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1. Other solutions for the problem 202 and the problem 204
from La Gaceta de la RSME

by Roxana – Mihaela Stanciu2 and Nela Ciceu3

Abstract. The solutions of the problem 202 and the problem 204 was presented in La
Gaceta de la RSME, Vol. 16 (2013), No.2, pp. 289-292. Here we present new solutions
for this two problems.

Solution:
Since we well-known that:
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We deduce (1) by the law of sines and (2) by the law of cosines.
By Bergström’ s inequality we deduce that:
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2 Liceul cu Program Sportiv ’’Iolanda Balas Soter’’
3 Roșiori, Bacău



REVISTA ELECTRONICĂ MATEINFO.RO ISSN 2065-6432 – IUNIE 2013 www.mateinfo.ro

3

which by adding yields to (*) and we are done.
We have equality if and only if cba  .

Solution :

We denote by )(ABCareaS  and )(ABCtersemiperimep  , and by well-known formuls
we obtain that:
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i.e.

 amR
a
Sd 

4 .

To compare d with 0 returns to study the sign of the expresion amR  according to the
angles of the triangle ABC , and this is the subject of the problem 3113 from CRUX
MATHEMATICORUM, with solution in no. 1/2007, pp. 63-64 (see the solution from the
pages below).We are done.
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2. THE SOLUTIONS OF SOME PROBLEMS OF MATHEMATICAL

REFLECTIONS

IOAN VIOREL CODREANU, Secondary School Satulung, Maramures

J 253  Prove that if 0,, cba satisfy 1abc , then

4
3

2
1

2
1

2
1








 ccabbcaab

Proposed by Marcel Chiriță, Bucharest, Romania

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

With the substitutions 0,,,,,  zyx
x
zc

z
yb

y
xa , the inequality is written

4
3

2


 zyxzxy
zy .

Let zxyzxys  and   xysxzszys ,, . We have
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where we used the inequality   91
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J 256  Evaluate

 !1...!32!21 222  nn

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

We have
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J 260. Solve in integers the equation

11134  yx

Proposed by Jose Hernandez Santiago, Oaxaca, Mexico

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

We have  13mod9,3,1,04 x and  13mod12,8,5,1,03 y . Then

 13mod12,11,10,9,8,6,5,4,3,2,1,034  yx

and because  13mod7111  the equation 11134  yx does not have solutions.
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S 262. Let cba ,, be the sides of a triangle and let cba mmm ,, be the lengths of its

medians. Prove that

 accbbacba mmmmmmmmmcabcabcba  222222 4

Proposed by Arkady Alt, San Jose, California, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Using the identity   22

4
3 ama the inequality     baa mmmaba 22 4

is equivalent to   abamm ba
224 . For any triangle we have the relation

bcamm cb  224

Indeed we have successively

      2224222222

2224222

4422

441624

cbbcaacbabca
cbbcaammbcamm cbcb





and after the calculations, the last one inequality is writtten

   
          00

022
2222

2222442222222





cbacbacbcbacb

cbcbacbbcacbcaba

The last one inequality is true , so

  abamm ba
224

and the solution ends.

S 264.  Let zyxcba ,,,,, be positive real numbers such that

1 zxyzxycabcab .

Prove that

      2 yxcxzbzya

Proposed by Dorin Andrica, Babeș-Bolyai University, Cluj-Napoca, Romania

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania
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We wil show that       xyabzya 2 and the inequality from the statement

follows easely. The inequality is homogeneous in yx, and z , so we may assume that

1 x . We rewrite inequality as follows

     xyabaxa 2

We apply the Cauchy- Schwarz Inequality to obtain

    22 xaax

Applying the Cauchy-Schwarz Inequality one more time we get

           
    

  




axa

xyxabaxyabxyabxa
22

2222 22

So

    xyabaxa 2

and the solution ends.

J 248. Let   Rf ,1: be defined by    
  .

2

x
xxf  Prove that      yfxfyxf  ,

for

any real numbers x and y .

Proposed by Sorin Rădulescu, Bucharest, Romania

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Lemma 1. For any Rx and any Zk  , we have:

 xkxk  .

Proof. From xk  we get   1 xxk which means that   .1 kx From here we

deduce, by taking into account that  x and k are integers that   kx  . Let Rx with

  .kx  We have then   kxx  and the equivalence is demonstrated.

Lemma 2. For any Ryx , , we have:
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     yxyx  and      yxyx  .

Proof. Let   hx  and   ky  . We have hx  and ky  whence using Lemma 1, we

get

  khyx  . The inequality      yxyx  is equivalent to

     yxyxyyxx  whence we get      yxyx  which concludes the

prof of Lemma.

By applying the Bergström Inequality, using Lemma 2 we get

     
 

 
 

    
   

 
     







 ,1,,
2222

yxyxf
yx

yx
yx
yx

y
y

x
xyfxf

and the solution is completed.

J 250. Let ABC be a triangle with 120A and let s be the semiperimeter of the

triangle. Prove that

     ascsbs  63

Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Using the Ravi substitutions cszbsyasx  ,, the inequality of the statement

is written

 xyz 63 (1).

From 120A we get
2
1cos A (2). Using the Law of Cosines and (2) we have

bccbAbccba  22222 cos2 (3).

Substituting in (3), yxcxzbzya  ,, we get the inequality

        yxxzyxxzzy  222

equivalent to

 zyxxyz  33 2 (4).

We note tyz  . From (4), using the AM-GM Inequality: yzzy 2 we get

036 22  xxtt (5).
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The equation (with the unknown t ) 036 22  xxtt has  the discriminant 248x

and the  solutions   03231  xt and   03232  xt . Taking account of 0t ,

the inequality (5) has the solution  xt 323 and how    xx 63323  , we get

(1) and the solution is completed.

J 251. Let cba ,, be positive real numbers such that cba  and acb 2 .

Prove that

0111
222 






 abcacbbca

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

From cba  it follows that bca 2 and abc 2 . Has no place bca 2 or abc 2

because every time it is obtained cba  and contradicts the condition acb 2 . So, we

have 0,0,0 222  abcacbbca and then the inequality of the statement is

equivalent to

        
    0222

222222





abcacbbca

acbbcaabcbcaacbabc

and with

         0222222  acbbcaabcbcaacbabc .

After opening of the parentheses, the last inequality becomes
333333222222222 caacbccbabbaabccabbcaaccbba  (1)

Using the AM-GM Inequality we get
223322332233 2,2,2 accaaccbbccbbaabba 

and after adding these inequalities, we get
222222333333 222 accbbacaacbccbabba 

The last inequality is strict, othervise cba  and contradicts the condition .2 acb 

To prove the inequality (1) it is sufficient to prove that
222222222 abccabbcaaccbba  (2).

Using the Cauchy-Schwarz Inequality we get
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    2222222222222 caabbccaabbcbaaccbaccbba 

and
222222222 abccabbcaaccbba 

namely the inequality (2) is true and the solution ends.

S 247 Prove that for any positive integers m and n , the number 6336 27278 nnmm 

is

composite.

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Using the well known identity

  222333 3 zyxzyxxyzzyx 

for 22 3,2 nymx  and mnz 3 , we have

         
  .69394332

332333227278
33224422

22332326336

nmmnnmnmmnnm
mnnmmnnmnnmm





How     2334232 2222222  mnnmnmnnmnnnmnm , namely

2332 22  mnnm and 269394 332244  nmmnnmnm it is obviously true, it

follows that the number 6336 27278 nnmm  is composite.

S 261. Fiind all triples  zyx ,, of positive real numbers for which there is a positive

real

number t such that the following inequalities hold simultaneously:

.52,4111 222 
t

zyxt
zyx

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution 1 by Ioan Viorel Codreanu, Satulung, Maramures, Romania

From 4111
 t

zyx
we get 82222

 t
zyx

and how 52222 
t

zyx it

follows that
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1322222 222 
t

zyxt
zyx

(1).

Using the AM-GM Inequality and the inequality (1), we get

 
  .1311131111111113 13 2

22
2

222 
t

xyzt
xyztt

zyxtt
zzyyxx

Therefore, we have equality in the AM-GM Inequality. Then

t
tzyx

zyx
1111 222 

whence we get 1 tzyx , so    .1,1,1,, zyx

Solution 2 by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Using the AM-GM Inequality we get

441114
xyz
tt

zyx


whence it follows that 1
xyz
t (1).

Using the AM-GM Inequality we get

5
2

222
222 5115

t
zyx

tt
zyx 

whence it follows that 1
xyz
t (2).

From (1) and (2) we get xyzt  (3). Using the inequalities of enunciation, the AM-GM

Inequality and the equality (3), we get

44

4411115
txyzzyx

t  (4)

and

44
222

222 44115 t
t

zyx
t

zyx
t

 (5).

From (4) and (5), taking account of the inequalities 21


t
t and 21

4
4 

t
t we get
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8141108
4

4 














 

t
t

t
t

so, we have equality in the previous inequality, namely
t

t 1
 and then 1 xyzt (6).

Substituting 1t in the inequality of enunciation, we get

3111


zyx
(7).

Using the AM-GM Inequality, the inequality (7) and equalities (6), we have

331113
3


xyzzyx

so, we have equality in the previous inequality, namely zyx  and then

   .1,1,1,, zyx

O 249. Find all triples  zyx ,, of positive integers such that

2
5

1





x
z

z
y

y
x

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Let  zyx ,, a solution of the given equation. Using the AM-GM Inequality we get

33
1

3
1

3
12

5









z

z
x
z

z
y

y
x

x
z

z
y

y
x

whence it follows that

216
125

6
5

1

3









z
z

and by solving the inequality we get
91

125
z , namely 1z .

Substituting 1z , we write the given equation in the form

2
51

2
5

2


xy
xy

and we deduce that .4y
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For 1y the equation becomes 21


x
x with the solution 1x . For 2y the

equation becomes
2
31

2


x
x equivalent to 0232  xx with the solutions 1x and

2x . For 3y the equation becomes 11
3


x

x equivalent to 0332  xx without

solutions in integers. For 4y the equation becomes
2
11

4


x
x equivalent to

0422  xx without solutions in integers. Triples    1,2,1,1,1,1 and  1,2,2 verifies the

given equation, so

        .1,2,2,1,2,1,1,1,1,, zyx

3. Asupra unei probleme date la Olimpiada Nationala de
Matematica 2013- clasa a 6-a

Profesor  Serban George-Florin
Liceul Tehnologic “Grigore Moisil “ Braila

-La  olimpiada nationala de matematica 2013 clasa a 6-a a fost propusa urmatoarea
problema de geometrie :
“Se considera triunghiul ABC  cu AB=AC  si m( BAC )=900 . Fie DЄ (BC) astfel
incat AD  BC .Bisectoarea unghiului ABC intersecteaza dreapta AD in punctul  I .
Demonstrati ca AI +AB=BC” .
Voi prezenta in continuare 10 metode de rezolvare a acestei probleme si cele 3 reciproce.
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Metoda 1 : (sintetica)
ABC  isoscel  AD
inaltime deci AD este
bisectoare .  Rezulta ca I
este centrul cercului inscris
in ABC  .
Fie r =raza cercului inscris
in ABC   r =DI
Calculez  r = S / p ,
AB=AC=a , BC=a√2 (cu T.
Pitagora). S= a2 / 2 iar
p=(2a +a√2) /2. Se obtine
ca r = a(2-√2) / 2. Dar
AI=AD – DI , AD este
mediana in  triunghi
dreptunghic deci
AD=BC/2= a√2 /2  se obtine AI=a√2 –a =BC – AB qed .
Metoda 2 : (sintetica )

In ABD aplic teorema  bisectoarei
BD
AB

DI
AI

 , 
DI
AI √2  , 

DA
AI √2 / (√2  +1)

AD este mediana in  triunghi dreptunghic deci AD=BC/2= a√2 /2
Gasim ca AI= a√2 –a =BC – AB qed .
Metoda 3 : (analitica)
In reperul cartezian XOY consider punctele A=O (0,0) , B(a ,0) , C(0,a) , D( a/2 , a/2).
a >0. ABC  isoscel  AD inaltime deci AD este bisectoare , mediana .
Ecuatia dreptei AD este prima bisectoare  y=x . Calculez tg 22030| folosind formula
Tg( X / 2)= (sinX) / (1+cos X) , pentru X=450. Fie m=panta dreptei BI  ,se gaseste ca
m=tg (1800-22030)= - tg 22030| , m=1 -√2 .
Ecuatia dreptei BI : y-y0=m(x-x0)  , y=(x-a)( 1 -√2 ). Dar {I}=AD∩ BI , rezolvand
sistemul de ecuatii  format cu ecuatiile celor doua drepte vom obtine ca
I ( a - a√2 /2  , a - a√2 /2  ) . Aplcand formula distantei dintre doua puncte in plan gasim
ca AI= a√2 –a =BC – AB qed .
Metoda 4 : (analitica)
In reperul cartezian XOY consider punctele A=O (0,0) , B(a ,0) , C(0,a) , a >0.

D( a/2 , a/2). In ABD aplic teorema  bisectoarei  , gasim ca 
DI
AI √2  .

I( (x1+kx2) / (1+k) , (y1+ky2) / (1+k)) , unde k=√2  gasim ca  I ( a - a√2 /2  , a - a√2 /2  )
Aplcand formula distantei dintre doua puncte in plan gasim ca AI= a√2 –a =BC – AB qed
Metoda 5 : ( cu afixe )

Fie  A(z1) , B(z2) , C(z3)  , 
DI
AI √2  ,  D((z2+ z3)/2) ,  I([z1+√2(z2+ z3)/2] / (1+√2 ))

Se gaseste ca I ( [(2√2-2) z1 +(2-√2 )(z2+ z3)] / 2)
AI=| z1 - [(2√2-2) z1 +(2-√2 )(z2+ z3) ] / 2 | .Se obtine ca AI=( (2 - √2 )| 2 z1 - z2 - z3 | / 2)
Arat  ca  | 2 z1 - z2 - z3 | =a√2 = | z2 - z3 |  ,  a=AB=AC=| z2 - z1 |  =| z1 - z3 |
Notez cu  u= z1 - z3 si v= z1 - z2 , | u +v |2 =| u| 2 + | v |2 + u v +u v =2a2 ,

A B

C

D

I
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Obtinem ca u v +u v =0  , u / v = - u / v  ,  z= u / v , z = - z ,  z Є i R  adevarat
deoarece AB AC  ,  u / v  Є i R   qed.
Metoda  6 : (vectoriala )


DI
AI √2 =k , 

BI
= ( 

BA
+√2 

BD
) /( 1+ √2)


BI

=(√2-1) 
BA

+ (2 -√2) 
BD

=(√2-1) 
BA

+ 
BC

(2 -√2)/ 2

Dar 
AI

= 
AB

+ 
BI

= (2 -√2) 
AB

- 
CB

(2 -√2)/ 2


AI

2 = (2 -√2)2 ( 
AB

2 - 
AB


CB

+ 
CB

2 / 4 )

Dar 
AB


CB

=| 
AB

|| 
CB

| cos ( B )=a a√2 √2 /2 =a2


AI

2 =( 6 - 4√2 )( a2 - a2 +2 a2/ 4)= (3 -2√2 ) a2 =( a√2 – a )2 deci

AI= a√2 – a= BC-AB , AI +AB=BC sau AI=- a√2  + a= AB-BC <  0  fals .
Metoda   7: (sintetica )
Construim AC=AC| , puctele  A , C, C| coliniare . Duc  IF  | | BD ,
m( DBI)=m(BIF) (alt . int ) deci BIF  isoscel
adica   BF=IF  . Dar AIF este dreptunghic isoscel  deoarece  m(  IAF)=450 atunci
AI= BF=IF  . Calculez aria ( in doua moduri ) A BCC| =2 a2 /2= a2= BC2 / 2  ,

BC2 =2 a2 . AB=a  Dar AIF  ADB (U.U)  ,
BD
IF

AB
AF

 ,
BC
AI

AB
AIAB 2




Se gaseste ca AI=
BCAB

BCAB
2
* , inlocuim in relatia  AI +AB =BC si obtinem ca

BCAB
BCAB
2
* +AB =BC  ,

2AB2 +2AB*BC=2AB*BC +BC2 ,
BC2 = 2AB2 adevarat.

Metoda   8: ( la nivelul clasei a 6-a)

A B

C

C |

D
I

F
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Duc  IF  AB rezulta ca FIB  DIB  , BI lat . com  si  ,  m( DBI)=m( IBF)
(I.U) . Dar AIF este dreptunghic isoscel  deoarece  m(  IAF)=450 , AF=IF =DI ,

AF+FB =AB ,  , DI +
2

BC =AB ,  DI =AB -
2

BC ,  AD=AI +DI ,
2

BC =AI +AB -
2

BC

ABC  isoscel  AD inaltime deci AD este mediana  deci AD =
2

BC , rezulta ca

AI +AB=BC qed.

Metoda   9: ( la nivelul clasei a 6-a)

Aleg punctul M  a.i   BM=BC si punctele M, A , B  coliniare . BMC  isoscel  , BB|

bisectoare deci v-a fi si mediana. Dar AI +AB=BC , AI=BM-AB=MA . Trebuie sa arat ca
AI=AM. Observ ca  IC=IM  deoarece  B|IC   B|IM   si  BI=CI deoarece
 DIC   DIB . Deci CI=MI=BI  ( I este centrul cercului circumscris  CMB  )
rezulta ca MI=BI ,  m( MAI)=1800 -450=1350 .  MIB isoscel , MI=BI ,
m(  IBM)=m( IMB)=22030| , In  MAI  , m( MAI)= 1350 , m(  IMA)= 22030|

m( MIA)= 22030| , AI=AM deci  AI+AB=BC qed.

Metoda   10  :  ( trigonometrica )

A
B

C

DB|

I

A B

C

D

F

I

M
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In  AIB  aplic teorema sinusurilor
)

2
sin( B

AI


=

)
2

45180sin( B
AB


=

)
2

45sin( B
AB



AI=
)

2
45sin(

)
2

sin(

B

BAB




=

)
2

cos()
2

sin(

2)
2

sin(

BB

Ba




. Aplic formulele: sin (

2
cos1)

2
xx 

 si

Cos(
2
cos1)

2
xx 

 si  x=450 ,
2

22)
2

sin( 


B ,
2

22)
2

cos( 


B

)2222(*2

222






aAI =
2222

)2222(22*2


a =

22
)222(2 a = aa 2 =BC-AB , AI+AB=BC qed.

Reciproca 1 :
“Se considera triunghiul ABC  cu AI +AB=BC si m( BAC )=900 . Fie DЄ (BC) astfel
incat AD  BC .Bisectoarea unghiului ABC intersecteaza dreapta AD in punctul  I .
Demonstrati ca AB=AC” .
Solutie:  In ABD aplic teorema  bisectoarei
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)sin()sin()cos()sin( BBBB  , 0))sin())(cos(sin(  BBB , dar
0)sin( B deci )cos()sin( BB  , unghiul B fiind ascutit rezulta ca

45)( Bm 0= )( Cm  , ABC  isoscel , AB=AC  qed.
Reciproca  2 :
“Se considera triunghiul ABC ,AB=AC  si m( BAC )=900 . Fie DЄ (BC) astfel incat
bisectoarea unghiului ABC intersecteaza dreapta AD in punctul  I  cu AI +AB=BC.
Demonstrati ca AD  BC” .
Solutie:In ABD aplic teorema cosinisului  AD2=AB2+BD2-2AB*BD*cos 450 ,

AD2=AB2+BD2 - AB*BD*√2 , In ABD aplic teorema bisectoarei
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 , AI=BC-AB= a√2 – a , AB=AC=a , BC=a√2 ,
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,    [a2(√2 -1)2 ] / [a2+BD2 - a*BD*√2 ] = a2 / (a+ BD)2 ,

(3-2√2)(a2 +2a BD+BD2)= a2+BD2 – a BD√2 , dupa efectuarea calculelor se obtine ca
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(2-2√2) BD2 +(6a-3√2a) BD +(2 a2 - 2 a2 √2 )=0  , ecuatie de gradul doi in necunoscuta
BD.  Se gaseste  =a2 (2-√2)2 , ecuatia are doua solutii distincte
BD =a√2 / 2 rezulta ca DC=BC-BD= a√2 / 2  , D este mijlocul lui [BC] , ABC  isoscel
AD mediana deci AD este inaltime adica AD  BC qed. Si a doua solutie se obtine
BD= a√2=BC rezulta ca D=C fals .

Reciproca  3 :
“Se considera triunghiul ABC  cu AI +AB=BC si  AB=AC. Fie DЄ (BC) astfel incat
AD  BC .Bisectoarea unghiului ABC intersecteaza dreapta AD in punctul  I .
Demonstrati ca m( BAC )=900 ” .

Solutie : In ABD aplic teorema bisectoarei
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In ABD aplic Teorema lui Pitagora  AD2 +BD2=AB2 , inlocuim in aceasta relatie
2                    2

pe AD si obtinem )
2

)2)(((
AB

ABBCABBC  )
2

( BC
 = AB2. Dupa efectuarea calculelor

se obtine ca (BC2 -2AB2)(BC2+2AB*BC)=0
Daca  BC2 -2AB2=0 rezulta din reciproca teoremei lui Pitagora ca  m( BAC )=900

Daca   BC2+2AB*BC=0  fals deoarece  BC2+2AB*BC >0 .


