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1. Solutions and hints from some problems from Octogon 
Mathematical Magazine (VI) 

 
by D.M. Bătineţu-Giurgiu, 

 National College ’’Matei Basarab’’, Bucharest, Romania 
and 

Neculai Stanciu,  
’’George Emil Palade’’ School, Buzău, Romania  

 
 

 
PP.20897. In all triangle holds 22223 144)( rsRcba ≥+∑ . 

 
Solution. By AM-GM inequality we obtain: 
   ( )( ) ≥===≥+ ∑∑∑∑∑∑ 2223223 4822)( aaRraRrsaabcbcacba  

223 2223 14436334 rsRabcRrcbaabcRr =⋅=⋅⋅≥ . 
 
 
PP.20906. Let ABCDEFGIJK be a regular 11-gon. Prove that: 
1) AEABADAE ⋅=− 22 ;  

2) 1=−
AC

AE

AB

AD
. 

 
Solution. Let O  be the circumcenter of the polygon. We assume that the radius of circumscribed 
circle is equal with 1. Because  

                            
11

8
,

11

6
,

11

2 πππ =∠=∠=∠ AOEAODAOB , 

 we have:  

                         ,
11

sin2
π=AB ,

11

4
sin2

π=AE ,
11

3
sin2

π=AD
11

2
sin2

π=AC . 

1) We obtain: AEABADAE ⋅=− 22 ⇔⋅=−⇔
11

4
sin

11
sin

11

3
sin

11

4
sin 22 ππππ

 

11

4
sin

11
sin2

11

6
cos1

11

8
cos1

ππππ =+−−⇔
11

4
sin

11
sin2

11

8
cos

11

6
cos

ππππ =−⇔  

11

4
sin

11
sin2

11
sin

11

7
sin2

ππππ =⇔ , which is true because
11

4
sin

11

7
sin

ππ = . 

2) 
11

2
sin

11
sin2

11

4
sin

11
sin2

11

2
sin

11

3
sin21

ππππππ =−⇔=−
AC

AE

AB

AD
 

11

2
sin

11
sin2

11

5
cos

11

3
cos

11

5
cos

11
cos

ππππππ =+−−⇔  
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11

2
sin

11
sin2

11
sin

11

2
sin2

11

2
sin

11
sin2

11

3
cos

11
cos

ππππππππ =⇔=−⇔ , true, and we are done. 

 
 

PP.20907. If 0,, >cba , then ∑ ∑≥
+++

a
babbaa

a

6

1

)(2)(2 2223

3

. 

 
Solution. By AM-GM inequality we have: 

               ≤++++=+++ )(2)(2)()(2)(2 2222223 babbaabababbaa  

22
222

222
2

2

2

)2)((
baba

babbaaba ++=++++++≤ ,  

so by this and by Harald Bergström’ s inequality yields that: 

    ≥
++

=
++

≥
+++

∑ ∑∑ 223

4

22

3

2223

3

2

1

2

1

)(2)(2 abbaa

a

baba

a

babbaa

a
 

( )
∑ ∑∑

∑
++

⋅≥
223

22

2

1

abbaa

a
.  

Therefore, it remains to prove that: 

     ( ) ∑∑∑∑∑∑∑ ++≥ 223223 ababaaaaa  

++++++≥+⇔ ∑∑∑∑∑∑∑∑ 2223334224 63 babcabaabbaabaa  

∑∑∑ +++ bcabaab 2223  

bcaabbabaa ∑∑∑∑∑ ++≥+⇔ 233224 2          (1) 

The inequality (1) yields from adding the following inequalities (which was obtained by AM-
GM inequality): 
       babaa 3224 2≥+ ; cbcbb 3224 2≥+ ; 3224 2acacc ≥+ ; 
       cacaa 3224 2≥+ ; ababb 3224 2≥+ ; 3224 2bcbcc ≥+ ; 
       bcaacba 22222 2≥+ ; cabbcba 22222 2≥+ ; 22222 2abcaccb ≥+ . 
The proof is complete. 
 
 
PP.20910. If 0>kx ( )nk ,...,2,1= , then 

                 ∑∑
=

≥
+++

++++ n

k
k

cyclic

x
xxxxxxxxxxxx

xxxxxxxx

1214143132321

14433221 4
))()()((

. 

 

Solution. We have the inequality dcba
dabcdabcdabc

addccbba +++≥
+++

++++ ))()()((
 which after some 

algebra becomes abcddbca 22222 ≥+ , true.  
Therefore: 
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                ∑∑∑
=

=+++≥
+++

++++ n

k
k

cycliccyclic

xxxxx
xxxxxxxxxxxx

xxxxxxxx

1
4321

214143132321

14433221 4)(
))()()((

. 

 
PP.20912. Let  KLMABCDEFGHIJ be a regular 13-gon. Prove that 

                                             
AE

AF

ACAD

ABAC =
−
−

. 

 

Solution. Let O  be the circumcenter with the radius 
2

1
.  

Since 
13

2π=∠AOB , denoting 
13

πα = , we have αsin=AB , α2sin=AC , α3sin=AD , 

α4sin=AE , α5sin=AF .  
Yields 

     
α
α

αα

αα

α
α

αα
αα

4sin

5sin

2

5
cos

2
sin2

2

3
cos

2
sin2

4sin

5sin

sin3sin

sin2sin =⇔=
−
−⇔=

−
−

AE

AF

ACAD

ABAC
 

2

5
cos5sin2

2

3
sin4sin2

αααα =⇔  

26

15
sin

26

11
sin

2

5
sin

2

15
sin

2

5
sin

2

11
sin

ππαααα =⇔+=+⇔ , true because 

πππ =+
26

15

26

11
, and we are done. 

 
 

PP.20917. If 0,,, >dcba , then 

                     16
1111

)(1111 ≥






 ++++++≥






 +






 +






 +






 +
dcba

dcba
a

d

d

c

c

b

b

a
. 

 

Solution. After some algebra the first inequality becomes 2≥+
ac

bd

bd

ac
, true by AM-GM 

inequality. The second inequality is the AM-HM inequality (or Cauchy-Buniakovski-Schwarz 
inequality). The proof is complete. 

 

PP.20920. If 0>ka ( )nk ,...,2,1= , then 
nn

k
k

n

k

n
k ana 







≥−+ ∑∏
=+ 11

)1( . 

 
Solution. By Hölder’s inequality we obtain: 

    ≥+++⋅⋅+++++++=−+∏
+

)1...1(...)1...11)(1...1()1( 21
1

n
n

nn
n

k

n
k aaana  
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( ) nn

k
k

n
n n

n
n nn n aaaa 







=⋅⋅⋅++⋅⋅⋅+⋅⋅⋅≥ ∑
=1

21 1...1...1...11...1 , and we are done. 

 

PP.20928. If 0>kx  ),...,2,1( nk = and 1
1

=∑
=

n

k
kx , then ∑

= +
≤

+

n

k k n

n

x1
2

3

2 11

1
. 

 
Solution. For 1=n , we have equality. For 2=n  we have: 

     ⇔≥+−+−⇔≤
−+

+
+

01614168
5

8

)1(1

1

1

1 234
22

xxxx
xx

 

0])1([)12( 222 ≥−+−⇔ xxx , true. 
We prove that: if 1≤x  and 3≥n , then: 

    






 −
+

−
+

≤
+ n

x
n

n

n

n

x

1

)1(

2

11

1
22

3

2

2

2
                           (*) 

0)12()1( 22 ≤+−−⇔ nnxnx , true because if 1≤x  and 3≥n , then: 

      012
2

1
1 2

2

<+−⇒
−<≤ nnx
n

n
x . 

Writing the inequality (*) for nxxx ,...,, 21  and adding where we taking account that 1
1

=∑
=

n

k
kx  we 

obtain the desired result. 
 

PP.20931. If 0>ka  ),...,2,1( nk = , then ∑∑
=

≥
+−

n

k
k

cyclic

a
aaaa

a

1
2
332

2
2

3
1 . 

 
Solution. We will prove that: 

          ∑ ∑
=

≥








+−
+

+−
+

+−cyclic

n

k
ka

aaaa

a

aaaa

a

aaaa

a

1
2
221

2
1

3
3

2
113

2
3

3
2

2
332

2
2

3
1 3 . 

In this aim, we show that for 0,, >zyx , holds: 

            zyx
yxyx

z

xzxz

y

zyzy

x ++≥
+−

+
+−

+
+− 22

3

22

3

22

3

                 (1) 

(i.e. problem 24477 from Gazeta matematică 3/2001, proposed by Ion Nedelcu, with restriction 
zyx ,,  to be the lengths of the sides of a triangle). We prove that (1) occurs for all 0,, >zyx . 

Indeed, 

    =
+

−−+=







−

+
+=−

+−∑ ∑∑∑ 33

3333

33

3

22

3 )(

zy

xzxyzxyx
x

zy

zyx
x

zyzy

x
 

∑ ∑∑∑ =
+

−+
+
−=

+
−+

+
−=

33

22

33

22

33

22

33

22 )()()()(

xz

xyxy

zy

yxxy

zy

zxxz

zy

yxxy
 

0
))((

))((11
)(

3333

33

3333
22 ≥

++
−−=









+
−

+
−= ∑∑

xzzy

yxyxxy

xzzy
yxxy , and (1) is proved. 
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Using the inequality (1) yields that: 

∑ ∑∑
=

=++≥








+−
+

+−
+

+−cyclic

n

k
k

cyclic

aaaa
aaaa

a

aaaa

a

aaaa

a

1
3212

221
2
1

3
3

2
113

2
3

3
2

2
332

2
2

3
1 3)( , and we are 

done. 
 

PP.20936. If 0>ka  ),...,2,1( nk = , then 
32 32

1 n

aa

a

cyclic

≥
+∑ . 

 
Solution. We will prove that: 

                 n
aa

a

aa

a

aa

a

cyclic

≥








+
+

+
+

+∑
21

3

13

2

32

1

222
. 

We have the inequality; 

               1
222

≥
+

+
+

+
+ yx

z

xz

y

zy

x
                                (1) 

Indeed, by Bergsytröm’s inequality and well-known ( ) ∑∑ ≥ xyx 3
2

, we obtain: 

              
( )

1
3222222

2
222

≥≥
+

+
+

+
+

=
+

+
+

+
+ ∑

∑
xy

x

yzxz

z

xyyz

y

xzxy

x

yx

z

xz

y

zy

x
. 

Yields that: n
aa

a

aa

a

aa

a

cycliccyclic

=≥








+
+

+
+

+ ∑∑ 1
222 21

3

13

2

32

1 , and we are done. 

 
PP.20938. If 0>ix ),...,2,1( ni = and { }1* −∈ Nk , then: 

                 ∑∑∑
===

+≥+
n

i
i

n

i

k
i

n

i

k
i xkxkx

111

)1( . 

 
Solution. Applying AM-GM inequality, we obtain: 

    ( ) akakaakaaaaaka k kk k
kk

k

kkkkkk )1()1()1(... 1 11 +=⋅+=⋅+≥++++=⋅+ + ++
��� ���� �� . 

Using the inequality akaka kk )1( +≥⋅+  for numbers nxxx ,...,, 21  and adding yields the 

inequality from the statement. The proof is complete. 

Remark. The inequality akaka kk )1( +≥⋅+  can be proved without AM-GM inequality, so can 
be used to prove by mathematical induction AM-GM inequality. 

 

PP.20944. If 0,, >cba , then
∑
∑

∑ +≥
ab

a

b

a
2

2 . 

 
Solution 1. By Cauchy-Buniakovski-Schwarz inequality we have: 

             ( ) 2)( cbacabcab
a

c

c

b

b

a ++≥++






 ++ , and then: 
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∑
∑

∑
∑ ∑

∑ +=
+

≥
ab

a

ab

aba

b

a
22

2
2

. 

 
Solution 2. By Bergström’s inequality we obtain: 

              
∑
∑+=

++
++≥++=++

ab

a

cabcab

cba

ac

c

bc

b

ab

a

a

c

c

b

b

a
22222

2
)(

, and we are done. 

 
PP.20945. If 0>kx ),...,2,1( nk = , then: 

                       

∑
∑

=

+≥
++

+
++

+
n

k
k

cyclic x

n
n

xxxxxxxxx

1

2

133221321

36
1 . 

Solution. Since 
3

)( 2
321

133221

xxx
xxxxxx

++
≤++ , and using AM-HM inequality (or 

Bergström’s inequality) we obtain that: 

    ≥
++

+
++

+∑
cyclic xxxxxxxxx 133221321

36
1 =

++
+

++
+∑

cyclic xxxxxx 2
321321 )(

96
1  

 

=
++

⋅+≥
++

⋅+=








++
+=

∑
∑∑

cyclic
cycliccyclic xxx

n
n

xxx
n

xxx )(
3

1
3

3
1

321

2

321321

 

∑∑
==

+=
⋅

⋅+=
n

k
k

n

k
k x

n
n

x

n
n

1

2

1

2

3
3 , and the proof is complete. 

 
PP.20946. If 0,, >cba , then 32 )())((18))((6 ∑∑∑∑∑ ++≤ aaaabcaba . 

 
Solution. The inequality from the statement is written successively: 

++++++≤++ ∑∑∑∑∑∑∑ baaabbaaabcabcabba 2322322 3181866  

∑∑∑∑ +≥+⇔++ 2232 226263 abbaabcaabcab  

∑∑∑ +≥+⇔ 223 3 abbaabca , which is Schur’s inequality. The proof is complete. 

 

PP.20949. If 0>ka ),...,2,1( nk =  and ∑
=

=
n

k
kas

1

, then: 

                  
2

11

3)1( 






 −≥− ∑∑
==

n

k
kk

n

k
k asaann . 
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Solution. We use Chebyshev’ s inequality, Cauchy-Buniakovski-Schwarz inequality, and the 

fact that ∑∑
==

−=−
n

k
k

n

k
k anas

11

)1()( . Therefore, we obtain: 

    ≥−⋅=⋅−≥⋅⋅−=− ∑∑∑∑∑∑
======

n

k
k

n

k
k

n

k
k

n

k
k

n

k
kk

n

k
k asaaanaannann

11

2

11

2

1

2

1

3 )()1()1()1(  

2

1








 −≥ ∑
=

n

k
kk asa , and we are done. 

 

PP.20951. If 0>ka ),...,2,1( nk =  and ∑
=

=
n

k
kas

1

, then: 

                 

∑
∑

=

= −
≥

− n

k
k

n

k k

k

an

n

as

a

1

2

2

1
2

)1(
)(

. 

 
Solution. First we prove that for sx ≤ , we have the inequality: 

                  
332

2

2 )1(

2

)1(

)1(

)( −
−⋅

−
+≥

− ns

n
x

ns

nn

xs

x
                        (1) 

The inequality (1) is written successively: 
      22332222232 222)1()1(2)1()1( nsxxnsnsxnnxnsnxnnsxns ++−+++−+≥−  

02)14()1(2)( 32222323 ≤−+−+++−+⇔ nsxnnsxnnsnxnn  

( ) 02)1(
2

≤−+






 −⇔ snxn
n

s
x , true because sx ≤  (thus snsn 2)1( <+ ). 

We write the inequality (1) for naaa ,...,, 21  an summing yields that: 

    =
−

−
−
+≥

− ∑∑
==

3

2

1
32

2

1
2 )1(

2

)1(

)1(

)( ns

n
a

ns

nn

as

a n

k
k

n

k k

k  

∑
=

−
=

−
−+=

n

k
kan

n

ns

nnn

1

2

2

3

22

)1(
)1(

2)1(
, and the proof is complete. 

 
PP.20952. If 0>kx ),...,2,1( nk = , then: 

                ∑∑∑ +≥≥++
= cyclic

n

k
k

cyclic

xxxxxxxxx 32
2
11

1

24
2

2
2

2
1

4
1 23 . 

 

Solution. Using the inequality 
4

)(3 2
22 ba

baba
+≥++ , we obtain: 

               ∑∑∑∑
=

=+=+≥++
n

k
k

cycliccycliccyclic

xxx
xx

xxxx
1

22
2

2
1

2
2

2
14

2
2
2

2
1

4
1 3)(

2

3

2

)(3
. 

For the right inequality we apply the inequality of means: 
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    ≤
+

⋅≤+⋅=+
2

5

3

1
)2)(3(

3

1
2 32

2
1

32
2
1

2
132

2
11

xxx
xxxxxxxx  

)10(
34

1

2
2

5

3

1 2
3

2
2

2
1

2
3

2
22

1

xxx

xx
x

++=

+
+

⋅≤ . Yields that: 

∑∑∑∑
==

=⋅=++≤+
n

k
k

n

k
k

cycliccyclic

xxxxxxxxx
1

2

1

22
3

2
2

2
132

2
11 312

34

1
)10(

34

1
2 ,  

and the proof is complete. 
 
 
PP.20957. In all nonisosceles triangle ABC holds: 

                 
3

22
4

4

)43(

2
sin

2
sin

2
sinsin

R

Rrrsr
CABA

A
A −−=

−−∑  (correction). 

 
Solution. We use the formulas: 

                 
2

cos
2

sin
C

c

baBA −=−
;

abc

sCBA 4

2
cos

2
cos

2
cos

2

= ; 

              cabcabcba
caba

a +++++=
−−∑ 222

4

))((
. We obtain that: 

      ∑∑ =
⋅−⋅−⋅

=
−−

2
cos

2
cos

2
cos2

2
cos

2
sinsin2

2
sin

2
sin

2
sinsin 44

CBA

b

ca

c

ba

AA
A

CABA

A
A

 

∑∑ =
−−

⋅=
−−

=
))((322))((

sin

2 5

5

2

5

2 cabaR

abc

rs

abc

caba

Abc

rs

abc
 

( ) =+=
−−

= ∑∑∑ aba
rRs

srR

caba

a

rRs

cba 2
52

2224

52

222

64

16

))((64
 

3

22

3

2222

4

)43(

4

)4822(

R

Rrrsr

R

RrrsRrrsr −−=+++−−= , and we are done. 

 
PP.20958. In all nonisosceles triangle ABC holds: 

                ∑ =
−− 2

3

2
sin

2
sin

2
sinsin

R

sr
CABA

A
A

. 

 
Solution. We proceed like in PP.20957, and in addition we use the fact that: 

      cba
caba

a ++=
−−∑ ))((

3

. Therefore, we have that: 
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      ∑ ∑ =
⋅−⋅−⋅

=
−−

2
cos

2
cos

2
cos2

2
cos

2
sinsin2

2
sin

2
sin

2
sinsin 33

CBA

b

ca

c

ba

AA
A

CABA

A
A

 

242

2223

42

4

2
2

162

16

))((162))((

sin

2 R

sr
s

Rrs

srR

caba

a

R

abc

rs

abc

caba

Abc

rs

abc =⋅
⋅

=
−−

⋅=
−−

= ∑∑ , and we are 

done. 
 
 
PP.20960. In all nonisosceles triangle ABC holds: 

                        ∑
++=

−− rs

RrrsR
CABA

A

A

2

22

2

)4(

2
sin

2
sinsin

2
sin

. 

 
Solution. Using well-known formuls in triangle we obtain: 

    =−⋅−−−−⋅−−=−
bc

ass

ac

csas

ac

bss

bc

csbsBA )())(()())((

2
sin  

2
cos

2
cos

C

c

baC

c

asbs −=+−−= . 

Yields that: 

   =
−⋅−⋅⋅

=
−−

2
cos

22
cos

2
cos

2
sin2sin

2
sin

2
sin

2
sinsin

2
sin

2 BcaC

c

baBA
A

A

CABA
A

A

 

2
cos

2
cos

2
cos

2
))((2

CBA

R

a
caba

bc

⋅⋅−−
= . 

Because 
abc

rs

cba

cssbssassCBA 2

222

)()()(

2
cos

2
cos

2
cos =−−−= , we obtain: 

                      ∑∑ −−
=

−− ))((
2

sin
2

sinsin

2
sin

2
2 cabaa

bc

rs

Rabc
CABA

A

A

            (1) 

After some algebra we also obtain that: 
))()()(()()()( 222222 accbbacabcababbacaacbccb −−−++=−+−+− , and then by (1) 

taking account by Rrrscabcab 422 ++=++ , yields the relation from the statement, and we 
are done. 

 
PP.20982. If 0,,, >λcba  and 1=++ cba , then: 
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                 ∑
∑ −+

≥
++ abcabbccb

a

)1(3

1

)( 22 λλλ
. 

 
Solution. By Hölder’s inequality we have: 

              ( ) 322

2222
)(])([

)()(
∑∑∑∑ ≥++















++













++
abccba

bccb

a

bccb

a λ
λλ

. 

Therefore,∑
∑ ++

≥
++ ])([

1

)( 2222 bccbabccb

a

λλ
, and it suffices to prove that: 

         abccbaabcab 3)()1(3 22 ++≥−+ ∑∑ λλλ , but 

         ∑∑∑ +≥− )(3 22 cbaabcaba λλλ ∑∑∑ +≥−⇔ )(3 22 cbaabcaba , true because in 

fact ∑∑∑ +=− )(3 22 cbaabcaba . 

 

PP.20984. If 0>ka  ),...,2,1( nk = , then ∑ ≥
+−+cyclic aaana

a
1

)2( 2
332

22
2

1 . 

 
Solution. We will prove that: 

∑ ≥














+−+
+

+−+
+

+−+cyclic aaana

a

aaana

a

aaana

a
3

)2()2()2( 2
221

22
1

3

2
113

22
3

2

2
332

22
2

1 . 

Indeed, we have the inequality: 

0))(4(
)(

2

)2(

2
21

2

21

3

2
221

22
1

3 ≥−−⇔
+

≥
+−+

aan
aan

a

aaana

a
. 

Then, by Nesbitt’s inequality yields that: 

   ∑ ≥














+−+
+

+−+
+

+−+cyclic aaana

a

aaana

a

aaana

a
2
221

22
1

3

2
113

22
3

2

2
332

22
2

1

)2()2()2(
 

 

3
2

32

2

322

21

3

31

2

32

1 =⋅=≥








+
+

+
+

+
≥ ∑∑

n

nnaa

a

aa

a

aa

a

n cycliccyclic

, and we are done. 

 

PP.20992. If 0>ka  ),...,2,1( nk =  and na
n

k
k =∑

=1

2 , then 1
1

1

1

≤
−+∑

=

n

k kan
. 

 

Solution. For 1=n  we have 11 =a  and 1
1

1

1

=
−+ an

, so we have equality. 

For 2=n we have 222 =+ yx , so 2≤xy  and we must to show that: 
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          )2(2363391
3

1

3

1
xyxyxxyyx

yx
−≥−⇔−−≥+−−⇔≤

−
+

−
   (1) 

Because 2≤xy  we can squaring and (1) is equivalent with: 

      ⇔−−≥−⇔−≥− 222222 )2)(2()23()2()23( xxxxyx  

0)1(01464 4234 ≥−⇔≥+−+−⇔ xxxxx , evidently true. 

Let 3≥n . We prove that for any x  with nx ≤  we have the following inequality: 

       
22

2

2

12

21

1

n

n

n

x

xn

−+≤
−+

              (2) 

xnnnxnxn )12()1)(12()1(2 322 −−+−+−+≤⇔  

0)1()12()1( 23 ≤−−−++−⇔ nxnxnx  

( ) 0)1()1( 2 ≤+−−⇔ nxx . 

The last inequality is true because for 3≥n and nx ≤  we have: 

01)3(0131 2 ≥+−⇔≥+−⇔−≤ nnnnnn . 

Writing the inequality (2) for naaa ,...,, 21  and summing yields that: 

1
2

12

2

1

2

12

2

1

1

1
2

1

2
2

1

=−+=−⋅+≤
−+ ∑∑

== n

n

nn

n
na

nan

n

k
k

n

k k

. The proof is complete. 

 

PP.20994. If 0>ka  ),...,2,1( nk =  and 1
1

1

1

=
−+∑

=

n

k kan
, then 1

1

1

1
2

≤
−+∑

=

n

k kan
. 

 
Solution. For 0>x  we have the following inequality: 

      
n

n

xn

n

xn

x 1

1

2

1 2

−+
+−

−≤
+−

      (1) 

+−+−+−−−−−≤+−⇔ xnnxnnnnnnxxnn 2322 )1()1()2()1)(2()1(  

                                    322 )1()1( xnxn −+−+  

0)1()1)(1(0)1()1()1()1( 223 ≥+−−⇔≥−+−−−−−⇔ xxnnxnxnxn , true. 

Writing the inequality (1) for naaa ,...,, 21  and adding we obtain that: 

      112
1

1

1
)2(

1

1

11
2

=−+−=−⋅+
+−

−≤
−+ ∑∑

==

nn
n

n
n

an
n

an

n

k k

n

k k

, and we are done. 

 
 

PP.20995. If 0>ka  ),...,2,1( nk =  and na
n

k
k =∑

=1

, then ∑
= +

≤
+

n

k k

n

a1
2 1

1

λλ
. 

 
Solution. The inequality is not true without an additional condition for λ . 

Indeed, for 2=n , ,
2

1=λ ,
2

1
1 =a

2

3
2 =a  it should that 
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3

4

11

4

3

4

2

1
1

2

4

9

2

1
1

4

1

2

1
1 ≤+⇔

+
≤

+
+

+
, false. 

We give a solution for 12 +≥ nλ . 
We have the inequality 

                             (*) 
222 )1(

2

)1(

31

+
−

+
+≤

+ λλ
λ

λ
x

x
, 

 which from some calculations is equivalent with 
                   ( ) 0)1(2)1( 2 ≤−−− λxx , true for nx ≤  (because 12 −≤ λn ). 

Writing the inequality (*) for naaa ,...,, 21 , by summation yields that 

        
λλ

λ
λλ

λ
λ +

=
+

−+=
+

−
+

+≤
+ ∑∑

== 1)1(

23

)1(

2

)1(

)3(1
2

1
2

1
22

nnnn
a

n

a

n

k
k

n

k k

, and we are done. 

 

PP.20998. If 0,, >cba , then 1
233 22

≥
+++

∑
bcbaba

a
. 

 
Solution. We have: 

          ( )322322 633)233( ∑∑∑∑∑ =+++=+++ aabcabbaabcbabaa . 

Applying Hölder’s inequality we obtain: 

    ( ) ≥+++










+++










+++
∑∑∑ )233(

233233

22

2222
bcbabaa

bcbaba

a

bcbaba

a
 

3

3
22

2222
)233(

233233 












+++⋅

+++
⋅

+++
≥ ∑ bcbabaa

bcbaba

a

bcbaba

a
 

( ) ( )33

2

22 233
∑∑∑ ≥











+++
⇔ aa

bcbaba

a
, i.e. 

1
233 22

≥
+++

∑
bcbaba

a
, and the proof is complete. 

 

PP.21000. If 0,, >cba , then ( ) 1

2

−
∑∑ ≥









+
n

n

n
a

ba

a
, when Nn∈ , 2≥n . 

 
Solution. Applying Hölder’s inequality we have: 

       ( ) ( ) 1
)2(

2
...

22

+
∑∑∑∑∑ ≥+









+








+








+
n

n

nnn
abaa

ba

a

ba

a

ba

a

�������� ��������� ��

, but 

       ( )2
)2( ∑∑ =+ abaa , so ( ) 1

2

−
∑∑ ≥









+
n

n

n
a

ba

a
, and we are done. 
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PP.21001. If 0,, >cba , then ( ) 2

22 233

−
∑∑ ≥











+++

n

n

n
a

bcbaba

a
, when  

,Nn∈ 2≥n . 
 

Solution. We have ( )322 )233( ∑∑ =+++ abcbabaa , and by Hölder’s inequality we obtain: 

⋅









+++










+++










+++
∑∑∑

����������������� ������������������ ��
n

nnn bcbaba

a

bcbaba

a

bcbaba

a

233
...

233233 222222
 

( ) ( ) 122 )233(
+

∑∑ ≥+++⋅ n
abcbabaa ( ) 2

22 233

−
∑∑ ≥











+++
⇔ n

n

n
a

bcbaba

a
, and we we 

are done. 
 

PP.21008. If 0,, >cba , then ( )3

2

3 2
∑∑ ≥

+
a

ba

a
. 

 

Solution. We have ( )2
)2( ∑∑ =+ abaa  , and by Hölder’s inequality we obtain: 

     ( ) ( )4

333
)2(

222
∑∑∑∑∑ ≥+









+








+








+
abaa

ba

a

ba

a

ba

a
 

( ) ⇔≥








+
⇔ ∑∑

2
3

3 2
a

ba

a ( )3

2

3 2
∑∑ ≥

+
a

ba

a
, and the proof is complete. 

 
 
PP.21010. Solve in R the following system: 

                           








++=++++
++=++++

++=++++

222

222

222

)23(94)(11

)23(94)(11

)23(94)(11

yxzyzxyzxz

xzyxyzxyzzy

zyxzxyzxyyx

. 

 
Solution. Adding the equations of the system we get: 
                0)(8 222 =−−−++ zxyzxyzyx . 
Yields that the solutions of the system are ),,( aaa , with Ra∈ . 
 

PP.21063. In all triangle ABC holds 
2

2

8
1

4

r

s

s

rR +≤






 +
. 

 
Solution. By the item 5.5 from Bottema we have: 23)4(9 srRr ≤+ , i.e. 
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r

s

s

rR

3

4 ≤+
. It remains to show that: 

              
2

2

2

2

2

2

72
10

8
1

9 r

s

r

s

r

s +≤⇔+≤ , true and we are done. 

 
 
PP.21070. Solve in R  the following system: 

                













+++++=+++

+++++=+++

+++++=+++

+++++=+++

)()()(3

)()()(3

)()()(3

)()()(3

333

333

333

333

xzzxzyyzyxxytxyyxt

tyytyxxyxttxztxxtz

zxxzxttxtzztyzttzy

yttytzztzyyzxyzzyx

. 

 
Solution. Addind up the equations of the system we obtain: 
    ( )++−+−+−+++ )()()(3333 xzzxzyyzyxxyxyzzyx  

( )++−+−+−++++ )()()(3333 yttytzztzyyzyzttzy  

( )++−+−+−++++ )()()(3333 zxxzxttxtzztztxxtz  

( ) 0)()()(3333 =+−+−+−++++ tyytyxxyxttxtxyyxt . 
By Schur’ inequality, all brackets above are 0≥ . Therefore we have tzyx === or if 

0, === tzyx  yields by the first equation of the system that 33 26 xx = , which is impossible. In 
conclusion, the only solution is ),,,( aaaa  with Ra∈ , and we are done. 
 
PP.21121. Prove that 
                 { } { }0832),(0232),( =+++×∈==+++×∈ yxxyZZyxyxxyZZyx . 

 
Solution. The statement is not true, for e.g. if )0,8(),( −=yx we have 
                   22232 −=+++ yxxy  and 0832 =+++ yxxy , and we are done. 
 
 

PP.21129. If 0,, >cba then )(233 2222 cbabababa ++≥+−++ ∑∑ . 

 
Solution. We have: 

                )(2
2

2
2

2
22

22 cba
baba

ba ++=+≥+=+ ∑∑∑ , which is stronger that 

given inequality, and we are done. 
 
PP.21133. Prove that for all *Nn∈ , the equation nzyx 14222 =++  has integer solutions. 
 
Solution. If tn 2= , then )18(4)18(4)7(414 222 +=−=⋅= ktttttt . 

If 12 += tn , then ( ) )68(4)28(4)18(24)72(414 121212 +′=−=−=⋅⋅= +++ kk ttttttt . 



REVISTA ELECTRONIC Ă MATEINFO.RO ISSN 2065-6432 – FEBRUARIE 2015 www.mateinfo.ro  

 

16 
 

Therefore, by the theorem of three squares (see the solution of PP.21440), the number n14  can 
be written as a sum of three integers squares. The proof is complete. 

 
PP.21142. Prove that 
                 { } { } { } { }ZddZccZbbZaa ∈−=∈+∈+∈+ 17105473513 ∩∩ . 

 
Solution. A particular solution of the equation 2533513 =−⇔+=+ baba  is 2,4 == ba . 
General solution is 23,45 +=+= kbka  where Zk ∈ . 

Yields that { } { } { }ZkkZbbZaa ∈+=∈+∈+ 13153513 ∩ . 

We proceed analogously with the equation 9157471315 =−⇔+=+ kcck , and we obtain the 
particular solution 12,27 == kc  and then 127,2715 +=+= dkdc . 
Yields 418910547 ++=+ dc , i.e. 1710547 −′=+ dc  and we are done. 
 
PP.21145. If )(, MPAB k ∈ ),...,2,1( nk = , then: 

1) ( )∪∩
n

k
k

n

k
k ABAB

11 ==

−=






− ; 

2) ( )∩∪
n

k
k

n

k
k ABAB

11 ==

−=






− . 

 
Solution. We have that: 

1) BxABx
n

k
k ∈⇔






−∈
=
∩

1

 and BxAx
n

k
k ∈⇔∉

=
∩

1

 and existsk  such that kAx∉  

∪
n

k
kk ABxABx

1

)(
=

−∈⇔−∈⇔ . 

2) BxABx
n

k
k ∈⇔






−∈
=
∪

1

 and 






∉
=
∪

n

k
kAx

1

Bx∈⇔  and for any k , kAx∉  

⇔  for any ,k kABx −∈ ( )∩
n

k
kABx

1=

−∈⇔ , and the proof is complete. 

 
PP.21146. If Ccba ∈,, , then determine all Nn∈  such that: 

                 )(2)()()()( nnnnnnnn cbacbacbacbacba ++=−+++−+++−+++ . 
 
Solution. For 1=== cba , we have 1232333 1 −=⇔⋅=+ − nnnn , which is true for 

2,1 == nn . If 3≥n , by mathematical induction esily yields that 123 1 −>− nn . 

So, it remains to verify the relation from the statement for { }2,1∈n . 
(i)For 1=n ; )(2 cbacbacbacbacba ++=−+++−+++−++ , true. 

(ii)For 2=n ; )(2)()()()( 22222222 cbacbacbacbacba ++=−+++−+++−+++ , true. In 

conclusion we obtain { }2,1∈n , and we are done. 
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PP.21147. If Cdcba ∈,,, , then determine all Nn∈  such that: 

         =−++++−++++−++++− nnnn dcbadcbadcbadcba )()()()(  

      )(2 nnnnn dcba +++= . 
 
Solution. For 0=d  we obtain the relation from PP.21146, so we must to verify the relation 
from the statement only for 1=n  and 2=n , which easily follows is true. 

 
PP.21148. In all triangle ABC holds: 

1)∑
−++=







 −−
2

2222
2

4

2412

2
sin2

2
1

R

srRrRA

R

r
; 

2) rRs +≤ 43 . 
 
Solution. We have the formulas: 

Rrrscabcab 422 ++=++  ; )4(2 22222 Rrrscba −−=++ , 

[ ]=++−++++=−++ )(3)()(3 2333 cabcabcbacbaabccba )123(2 22 Rrrss −− ; 

R

rR
CBA

+=++ coscoscos ; A
A

cos
2

sin21 2 =− . 

Therefore, 

   =+−=






 −=






 −− ∑∑ ∑ ∑ 2

2
2

22
2

4

3
coscos

2
cos

2
sin2

2
1

R

r
A

R

r
A

R

r
A

A

R

r
 

=+−−−−−=++−−= ∑ 2

222222

2

2

2
2

4

34412

4

3)(
sin3

R

rrRrcbaR

R

r

R

rRr
A  

2

222

2

22222

4

2412

4

34482212

R

srRrR

R

rrRrRrrsR −++=+−−++−= . 

2) The inequality rRs +≤ 43  is the item 5.5. from Bottema. 
The proof is complete. 
 
 
PP.21149. In all triangle ABC holds: 

1)∑
−+=







 −+
2

222
2

4

2)4(

2
cos2

2
2

R

srRA

R

r
; 

2) rRs +≤ 43 . 
 
Solution 1. We use the formulas from PP.21148. 

Because A
A

cos1
2

cos2 += , we obtain: 

     +−++=






 +−=






 −+ ∑∑ ∑ ∑ A
R

r
A

R

r
A

A

R

r
cos2

4

3
cos3

2
cos1

2
cos2

2
2

2

2
2

2
2  

=+⋅−++−+−=−+ ∑ ∑∑
R

rR

R

r

R

r

R

rR

R

r
AA

R

r

R

r 3)(2

4

3
sin6cos

2
2

2

2
2  
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=−−+−−+−−−=
2

222222

4

4412883)4(224

R

rRrRrRrRrRrrsR
 

2

22

2

222

4

2)4(

4

2816

R

srR

R

sRrrR −+=−++= . 

2) The inequality rRs +≤ 43  is the item 5.5. from Bottema. 
The proof is complete. 
 
Solution 2. We use the following: 
 If Rzyx ∈,,  then: 

 (*) )(4)()()()( 2222222 zyxzyxzyxzyxzyx ++=+++−+++−+++− . 

We take in (*) 
2

cos,
2

cos,
2

cos 222 C
z

B
y

A
x === , and after some algebra we deduce (1). By 

Bergström’s inequality we have: 

 
2

22

2
2

2

12

)4(

2
cos2

2
2

3

1

2
cos2

2
2

R

rRA

R

rA

R

r +=














 −+≥






 −+ ∑∑ , and by (1) yields (2). 

 
 

PP.21150. In all triangle ABC holds: 

1)
22

222
8221

rs

Rrrs

hr a

−−=







−∑ ; 

2) Rrrs 123 22 +≥ . 
 

Solution 1.  We take in (*) from solution 2 of PP.21149: 
cba h

z
h

y
h

x
1

,
1

,
1 === , and we deduce 

(1). By Bergström’s inequality we have: 
2

22

3

121

3

121

rhrhr aa

=

















−≥








− ∑∑ , and from (1) 

we obtain (2), and we are done. 
 
Solution 2. Using the item 5.8 from Bottema )516( 22 rRrs −≥  it suffices to prove that: 

rRrRrrRrrRr 284312516 222 ≥⇔≥⇔+≥− , i.e. well-known Euler’s inequality. 
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2.Other solutions from some problems from 
SSMJ 

 

By Nela Ciceu, Roşiori, Bacău, Romania 
 and  

Roxana Mihaela Stanciu, Buzău, Romania 
 

 
 

 
 

Solution:  
 
 
Let bba 2 ,2 ,2 , with ba 2<  the sides of triangle.  
We have 

                               1282 =+ ba  and 10084 22 =− aba . 
Since  
                     ab −= 1282 , yields )64(256)2)(2(4 22 aababab −=−+=−  
 then 

         63641008641610084 22 =−⇔=−⇔=− aaaaaba  
 and denoting  
                                                              264 xa =−  
we obtain the equation  
                  0)63)(1(0636463)64( 232 =−+−⇔=+−⇔=− xxxxxxx . 

• For 1=x yields the triangle with the sides 126, 65, 65. 

• For 
2

2531+−=x  (the value
2

2531−−=x  it is not possible)yields the triangle with 

the sides 2531+ ,
2

253255−
,

2

253255−
. 
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Solution:  
 
 
Let b biker’s speed and hhiker’s speed. We use the fact that distance timespeed×= . 
As from 8 AM to 9:06 AM we have 1.1 hours, and from 9:06 AM to 9:24 AM we have 0.3 hours 
we have the equations: 
                           201.11.1 =+ hb , hhhb 3.01.11.13.0 ++= . 

We obtain 
77

1250=b and 
77

150=h . 

 
 

 
 
Solution: 
 
We want to find ,a ,b c  such that cba HHH += .   

We choose 1+= ba  and we get  
                               ccbccbbbb −=+⇔−+−=+−+ 2222 21422)1()1(2 . 

 If we take 14 += nc , yields that nnb 38 2 +=  and is easily to verify that  
                                             1438138 22 ++++

+= nnnnn
HHH ,  

so there is infinitely many hexagonal numbers which are the sum of two hexagonal numbers. 
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Solution:  
 
We note that the given sequence has positive terms. 

The equation 012 2 =−− xx  has the roots 1 and 
2

1− . 

After some algebra, we obtain 

                                              
n

n

n

uuuu
u

23

)()1(2

3

2 2
1

2
0

2
1

2
02

⋅
−−

+
+

= . 

Hence, 

                                                
3

2
lim

2
1

2
0 uu

un
n

+
=

∞→
. 

 

 
 
Solution: 
 
Applying Hölder’s inequality  we obtain 

                      

5

1

5

5

11111

5

111111













⋅⋅⋅⋅≥








































∑∑∑∑∑∑

======

n

k
k

k

k
n

k

n

k

n

k

n

k
k

n

k k

k a
a

b
a

a

b
,  

from where easily yields the given inequality. 
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3.Dreapta lui Gauss 
 

 
      Prof. Alexandru Elena-Marcela, gradul didactic II 
      Școala Gimnazială nr. 3 Baia, structura Bogata 

 
 

Definiție: Fie patrulaterul convex ABCD. Dacă { }AB CD E=∩  și { }BC AD F=∩  atunci 
ABCDEF se numește patrulater complet, iar segmentele [ ]AC , [ ]BD  și [ ]EF  se numesc 
diagonalele patrulaterului complet. 
 
 
 Mijloacele diagonalelor unui patrulater complet sunt coliniare. (Dreapta lui Gauss) 
 
Demonstrație: 
 Prin punctele E, F, B, C și D se construiesc 
paralelele la laturile opuse și se consideră notațiile 
din figura alăturată. 
 Fie omotetia de centru A și raport 2. Atunci 
pentru a arăta că M, N, P sunt coliniare revine la  
a arăta că punctele C, 2D  și 1A  sunt coliniare. 

  
 Se știe că: Într-un paralelogram o condiție necesară și suficientă pentru ca un punct să 
aparțină diagonalei este ca paralelogramele determinate de punct și vârfurile ce nu aparțin 
diagonalei să aibă ariile egale. 
 
  
 
 
 
 
 
 
 
 Astfel se demonstrează că 

2 1 2 2 4 2 3 5C D D B C D D CA A=  sau 
2 4 2 1 3 5C CC B CD D CA A= . 

 Din C EB∈  rezultă că 
2 4 2 3 1C CC B C CC AA A= , iar din C DF∈  rezultă că 

1 3 5 3 1CD D C C CC AA A= , 

ceea ce trebuia de demonstrat. 
 
 
Bibliografie: 
 Liviu Nicolescu, Vladimir Boskoff , Probleme practice de geometrie, Editura Tehnică, 
București, 1990 
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