(m2 —2R2)sZa2 cos A<9Rr .

Solutie.
Lema.

In AABC then
a?cosA=-—(3p* —r> —6Rr—8R?).
> = (3p )

Inegalitatea din dreapta.

ey :%(3p2 2 _6Rr_gR2)Ger§tse"%(3(4R2 +4Rr+3r>) = 1" —6Rr—8R” ) =
=L (4R* +6Rr +8/%) = z(2R2 +3Rr+ 47 )52”2- IR _gp. e Ok
R R

Inegalitatea din stanga.

Gerretsen

3 a cosA:%(3p2 ~r*—6Rr—8R*) 2 %(3(16Rr—5r2)—r2 —~6Rr—8R* )=

7 Euler 2

:%(—81&2 +42Rr—16r2)=%(—4R2 +21Rr—81%) > %(—41{2 +34r2)=%(17r2 ~2R?).
Egalitatea are loc daca si numai daca triunghiul este echilateral.
2). InAABCthen

6pr< Za2 sin A < 2p(2R—r).

Dezvoltari, Marin Chirciu
Solutie.
Lema.

In AABC then
D
D a’sin4 :E(p2 ~377 —6Rr).

Inegalitatea din dreapta.
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Gerretsen p

ZazsinAzﬁ(p2—3r2—6Rr) < S(4R +4Rr+ 37" =37 ~6Rr)= %(4R2—2Rr)

:2p(2R—r).

Inegalitatea din stanga.

Gerretsen p

Zaz sin 4 =%(p2 -3 —6Rr) > E(I6Rr—5r2 -3 —6Rr) = %(10Rr—8r2) =

Euler

2pr 2pr
SR—4r ‘3R=6pr.
R ( ) R P

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1380.

Ifa,b,c > 0then

1
Z a+b 4261
MathAtelier 5/2026, Konstantinos Geronikolas, Greece
Solutie.
1 C>S 9 _ 9 _ 9
(a+b)  Dl(a+b) Y2(a’+b*) 4dd°

Egalitatea are loc dacd si numaidacaa=b=c.

= RHS.

LHS =Y’

Remarca.

1). Ifa,b,c > 0 then

1

Z a+b 820

Solutie.

(&) 9 Halder 9 9
> p—
a+b) S(at+b)  D4(a’+b) 8Yd’

Egalitatea are loc daca si numaidacaa=b=c.

LHS = Z = RHS .

2). Ifa,b,c > 0then
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Z 1
a + b 162 a

Solutie.

C>S 9 Halder 9 9
a+b) S(a+b)  Y8(a*+b) 1634’

Egalitatea are loc daca si numaidacaa=b=c.

LHS = Z = RHS .

3).Ifa,b,c > 0andn e Nthen

1
2 (a+b)’ 2”261
Dezvoltari, Marin Chirciu

Solutie.

Pentrun = 0 se obtine egalitatea3 =3.

>

Pentrun =1avem z
a +b 22(1

vezi inegalitatea lui Bergstrom.

Pentrun > 2 se foloseste inegalitatea lui Holder.

1 (;S' 9 Holder 9 9
(a+b)  S(a+b)y — D27 (a"+b") 2')a"

Egalitatea are loc daca si numaidacaa=b=c.

=RHS .

LHS =Y

Problema1381.

Ifa,b,c>0,a+b+c=1then

Z\/;23\/§Zab.

Rahim Shahbazov, Azerbaijan, RFO-final

Solutie.

X z
Cu substitutia (a,b,c) = (5’%’5) problema se reformuleaza.

Ifx,y,z>0,x+y+z=3then

PREEDIS
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Demonstratie.

Lema.
If x > 0then
X +2\/; >3x.

Demonstratie.

AG
¥+ 20x =x7 + x+\/;23»\3/x2~«/;-\/;=3x,cu egal pentrux’ =+/x & x=1.

Scriind si celelalte doua inegalitatati analoage si adunind obtinem:

Zx2+22«/;232x=3~3=9 :>Zx2+22«/;29 @(Zx)2—22xy+22\/;29 =
23+ 2D Wx29 & 2) 42> Wx 20 D Vx= Y ay.

Egalitatea are locdacd sinumaidacix=y=z=1<a=b=c= 5

Remarca.

1). InAABC holds

ZT > 37"\/3_1"2— .
Solutie.

Lema.

Ifx,y,z>0,x+y+z=3then

r 3r
Se cunoaste identitatea in triunghi Z— =l ) —=3.
” ”
3r 3r 3r
Aplicand Lema pentru(x Y,z ) —,—,— | obtinem:
nh L

3r 3r 3r 9r 1
Trertley Fay oy ]

Ta ’””b 3 <,
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& ZT > 31&/52—

.

2). InAABC holds

hh
Dezvoltari, Marin Chirciu
Solutie.
Lema.

Ifx,y,z>0,x+y+z=3then

PREEDNE

r 3r
Se cunoaste identitatea Tn triunghi zh_ =l Zh— =3.

a a

_ 3r 3r 3r _
Aplicand Lema pentru(x, y,z) =| —,—,— | obtinem:
h, h, h

z Z3r 3r Z

1
Z W

hh

ZT>3F\/3_I’

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1382.
1). InAABC holds

216r° <[ [(r, +1r.)<27R’.

Solutie.
Lema

In AABC holds

10 +7)=4rp".

.Inegalitatea din dreapta.
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Mitrinovic 7 R2

[1(n+r)=4Rp* < 4R

=27R>.

Inegalitatea din stanga.

Euler &Mitrinovic

[1(n+r)=4R0* = 4.2r-277° =216r".
Egalitatea are loc daca si numai daca triunghiul este echilateral.
2).In AABCholds

216r° <[ [(h, +h.)<27R’.
Solutie.

Lema

In AABC holds

rp2 (p2 +ri 4 2Rr)

H(hb+hc)= R’

Inegalitatea din dreapta.

27R’
rp2 (p2 + 7"2 + 2RI") Mitrinovic & Gerretsen r 4 (4R2 + 4Rl" +37"2 + r2 + 2Rr)

H(hb+hc): R2 < =

RZ

R
27,,- Euler 27 N

SEUAPYS +6Rr+47°) = ST (2R +3Rr+21°) < 72-41132 _ 7R,

Inegalitatea din stanga.

27Rr

Ly A Rt -5 +r* +2Rr
p\p +7r " +2Rr Turtoiu&Gerretsen ¥ (16R7" Sri4rt+ )
TT(h+h)= ( e ) : R’ )
r~&(18Rr—4r2) r-&~2r(9R—2”)Euzer”'&'zr'gR
" __ 2 > 2 =216r" .
R R R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3).In AABC holds

[T +n)<]1(n+7).

Dezvoltari, Marin Chirciu



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

Solutie.
Lemal
In AABC holds
2 2 2
H(hb+hc)=rp (p -;1; +2Rr)-
Lema2.
In AABC holds

[10i+7.)=4Rp".

Inegalitatea se scrie:

rp2 (p2 +ri 4 2Rr)
RZ

<4Rp’ & r(p2 +r +2Rr)S4R3,

vezi inegalitatea lui Gerretsen p* <4R> +4Rr+377.

Ramane sa aratam ca:

r(4R* +4Rr+37 +7° +2Rr) S4R’ < r(4R* + 6Rr +4r° ) <S4R <
< (2R +3Rr+217 ) S2R < 2R -2Rr=3R° -2r° 20 <

< (R —21/)(2R2 +2Rr+r2) >(,vezi R >2r,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1383.
In AABC holds
ZE >4
hr.

Solutie.

Lema

In AABC holds

4R+ 7Y
ZE =1+ # .
nr. P
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2 2
LHS=Zb—c=1+(4R+2r) G (4R+7) 2 :1+2(2R—F)=5R—2rE21 A
nr. p R(4R+7) R R
2(2R—r)

Remarca.
1). InAABCholds

2r bc 2R

5-—< >y —<—.
R nr. 1
Solutie.
Lema
In AABC holds
be (4R+r)’
ybe B
rbrc p

Inegalitatea din dreapta.

(4R+r)2 Gerretsen (4R+r)2 1 R_'_r_R_i_erZerR_i_R_%

E:1+—2 < 1+ =1+

nh P r(4R+r) r r r r
R+r

Inegalitatea din stanga.

2 2
(4R-|;r) Gezefsen1+ (4R+r) 2 :1+2(2R—r):5R—2r:5 2r.
p R(4R+r) R R R

2(2R-r)

bc
LHS:Z;:I'F
b

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

Solutie.
Lema

In AABC holds
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be D (p2 +2r° —8Rr)+r2 (4R+r)2

2 nh

4p2r2

Inegalitatea din dreapta.

Z bc _ p2 (p2 +27'2 —8Rl")+l"2 (4R+l")2 _ p2 +27"2 —8Rr N (4R+r)2 Gerztsen
hyh, 4p’r’ 4> ap*

Gorasn 4R + 4Rr +3r +2r° ~8Rr (4R+7)" AR’ —4Rr+5/ JRer_

47 . r(4R+r) - 4 4r
R+r

4R* —4Rr+5r" L Rtr_ AR’ —3Rr+61” 7 4R* R*

472 4r 47? 42 7P

Inegalitatea din stanga.

5y be _ P’ (p2 +2r —8Rr)+r2 (4R+r)2 P2 SRy +(4R+r)2 G
hyh, 4p°r? 4 4p*

Goweer 16Rr =5r° +2r° =8Rr _ (4R+7)" _8R-3r 2R—r B8R +Rr—2r’f
- 4r R(4R+rY 4r 2R 4Rr -

2(2R—r)

Euler 8R2 2R
> ===
4Rr 7

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). In AABCholds
Z_bc ZZE
hbkc l/}7rc
Dezvoltari, Marin Chirciu
Solutie.

Lemal

In AABC holds

be P (p2 +2r7 —8Rr)+r2 (4R+r)2

2"

b

4p2r2
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Lema2

In AABC holds

Z£:1+—2

nr. p

Inegalitatea se scrie:

2 2 2 2 2 2
p (p +2r 8Rr)+r (4R+7r) . (4Rtr)

4p2r2 p

2 2 2 2 2 2 2
p (p +2r 8Rr)+r (4R+r) 2p +(4f+r)

4p2r2 p

= p2 (p2 +2r? —8Rr) +7° (4R + r)2 > 4rzp2 + 472 (4R +r)2 =
o p’ (p2 —2r° —8Rr) > 32 (4R +r)2, vezi inegalitatea lui Gerretsen:

r(4R + r)z

p> =16Rr—5r* >
R+r

Este suficient sa aratam ca:

2
M(mm =52 =21 —8Rr) 2317 (4R +7) =
R+r

< (8R—7r)23(R+r) < 5R=10r < R>2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1384.
In AABC holds

a
Remarca.

1). InAABC holds

Solutie.
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Lema

In AABC holds

p(p2 +r2—8Rr)

Ble _
Z a 4Rr

Inegalitatea din dreapta.

p(p2 +7° —8Rr) Gerretsen p(4R2 +4Rr +3r* +17 —8Rr)
<

_\ 0t _
LHS = 27 B 4Rr B 4Rr B
3R’
B p(4R* —4Rr+4r7) B p(R’ —Rr+r2)Eu<ze,p~87 3R
4Ry Rr - Rr 872

Inegalitatea din stanga.

p(p2 +r —8Rr) Ger;tsen p(16Rr—5r2 +r —8Rr) _ p(8Rr—4r2) _

LHS =3 e -
a 4Rr 4Rr 4Ry

_ p(2R—r) Euzlerp(2-2r—r) _ 3pr'
R R R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

3rp hh, 3p
R Z a

5"
Solutie.
Lema
In AABC holds
z hyh. _ 3rp
a R

Inegalitatea din dreapta.

3 R
ok 3m 2P 3p
a 4R R 2

Inegalitatea din stanga.

z%_@>3ﬂ
a R R
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3). InAABC holds

a a
Solutie.
Lemal
In AABC holds
Z hyh, _ 3rp
a R
Lema2
In AABC holds
Zrbr"’ B p(p2 +r —8Rr)
a 4Rr

Inegalitatea se scrie:

3££ p(p2 +r? —8Rr)

<127 < p” +1° —8Rr < p* 28Rr+1177,
R 4Rr

vezi inegalitatea lui Gerretsen: p° >16Rr—5r".

Ramane sa ardatam ca:

16Rr —5r* 28Rr+11r* < R>2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1385.

In AABC holds

nr 9
Zbcg4'

Solutie.
Lema

In AABC holds

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

Dezvoltari, Marin Chirciu
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Z£_4R+V

C

be 2R

Euler
LHS =y, 2% ARy %—RHS

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

1). InAABC holds

9r 9
- < e <Z
2R z bc 4

Solutie.
Lema
In AABC holds
zﬁ: 4R+r
bc 2R

Inegalitatea din dreapta.

s AREr o 1Y

bc 2R 2R 4

Inegalitatea din stanga.

Zrbr 4R+r5'§e’4 2r+r 9r
bc 2R 2R 2R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2), InAABC holds

2
91; - hbﬁc <2+%'

Solutie.

Lema

In AABC holds

Z hh,  p*—r’—4Rr
be 2RF

Inegalitatea din dreapta.
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=2+—.
bc 2R? 2R? 2R? R? R?

D hh, _p’—r’—4RrGrea AR® +4Rr +3r* —1* —4Rr 4R’ +2r° 2R’ +1” v

Inegalitatea din stanga.

> hh,  p*—r’—4Rr Gerresen | 6 Ry — 5/ —r’—4Rr 12Rr—6r° 6Rr-3r’ Bl
bc 2R’ B IR? R? R =
E”>"” 6r-2r-3r° _ %

> 7 I
Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). In AABC holds
hyh I
D « N ble
Z be z be

Dezvoltari, Marin Chirciu

Solutie.
Lemal
In AABC holds
Z hh,  p*—r’—4Rr

bc 2R® '
Lema2
In AABC holds

sk AREr

bc 2R

Inegalitatea se scrie:

p’—r’' —4Rr < 4R +7r
2R 2R
lui Gerretsen p° <4R* +4Rr+3r".

= p2 —r* —4Rr<4R*+Rr & p2 <A4R? +5Rr+7r?, vezi inegalitatea

Ramane sa aratam ca:
AR*> +4Rr +3r* <4R* +5Rr+r* < R>2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1386.

Ifx,y,z>0,x+y+z=1then
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Solutie.

1

1 1
LHS =Y ——==3" <y = =
4—39xy 4_3dx,y, , x+y+:13+; 4—j~(x+y+‘;‘j

1
3

W | —
N
|
W

4 )
=Y ———<1=RHS,
14-3x-3y

(M —
S N SUITONS N R DG R
14-3x-3y 14-3x-3y 4 3x+3y—-14 4

3 RS 9 9 9 _9 -
3x+3y-14 D (3x+3y-14) 6> x-42 6:1-42 -36 4

Egalitatea are loc daca si numaidacdax=y=z=—.

3

Remarca.

1).1fx,y,z>0,x+y+z=1and A > 1then

Solutie.

1 1 AG 1 1
LHS =) ———= < = =
/1—34x.y.7.7 x+y+ + ﬂ,—*' x+y+i
33 A1-3 3 3 3
4
1 4 M3
=> => < = RHS,
3 2 42-2-3x-3y A-1
A==+ x+y+—
3
()]
undez 4 < 3 <:>Z ! < 3 <
42-2-3x-3y A-1 42-2-3x-3y 4(A-1)

<:>Z ! > , vezi
3x+3y+2-44 4(1—/1)
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1 cs 9 9 9
E > = =
3x+3y+2-44" > (3x+3y+2-44) 6> x+3(2-41) 6:1+3(2-44)

9 3

T12(1-2) 4(1-2)

Egalitatea are loc daca si numaidacdax=y =z =—.

3
CazulA=2.

2).1fx,y,z>0,x+y+z=1then

3). InAABC holds

Solutie.
Lema.

Ifx,y,z>0,x+y+z=1then
— <
4—-3/9xy
Solutie.

r
Se cunoaste identitatea in triunghi Z— =1
r

a

r
Folosind Lema pentru (x,y,z) = (—, ,
T

4). InAABCholds
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Dezvoltari, Marin Chirciu

Solutie.
Lema.

Ifx,y,z>0,x+y+z=1then

r
Se cunoaste identitatea in triunghi zh_ =1

a

Folosind Lema pentru (x,y,z) = [hi’hi’hLJ obtinem: Z— <1.
a b c
4—

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1387.

In AABC holds

Zcfra =4pS.
Solutie.
Lema

In AABC holds

Zazra =4p’ (R—r).

Euler

LHS =) a’r,=4p*(R-r) > 4p*(2r—r)=4p’r=4pS =RHS .
Remarca.

1). InAABCholds

27R*
1087 < Zazra < it
Solutie.
Lema
In AABC holds
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Zazra =4p’ (R—r).

Inegalitatea din dreapta.

erretsen uler 4
Y air, =4p" (R=r) < 4(4R +4Rr+37)(R-r) =4(4R =R =3r") < 4'2176R B
r
_27R*
T

Inegalitatea din stanga.

Gerretsen Euler

Zazra =4p’ (R—r) > 4(16Rr—5r2)(R—r):4r(16R—5r)(R—r) > 1087°.
Egalitatea are loc daca si numai daca triunghiul este echilateral.
2). InAABC holds
1087° <> a’h, <27R’r.
Solutie.

Lema

In AABC holds
Zazha =4p’r.

Inegalitatea din dreapta.

Mitrinovic 27 R2

Y. a’h,=4p’r < 4r =27R’r.

Inegalitatea din stanga.

Mitrinovic

Zazha =4p’r = 4r-27r* =108r°.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

Zazha < Zazra .
Dezvoltari, Marin Chirciu

Solutie.

Lemal
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In AABC holds

Zazha =4p°r.
Lema2

In AABC holds
Zazra =4p’ (R —r).

Folosind Lemele inegalitatea se scrie:
4p’r<4p’ (R—r) <> R>2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1388.
In AABC holds
1 9
Z—Zz?.
Solutie.
Lema
In AABC holds
1 p*—2r—S8Rr
Zr_zz p2r2 :
2_ 2_ 2 Gerretsen 2
LHSZZ%:MZ% _LZSR’” S iz 1— 22’” +8Rr _|=
7 pr r P r 4R" +4Rr +3r
1 4R2_4R + 2 Euler 1 1 1 Mitrinovic 9
= > o= > S =RHS.
r~ 4R° +4Rr+3r r~ 3 3r p

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

1). InAABC holds

Solutie.
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Lema

In AABC holds

1 p*-2r —8Rr
Zr_z pzrz

Inegalitatea din dreapta.

Zi_p -2 —8Rr_i( 2r° +8RrJGer§tsen 1 [1_ 2r2+8RrJ_
2 - 2 = -

r’ 16Rr — 51

1 8R-7r E”<’€’1 R i
> 16R-5r  r* 6r 61

Inegalitatea din stanga.

Zi_pz—Zrz—SRr_L 1_2rz+8Rr Ge’gfse”i - 2r* +8Rr _
2 ) = -

- pr’ r P’ r 4R* +4Rr +3r°

1 4R*—4Rr+r* Eg” 11 1
r* AR*+4Rr+3r7 3 37
Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

Solutie.
Lema

In AABC holds

1 p°—r° —4Rr
I 2p°r?

Inegalitatea din dreapta.

Zl p —2r —8Rr_ 1 ( 27 +8RrJGergsen 1 (1 2r2+8Rr]_
2 __2 = T igpa. .2 |

r’ 16Rr —5r*

'

I 8R-Tr®r1 R R
 16R=5r — r* 6r 6r°°

Inegalitatea din stanga.
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Zi p -2’ -8Rr 1 [ _2r2+8Rerer;fse" 1 [1 2r? +8Rr j:

2 » AR +4Rr+317

2.2 2
pr r

2
7

1 4AR’—4Rr+r’ Eg” 1
=—. > —

1
> AR? +4Rr+31* 1 3

1
3%
Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

IR

m}.‘u| -

Dezvoltari, Marin Chirciu
Solutie.
Lemal

In AABC holds

1 p’—r’—4Rr

h2 2p2r2
Lema2

In AABC holds

1 p*—2r’—S8Rr
2_2: 2.2 :
7 pr

Folosind Lemele inegalitatea se scrie:

p°—r*—4Rr < p> —2r> —8Rr
2p2r2 - p2r2

© P —r'—4Rr<2(p’ 27" -8Rr) &

< p° 212Rr +3r7, vezi inegalitatea lui Gerretsen p° >16Rr —5r”.
Ramane sd ardtam ca:
16Rr —5r* >212Rr +3r* < R > 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1389.

ifa,b,c,d >0,a+b+c+d=4andn>2then
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1+4a"
>8.
2T

Mathematical Inequalities, Craciun Gheorghe
Solutie.

1+a"

LHS = Z >4+4=8=RHS, vezi

Loy

z 1 CS(ZI) CBS 42 B 4?2
Ja ZJ_ Y a “Jaa

1
ensen n_E "
Z Zan“]_ (Za) 4,
( i
4 2 4 2
Egalitatea are loc daca sinumaidacaa=b=c=d =1.

Remarca.

Ifa,b,c,d >0,a+b+c+d=4andn>2,41>0then

SIS 4(a1),

N

Marin Chirciu

Solutie.
LHS = Zl”“ Z%+AZ%Z4+A-4:4(1+1):RHS,vezi:

z 1 CS(ZI) CBS 42 B 4?2
Ja ZJ_ Y a “Jaa

n-t L
Jensen
SR O30
> = =4,
DN IV

Egalitatea are loc dacd sinumaidacia=b=c=d =1.

Problema1390.

Fie sirul (an )n>1 definit prin0<aq, <lsia, , = aj —aft +1,Vn=>1.
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Sa se calculeze

lim(a,a,..a,)silim(a,)" .

n—>0 n—>0

0J-1994-Arges, Florian Dumitrel, Slatina

Solutie.

Sirul (an )n>l este convergent(este strict crescator si marginit a, € (O, 1) ) si are limital.

—-a 1—-a 1-
Avem aj =—nl = alzazz...aj =—nl — a,a,..a, = n+l
l-a, I-aq, l—-a,
. . |1—-a 1-1
= lim(a,a,...a,) =lim il = =0.
n—» n—>o00 l_al l—al

Deducem c3lim(a,a,...a,)=0.

n—o0

. n n b (an—l)n lim(an—l)n -l 1
hm(an) :(1+(an —1)) 1+(an —l)a,rl = e —e? = —
n—»0 ’e

Am folosit mai sus:

Stolz—Cesaro —
lim(a, ~)n=lim—"—" = lim—2 i 1 =

n—o n—ow 1 n—w 1 1 n—oo 1 1

) 1 . —a -1
=lim————=1im o l=—.
e 1—qar o\ 1+a 2

1
Deducemci lim(a ) =—.

Hoo( ”) \/g
Remarca.

1). Fie sirul(a definitprin0<a, <lsia , =a’—a +1,Yn>1.
nJ/n=l 1 n+l n n

Sa se calculeze

lim(aa,...a,)silim(a,)" .

n—>0 n—>0

Solutie.
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Sirul (an )n>1 este convergent(este strict crescator si marginit a, € (0, 1)) siare limital.

Avema, SLLUTIEN a,a,..q, _1man, = lim(alaz...an):liml_a’““l _ 1 =0=>
l-a, l1-a, n— e 1—q 1-a

Deducem c3lim(a,a,...a,)=0.

. n n 1 (g 1)n lim (a,—1)n 1 1

lim(a,) :(1+(an—1)) =| 1+(a,—1)a- =g =e'=—.

n—»o e

Am folosit mai sus:

. . n Stolz—Cesaro . n+1_n . 1

lim(a, ~1)n =lim— = lm—y T = lim—— 1

a,—1 a,,—1 a,-1 a,(a,-1) a,-1
) 1 )
=lim ———=lim(-a,)=-1.

n

a, (an —1)
e w1
Deducem c& lim(aq, )" =—.
n—o e

2). Fie sirul(a definitprin0<a, <lsia ., =a' —a’ +1,Vn>1.
n Jp>1 1 n+l1 n n

Sa se calculeze
lim(aa,..a,).

Solutie.

Sirul (an )n>1 este convergent(este strict crescator si marginit a, € (O, 1) ) siare limital.

l-a l—a l-a

3 3 3 3

Avema =—" = g'a)..a =— = aa,..a, =3 il
l1-a, 1-q I-aq

:>lim(alaz...an)zlimi/l_a”+1 :i/l_aw 0.

n—o0 n—o0 1 — al 1 — al

Deducem ca lim(alaz...an) =0.

n—»0
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. n n b (an—l)n lim(an—l)n -l 1
lim(a,)" =(1+(a,~1))" =| 1+(a, —1)a- =e —e? =—.

n—>0

Am folosit mai sus:

. . n Stolz—Cesaro . n+l—n . 1
fim(a, ~1)n=lim—— = lim— -
a,—1 a.,—1 a -1 an(an—l) a,—1
3
—lim— = lim| —%_|=-1
o ]—ar e\ 1+a, +a, 3
aj(an—l)
1

Deducem ca lim(a )n =—.

e Sl {/E
3). Fie sirul (an )n>l definit prin0<a, <lsia, ,, = af” —af +1,vn>1,keN".
Sa se calculeze

lim(aa,..a,).

n—>0
Dezvoltari, Marin Chirciu

Solutie.

Sirul (an )n>1 este convergent(este strict crescator si marginit a, € (O, 1) ) siare limital.

—a l-a l-a
Avema' =—" = g'al. 0t =—1 = qa,..a, = ol —
l-a l—-aq, I-q,
n
. . [1-a l-a
= lim(a,a,...a, ) =lim ml — ml — (),
n—» n—o0 l_a] l_al

Deducem c3lim(a,a,...a,)=0.

n—>0

n—>x0

. n n b (a”—l)n lim(a,,—l)n -l 1
lim(a,) :(1+(an—1)) =|1+(a,—1)a- = e —e?2 :T,
e

Am folosit mai sus:

Stolz—Cesaro —
lim(a, ~1)n=lim—"—"" = lim—"" i 1 -

n—>0 n—>0 n—>x0 1 1 n—0 1 1

-1 a,-1 a,(a,-1) a,-1

n+l n

a,—1 a
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. 1 . —a' 1
=lim————=1im > — |=——
s E/ e\ 1+a, +a, +...+a, k

n

a,]f (an — 1)

Deducem ci lim(a, )n =

n—0

»
= -

Problema1391.
Fie f : R —> Ro functie care satisface relatia
f(x+1)+f(x—l) =f(x),Vx eR.
S4 se arate ca f este periodicd. Sa se dea un exemplu diferit de functie nenula.

Concursul National ”Laurentiu Duican , 10-12 Mai 2001, Brasov, Florin Pirvanescu, Slatina

Solutie.

1).x—>x+1:>f(x+2)+f(x)=f(x+l):>f(x+2)+f(x)=f(x)—f(x+1) =
f(x+2):—f(x—1).

2. x>x+3= f(x+5)=—f(x+2) = f(x+5)=f(x-1).
3). x—>x+1:>f(x+6):f(x).

Din f(x+6) = f(x), Vx € R = f este periodicé de perioadd 7 =6.

Un exempluf(x) = sin%.

Remarca.

1). Fie f : R — Ro functie care satisface relatia

f(x+2)+f(x—2):f(x),‘v’xeR.
S3 se arate ca [ este periodicd. S3 se dea un exemplu diferit de functie nenula.

Solutie.

Nx—o>x+2= f(x+4)+f(x)=1(x+2) = f(x+4)+ f(x)=f(x)-f(x-2) =
f(x+4)=—f(x—2).

2).x—>x+6:>f(x+10)=—f(x+4):>f(x+10)=f(x—2).



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

3. x >x+2 :>f(x+12)=f(x).

Din f(x+12) =f(x) ,Vx e R = f este periodica de perioada 7' =12.

Un exempluf(x) = sin%.

Remarca.

2). Fie f/ : R — Ro functie care satisface relatia
f(x+n)+f(x—n)=f(x),‘v’xeR,n eN".

S3 se arate cd f este periodicd. Sa se dea un exemplu diferit de functie nenula.

Dezvoltari, Marin Chirciu

Solutie.

1. x—>x+n :>f(x+2n)+f(x)=f(x+n) :>f(x+2n)+f(x)=f(x)—f(x—n) =
f(x+2n):—f(x—n).

2).x—>x+3n:>f(x+5n):—f(x+2n) :f(x+5n):f(x—n).
3. x >x+n :>f(x+6n):f(x).

Din f(x+6n) :f(x), Vx € R = f este periodica de perioadd 7 = 6n.

. X
Un exempluf(x) = sm3—.
n

Problema1392.

If x > 0 then find min of

E(x)=vx’ —2x+5+x> —8x+32.

Concursul National “Laurentiu Duican”, 2001, Brasov, Anca Luculescu, Dragasani

Solutie.

E(x) =N —2x+5 4% —8x+32 = \[(x—1) +27 +[(x—4) +4°.

Fie punctele A(1,2),B(4,4),M(x, 0) = E(x) =AM + MB .
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E(x) = AM + MB este minim3 <> punctele A'— M — B sunt coliniare, unde A’ este simetricul lui 4

fatdde axaOx => x=2.
Deducem ca minE(x) = 3«/5.

Remarca.

Let be A > O fixed. If x > 0 then find min of

E(x)=vx —22x+54% +x> —81x+3227.

Marin Chirciu

Solutie.

Folosim inegalitatea lui Minkowski: \/a2 +x° +\/b2 +y° > \/(a+b)2 Jr()c+y)2 ,

a x
cu egal pentru Z =—.

y

E(x)=N¥ —24x+ 52 +3¥ —8Ax+3227 =(x—A) +44" +\[(44—x)’ +161> >

> (x=A+42-x) +(24+44) =\(32) +(64) =454% =325,

x—-A 21
cu egal pentru =— S x=24.
4A-x 42

Deducem c3 min E(x) = 31\/5.

Problema1393

Solve for complex numbers

x+y+z=1
xyz =1
[ =[] =]

Concursul National ”Laurentiu Duican”, 2001, Brasov, D. Gheorghiu, Bucuresti

Solutie.

Avem|x| =|y|=|z|=1 = x =cosa+isina,y =cosb+isinb,z = cosc+isinc =
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cosa+cosb+cosc=1
=< sina+sinb+sinc =0 = (x,y,z) e {(i,—4,1), (i, 1,—i),(—i,1,1),(Li,~), (1,—i,1), (=, 1,i)}
a+b+c=2kr,kel

Problema1394.

Solve for reals
x°8? 4 x=2+3log, x.

Concursul National ”Laurentiu Duican”, 2001, Brasov, Virgil Nicula, Bucuresti

Solutie.

Ecuatia are sens pentru x > 0. Cu substitutialog, x =1 = x=3'si x°B2 = plssr = f
Ecuatia se scrie: 2" +3' =3¢ +2.

Ecuatia este de forma f(t) = g(t), cu f convexa si g liniara.

O astfel de ecuatie are cel mult doua solutii.

Cumxe {1,3} verifica ecuatia deducem ca multimea solutiilor ecuatiei este S' = {1,3} .

Remarca.

Let be a > 1fixed. Solve for reals
log,, a
x4 x=2+(2a—1)log,,, x.

Marin Chirciu
Solutie.

. . . to. It
Ecuatia are sens pentru x > 0. Cu substitutialog, , x =t = x = (a + 1) six E =gt =q

Ecuatia se scrie: a' +(a +1)t = (2a —l)t +2.

Ecuatia este de forma f(t) = g(t), cu f convexa si g liniara.

O astfel de ecuatie are cel mult doua solutii.Se arata ca ¢ =0si ¢ =1 verifica ecuatia

a' +(a+ l)t =(2a-1)t+2 = xe{l,a+1} verifici ecuatia x**'* +x=2+(2a—-1)log,,, x.
Multimea solutiilor ecuatiei este S = {1, a+ 1} .

Problema1395.
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In AABC holds
1/212 +l’272 +rCZ S 3
a+b*+c* 4
Solutie.

Folosind Zr; = (4R + r)2 -2p°si Zaz = 2(p2 -7’ —4Rr) inegalitatea se scrie:

2
(4R+r) —2p* 3 ) s _
—5 > — <> 32R" +28Rr+5r" 27p”, vezi inegalitatea lui Gerretsen
Z(p -r —4Rr)

P <4R> +4Rr+3r’,

Ramane sa ardtam ca:

32R*+28Rr+5r* > 7(4R2 +4Rr+3r2) < R* > 477, vezi R > 2r (Euler).
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1396.

1). InAABC holds

Solutie.
Lema.
InAABC
a 2(2R-r
34 - A2
r pr

Folosim Lema obtinem:

LHS:Z’%:?E?%:RHS.

2). InAABC holds

12 a 4 2R
ST ) Yt S — i | )
a+b+c Zraz a+b+c(r j
Solutie.
Lema.
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InAABC
a 2(2R—r)
Zruz - pr '

Inegalitatea din dreapta.

5 _2(2R-r) z[ﬁ_lj.

pr s

Qﬁwl Q

Inegalitatea din stanga.

Z:£:2(2R—r)15u>lerg
r pr p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds

L(E%)S igLE(E_lj_
a+b+c\ r W a+b+cr\r

Solutie.
Lema.

In AABC

Inegalitatea din dreapta.

y P’ =3r> —6Rr G AR® + 4Rr +3r7 —3r* —6Rr _4R*—2Rr _2 (RZ ~ Rj

h_j_ 2pr’ 2pr’ 2pr’ p\r r

Inegalitatea din stanga.

- 2

a p’>—=3r" —6RyrCeresen 16Rr —5r> —3r> —6Rr  10Rr—8r° S5R—4r 1(5R
—= > = = =—| =—=-4/|.
" 2pr’ 2pr’ 2pr pr p

r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

4). InAABCholds

2

m},‘\)| Q
v
M
N I\,| Q
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Dezvoltari, Marin Chirciu

Solutie.
Lemal.
InAABC
a _ p> =3 —6Rr
n 2pr’ '
Lema2.
InAABC
Zi_ 2(2R—r)
noopr

Folosim Lemele inegalitatea se scrie:

p*=3r 2—6Rr S 2(2R—I’)

& p’ 214Rr —17, vezi p° > 16Rr —5¢ ,( Gerretsen).
2pr pr

Ramane sa ardtam ca:

16Rr —5r* > 14Rr — 1> < R > 2r (Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1397.

In AABC holds

Solutie.
Lema.

InAABC

2 uler
LHS =Y % —4(R+r) % 12r = RHS .
r

a

Egalitatea are loc daca si numai daca triunghiul este echilateral.
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Remarca.

1). In AABC holds
az
12r <) —<6R.

Solutie.
Lema.

InAABC

Inegalitatea din dreapta.

2 uler
Za—=4(R+r)ESI 4(R+§j=6R.

r

a

Inegalitatea din stanga.

Euler

LHS = Z 4(R+r) = 12r=RHS.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

2 3
12rsZZ—SZR2 .
r

Solutie.
Lema.

InAABC

Za_z_ p>—=3r’ —6Rr

r

Inegalitatea din dreapta.

Z B 3r* —6Rr G”’e”e” 4R* +4Rr+3r* =3r" — 6Rr 4R® —-2Rr E‘i” 3R’
r = 7 r o2

Inegalitatea din stanga.



http://www.mateinfo.ro/

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

3 @’ _ p’=3r’ —6Rr Geresn 16Rr —51” —3r* —6Rr _10Rr — 8" Euder
ha

> =2(5R—-4r) = 12r.
r r r ( r) !

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABC holds
a’ a’
e
2 " 2 .
Solutie.

Lemal.

InAABC

a p’-3r'—6Rr
h r .

Lema2.

InAABC

Folosim Lemele inegalitatea se scrie:

2 2
—3r"—6Rr
p or 7O 4(R+r) <> p° 210Rr + 77", vezi inegalitatea lui Gerretsen p* >16Rr—5r".
r
Ramane sa ardatam ca:
16Rr — 51> >10Rr + 7r* <> R >2r ,(Euler).
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1398.

In AABC holds

Solutie.
Lema.

InAABC
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T 2R—r
bc 2Rr
Folosim Lema obtinem:
__ 3~ Euler
LHS =Y Jo J2R=1P 3 e
bc 2Rr 2R
Remarca.
1). InAABC holds
3.y 11

2R “~bc r 2R

Solutie.

Lema.

InAABC
T _ 2R—-r
bc  2Rr

Inegalitatea din dreapta.

bc  2Rr r 2R’

r, 2R—r 1 1

Inegalitatea din stanga.

a

L _2R-rt 3
bc 2Rr 2R

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

3 _vh_3
2R bec 4r
Solutie.
Lema.
InAABC
h_3
bc 2R

Inegalitatea din dreapta.
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Euler
h 3 o 3

a

bc 2R~ 4r

Inegalitatea din stanga.

h 3 3

R

bc 2R 2R’

3), InAABC holds
h 7
Z_a <N 1o
bc be

Dezvoltari, Marin Chirciu

Solutie.
Lemal.
InAABC
ho_3
bc 2R
Lema2.
InAABC
T _ 2R—-r
bc  2Rr

Folosind Lemele inegalitatea se scrie:

iﬁ ZR-r < 3r<2R—r < R>2r,(Euler).
2R 2Rr

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1399.
In AABC holds
Zé >4,
ra
Solutie.
Lema.
InAABC
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2 4R+r)
Z a_2 ) [# _ 1} _

Folosim Lema obtinem:

2 2 erretsen 2 -_
LHS:Z%;Q[M_le s M_l ZQ[M_lj:
rll

P R(4R+r)’ R
2(2R-r)

2(3R_2r) Euler
-S4 s,

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

1).In AABC holds

Solutie.
Lema.

InAABC

Inegalitatea din dreapta.

2 2 erretsen 2
LHS:Z%:?{M-@G <" (4R—+r)2—1 :2(1{”—1):%.
7 p r(4R+r)

R+r

Inegalitatea din stanga.

a

2 2 erretsen 2 —_
LHSZZa_Zzz[M_I]G | (4R4r) %M@
r

P R(4R+r)
2(2R - r)
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

—4.

2 2
=SB N
r h, r

Solutie.
Lema.

In AABC

a P (p2 —8Rr—6r2)+r2 (4R+r)2

n 2p%r?

a

Inegalitatea din dreapta.

& P (P —8Rr—67)+r" (4R+7) 2 _Rr—6/> (4R+7) Grrasen

“ o = + <
Zhj 2p°r? 2r° 2p’
Gerztsen4R2+4Rr+3r2_8Rr—6r2+ (4R+I")2 _4R2—4Rl"—3l"2 R+I"_

- 2r° ) r(4R+r) 2r° 2r

R+r

AR —4Rr-3r° Rer AR’ —3Rr—2r” il 4R* —8° 2R

< 4,
272 2r 272 272 P

Inegalitatea din stanga.

P (p2 —8Rr—6r’ ) +r? (4R + r)2 p*—8Rr—6r* (4R+ r)2 Gerretsen

Zh_f - - 27 " : =

2p%r? 2p

Gemesen |6 Ry —51° —8Rr—6r>  (4R+7)°  8R—11r 2R—r 8R®—7Rr—2s fulr

REVISTA ELECTRONCA MATEINFO.RO ISSN 2065-6432 — IUNIE 2026 www.mateinfo.ro

212 R(4R+r)2 2r R 2Rr
2(2R — r)

Euler 4R2 2R
> =—.
2Rr r

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
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3). InAABC holds
2 2
YLy
h, 1 7,
Solutie.
Lemal.
InAABC
2 2( 2 2 2 2
a> P |\p —8Rr—o6r )+r (4R+r)
W - 2p°r '
Lema2.
InAABC
a’ (4R+r)2
2_2:2 2 -1
Y p

Folosim Lemele obtinem:

p

2
r

2(p*—8Rr—6r2)+r* (4R +rY 2
P (p ! 1;)2+r ( +r) ZZ—RZZL—(4R+F) —IJ,vezi
2p°r
2 2
M <4R*+4Rr+3r*.
R+r

<16Rr—5r" < p* <

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1400.

In AABC holds

Solutie.

Lema.

InAABC

Dezvoltari, Marin Chirciu

J. Andersson,1952
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@ 2 p* (2R+3r)=r(4R+7)’ |

7, pP

5 2| p*(2R+3r)—r(4R+7 ’
Lﬂszz‘;—:[ ( ; (45r) ] :

D abc
<

= RHS,

2| p*(2R+3r)—r(4R+7) 2| p*(2R+3r)—r(4R+r)
PR (R Joape 2P (R43) (4R ) | apy
p r p r

< p*(2R+3r)-r(4R+ r)2 <2Rp’ < (4R +r)2 >3p*,(Doucet).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

1). InAABC holds

108Rr* a’
5 < Zr— <4Rp.
Solutie.
Lema.
InAABC

& 2| P(R+3r)=r(4R+r) |

l"a_ pP

Inegalitatea din dreapta.

2| p2(2R+3r)=r(4R+r)
Za_3: [p( r)=r( ”)}gmp,
l"a p

2| p*(2R+3r)=r(4R+r) 2| p(2R+3r)-r(4R+r)
P CRe3)r(@Rer) [ 2R3 r(4R )|
P P

unde

<4Rp <

o p (2R +3r) —r(4R + r)2 <2Rp* = (4R Jrr)2 >3p°,(Doucet).

Inegalitatea din stanga.

@ 2 p* (2R +3r)—r(4R+r)’ | G 2| (16Rr =51 ) (2R +3r) = r(4R+7) | )

Ta p p
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2r[(16R—5r)(2R +3r)—(4R +r)2] 2r(16R* +30Rr—16r")  4r(8R* +15Rr—8r") rur

p p p

E‘;‘” 4r-27Rr B 108 Rr*
- p p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABCholds

2 3 5
54R"r Sza—ﬁ27R .
% h, 4r'p
Solutie.

Lema.

InAABC

p’ (p2 —8Rr—6r2)+r2 (4R+r)2
pr '

3
a
sL-

Inegalitatea din dreapta.

5 @ (P8R =6r")r* (4R-4 1) e
h, o
Gorever (4R + 4Rr +3r° )(4R® +4Rr +3r" ~8Rr —6r° )+ 1 (4R + )’
pr

(4R* +4Rr+3r7)(4R? —4Rr =31 )+ (4R+7)"  16R* —16Rr —8+*

pr pr
4 3 4 SLRS
=8(2R —2RF —r )E<1 37 =27R5'
pr B pr 4r2p

Inegalitatea din stanga.

Za—3 _ p’ (p2 —8Rr —6r” ) +r (4R + r)2 Ger;tsen (16Rr —5r2)(16Rr —5r° —8Rr — 61’ ) +r (4R + r)2
h, pr pr

(16R=5r)(8Rr =117 )+r(4R+r)  7((16R=5r)(8R-11r)+(4R+r)’)

p p
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27R’
_r(144R* ~208Rr +561*)  8r(I8R* —26Rr+7r") pulr 8=y saR%

p p - p p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3) InAABC holds
3 3
a a
—>y .
Teaye

Dezvoltari, Marin Chirciu

Solutie.
Lemal.
InAABC
Za3 _pz(pz—8Rr—6r2)+r2(4R+r)2
h, pr '
Lemaz2.
InAABC

& 2| P(R+3r)=r(4R+r) |

7, pP

Folosim Lemele inegalitatea se scrie:

p*(p*—8Rr—6r2)+1* (4R +r)’ § 2[p2(2R+3r)—r(4R+r)2}

pr p

=

o p’ (p2 —8Rr—6r2)+r2 (4R+r)2 > 21f[p2 (2R+3r)—r(4R+r)2} =

< p*(p* —12Rr-127")+37* (4R +7) 2 0.
Distingem cazurile.

Cazull). Daca (p2 —12Rr —12r2) > 0 ,inegalitatea este evident3.
Cazul2). Daca (p2 —12Rr —12r2) < 0,inegalitatea se rescrie:

3r? (4R+r)2 > p2 (12Rr+12r2 —pz), care rezulta din inegalitatea lui Gerretsen:
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R(4R+r)
2(2R-r)

16Rr—5r* < p* <

Ramane sa aratam ca:

R(4R+rY

2(2R-r)

32 (4R+7) 2 (12Rr+12° —16Rr +5°) <

< 3r2 L(—4R+17r) < 6r(2R-r)2R(—4R+17r) < 4R’ —5Rr—6r° 20 <

2(2R—r)
= (R—2r)(4R+3r) >0, vezi R > 2r ,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1401.
In AABC holds
a2
> —=>4
nr.
R.R.lanic
Solutie.
Lema.
InAABC
Z a2 _ 4(R—}’)
nror
2 4(R-r)Euer 4(2r —r
LHS =Y L= (R=r) P 32r=r) 4 g
nr, r 7
Remarca.

1). InAABC holds

Solutie.

Lema.
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InAABC
Za_z _ 4(R—r)
noooor
Inegalitatea din dreapta.
2

Za_LME"; RrRY

nr. r r
Inegalitatea din stdnga

2 4(R-r R

Zi:gz4[__1j.

LT, r 7
2). InAABC holds

2
4<S 4 2R
hh, 1
Solutie.
Lema.
InAABC
zi _2R
hh, —r

Inegalitatea din dreapta.

2 2R 2R

L2

nr, r r

Inegalitatea din stanga

2R

2
a
Y —="—2>4,
le T

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3). InAABCholds

612 az
Z hbhc : ZE .

Dezvoltari, Marin Chirciu
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Solutie.
Lemal.
InAABC
3 @ _2R
hyh. 7
Lema2.
InAABC
Za_z _4R-r)
rr. r

Folosind Lemele inegalitatea se scrie

2R _4(R-r)

r r

< R>2r,(Euler).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1402.

Ifa,b,c>0,a+b+c=1then
Z:cfb3 +6a’b*c* > abe~3abc .

April Octogon 2007, Mihaly Bencze, Brasov
Solutie.

Folosim pgr -Method.

Notémp=2a =1,q=2ab,r=abc.

Avem Zcfb3 =q 3pgr+3r,p=1< Za3b3 =q —3qr+3r’.
Inegalitatea se scrie:

g —3qr+3r’ +6r° > rBr < g’ —3qr+9r’ > r[3r , care rezults din:
1).3g <1, vezil=p* >3q.

4g -1

-1
2). r2> ,vezip3—4pq+9r20,(5chur), p=1l<1-4¢g+9r>20=r=>
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Egalitatea are loc dacd si numaidacda=b=c= g

Problema1403.

. 11
Ifa,b € C such that—+—= then find

a b a+b

Math5/2026
Solutie.
l+l: ! Sa+ab+bhP =02 +e+1=0-1=0 & =1.
a b a+b

a 2026 b 2029 1 2029 83 2029 202
Calculdm E =| — +| — =g 4| = =g 4| = g2 +(52) =
b a & &

675 1352
3+1 1352-3+2 2 2
= gOT33+h  gh3sad :(53) g+(53) g =g+ =-1.

a 2026 b 2029
Deducem céE=(gj +(—j =-1.

a

Remarca.

. 1 1 1 )
Ifa,b e C suchthat—+—= then find
a b a+b

a 3n+1 b 3n+4
E=(—j +[—j ,neN.
b a

Dezvoltare, Marin Chirciu

Solutie.

L Sad+ab+bhr =0 +e+l=0=-1=0= ¢ =1.
b a+b

a 3n+l b 3n+4 1 3n+4 3 3n+4 i
n+:
Calculdm E =| — +| — =g 4| = =gl _ gl +(82) _
b a £

n 2n+2
=53””+8""+8=(53) 5+(53) g=g+&’=-1.

1
—+
a

o | ®
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3n+l 3n+4
b
Deducem ca £ = (Ej + (—j =-1.
b a

Problema1404.

inAABC, D, E, F sunt mijloacele laturilor BC,CA, AB ,respectiv.
a). Calculatiﬂ)-ﬁ'+ﬁ-a+c7-ﬁ.
b). Calculatim-ﬁ+m-@+ﬁ-ﬁ, unde M e(ABC).

Math 5/2026, DJ-5/2026

Solutie.
a).Folosim AD = % (vectorul mediana in AABC) = AD-BC+BE-CA+CF-AB=0.
b).Folosim MD = ]\43%]\1(? (vectorul mediana in AMBC ) =

— MD-BC+ME-CA+MF-AB=0.

Problema1405

Fie functia f :R > R, f(x) ,a,b e Q, al cirei grafic contine punctul

-2 x+ b
V-1 241
M(l + \/5,5) . Determinati puntele cu ambele coordonate numere intregi, care apartin Gf .
OL-Bistrita-Nasaud-1997
Solutie.

2a+b=0
3a—-b-5=0

= f(x)=(1+42)-x+2(1-42).

1 2

.x_
217 241

Dinf(1+\/5)=5$ia,beQ :>{ :>(a,b)=(l,—2):>f(x):

FieA(m,n)e G, , mneZ = f(m)=n :>(1+«/§)-m+2(1—\/§):n o

— A(2,4)€G,.

<:>(m—n+2)+\/§(m—2)20 <:>{

m—n+2=0 {n:4

m—-2=0 m=2

Deducem ci punctul A(2,4) € G, cu proprietatea din enunt.

Problema1406.
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Fie functia f : R = R care verific relatia

£(2020—x)=x—1(2018),vxeR.
a).Determinati functia f .
b).Calculati f (0)+ £ (1) +...+ £(2020)si £ (1) £(2)-...- £(2020).

Math 5/2026

Solutie.

a).Punand x =2 = f(2020-2)=2- f(2018) = f(2018)=1.
Punand 2020 —x=¢ = f(1)=2020—1-1 = f(¢)=2019—¢.
Deducem céf:R—)R,f(x):2019—x,

2019+2)-2018
=1009-2021.

b). f(0)+f(1)+...+f(2020):2019+2018+...+3+2:(

F(1)-£(2)-...- £(2020) =2018-2017-...-0-1=0.

Problema1407.

a).Determinati functiile f, g : R — R astfel incat:

{2f(x+1)+g(x—1)=2x+14 eeR.

2f(x+l)—2g(x—l):6x—18'

b).Aflati punctul de intersectie al graficelor celor doua functii.
OL-Mures-1993

Solutie.

a).f(x):2x$ig(x):—2x+8.

b). P(2,4).
Problema1408.

Se considera functia f : R —>R,f(x) =ax+b.

a).Determinatia,b € R astfel incat puncteIeM(2,1) si N(—2,3) apartin G, .
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b) Pentrua, b determinati aratati cd distanta de la originea sistemului de coordonate xOy la Gf este

mai mare decat 1,76 .

c) Pentru a, b aflati coordonatele punctului de pe Gf care are abscisa egala cu ordonata.

Solutie.
a).a= _—l,b =2.
2

b).d(o,G,.)=i>1,76.

J5
c).P(ﬂ,i).
33

Problema1409.

OL-Dolj-1994

Se considerd functiilef:R—)R,f(x):ax+b,a >0,beR$ig:R—>R,g(x):5—4x.

S& se determine multimile A = {x € R/f(X) > g(x)} siB= {g(x) eR/-1<x< 5}

Solutie.

OL-Mehedinti-1993

A={xeR/f(x)>g(x)}=(5_b,ooj siB={g(x)eR/-1<x<5}=[-159].

4+a

Problema1410.

If x € R then find min of

E(x):(x—l)(x+2)(x2 +x+2)+10.

Solutie.

OL-Tulcea-2007

E(x)=(x—1)(x+2)(x* +x+2)+10= (x> +x-2)(x* +x+2)+10= (x> +x) ~4+10=

z(x2+x)2+626.

Deducem camin E(x) =6 pentru(x2 +x)2 =0 xe {—1,0} .
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Remarca.

Let be A € R fixed. If x € R then find min of
E(x) :(x—l)(x+ﬂ)(x2 +(/1—1)x+/1)+2/12 )

Marin Chirciu

Solutie.

E(x)=(x—l)(x+ﬂ)(x2 +(l—l)x+ﬂ)+2ﬁz :(x2+(l—l)x—ﬂ,)(x2 +(/1—l)x+/1)+2/12 =
= (X +(A-1)x) ~ 2422 =(F +(A-1)x) + 272 2%,

Deducem c& min E(x) = A’ pentru(x2 +(4 —l)x)2 =0 xe {0,1—2} .

Problemal246.
Ifa,b>1then
ZZa\/l: <a’*+b*.
Panagiotis Danousis, Greece, MathAtelier 1/2026.
Solutie

AG SOS
LHS = 2a\Jb-1<> ab=2ab < a’ +b* = RHS .

Egalitatea are loc daca si numaidacaa=b=2.
Remarca.

Ifa,b>1andn eN,n>2then

ZZa\/b—l <a"+b".
Marin Chirciu
Problemal411.

Fie expresia

E(x)=x"—x"+x"-3x+2.
a).Aratati ca E(x) >0,vxeR.

b). Aflati a € Z astfel incat E(a) este patrat perfect.
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OL-Nemt-2007

Solutie.
a). E(x)=x"—x"+x*=3x+2=(x-1)" (¥’ +x+2) 20, cuegal pentrux =1.

b). E(a)=(a—l)2<a2+a+2)=pp =d +ta+2=k’keZ =4a’ +4a+8=4k" &
S 4d’ +da+1=4k -7 < (2a+1) =4k* -7 < (2a+1) —4k* =7 <

<:>(2a+l—2k)(2a+l+2k)=—7 =

2a+1-2k=-1

) =a=1.
2a+1+2k=7
2a+1-2k=-7

) =>a=-2.
2a+1+2k =1

Deducemcaa € {1, —2} .

Remarca.

Fie expresia

E(x)=x"+(1-224)x" +(A*=24+2)x* +(A* —42)x+24°, L e Z.
a).Aratati ci E(x)>0,vxeR.
b). Aflati a € Z astfel incat £ () este patrat perfect.

Marin Chirciu

Solutie.
a). E(x)=x"+(1-22)x" +(A* =24+2)x* +(A* —424)x+22> =(x = A)’ (¥* +x+2) 20,
cu egal pentrux = A.

b). E(a)=(a-2) (a’+a+2)=pp = a*+a+2=k> ke Z = 4a* +4a+8=4k> =

S 4d +ha+1=4k -7 < (2a+1) =4k* -7 < (2a+1) —4k* =7 <

< (2a+1-2k)(2a+1+2k) =7 =
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2a+1-2k=-1
. =a=1.
2a+1+2k=7
2a+1-2k=-7
2). =>a=-2.
2a+1+2k =1

Deducemcia € {1, —2} .
Problemal412.
If x € R then find min of
E=4x"-8x’ +10x" —6x+3.
OL-Arad-2007

Solutie.

E=4x" —8x* +10x° —6x+3:i(2x—1)4+(2x—1)2+ >

I
I

. 7 1
Deducem camin £ = Z pentrux = E .

Remarca.

If x € R then find min of

E=4x"+8x +10x* +6x+ 1.

Marin Chirciu

Solutie.

E=4x"+8x" +10x* +6x+/1:%(2x+1)4+(2x+1)2+/122,.

Deducem camin £ = A pentrux = 7 .

Problemal413.
Functia f : R = R verifici relatia

f(x)+3f(1—x)=—6x+5,‘v’xeR.

a). Determinati functia f .
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b). Calculatif(4)+f(42)+...+f(410).

OL-Alba-2007
Solutie.
a).Punéndx—)l—x:>f(l—X)+3f(x)=—6(l—x)+5 =
f(x)+3f(1-x)=-6x+5 f(x)+3f(1-x)=—6x+5 A
{f(l—x)+3f(x):—6(l—x)+5 SV 3f ()4 £ (1—x) mx = )=
Functia cerutd este f : R — R,f(x):3x—1.
b). f(4)+f (4 )+t f(4°)=(3-4-1)+(3-4" =1)+..+(3-4" 1) =
:3(4+42+...+41°)—10=3-g—10:4“—14.
Deducem c& f(4)+ /(47 )+..+ f(4°)=4"-14.
Remarca.
Functia / : R — R verifica relatia
f(x)+af(1—x):—2ax+2a—1,vxeR,a>1.
a). Determinati functia f .
b). Caleulati f (a-+1)+ f ((a+1)" ) +..+ /((a+1)").
Marin Chirciu
Solutie.
a).Punandx —1-x = f(1-x)+af (x)=2a(l-x)+2a-1=
f(x)+af(1—x)=—2ax+2a—l f(x)+af(1—x)=—2ax+2a—1
= & =
f(l—x)+af(x) :—2a(1—x)+2a—1 af(x)+f(1—x) =2ax—1

2 3a-1
Func';iacerutéestef:R—)R,f(x): g 42 =

X
a-—1 l1-a
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b). f(a+1)+f((a+1)2)+...+f((a+1)10):(2—611-(a+1)—1j+(2—a-(a+1)2—1j+

a— a—1
+...+(2—a~(a+1)10—1j==2—a((a+1)+(a+1)2+...+(a+1)10)—10=
a—1 a—1
_ 2a (a+l)((a+l)10—1)_10_2 (a+1)11—6a+4
S a-1 (a+1)-1 - a-1 '

(a+1)" —6a+4

a—1

Deducemcéf(a+1)+f((a+1) )+ +f((a+l)) 2.

Problemal414.

Solve for reals
2[x-3]+16="Tx.
OL-0Olt-2008
Solutie.
Folosind [a] <a< [a] +1, pentrua = x—3 obtinem:

[x—3]£x—3<[x—3]+1,[x—3]=77x—8 7—2x—8< —3<77—8+1 = z <x<2.

[x—3]:7—2x—8 Z:%—s keZ e x=2511

kel.

2k+16,keZ$i§<x<2 8 2k+16

-12
Dinx = <2,keZ:>T<k£—1keZ:>

:>ke{—2,—l} :xe{Z,%}.

. . - 12
Multimea solutiilor ecuatiei este S =12, 7

Remarca.

Solve for reals
4[x-5]+6="Tx.

Marin Chirciu
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Solutie.

Folosinda —1< [a] <a, pentrua = x—5obtinem:

Tx—6 Tx—6
S x—6<

x—6<[x-5]<x-5,[x-5]= Sx—5<:>—6<x£_714,(1).

7x4_6eZ:>7x_6:keZ<:>x=@,keZ,(2).

[x—S]:

4k+6 _—14

-2
Din (1)si (2) = —6< ST,keZ<:>—12<kS79,keZ<:>ke{—ll,—lO} =

{—38 —34}
& XES—,—
7 7

. y - —38 —34
Multimea solutiilor ecuatiei este S = -0

Problema1415.
If x,y,z € R then find min of
E=x" +y2 +Z* +100—4\/§x—10\/§y—2@z.
OL-Olt-2008

Solutie.

E=x*+y"+2 +100—4J§x—10ﬁy—2@z=(x—2J§)2+(y—5ﬁ)2 +(z—@)2+
+8 > 8, cu egal pentru(x,y,z) :(2\/§,5\/§,\/ﬁ).

Deducem ca min £ = 8 pentru (x,y, Z) = (2\/15\/5, \/ﬁ)
Remarca.
Let be A > Ofixed. If x, y,z € R then find min of
E=x*+1"+2> +1002% —4ABx =102y —214/30:.

Marin Chirciu

Solutie.

E=2 4y +2* +10022 ~ 433 1042y~ 24330z = (x~ 243 ) +(y=542) +(z=2:/30) +
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+81% > 817, cu egal pentru (x,y,z) = (2/1\/§, 5/1\/5,/1\/%) )

Deducem c3 min E = 81° pentru (x, y,z) = (2/1«/5,5/1\/5,/1\/%) .

Problemal416.

Solve for positive real numbers

x—y=2018-x"
X —y*=p-+2018°
Math 5/2026

Solutie.

Se studiaza cazurilex > ysi x <y, care conduc la contradictie.

Solutia sistemului este(x,y) = (\/2018,\/2018) .

Remarca.

Let be A > Ofixed. Solve for positive real numbers

Xx—y=A-x"
x° —y2 :y—\/z.
Marin Chirciu

Solutie.

Se studiaza cazurilex > ysi x <y, care conduc la contradictie.

Solutia sistemului este(x,y) = (\/Z, \/I) .

Problemal417.
Fie un paralelipiped dreptunghic cu muchiile de lungimi,diagonalad sivolum/} .

Aratati ca
d* — . . oV
72( a—+ b+ C) .

Concursul”Gheorghe Titeica”2008

Solutie.
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(a2 +b° +cz)

>(Va +4b +e)

Folosind d> =a* +b* +*siV = abc =
abc

b= (612 +b’ +c2)2 Zabc(x/z+\/z+\/g)2 = (az +b* +cz)2 Z(a bc +b\/;+c\/£)z =

S a*+b* +* > a\be +b\ac +cab ,vezia* +b* +c* > ab+bc +ca > a\lbe +bac +c\ab

Problemal418.

Rezolvati inecuatia

Math 5/2026

Solutie.

8a—28
2

Cu substitu’,cia%_l=a < x=8a—1=4{a} SM < 4{a} < o{al<a-1o

2

oa-la]l<a-1ola]21=a>1 @%21@;@7 < xe[7,0).

Remarca.

Fien e N fixat. Rezolvati inecuatia

x+1 x—2n+1
n < .
2n 2

Marin Chirciu
Solutie.
Cu substitutiax—+1=a <& x=2na-1 :>n{a} gM PN n{a} < 2na—2n
2na—2n
enlds——= o {a<a-le{d<a-1e

2

sa-a]<a-1o[a]z21=a>1 <:>x2—+121<:>x22n—1<:>xe[2n—1,oo),
n

Problema1419.

Ifx,y,z 20 then
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\/x(y+z)+\/y(2+x)+\/z(x+y)S%(X+y+z)-

3 3 3

Concursul “Trident”-Braila-2007

Solutie.
x+y+z
x(y+z)< 3 3x+y+z | y+z
s = , cu egal pentrux =
3 2 6 3
Se scriu si celelalte doua inegalitati analoage si se aduna .
) L ) . +z z+Xx x+y

Egalitatea are loc daca si numai daca x = 3 = 3 ,Z = 3 oS x=y=z=0.
Remarca.

Ifx,y,z2>0and A >0then

o, P, Bl s,
A A A 24
Marin Chirciu
Solutie.
y+z
x(y+Z) X+ ) :ﬁ,x+y+z | bent x_y+z
7 < > 21 , Cu egal pentrux = .

Se scriu si celelalte doua inegalitati analoage si se aduna .

_ .. . y+z z+x x+y
Egalitatea are loc daca si numai daca x = ) , V= i ,Z= )

/1(x+y+z)=2(x+y+z)c>/1=2,x:y:z.
Problema1420.
Ifx,y,zeR,x2+4y2+4z2+2(3x+2y—6z)+18:0then
a).x<y<z.

b).-4<x+y+z<0.

€).2<-2x+3y+z<10.

Concursul ”Sinus”-Suceava-2007
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Solutie.

X +4y? +42° +2(3x+2y—62)+18=0 < (x+3) +(2y+1) +(22-3) =1 =

(x+3) <1 [|x43)<1 [—l<x43<]  [-4<x<-2
= (2y+1) <l o 2y+l<l e d-1<2p+1<l & -1<y<0 =
(2z-3) <1 2z-3|<1 ~1<2z-3<1 1<z<2

a)x<y<z.

b).—4<x+y+2z<0 = min(x+y+z)=—4, pentru(x,,z)=(—4,—L1)si
max (x+y+z)=0, pentru(x, y,z)=(-2,0,2)..

—4<x<-2 4<-2x<8
0.1 -1<y<0 &{-3<3y<0=2<-2x+3y+z<10=
1<z<L2 1<z<L2

= min(—-2x+3y+z)=2, pentru(x,y,z) =(—4,—11)si

max (—2x+3y+z) =10, pentru(x, y,z) =(-2,0,2) .

Remarca.

fx,y,ze€Rand A >~2, x> + A2y* + 122 +2((/1+1)x+ﬂy—/1(ﬂ+l)z)+2(ﬂ+l)2 =0 then

a).x<y<z.
b).—/"t—z—léx+y+zﬁ—/1+z+l.
A A

c)./12—%—1S—ix+(ﬂ+l)y+z£(/1+l)2+%.

Marin Chirciu
Solutie.

2y + 22 42((A+)x+ Ay=A(A+1)2)+2(2+1) =0 &

(x+/1+1)2+(/1y+1)2+(/tz—3)2 =1=
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(x+2+1) <1
=1 (y+1) <l <
(Az—-2-1)" <1

a).x<y<z.

] )< vy < —
lx+A+1<1 ~1<x+A+1<1 A 22"“ A
Ay+1]<l o -1<Ay+1<1l < —ZSySO =
|Az-A-1<1 |-1<Az-2-1<1 )

I<z<I+—

b). —/l—g—léx+y+zé—/1+g+l =
A A

min(x+y+z)=—/1—%—1, pentru(x,y,z):(—2—2,—%,1j§i

max(x+y+z):—/1+%

—-A-2<x<-A

2
. —-——<y<0 =
c) 2 y

1£Z£1+g
A

2

+1, pentru (x,y,z) = (—A,O,l+%] :

/12—Z—IS—/lx+(/1+1)y+zS(/1+l)2+%

2

:>min(—/1x+(i+1)y+z):ﬂ,2 —%—1, pentru(x,y,z):(—/1—2,—2,1)9

max(—ﬂx+(l+l)y+z)=(ﬂ+l)2 +%, pentru(x,y,z):(—1,0,1+Ej.

Problemal421.

2

Ifx,y,zeR,x+y+z=1then

Solutie.

sz 24ny—l.

OL-lasi-2008

D XzaY y-le >y Z4ny—(2x)2<:> 222Dy o > (x-») 20.
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Egalitatea are loc daca sinumaidacax=y=z =

3
Remarca.

Ifx,y,zeR ,x+y+z=landn=3k+1,k>—1then

sz > any—k.

Marin Chirciu

Solutie.

2z =k e Y2y - k(Ta) o (k) X2 (n-20) Y
(kJrl)Z:(x—y)2 >0,

Egalitatea are loc daca sinumaidacax=y=z=—.

3
Remarca.

ifx,y,zeR,x+y+z=1and A >—1then

sz 2(3l+1)2xy—/1.

Marin Chirciu

Solutie.

sz Z(3l+l)2xy—l = sz 2(32+1)ny—2,(2x)2 = (/1+1)sz 2(/1+1)ny

= (l+l)2(x—y)2 >0,

Egalitatea are loc daca sinumaidacax=y=z=—.

3

Remarca.
In AABC holds
2 2
r 7
1+ —>24» —
Z raz Z r[lrb
Marin Chirciu
Solutie.
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Lema.

ifx,y,ze R ,x+y+z=1then

sz 242)@/—1.

Demonstratie.

sz Z4ny—l =33 242xy—(2x)2<:> ZZ:)C2 Z2ny = Z:()c—y)2 >0,

Egalitatea are loc daca sinumaidacax=y=z =

3
. . ~ . . r
Se cunoaste identitatea in triunghi Z— =1.
r[l
] roror )
Folosind Lema pentru(xay,Z) =| —,—,— | obtinem:
bt I

[ r Jz ror r r r’ r

D3| R ) AR DI S SRANIE PG Il JLAY) gy
2 2

1/21 r;z ’}J ra rarb ra rarb

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

In AABC holds
2 2
r r
I+ —>24» ——.
2 h, Zhahb
Marin Chirciu
Solutie.

Lema.

Ifx,y,zeR,x+y+z=1then

sz 242)@/—1.

Demonstratie.

PISED) BARPSS JER) S ) 310 DNE) JEEE) JRSD Y e
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Egalitatea are loc daca sinumaidacax=y=z =

5 .

. . ~ . . r
Se cunoaste identitatea in triunghi Zh— =

a

Folosind Lema pentru (x, y,Z) = ( J obtinem:

rrr
ha’hb,hc

z L
h2 - hh,
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal422.
2260
Determinati primele 2018 cifre dupa virgula ale numarului (4—\/ﬁ) .
OL-lasi-2008
Solutie.
2260
Fiex = (4 —\/ﬁ) €
2260 1 1 1 1 1 1
xt=x=(4-+17 = < = - — < _
{ } ( ) (4 + \/ﬁ)2260 82260 (23 )2260 (210 )3~226 (1024)678 (1000)678
1 1 1

- (10)3~678 - (10)2034 < 102018 :

Rezulta x < ]()W .

2260
Deducem ca primele 2018 cifre dupa virgula ale numérului(4—\/17) sunt zerouri.
Remarca.

2260
Determinati primele 2026 cifre dupa virgula ale numérului(4—x/17) .

Marin Chirciu

Solutie.
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Fiex = (4—@)2260 € (0,1) =

{x}:x:(4— 17)2260: 1 1 1 1 1 1

(4+\/ﬁ)2260 < 82260 - (23 )2260 - (210 )3~226 - (1024)678 < (1000)678 -

1 1 1

- (10)3~678 - (10)2034 < 102026 :

Rezulta x < l()m .

2260
Deducem ca primele 2026 cifre dupa virguld ale numarului (4—\/17) sunt zerouri.

Problemal1423.

Sa se arate ca ecuatia
a’x’ +2(b+c)x+1=0,

are solutii reale si distincte, unde @, b, ¢ sunt lungimile laturilor unui triunghi.

OL-Olt-1996
Solutie.
A’:(b+c)2 —a’=(b+c+a)(b+c—a)>0,
Remarca.
Sa se arate cd ecuatia
a'x’ +2(b+c)2x+1:O,

are solutii reale si distincte, unde @, b, ¢ sunt lungimile laturilor unui triunghi.

Marin Chirciu

Solutie.
N=(b+e) —a*=((b+c) +a’)((b+c) —a*)=((b+e) +a*)(b+c+a)(b+c—a)>0.

Problema1424.

Sa se rezolve ecuatia

(xz—2x+1)2+(x2 —3x+2)2+...+(x2—(n+1)x+n)2 =0,
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.
undeneN .

0OJ-Botosani-1996

Solutie.

(x2—2x+1)2+(x2—3x+2)2+...+(x2—(n+l)x+n)2 =0

(x—l)2 (x—l)2 Jr(x—l)2 ()C—Z)2 +...+(x—l)2 (x—n)2 =0
= (x—1)2 ((x—1)2 +(x—2)2 +...+(x—n)2):O<:> (x—l)2 =0 x=1.

Remarca.

Sa se rezolve ecuatia
(x2 —4x+4)2 +(x2 —6x+8)2 +...+(x2 —2(n+l)x+4n)2 =0,

undeneN .

Marin Chirciu
Solutie.
()c2 —4x+4)2 +(x2 —6x+8)2 +...+(x2 —2(11+1)x+4n)2 =0 &

(x—2)2 (x—2)2 +(x—2)2 (x—4)2 +...+(x—1)2 (x—2n)2 =0
& (x=2)'((x=2) +(x=4) +.+(x=20)") =0 &> (¥-2) =0 > x =2,

Problema1425.
Sa se arate ca ecuatia

1 1 1
+ + =0,
x—a x-b x-c

are solutii reale, oricare arfia,b,c e R .
OL-Bihor-1996
Solutie.

! i ! + 1 =0 < 3x° =2(a+b+c)x+ab+bc+ca=0.

x—a x-b x-c

A’:(a+b+c)2 —3(ab+bc+ca):a2+b2+02—ab—bc—ca:%Z(a—b)z >0,
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Remarca.

Sa se arate ca ecuatia

a b c
+ + =0,
x—a x-b x-c

are solutii reale, oricare arfia,b,c e R .

Solutie.

a + b + ¢ =0<:>(a+b+c)x2—2(ab+bc+ca)x+abc=0.
x—a x-b x-c

A':(ab+bc+ca) —3abc a+b+c Za b c >

Problemal1426.

If x € R then

X —4x +7x*—6x+2>0.

Solutie.
Xt =42 70 —6x+22 0 & (v-1) (1+(x=1)" ) 0.

Egalitatea are loc daca si numaidacax=1.
Remarca.

Ifxe Rand A >0then

xt—4x’ +(A+6)x* =2(A+2)x+A+120.

Solutie.

Xt =4 +(A+6)x =2(A+2)x+ 2 +120 & (x-1) (2+(x=1)") 20,

Egalitatea are loc daca si numaidacax =1.
Problemal427.

Find x € Z such that

Marin Chirciu

OL-Maramures-1993

Marin Chirciu
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X +x?+5x-3

> e”.
x“—x+1
OL-Alba-1993
Solutie.
Y x? — -4 5x—4
al +2x X 3=x2+x+1+—25x eZ<:>—2x eZ.
x —x+1 x —x+1 x —x+1
5x—4 5x—4
Avem-5<—> <3, VxeZ = ——e{-4,-3,2,-1,0,1,2},xeZ =
x —x+1 x —x+1
:>xe{—l,0,l,2,5}.
Problema1428.
If x € R then find max of
E=2018+4x—4x>.
Math 4/2026

Solutie.
E =2018+4x —4x* = 2022 —(x—2)" £2022.

Deducem camax £ =2022 pentrux=2.
Remarca.
If x € R then find max of
E=2026+4x—4x".
Marin Chirciu

Solutie.
E =2026+4x—4x> =2030—(x—2)’ £2030.

Deducem camax £ =2030 pentrux=2.

Remarca.

Let be A € R fixed. If x € R then find max of
E=A+4x—4x".

Marin Chirciu
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Solutie.

E=A+4x—4x*=A+4—(x-2) <A+4,

Deducemcamax £ =A+4pentrux=2.
Problema1429.

Solve for integers

\/x2+y2—4x+6y+17 +NZ2—2z+2=3.

Math 4/2026

Solutie.

477 —dxr6y 17 +47 2242 = \[(x=2) +(y+3) +4+(z-1) +122+1=3,
cu egal pentru(x—Z)2 :O,(y+3)2 :0,(2_1)2 =0 (x,y,z)=(2,—3,1).
Deducem ca (x, y,z) =(2,-3,1) este solutia unic3 a ecuatiei.

Remarca.

Let be A € N fixed. Solve for integers

X+ —8Ax+6Ay+172% 422 —202+22% =34,

Marin Chirciu

Solutie.

J& 3 —4Ax+ 62y 1T +NZ =222+ 207 = \[(x=24) +(p+34) +44> +
(z=A) + 22 220+ 2=32,

cu egal pentru(X—Zﬂ)z :0,(y+3l)2 Z(),(Z—/’t)2 =0 (x,y,z) 2(21,—32,/1),

Deducem c3 (x, y,z) = (2/1, —3/1,1) este solutia unica a ecuatiei.
Problemal430.

Solve for reals

1 2 2018
+ot

> +— it ———————=2018.
x =2x+1 x"—-2x+2 x —2x+2018
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Solutie.

1 2 2018
5 + 3 +...+ 5
x =2x+1 x"—-2x+2 x —2x+2018

Concursul Sigma-2008

=2018 <

1 2 2018
S|l 51|+ =1+t 7 F——-1|=0<=
x°=2x+1 x —=2x+2 x~—2x+2018

—x*+2x  —x’+2x N —x*+2x

= —+ b
(x—l) (x—l) +1 (x—l) +201

<:>(—x2+2x)( - —+..+

< x€{0,2}.
Multimea solutiilor ecuatiei este S = {0, 2} )

Remarca.

Solve for reals

1 2
2 + 2
x =2x+1 x"-2x+2

=0 &
7

2026

+—————————=2026.
x~—2x+2026

Marin Chirciu

=2026 <

Solutie.
1 2 2026
+ +...+
XX =2x+1 x*=2x+2 x> —2x+2026

1 2 2026
= 2——1 + 2——1 +...+ 2——1 =0<:>
x°=2x+1 x —=2x+2 x~—2x+2026

—x*4+2x —x*+2x N —x*+2x

-1y (e-1)+1 " (x-1y+2025

>+ 2x S +ot
<:>( X +2 )((x—l)z

= xe{0,2},

(x=1)"+1  (x—1)"+2025

=0«

! J:O <:>(—x2+2x)=0<:>
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Multimea solutiilor ecuatiei este S = {O, 2} .

Remarca.

Let ben € N fixed. Solve for reals

1 2 n
3 + 3 +...+ 3
x =2x+1 x"—-2x+2 x =2x+n

=n.

Marin Chirciu

Solutie.

1 2 n
> +— +ot+— =n <
x =2x+1 x"-2x+2 X =2x+n
Y (D N Y (R S VO (R IO

x° =2x+1 x =2x+2 x —=2x+n

—x+2x  —x*+2x —x?+2x

—+ —t it ————=0
(x—l) (x—l) +1 (x—l) +n-1
) 1 1 1 2
<:>(—x +2x) >+ —t ot :0<:>(—x +2x)=0<:>
(x—l) (x—l) +1 (x—l) +n-1

& xe {0,2} )
Multimea solutiilor ecuatiei este S = {O, 2} .

Problema1431.

ifa,b,c>1,a+b+c=9then

Zlog b+c> 3abc
“ 2 agb+bc+ca’

Mathematical Inequalities, Craciun Gheorghe

Solutie.

b+c log=concava loga b + loga c loga b + log a 46

©
—S =3y ¢y,
ab+bc+ca
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M 3ab 1 1 1 1 1 1
unde3ZL<:>ab+bc+ca2abc<:>—+—+—Zl,vezi(a+b+c)(—+—+—)29,
ab+bc+ca a b c a b c

1 1 1
at+b+c=9< —+—+—21.
a b c
Egalitatea are loc daca sinumaidacd a=b=c=3
Remarca.
Ifa,b,c>1then
b+c)
Z(loga—cj >3, neN.
2
Marin Chirciu

Pentrun = 0 se obtine egalitatea 3=3.
Pentrun =1 vezi Lema.
Pentrun > 2 se foloseste inegalitatea lui Holder.

b+cY
" Holder [Zloga 2 J Lema 3”

LHS = Z(loga b—;cj > o > 7 =3=RHS.

Lema.

Ifa,b,c>1then

Zlogab;cm&
Solutie.
LHS = log, [gi/gZIOga\/l;:Z%logabc :Z%(logab+loga ¢)2 Y Jflog, b-log, a =
=>J1=3=RHS.

Egalitatea are loc daca si numaidacd a=b=c.
Problemal1432.

In AABC holds

Z;>£
sin®4 33
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RMM 4/2026, Zaza Mzhavanadze, Georgia

Solutie.

> > =
sin® 4 3 ¥ 385

1y s
LHS =Y — Hu}dﬁ(zgim} (;)(2\/5) -2 _rus.

1 1 2 + 2 + 4 Ry Gewrretsen
Am folosit mai sus: z > 2«/?:, veziz ~ _P T 4 > 2\/?_>,
sin

sind 2pr
Remarca.
In AABC holds
1 2
Zsin” A 23(%] meN
Marin Chirciu
Solutie.

Pentrun = 0 se obtine egalitatea 3=3.

1

- > 2\/§, vezi mai jos.
sin 4

Pentrun =1 se obtine z

Pentrun > 2 se foloseste inegalitatea lui Holder.

1Y .
LHS =) 1 Hofer(zSinAj 9(2\5) =3(ijn=RHS.

sin" A4 3! -3 \/g

1 1 2 + 2 + 4 Ry Gewrretsen
Am folosit mai sus: Z - > 2«/§, veziz »y "y ; 4 > 2\/§.
Sin Sin pr

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1433.
In AABC holds
s 4
chc 2. 32\5
a R
RMM 4/2026, Zaza Mzhavanadze, Georgia
Solutie.
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5
A A
5 -
CSC — Holder (ZCSC ] 1) 5 5
LHS =Y — 25"\ " 2 36 __ 6 2By
a ¥ a “3¥2p P3RS R
Am folosit mai -chcé—z L "
m folosit mai sus: . — = 6.
sin —
2
Remarca.
In AABC holds
cs¢”" =  n
Z > 2 \/g,neN
a R
Marin Chirciu

Solutie.

1 3 1 cS 9 9 Mitrinovic 9 3
PentrunzOseobtinez— J_ , vezi —>— — 2 —=£.

a R Za 2p ﬁ R

csc—
Pentrun =1se obtinez > , vezi

cscA cscA
A AG A (€8]
IR | SN 3 _ 3 3 3 22\/5.
3(,.2 R
¢ ¢ i/ asin i/abcHsinA i/4Rrp-r \/r P
2 2 4R

0293 27 833 . 3R\3

-— , vezi inegalitatea lui Mitrinovic p <
/ 2 R r p R 2

Ramaéne sa aratam ca:

27 8 3\/_
S 3RJ’

& R? > 417, vezi inegalitatea lui Euler R > 27 .

Pentrun > 2 se foloseste inegalitatea lui Holder.

A n
CSCn 124 Holder( CsC 2) (1) 6n 6n 2n\/§
LHS=Y" >

= RHS .
a 3> *372p 373rB R
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Jensen

. . A 1
Am folosit mai sus: ) cSC— = Z Y, > 6

sin —
2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problemal1434.

ifa,b,c,d >0,a+b+c+d =1then
2
za +b+c >3
b+c+d

Sanong Huayrerai

Solutie.
a’+b+c a’+b+c a +b+c a+b+c
LHS = 1= ——-1=
Z:b+c+a’ Z z( j Z l1-a

a+b+c 46 a+b+c
1> 44 - 1=4¥1-1=3=RHS.
Zb+c+d I1b+c+d J_

Egalitatea are loc dacd si numaidacda=b=c=d = Z .

Remarca.

ifa,b,c,d >0,a+b+c+d =1andn € Nthen

A +b+c) 3Y
Z — | 24| =] .
b+c+d 4
Marin Chirciu
Solutie.
Pentrun = 0 se obtine egalitatea 4=4.

Pentrun =1 vezi Lema.

Pentrun > 2 se foloseste inegalitatea lui Holder.

b+c+d 4! 4 4

(Za2+b+cjn
2 nHolder Lema A" "
LHS=Z(LZ)+C) G\ brexd ) 1Y 31=4(3] — RHS..

Lema.
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Ifa,b,c,d >0,a+b+c+d =1then

etbre,

b+c+d

Za2+b+c=za +b+c z[a +b+c j_l=2a+b+c_1=

b+c+d l—a

AG
_za+b+c_1>4 , a+b+c _1:4%_1:3-
b+c+d b+c+d

Egalitatea are loc dacd si numaidacda=b=c=d = Z .

Remarca.

Ifa,b,c>0,a+b+c=1then

2
b+c
Marin Chirciu
Solutie.
a’+b a’+b a +b a+b
LHS = 1= 1=
Zb+c Z Z Zl—a
a+b _4¢ a+b
- —1233/ —1=331-1=2=RHS.
zb+c 1_[b+c
Egalitatea are loc dacd si numaidacda=b=c= E .
Remarca.
In AABC holds
2
v+
s,
i (n+r)
Marin Chirciu
Solutie.
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Lema.

ifx,y,z>0,x+y+z=1then

Z.x +y 2

y+z

. . ~ . . r
Se cunoaste identitatea n triunghi Z— =1.

a

9

) rr r _
Folosind Lema pentru(x,y,Z)Z —,—,— | obtinem:
ot I

r’or ro1 r2+rrb
2 2 (7 +rrb)rc
Z; :>2<:>Z1 122@2 >2<:>Z ) >2.
A R r r.
”b+”c 7 ”c ’”b’"c b
Remarca.
In AABC holds
Z(hj+rhb)h622.
hj(hb+hc)
Marin Chirciu
Solutie.
Lema.

ifx,y,z>0,x+y+z=1then

Z.x +y 2

y+z

. . ~ . . r
Se cunoaste identitatea n triunghi Z— =1.

a

v or r
Folosind Lema pentru (X, y,Z) = (h_’h_’h_) obtinem:
a b (4
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ﬁ_,_i r 1 hj+rhb ( )

W h W»oh hh, h; +rhy )h,
Z}’+722<:>Zl 122@2w22@2m22

ho h ho h hh,

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1435

Ifa,b,c>0,a+b+c=1then

1

abc

> 3(1+6a)b <

:

April Octogon 2007, Mihaly Bencze, Brasov

Solutie.
Lema.
Ifa,b >0 then
Jiayp < S22,
Solutie.

YT 6a)b =21 6a) b3 <2 (1+6a)+95+3 6a+9b+4
3 3 3 9

cu egal pentru(1+6a)=9b=3 <a zbzé

tens 6a+9b+4 _15) a+12 151412 27 O 1
S {a)p < 304k ; R

9 9 ~ 3labe
€8
unde3 < ! < 33Jabe <1, vezil=a+b+c>33Jabc = 33abc <1.
labc

Egalitatea are loc dacd si numaidacia=b=c=—

Remarca.

ifa,b,c>0,a+b+c=1then

> §(1+6a)b <3,
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Marin Chirciu
Solutie.
LHS =¥ 41+ 6a)b = ¥ \3[(1+6a)b Cés\/3z;/(1+6a)b B3 =3=RHS .
Lema.
Ifa,b >0 then
23 (1+6a)b <3.
Demonstratie.
J(+6a) =1g/(1+6a)-9b.3 €1 (1+6a)+9b+3 _6a+9b+4
3 3 3 9
cu egal pentru(1+6a)=9b=3 &a=b :%,
6a+9b+4 15 a+12 15.1+12 27
«3/1 6a)b < = = =—=3=RHS .
Egalitatea are loc dacd si numaidacda=b=c= 5 .
Remarca.
In AABC holds
6r |r
I+— |—<3.
23 ( + - er
Marin Chirciu
Solutie.
Lema.

Ifx,y,z>0,x+y+z=1then

3 yf(1+6x)y <3.

. . ~ . . r
Se cunoaste identitatea in triunghi Z— =1.

a
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r r r

Folosind Lema pentru (X,y,Z) = [—,—,—J
nor

r

a

Remarca.

In AABC holds

Solutie.
Lema.

Ifx,y,z>0,x+y+z=1then

. . ~ . . r
Se cunoaste identitatea in triunghi Zh— =1,

Folosind Lema pentru(x, y,z) = [hi’hl’hLJ obtinem: Z 3 [“_%Jhi <3.
a b c

c

obtinem: 23 [1+QJL <3.

r,)n

a

23 1_,_@ LS3.
h, ) h,

a

Marin Chirciu

2,3[(1+6x)y <3,

a

b

a

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1436.

InAABC holds

Solutie.

Cazulk<0=k=-n,neN".

LHS=Yrf =Y r"= zrin =>

|

>k 2303r) kez.

1

S
p—a

0J-1994-Arges, Marin Stoica, Olt

L5 (poay s L (Zr=a)f

jn = Sn pnrn 311—1
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1 pn 1 3 -n k
= == = =3(3 =3(3r) =RHS.
pnrn 3n—1 3n—1 7"” (3r)n ( r) ( 7")

Cazulk=0.
Se obtine egalitatea 3=3.

Cazulk >0.

k
LHs =35 () _(4Rer) s (o) _ 3(3r) = RHS .

31 - 31 = gkl
Remarca.
In A4BC holds
S 23(3r) kek.
Marin Chirciu
Solutie.

Cazulk<0=k=-n,neN .

. 1 1 1 nHolder 1 an
T Y0 Yl 3 o 3 votyr 12

(2Sj" PG p'r
a

__1 (2]:) — 11 -2 =3(3r) " =3(3r)' =RHS.
2npnrn 3}1 3}1 rn (3}")”
Cazulk =0.

Se obtine egalitatea 3=3.

Cazulk >0.

k
older h Zhaz‘)r k
LHS =S n'> (%k_j) > (?9,:)1 =3(3r)" =RHS .

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problemal437.

Solve for reals
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a+b+c=5
ab+bc+ca=T+a’

GM®6-7-8/2012, Mihai Opincariu,Brad, Hunedoara

Solutie.
a+b+c=5 b+c=5-a S=5-a )
s = s =>x -x+P=0<
ab+bc+ca=7+a bec=a —4a+7 P=a —4a+7

o X —(S—a)x—i-arz—4a+7:0,A=—3(a—1)2 >0 a=1=x"-4x+4=0
o (x-2) =0 x=2=b=c=2=(a,b,c)=(1,2,2).
Deducem c3 sistemul admite solutia unicé(a,b,c) =(1,2,2).

Remarca.

1). Let 1, k be positive real numbers such that n° —n +1=23k . Solve for reals

a+b+c=n
ab+bc+ca=k+a
Solutie.
a+b+c=n b+c=n-a S=n-a i P
ab+bc+ca:k+a© bc:aer(l—n)aJrk<::> P=a2+(1—n)a+k:>x T
<:>xz—(n—a)x+a2+(l—n)a+k:0,
2
A=—3a2+2(n—2)a+n2—4k:—3a2+2(n—2)a+n2—4-”_T'”1=
_ 9a +6(n Z)a (n 2) :—1(3a—n+2)220<:>a=n 2
3 3 3
2 2
:>9x —6(n+1)x+(n+1) :0<:>(3x—n—1)2=0<:>x:n—+l:>b:c:n—+l:>
9 3 3
:>(a,b,c)=£n_2,n+l,n+lJ
3 3 3

b

n-2 n+l n+l
37373 )

Deducem ca sistemul admite solutia unica (a,b,c) =(
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2). Let A be positive real number . Solve for reals

a+b+c=41
2
ab+bc+cazw+a
Solutie.
- . . A=2 A+1 A+1
Deducemca5|stemuladm|tesolut|aunlca(a,b,c): 3 03 0 3 )

3). Let 7 be positive real number . Solve for reals

atb+c=n
2
n —n+l .
ab+bc+ca:T+a

Dezvoltari, Marin Chirciu

Solutie.

b b

. . . n—-2 n+l n+l
Deducem ca sistemul admite solutia unica (a,b,c) =

3 3 3
Problema1438.
L T . X,
Fie sirul (xn )n>1 definit prinx, >0six,,, =——,n=>1.
- I+x, )
Calculatilim (1+x, )’
n—x0
OL-2014-Constanta, Catalin Zirna, Constanta
Solutie.
Prin inductie matematicd: x, >0,n>1.
Din — = 5> <1 =sirul (xn )n>l este strict descrescator.

X, (1 +x, )
Deoarece sirul (xn) este strict descrescatorsix >0,n>1= sirul (x ) este convergent.
n>1 n nJn>1

Trecand la limita in relatia de recurenta obtinem limx, =0.

n—0
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n . . -
Avemnx, = —. Cum— — 400, strict crescator, aplicdm Lema Stolz-Cesaro =>
1 X,
xn
. ..n . n+l-n . 1 . 1 . X,
= limnx, =lim—= hmﬁ = hmﬁ = hm—2 = 11m2— =
n—»o n—0 iS n—»0 b n—»0 b n—o0 (1 + xn) 1 n—»0 xn + zxn
‘xn ‘xn+1 ‘xn ‘xn+1 ‘xn xn xn
x,—0 1
=1lim = —.
e x +2 2
o . n
S& trecem la calculul lim (1+x, )" .
n—»00
n : 1 i lim nx, 1
Avemlim(1+x,)" = lim| (1+x, ) | =e™  =e?=+e.
n—o n—®
Deducem c3 lim(l +x, )n =e.
n—»0
Remarca.
. - . . X,
Fie sirul (xn )nzl definit prinx; >0six,,, =—"—=,n=1.
I+x, )
Calculatilim (1+x, )n
n—x0
Marin Chirciu
Solutie.
Prin inductie matematica: x, > 0,n>1.
X 1 . . .
Din—= = ——— <1 =>sirul (xn )n>1 este strict descrescator.
x,  (l+x,) =

Deoarece sirul (xn )n>1 este strict descrescator six, >0,7>1=> sirul (xn )n>1 este convergent.

Trecand la limita in relatia de recurentd obtinemlimx, =0.

n—0

Avemnx, = . Cum — — 400, strict crescator, aplicam Lema Stolz-Cesaro =

n
1 x
xn

n
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. ..on .. n+l-n . 1 . 1 . X,
f— hmnxn = llm— = llm— = llm— = llm—3 = llm—2 =
n—>00 n—»o0 n—»om 1 n—>0 1 1 n—>o0 (1 +x ) 1 n—>o0 x3 +3x +3x
_ S R, n n n n
xn xn+1 xn xn+l xn xn xn

. 1 xn%01
=hm2— = —.
noe xt+3x, +3 3

53 trecem la calculul lim (1+x, )" .

n—0

I

1\ ) 1
Avem lim (1+x, )n = lim((1+xn )xj L R e

n—0 n—o0

Deducem calim(1+x,)" = e

n—»0

Problema1439.

In reperul (O,;,}') fie punctele 4, (l,a),A2 (2,61),...,/1” (n,a) )

a) Calculati0—4+@+...+@ )

b) Aratati cé\/a2 +1+\/612 +4 4.+ +n’ Zgn(2a+n+l).

OL-2013, Mehedinti

Solutie.

a). 74+0—@+...+@:(f+a}')+(2f+a})+...+(nf+a}'):(1+2+...+n)?+na}:
1 - -
=5n(n+1)z+na] .

b) |04,

%

bt |08 2[0F + 0% .+ O8] =

n+1) +4d> (Zl)ﬁn 2a+n+1
(rr1) +4a7 5

n
2 2

Ja? +1+a* +4 +...+W2\/{MT+(M)Z -

)
undeg (n+l)2+4a2 Zgn(2a+n+l) <:>(n+l)2 —4a(n+1)+4a’ 20 &

<::>(n+1—2a)2 >0,

Egalitatea are loc daca si numai dacan+1=2a .

Remarca.
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In reperuI(O,;,}') fie punctele 4, (1,61),/12 (3,a),...,An (2n—1,a) )

a) Calculati0—4+@+...+@ )

b) Aritati cav/a® +1++a> +9 +...+\/az+(2Tl)22 n(f/;'ra) .

Solutie.

Marin Chirciu

a). OA, +OA, +...+ 04, = (§+ a}')+(3§+ a}')+...+((2n—1);+ a}) =

=(1+3+...+2n—1);+na}' =n2;+na}.

b) ‘ﬂ‘+‘@‘++‘@‘z‘@+@++@‘ =

N +14d>+9 +...+\/a2 +(2n—1)2 >\n* +n’d* .

cs (n+a)2 n(n+a)

\/n4+nza2 :n\/nz+a2 >n =

2 2

Egalitatea are loc daca si numai dacan=a.

Problem1440.

Calculati

lirn(x\/xz+a2 —\/x2+a4)= 4 ,aeR.

X—>0

X—>0

lim(x+1— (x+l)2—3x)=%.

(x+1+ (x+1)2 —3x)
lim =2.

X—>0 X
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(x+1— (x+l)2—3x)

lim =
x—0 X

N | W

Math-4/2014

Problemal441.

Let P be a point inside the triangle ABC and let P, F,, P, be its projections on to the sides
BC,CA, AB , respectively. Prove that

4F*

2

PP’ +PB +PP’ > ————.
a +b"+c

Math Olympiads 4/2026, Elton Papanikolla

Solutie.
2 2 2 4F2 2 2 2
PP’ + PP’ + PP’ > T IS ZPI; Za >4F", vezi inegalitatea CBS.
a +b”+c

S PEY @' (Sa-Pr) =(32K) =47, unde F, =[PBC], ,=[PCA], F, =[PaB],
F +F,+F,=F=[4BC].
Egalitatea are loc daca si numai daca AABC este echilateralsi P=G .

Remarca.

1). Let P be a point inside the triangle ABC and let P, P, P. be its projections on to the sides
BC,CA, AB , respectively. Prove that

3
PP’ + PP’ + PP’ z%.
3(a +b" +c )
Solutie.
8F°
PP+ PP’ + PP* > m = 3ZPP;Za3 >8F”, vezi inegalitatea lui Holder.

older

SIYPEY a5 (Sl-a-PRY =(32F) =8F°, unde F, =[PBC], F, =[PCA],
F,=[PAB],F,+F,+F,=F =[4BC].

Egalitatea are loc daca si numai daca AABC este echilateralsi P=G .
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2). Let P be a point inside the triangle ABC and let P >, B, P be its projections on to the sides
BC,CA, AB , respectively. Prove that

4
PB,4+P114+P1142%.
9(a +b"+c )

Dezvoltari, Marin Chirciu

Solutie.

16F

PP;‘+PP,,4+PQ42—4
9(a +b" +c )

9ZPP4Za4 >16F* , vezi inegalitatea lui Holder.

SINIS PR Y et = (S1-1-a-PR)

F,=[PAB|,F +F,+F,=F=[A4BC].

(32F) =16F*, unde F;, =[ PBC], F; =[ PCA],

Egalitatea are loc daca si numai daca AABC este echilateralsi P=G .

Problema1442.
In A4BC holds
mj 9GI* 9
ZE - SRr 4
RMM4/2026, Adil Abdullayev, Azerbaijan

Solutie.
Lema.
In A4BC holds

1
GI’ =—(p’ +5r" —=16Rr).
o7 )
LES = Z m’ _Pp +51;2+2Rr
r

9GI* |9 _p’+5r°—16Rr 9 _p’+5r" +2Rr
8Rr 4 8Rr 4 8Rr

RHS =

Remarca.

1). InAABC holds
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Z < a < kel
Z bc

8r

Solutie.
In AABC holds

Zm_j _ p>+5r° +2Rr
bc 8Rr '

Inegalitatea din dreapta.

a

zm_z _ p>+5r° +2Rr Ge’z’”" 4R +4Rr +3r° +5r° +2Rr _ 4R* +6Rr +8r°

be SRr - SRr B SRr
9R>
_2R*+3Rr+4r7 Bl 9R
4Ry " 4Rr 81

Inegalitatea din stanga.

a

Zm—z B M@rfsw 16Rr —5r* +5r> + 2Rr _18Rr 9
be SRy - SR 8Rr 4

Egalitatea are loc daca si numai daca triunghiul este echilateral.

ZJ_c 2\/§

2).In AABC holds

Marin Chirciu

Solutie.
CBS Lema

LHS = Z m, m, 3.2R _ /27R 3 PR _Rrus.

bc 8r 87
Lema
In AABC holds

2
2 IR
bc 8r

3), InAABC holds
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Solutie.

2
a

{2 (2] e

Dezvoltari, Marin Chirciu

Pentrun = 0 se obtine egalitatea 3=3.

Pentrun =1 vezi Lema.

Pentrun > 2 se foloseste inegalitatea lui Holder.

m2 " Holder (
LHS=Y" 22
C

Lema

In AABC holds

Problemal1443.

Sa se calculeze

n

(3
L(;na 4 _ 3

w ||

:3(2) _ RHS.
4

3n71

SN )

g
3

\Y
O

bc

1

X :
I 57dx ,undeneN .
o 1+x

Marin Chirciiu

111( t+1 )d
_I_ _ t =
3ngy3 t+1 £ —t+1

111(—1
= — |- + —
9n03 t+1

=—|-In2+—4=

1 1
2—t+1jdt %[—ln(wl) Eln(t —t+1)+

3 1 -1 1 3
arctan —arctan— | |=—| - In2+—| 2 arctan
3 B 9n ﬁ

t\)lw

2 2t—1j‘1
arctan =

ﬁ ¥ o
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Nota.
Pentrun =1 se obtine Problema 25976 din GM3/2008.

Sa se calculeze

1

5
jlj-cx9dx

0

Vasile Solovastru, Feldru, Bistrita-Nasaud, Problema 25976 - GM3/2008.
Problema1440.

Sa se calculeze

CoS X
I ) ——dx,xeR ,unde 1 >1
(A +sinx)(A+1+sinx)
Marin Chirciiu
Solutie.
SlnX t
_J‘ cosx w J. .
ﬂ+smx /1+1+smx 2,+t l+1+t)
1 A B C D

+ + + o
(/1+t)(/1+1+t)3 A+t A+1+t (/1+1+t)2 (/1+1+t)3

=N A(ﬂ,+1+t)3 +B(ﬂ+t)(ﬂ+l+t)2+C(/1+t)(ﬂ,+1+t)+D(}t+t):I,Vt.
Obtinem:
(4,B,C,D)=(1,~1,~1,—1).

Rezulta:

1 1 1 1 1

(;t+t)(ﬂb+1+t)3 /1+t_ﬂ+1+t_(/1+1+t)2 (ﬂ+1+t)3'

| di= [~ dr— - : cdt—| L a-
(ﬂ+t)(/1+l+t A+t A+1+t (A+1+1) (A+1+1)

=In(A+t)-In(A+1+1)+ ! + ! +C.

A+1+t 2(/1+1+t)2

Deducem ca:
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I CcoS X A+sinx 1 1
( + +

+C.

n
/1+sinx)(/1+1+sinx)3 A+1+sinx A+1+sinx 2(/’t+l+sinx)2

Nota.
Pentru A =2 se obtine Problema 25692 din GM12/2006.

Sa se calculeze

J- Cos X v xeR.
(2+sinx)(3+sinx)

Alfred Eckstein si ViorelTudoran, Arad, Problema 25692 din GM12/2006.

Problemal441.
Calculati
lim n+l1 N n+2 N n+n
e\ P 12 422 tant )
Math 4/2026
Solutie.
1+k
“on+k 1 ot l+x 1 0 ox
Iim ) ——=Ilim— no— dx = dx + dx =
new;nz-i-kz nﬂmn;l—i-kz ‘!14—)62 '([1+x2 01+x2
nZ
1 1 1 1 1
= arctan x +—ln(x2+1) :arctanl—arctan0+—(ln2—ln1):£—0+—ln2:
0 2 0 2 4 2
2 o,
4 2
Remarca.
Fie A € R fixat. Calculati
lim n+A n+24 n+nl
e\ 2412 w2 +2 T i en? )
Marin Chirciu
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Solutie.
k
1+ﬂ, 1 1 1
hmZM i Z 2 .[l+lx =J. ! 2dx+.|. lxzdx,':
oot =in” +k 'H@nkl k o 1+x o 1+x o 1+ x
1+
nZ
1 1
= arctan x +&ln(x2+1) =arctanl—arctan0+i(ln2—lnl)=E—O+iln2=
0 2 0 2
=Z+£ln2
4 2
Problemal442.
-1 -1
Ifz,z, eC, & |= & |=2then
Zl+2‘ zz+2‘
|ZI—ZZ|S4.
RMM 4/2026, Vasilis Demestraskos, Greece
Solutie.
Lema.
fzeC,|— ‘:2thenM( )eC((-3,0).2)
z

Demonstratie.

z—1

z+2

=2 <:>|Z—1|=2|Z+2|,z=x+iy,x,yeR :>|x+iy—1|=2|x+iy+2| =

:>\/(x—1)2+y2 =2\/(x+2)2+y2 R (x—l)2+y2 :4((x+2)2+y2) <
<:>x2—2x+1+y2=4(x2+4x+4+y2)<:>3x2+18x+15+3y2:0<:>

S X +6x+5+)° =0 < X +6x+9+)° =4 < (x+3) + 1> =4 = M (z)se afl3 pe cercul

de centru K (—3,0)sirazir=2.

22—1|_
22+2‘_

Folosind Lema si 2 = A(Zl), B(Z2 ) se afld pe cercul de centru K(—3,0) si raza
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,AB<KA+KB=2+2=4 =|z,—z,|<4,

Consideram AKAB ,KA=KB=2 = ‘ﬁ‘ =|z, -z,

cu egal daca punctele A4si B sunt diametral opuse pe cercul de centru K(—3,0) sirazdr=2.

Remarca.
Dac C 22| 22_’1|—2/1 0 atunci
acaz,,z, € 'Zl+2ﬂ‘_22+2ﬂ,‘_ , 4 >Uatunci
|2, —2,|<44.
Marin Chirciu
Solutie.
Lema.
. z=4 .
DaciazeC, Z+2/1‘22,),>OatunC|M(Z)EC((—3/1,O),22,).

Demonstratie.

z—A
z+24

,z=x+1iy,x,y R :>|x+iy—l|=2|x+iy+2),| =

‘:2 o lz-=2z+22

:>\/(x—/1)2 +y° =2\/(x+21)2 +)’ & (x—ﬂ,)2 +y’ =4((x+2ﬂ,)2 +y2) =
& xT=2Ax+ A2+’ :4(x2 +40x+417 +y2) & 37 +18Ax+1547+3)° =0 <

S P +6Ax+527 )7 =0 & XX +6x+927 +)7 =427 < (x+34) + 3’ =44 = M (z)se

afl pe cercul de centru K(—3ﬂ,0) sirazdr =21.

z,—A |_
zl+2/1‘_

zz—/1|_
Zz+2/1‘_

Folosind Lema si 2= A(Z1 ), B(22 ) se afld pe cercul de centru K(—3/1, 0) si

razar =2A1.

Considersm AKAB, KA = KB =22 =|AB|= |z, - z,|, AB< KA+ KB=22+24 =44 =

|Z1 —Zz| <42, cu egal dacd punctele Asi B sunt diametral opuse pe cercul de centru K(—3/1,0) si

razir=2/1.
Problemal443.

Calculati
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) X

sinx+2cos* = +1In x* .

- 2 dx,xe| 0,— |.
sinx+xIlnx 2

Math 4/2026
Solutie.
) X
sinx+2cos* = +1In x** 1+ cos x4 In x
1=I - 2 dx=I 4 —= x:x+ln(sinx+xlnx)+C.
sinx+xIlnx sinx+xInx
Remarca.
Calculati
: .2 X x+1
sinx+2-2sin“ —+Inx .
'[ - 2 dx,xe| 0,— |.
sinx+xlnx 2
Marin Chirciu
Solutie.
sinx+2—2sin2£+lnx"+l
1+cosx+Inx )
1=J. - 2 dx=J- [+ —= x=x+ln(smx+xlnx)+C.
sinx+xIlnx sinx+xInx
Problemal444.

1728.Ifa,b,c > 0,abc =1then

2%33.

l-a+a

Mathematical Reflections 2/2026, Nguyen Viet Hung, Vietnam

2a1

a’ —a+1

Solution .We havez ! 3 & Z[——ﬁj >l Z
a+ta

z(za_l)z Titu;ema(Z(za—l))z_ (2261—3)2 par—Method (2p_3)2 M

> = = = ) >3
a’—a+l Z(az—a+1) Za2—2a+3 p -2q—p+3
(2p-3) o 4p> —12p+9 ) )
where—————2>3 & ——————>3 o 4p" -12p+923(p’ -2¢-p+3) &
p —-2q—p+3 p —-2g—p+3
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& pP+6g=9p,seeq’ 23pr,r=1< q> =3p.

AM-GM 7*>3p
We have p* +6g = p> +3q+3q > 3\3/p2 3g-3qg =339p’¢* = 339p*-3p=9p.

Equality occursifandonlyifa=b=c=1.

Problema1445.
17 .
0.VI1.594. In AABC ,r =3cmsi R = ?cm then find a,b,c.

RMT 1/2026,Aurel Dobosan, Lugoj

Solutie.
) a b+c—a
Folosind R = — sir = ——— obtinem:
2 2
R=%="2 4217,
2
b+c- b+c-1
pobreza g brelT o3
2 2
) s ) b=15 b=8
Dinb+c=23sib"+c” =17 = bc=120 = v 15
c= c=

Deducem ca triunghiul dreptunghic are ipotenuza de 17cm si catetele del5cm si8cm .

Problemal1446.

0.X.434. Rezolvati in R sistemul

a+b+c=2025
a+b b+ F+d
+ +

ab bc ca

<4050

RMT 1/2026,Mihaela Berindeanu, Bucuresti

Solutie.

3 3
Za (:-bb Zzab(zl:‘b) :Z(a+b)=22a:2.2023=4050' cu egal pentrua =b = ¢ = 675.

Solutia sistemului este (a,b,c) = (675, 675, 675) .

Remarca.
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Ifa,b,c>0,a+b+c=3andn e Nthen

Marin Chirciu

Solutie.

1 CS 9 zab33 9
Pentrun = 0 obtinem z— >3 vezi z b z b >
a a

b a+b 11 19 9
. — —— =2y —>2.——=2.2=6.
’ ab Z(b-'-a) Za> Za 3 ¢

=3,

Pentrun =

Pentrun > 2 se foloseste inegalitatea lui Holder.

(a+b)" )
~ q" + b" Holder T ~ 1 (a+b)n Holder ] (Z(a+b)) > abs<3
LHS = z = Z ab 2" z ab = 2! 3"’2Zab =
Zazbs 1_ (Z(C_Hb))n _ (22_“)" _ (2.?)” _ 6'1 6 RHS.
2n1 3n23 6n1 6n1 6n1

Am folosit mai susZab <3, vezi9 =(a+b+c)2 >3(ab+bc+ca).

Problemal447.
In AABC holds
2
(D 14) <Y ab.
RMM 3/2026, Nguyen Hung Cuong, Vietham

Solutie.

Lema.

In AABC holds

ZIASW.

Demonstratie.
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CBS

S zssz o <rJ2bcz -

Folosind Lema obtinem concluzia.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

1). InA4ABC holds

6r <D IA<2(R+7).

Solutie.

Inegalitatea din dreapta.

= =r be Cisr c v
Z’A‘zsmg D T (DI szzw—b)(p—c)
bc

:r‘/Zbc-riz=\/Zab=\/p2+r2+4RrGethsen\/4R2+4Rr+3r +7r° +4Rr =

— V4R + 8Rr + 41> =2(R+r).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din stanga.

uler
Su=3-" >r-33 LA: _3r3,/4—RE> 3rf8 =6r
r r

sm —
2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2). InAABC holds

3R3

2r

1277 <> 147 <

Dezvoltari, Marin Chirciu
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Solutie.
2 2 bc 24+’ —8Rr
IA2 = r = r =r2 :rz.p —
D D RN o s R S s pery ;

bc

Gerretsen Euler

=p +r’ —8Rr < 4R2+4Rr+3r2+r2—8Rr:4R2—4Rr+4r2:4(R2—Rr+r2)S
Euler 3 3
¢y 3R 3R

&  2r

bc =p2+r2—8Rr
p—b)(p—c) r '

Am folosit mai sus: Z(

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Inegalitatea din stanga.

Lema

In AABC holds

> 14261,

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1448.

0.VIII.592. Ifa,b,c > O then

a).z

1 , 1
+—>Y>a =>2—)> a.
a+4 16 4Z

b). Zb2a+4 +% ab ziZa .
RMT 1/2026,Gheorghe Stoica, Petrosani
Solutie.
a).
Lema.

If a > Othen
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Demonstratie.

2

za +a_zﬁ<:>a3—4a2+4a20c>a(a—2)2ZO,cuegaIpentrua:2.
a+4 16 4

2
a

a | . .
> +— > — obtinem concluzia.
a +4 16

Sumand

Egalitatea are loc daca si numaidacaa=b=c=2.

b)
Lema.
Ifa,b >0 then
a ab _a
2.
b~+4 1 4
Demonstratie.
2a +%Zg<:,>b3—4b2+4b20<:>b(b—2)220,cuega|pentrub:2.
b"+4 16 4
a a
Sumand — +— 2 — obtinem concluzia.
b°+4 16 4

Egalitatea are loc daca si numaidacaa=b=c=2.
Problema1449.

If x,y,z > 0then

Zx;z > \/92962 —6ny .

RMM 5/2020, Rahim Shahbazov, Azerbaijan
Solutie.
Lema.

If x, v,z > 0then

st 2 (B

y D ox
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Pham Hun Duc Inequality

Folosim pgr -Method.

Notémpsz,q:ny,r:xyz.

x (1)

2 ema6 2
LHS:zx_Lz sz > 033> ~63 xy = RHS,
y

undewz\/9(p2—2q)—6q @MZ«/%Z—%} =
P

p

2 2
- (5p 212q)

>9p’ -24q < p*+9¢° —6p°¢ >0 < (p2 —3q)2 >0.
p

Egalitatea are lo dacd sinumaidaca x=y==z.

Problema1450.

1X.622. In AABC holds

ZL > E
3b+3c—a 5
RMT 1/2026, Dan Barbosu, Monica Huminiuc, Baia Mare

Solutie.

IS Y D V20 Y X B

a
LHS_Z3b+3c—a_ 3ab+3ac—a2_2(3ab+3ac—a) 6Zab Zaz_

2 b
undeg:fa;_ %Z (1)3<Z>Za >Zab<:>z (a— b >0.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.

If A >1thenin AABC holds

Z a > 3
Ab+Aic—a 2A-1
Marin Chirciu

Solutie.
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LHS =Y a’ S (Xa) 2. +2) ab O

Zb+ﬂc a Zlab+ﬁ,ac—a2_Z(ﬂ,ab+iac—a2) 2/12ab Zaz_

m 3
> = RHS,
24-1

>a +2Zab o 3

undeuzab i 2 <24+ 22(A+1)D ab < 2(A+1)Y (a=b) 20,

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1451.

1
VIl.628.Ifa,b,c > E then

H[aer ! jZS.
2b—-1

RMT 1/2026, Florin Rotaru, Focsani
Solutie.

SOS

Medii 8 \/_ 8 RHS
> >
1) TI2e 5 =TT 5o T

LHS:H( 2+

Egalitatea are loc daca si numaidacaa=b=c=1.

Remarca.

1
ifa",b",c" > 5 and 7 € Nthen

H(azn + ! jZS
2b" -1

Marin Chirciu
Solutie.

Pentrun = 0 se obtine egalitatea8 =8.

~ . . *
In continuare , fien e N .

LHS:H(aZ jMf"H -8 §S8Hﬁ=8:RHS
2" — 2b” 2a" - '

Egalitatea are loc daca si numaidacaa=b=c=1.
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Problema1452.

In AABC with maX{A,B, C} <120"and T is Torricelli point of AABC holds

(TA+TB+TC)' <ab+bc+ca.

RMM 3/2026,Nguyen Viet Hung, Vietnam
Solutie.
Lema.

In AABC holds

2
TA+TB+TC:¢,/ZCZ+4S\/§.

< Zab —_ Za +4S3 < ZZab vezi4S+f3 < Zab (Gordon).

Inegalitatea se scrie:

> +45\3 +4SJ_

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

If T is Torricelli point of AABC holds
(TA+TB+TC) 2 43F .

Marin Chirciu
Lema

In AABC, T -Toricelli point, then

D> TB-TC=

SE

Demonstratie

In AABC, T -Toricelli point, then m(LATB) = m(LBTC) = m(ACTA) =120,

B

Obtinem[ATB] =%TA-TB-sinl20° =TTA~TB.

G B B

Avem[ABC|=[ATB]+[BTC]+[CTA] < S = - TA-TB+==TB-TC+—-TC-TA &
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= 45=\B3YTB.TC & S 1B.7C=22

5

Sa trecem la rezolvarea problemei din enunt:

(TA+TB+TCY S§S3ZTB-TCL§W3-% =435

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Problema1453.
In A4BC holds
a2
> P 2[1,1,1.]-4[4BC].
RMM 3/2026, Mehmet Sahin, Turkey

Solutie.

Lema.

In AABC holds

2

> L _=2(2R-r).

T+,

abcF

Al 11 |= .
[abc] 2r2p

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
In AABC holds
a’ a’
2 hy +h, 2 h+T
Marin Chirciu
Solutie.
Lema.
In AABC holds
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a’ 4R(p2 -7 —Rr)
h, +h, P+ 42Rr

2

2

> L _=—2(2R-r).

T,

Inegalitatea se scrie:

4R(p2 —r? —Rr)
p>+r>+2Rr

S2(2R—r) = 2R(p2 -7’ —Rr)S(ZR—r)(p2 +7° +2Rr) =

& p° <6R’ +2Rr—r?, care rezultd din inegalitatea lui Gerretsen p> <4R”> +4Rr +3r°.
Rdmane sd aratam ca:
4R +4Rr +3r <6R* +2Rr—r’ < R’ —~Rr—2r* >0 < (R-2r)(R+7)2>0,veziR>2r .

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Problema1304.

VII.623. a).Determinati x € N pentru care
( 2
x(x+n )Sx+n,‘v’x20.

b).Rezolvati in R inecuatia:

\/x2 +Xx +\/x2 +4x <2x+3.
lonel Tudor, Calugareni, RMT-4/2025

Solutie.
a). x(x+n2) <x+n o x(x+nz)S(x+n)2 I n(l—x)z—nx o n 6{0,1,2},

b). Inecuatia are sens pentrux > 0.

Folosind a)= \/x(x+l2)+\/x<x+22) S(x+1)+(x+2) < x>0.

Deducemcax € [0,00) este solutia inecuatiei.
Problemal454.
Fief(x)=1+cosnx,n eN".

Sa se calculeze:
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Test-12C,3/2009, Marin Chirciu
Solutie.

1
a).—.
n

Vs
b). — .
2n

c). F este strict crescitoare pe (0,00) si I este strict descrescitoare pe (—00,0) .
Problema1455.
Fie f (x) = ln(n+sin2 x),n eN".

Sa se calculeze:

a). I e’ Wx .

0

T

b). If(x)sinxdx,

0

arcsinx

c).derivata functieig : (—1,1) > R, g (x) =

f (¢ .

BN —

Test-12C,3/2009, Marin Chirciu

Solutie.

a).(2n+1)7.
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Jnri-1)
b).2lnn—4—2\/n+lln¥.
ln(n+x2)
c.g'(x)=———=.
(x) —
Problema1456.

2013 1
Fied,BeM, (C) douad matrice astfel incat AB = ( j

2014 1
Demonstrati cd matricea BA este inversabila si
BA—(BA) " =2014-1,

OL-2014-Dambovita, GM 2013

Solutie.

1). det(AB)=—1,det(BA)=det(AB)=—1#0= A4, B, BAinversabile.

2). Tr(AB)=2013+1=2014 Folosim relatia Hamilton-Cayley:

(AB)’ ~Tr(AB)-(AB)+det(4B)-1, =0, < (AB)' ~2014-(4B)~1,=0,.
(AB)' ~2014-(4B)~1, =0, & 4| (4B) ~2014-(4B)~1, |B" =0, &

< BA-2014L,—A"'B" =O,si A'B" =(BA)" = BA-20141,—(BA) =0, &
< BA-(BA) =2014-1,

Remarca.

A 1
Fied,BeM, (C) doud matrice astfel incat AB = (/1 . J .
+

Demonstrati cd matricea BA este inversabil3 si

BA—(BA) =(A+1)-1,
Marin Chirciu

Solutie.
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1). det(AB)=—1,det(BA)=det(AB)=—1#0 = 4, B, BAinversabile.

2). Tr(AB) = A+1 Folosim relatia Hamilton-Cayley:

(AB) —Tr(AB)-(AB)+det(A4B)-1,=0, < (AB) —(A+1)-(4B)-1,=0,.

(AB) ~(A+1):(4B)~1, =0, & 4"[ (4B) ~(A+1)-(4B)-1, |B" =0, &

< BA—(A+1),~A'B' =0,5i A'B" =(BA)" = BA—(A+1)1,—(BA) =0, &
& BA—(BA) " =(2+1)-1,

Problemal457.
Sa se rezolve ecuatia

e o oy (10020
X} —4X? 45X =
5 10

in multimea matricelor singulare din M, (R)

OL-2014-Brasov, Sorina Stoian, Brasov

Solutie.

Avem det(X) =0.
Notdmu = Tr(X) e R = X* =uX , vezi relatia Hamilton —Cayley.
Rezults X° —4X" +5X =(u” —4u+5) X .

Ecuatia se scrie:

, 10 20 1 10 20
(4 —4u+5) X = SX=g—— .
510 W —4u+5(5 10

1 1 20
A u=Tr(X)=x,+x, =10- +10- =
vem (X)=2x, +x, u —4u+5 w—4u+5 u—4u+s
20 2 3 2
:>u=2—<:>u(u —4u+5):20 Suw —4du +5u-20=0
u —4u+S5

<:>(u—4)(u2+5):0<:>u=4,
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1 (10 20 1 10 20) 1(10 20) (2 4
Din X = ————— =4 =>X=—0— == .
W —du+5(5 10 4#-4.4+5\5 10) 5\5 10) {1 2

2 4
Deducem X = { .

2

Remarca.

1). Sa se rezolve ecuatia

X3—ZX2+(2+1)X=(2H 4"}

n 2n
in multimea matricelor singulare din M, (R), unde A >0,2n= Z(ﬂ,+l).
Solutie.
Avem det(X) =0.
Notsmu =Tr(X)eR = X’ =uX , vezi relatia Hamilton —Cayley.
Rezults X° —AX” +(A+1) X = (1’ - Au+1+1) X .

Ecuatia se scrie:

5 2n 4n 1 2n 4n
(u —iu+/1+1)X: SXN=5—7——— .
n 2n u ' —Au+A+1\ n 2n

1 1 2n
2 +2n- 2 ) =
u —Au+A+1 u —Au+A+1 u —-Au+1+1

Avemu =Tr(X)=x, +x, =2n-

2n
=u=

=a0— @u(uz—ﬂ,u+/1+1):2n <:>u3—2,u2+(/1+1)u—2n=0 =
u —Au+A+1

o (u-A) (W’ +1+1)=0 S u=2.

1 2n 4n
DnX=——"——— JU=A =

w—Au+A+1n  2n
P 1 2n 4n) 1 (2n 4n) 1 ﬂ(ﬂJrl) 2/1(ﬂ+1) _
T2 arariln 2m) a+lln 2n) A+l %ﬂ,(/lﬂ) 2(A+1)
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A 24
AES D)
2
A 22
Deducem X =| |
Eﬂ, A

2). Sa se rezolve ecuatia

n 2n

XP 20X +(24+1) X = (2" 4”)

in multimea matricelor singulare din M, (R), unded >0,n= /1(22 +1).

Dezvoltari, Marin Chirciu

Solutie.

Avem det(X) =0.
Notamu = Tr(X) eR = X? =uX , vezi relatia Hamilton —Cayley.
Rezults X° —2AX° +(24+1) X = (1’ —2Au+22+1) X,

Ecuatia se scrie:

) 2n 4n 1 2n 4n
(u —2lu+2ﬁ+1)X: =X .

n 2n T —2du+2i+1ln 2n

1 1 2n
2 +2n-— -2
u —Au+A+1 u —Au+A+1 u —-Au+1+1

Avemu =Tr(X)=x, +x, =2n-

2n
= 2 <:>
u —2Au+21+1

=u u(u2—2/1u+2/1+1):2n<:>u3—2ﬁ.u2+(2/1+1)u—2n:0<:>
o (u-24)(0’ +24+1)=0 @ u=24.

Din X =

1 2n 4n
u> =2u+21+1

1 (2;1 4nj 1 (2;1 4nj 1 (21(2/“1) 4,1(21+1)J

A —2424+24+1n 2n) no 2n) A(22+1)  24(24+1)

],u=2/1 =
n 2n

2241 2441
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B 24 44
la 22
21 44
Deducem X = .
A 22
Problema1458.

Fie A, BeM, (Q) astfel incat AB=BA,det A=-3si det(AJr\/g-B) =0 . Calculati

det(A’—AB+B’).

OL-Constanta-2014, GM-2013

Solutie.

Consideram polinomul

P(x)=det(A+xB)=det R by by — det ay, +xb,  a,+xb, _
bzl b a,, +Xb21 a,, +xb22

a, A4y o)

= (all +xb, )(azz +xb,, ) _(021 +xby, )(au +Xb12) = (alla22 —apay ) +x7 (bnbzz —by,b, ) =

+x(a1 by, —b,a,, ) + x(bllazz —a,b,, ) = (al 19y — 414y, ) +x° (bnbzz —b,,b,, ) +

+x(a11b22 -b,a,, ) +x(b“a22 —a12b21) =det A+x*det B +x(anb22 -b,a,, ) +x(blla22 —a12b21) =

=x"-3.

FieeeC—R,e’+e+1=0 =&’ =1,

Din AB=BA = A’ —AB+ B’ =(A+¢B)(A+&’B)=P () P(&’).
P()P(£’)=13 = det(4* - 4B+ B*) =13,

Problema1459.

Sa se studieze convergenta sirului (xn )nZl definit prin X, = \/gsi X, = «/6+xn ,n=>1.

Solutie.
Sirul este strict crescator si marginit superior de 3, inductie matematica.

Deducem ca sirul este convergent, deci are limita finita .

OL-2014-Buzau
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Trecind la limitd in relatia de recurent3 obtinem limx, =3

n—>0

Remarca.

Sa se studieze convergenta sirului (xn )nZl definit prin X, = \/Z, A>1six,, = \M +(/1 —l)xn ,n=>1.
Marin Chirciu

Solutie.

Sirul este strict crescator si marginit superior de A , inductie matematica.

Deducem ca sirul este convergent, deci are limita finita .

Trecand la limita in relatia de recurenta obtinem limx, =4 .

n—>0

Problema1460.

VII1.626.Solve for naturals

(x+y+z)5 —x’ -y’ -z 10

(x+y+z)3 -x —y3 -z
RMT 1/2026, Aurel Dobosan, Lugoj
Solutie.

Folosim:

(x+y+z)5 =xX"+y’ +2 +5(x+y)(y+z)(z+x)(x2+y2+22+xy+yz+zx)$i

(x+y+z)3 =X +y +z +3(x+y)(y+z)(z+x) )
Ecuatia se scrie:

5(x+y)(y+z)(z+x)(x2 +y° +2° +xy+yz+zx) 10 S(x2 +y + 2 +xy+yz+zx)
3(x+y)(y+2)(z+9) Bt 3

= x2+y2+zz+xy+yz+zx:6 = (x,y,z)z(l,l,l).

=10

Remarca.

1). Let be A € N fixed. Solve for naturals

(x+y+z)5 -’ -y -z

=104°.

(x+y+z) —x -y -2
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Solutie.

Folosim:
(x+y+z) =x"+y° +7° +5(x+y)(y+z)(z+x)(x2 +y° +2° +xy+yz+zx)§i

(x+y+z)3 =X +y +z +3(x+y)(y+z)(z+x) )
Ecuatia se scrie:

5(x+y)(y+z)(z+)c)(x2 +y’+2° +xy+yz+zx)
3(x+y)(y+z)(z+x)

S(x2 +y 4+ 2 +xy+yz+zx)
3

(x,y,z) :(/1,/1,/1).

=104’ &

=104 & x>+’ +22 +xp+)1z+zx =617 &

2). Let be A € N fixed. Solve for naturals

(x+y)5 -x —y5
(x+y)3 -x —y3

=51".

Dezvoltari, Marin Chirciu

Solutie.

Folosim: (x+y)5 -x’ -y’ =5xy(x+y)(x2 +xy+y2) g,i(x+y)3 =x"+)’ +3xp(x+y).
Ecuatia se scrie:

5xy(x+y)(x2 +xy+y2)
3xy(x+y)
(x.9)=(2.2).

5l 5()62 +xy+y2)

=S o xX+xy+)y =31 <

Problemal1462.

X.623. Solve for reals

Jx—2+2x—7 +/18=3x =3./3.

RMT 1/2026,Gheorghe Stoica, Petrosani

Solutie.

7
Domeniul de definitie este D = {5,6:|.
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CBS
LHS =[x =2 +2x =7 +18-3x < [3(x—2+2x—7+18-3x) =33 = RHS,

cuegal pentrux—2=2x—-7=18-3x < x=5.
Dedocem ca ecuatia admite solutia unicax=>5.
Remarca.

1). Solve for reals

\/x—a +\/mx—a+k(1—m)+\/km+2k—a—(m+1)x :3\/k—a )

Cazulm=2.

2). Solve for reals

\/x—a +x/2x—a—k +\/4k—a—3x =3\/k—a .
Cazulm=2,a=2,k=12>2.

3).Let be A > 2 fixed. Solve for reals

X =2+42x=2—A+J4A-2-3x=3JA-2.
Dezvoltari, Marin Chirciu
Solutie.

Deducem ca ecuatia admite solutia unicax=A1.

Problema1463.
L1 1 1 1
o.vi.588.Ifa,b,ce R ,—+—+—=————then
a b ¢ a+b+c
1 1 1 1
a2025 + b2025 + 02025 - a2025 +b2025 +c2025 :
RMT 1/2026,Aurel Dobosan, Lugoj
Solutie.
1 1 1 1
—+—+—=———(a+b)(b+c)(c+a)=0.
a b ¢ a+b+c ( )( )( )
. 1 1 1 1
1).Dacda+b=0=b=—a = + + = <

azozs (_a)zozs 02025 a2025 +(_a)2025 +02025
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1 1

<~ = .
2025 2025
c (&

1 1 1 1
2).Dacdb+c=0=c=-b = + + = 2005 <

a2025 bzozs (_a)2025 a2025+b2025+(—a)

1 1

bzozs - bzozs :

1 1 1 1
3).Dacic+a=0=c=—a=—+ 2025 T 2005 2025 N
a (_a) c 229 +(_a) 4 o202

1 1

S =5 = T
b2025 b2025

Remarca
. 1 1 1 _
ifa,b,ce R ,—+—+—=————andn e N, nimpar, then
a b ¢ a+b+c
Tt or ot 1
a b " a"+b"+c"
Dezvoltare, Marin Chirciu
Solutie.
1 1 1 1
—+—+—=——(a+b)(b+c)(c+a)=0.
a b ¢ a+b+c ( )( )( )
1 1 1 1 1 1
1).Dacda+b=0=>b=—a = —+ —+—= - &S —=—.
a (—a) c a”+(—a) +c" ¢ ¢
1 1 1 1 1 1
2).Dacdb+c=0<c=-b=>—F+—+ —= - —=—.
a’ b (-a)' a"+b"+(-a) b" b

1 1 1 1 1 1
3).Dacdct+ta=0c=—a = —+ +—= - =

a' (-a)' <" a"+(-a) +c" e

Problema1464.

P1).If a,b,c,x,y,z >0 then
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Z(b+c)x > 2421)02)}2 .

Mathematical Reflections 3/2008 , Tran Quang Hung, Pham Huu Duc

Solutie.

Folosind Z(b + c)x = ZaZX —Zax obtinem

LHS = Y (b+c)r=YaY x - Yar=y(Ta) (Xx) - Tar-

- \/(Zaz +2Zab)(2x2 +2ny) —Zax > \/Zazzx2 +\/22ab-22xy —Zax _
N Yl B, 5 i, ) v

Remarca.

If a,b,c,x,y,z>0 then

Solutie.

n PlTnIOCUim(x’y’Z)cu[yiz’zix’xiyJandz(LZ

Remarca.
P2). Let P be a pointin the plane of AABC, then

PA-PB
Z ab

>1.

Hayashi Inequallity
Solutie.
Vezi numere complexe-Puncte remarcabile in triunghi-Ex2.14-pag50-Ed.Paralela 45.

Remarca.

Let P be a pointin the plane of AABC andx,y,z >0, then

Z(y+z)%A22 S
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Solutie.

- . PA PB PC
In Pl?nlocwm(x,y,z)cu —,7,— =
a c

Z(y”)%Azz\/ZWZPAJB Hagshiz\/zxy.lzz\/zxy.

Remarca.

1). Let P be a point in the plane of AABC, then

PA
272 3.

Solutie.
Punx:yzz:linZ(y+z)ﬂ22 DXy,
a

2).Let P be a point in the plane of AABC, then

D a-PA>4F.

Solutie.

>

2 2 _ 2 2 2 _ g2 2 2 _ 2
Pun(x’y’z):(b I - +bz c ]?"Z(%‘Z)ﬁzz PR
a

22 4 2
zxy:22b 04 Za :16‘];“ _4p?

RezuIté\Z:(y+z)%:Z:a2 -%:Za-PAZZ\/ny :2x/4F2 =4F .
a a

3). Let P be a point in the plane of AABC, then

D PA>6r.

Solutie.

Pun(x,y,z)=(p—a,p—b,p—c)?n2(y+z)%422 Dy =
ny=2(p—a)(p—b)=r(4R+r).

Rezulta

PA PA Euler

Z(y+2)7=2(p—b+p—c)7=Za-%=ZPA22\/ny :2\/r(4R+r) > 6r.
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4). Let P be a point in the plane of AABC andn € N, then

D (PA) =6r.

Solutie.

Pentrun = 0 se obtine egalitatea3 =3.
Pentrun =1 vezi Lema.

Pentrun > 2 se foloseste inegalitatea lui Holder.

'older PA ! ema "
LHS =" (PA)" " (Z;l) E (;r? =3-(2r)" =RHS.

Lema.
Let P be a point in the plane of AABC, then

D PA>6r.

Remarca.

Let P be a point in the plane of AABC andn € N, then

Z(P_Aj >3. ﬁ )
a 3
Solutie.

Pentrun = 0 se obtine egalitatea3 =3.

Pentrun =1 vezi Lema.

Pentrun > 2 se foloseste inegalitatea lui Holder.

=) ()

" Holder - Lema 3 "

LHS:Z(EJ > ff > =3. ﬁ — RHS .
a 3" 3"

Lema.

Let P be a point in the plane of AABC, then

Solutie.

Punx:y=z=lin2(y+z)P—AZ2 ny.
a
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Remarca.

Let P be a point in the plane of AABC andn € N, then

S (a-PA)’ 23(%T.

Dezvoltari, Marin Chirciu

Solutie.

Pentrun = 0 se obtine egalitatea3 =3.

Pentrun =1 vezi Lema.

Pentrun > 2 se foloseste inegalitatea lui Holder.

older PA " ema . n
LHS =Y (a-PA)' = (a-PA) e (4F) ﬂ(%) = RHS

Lema.

311—1 3n—]

Let P be a point in the plane of AABC, then

D a-PA>4F .

Art10500

May 31, 2026
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