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1.Some solutions from some problems from Octogon Mathematical
Magazine

By D.M. Batinetu-Giurgiu, National College >’Matei Basarab’’, Bucharest, Romania
and

Neculai Stanciu, >’G. E. Palade’’ School, Buziu, Romania

a’ +b? - 3(a® +b* +c?)

PP.21286. If a,b,CE(O,l),thenzl S arbic
+ +b+

Solution. Since a,b € (0,1), we have (1-a)(l1-b)>0<1+ab>a+b.
Therefore, it suffices to prove the inequality
Za2 +b? - 3(a® +b? +c?)

a+b ~  a+b+c
proposed by lon Bursuc.

, Which is Problem 0:803 from G.M.-B, No. 11/1995,

Here is a demonstration:

(Za2+b2j_3(a2+b2+c2) _Z(az+b2 _a’+b? +c2j_

a+b a+b+c a+b a+b+c

1 Za2c+b2c—ac2—bc2_ 1 Zac(a—c)+bc(b—c)_

Ta+b+c a+b “a+b+c a+b
1 ac(a—c) bc(b—c)j_ 1 ( ac(a—c) ac(c—a))_
_a+b+c(z a+b > a+b _a+b+cz a+b > b+c )

1 Zac(a—c)(b+c—a—b)__ 1 Zac(a—c)2
“a+b+c (a+b)b+c) a+b+c“~(a+b)(b+c)

The proof is complete.

PP.21291. If a,b,c >0, then (ZaXZa2XZa3)S 92&16 . (correction)

Solution. By Chebyshev’ s inequality, we obtain:
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9) a*=9)a’-a’> 9-%(Za3XZa3)= 3.(Ya% Y a%-a)>
> 3-(2&3)-%(Za2XZa): (ZaXZaZXsz), and the proof is complete.

PP.21299. If a,b,c >0 then ) (2b+c)Va® +ac+c? 23\/§Zab.

3(a+c)? . (a-c)?

1 , we have that:

Solution. Because a +ac+c? =

a’+ac+c?>

2
@. Using also the inequality > a® > > ab, we obtain

Y (2b+c)Va’ +ac+c’ 2§Z(Zb+c)(a+c) =§Z(2ab+ac+2bc+cz) =

:@(2Zab+2ab+22ab+za2)2g'Gzab:&@Zab’ and we are done.

PP.21301. If a,b,c >0, then:

(a+2b+c)(b+2c+a)(c+2a+b) 2%(a+b+c)(2a2 +3) ab).

Solution. Undoing brackets we obtain:

92> a’+27) a’h+7) ab® +16abc) >16(D> a’+> a’b+ > ab® +3> a’b+
+3) ab”+9abc) < 2) a®>> a’h+ ) ab’.
The last inequality yields by Muirhead’s inequality because (3,0,0) > (2,1,0), i.e.

Za322a2b.

sym sym
Remark. Other method to prove 2 a® > > a’h+ > ab® is by AM-GM inequality, i.e.

by adding the following inequalities:
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a*+a®+b®*>3a’b:

b®+b*+c* >3b%c;
c*+c’®+a’®>3c%a;
a® +b® +b® > 3ab?;
b®+c?+c® > 3bc?;
c*+a*+a*>3ca’.

The proof is complete.

PP.21302. If a,b,c>0,and 2> ab =3+ a then Z% <1.

a’+b+1

Solution. By Cauchy-Buniakovski-Schwarz inequality we have:

(@>+b+D(@A+b+c?)>(a+b+c)?, and then

1 1+b+c? (L+b+c?) 3+ a+)»a’
yoloey (Zlibro) 3i22r),

+b+1” “@ +b+D+b+c?)” (a+b+c)®>  (a+b+c)?

B ZZab+Za2 _(a+b+c)?

"~ (a+b+c)®  (a+b+c)?

=1, and the proof is complete.

a’+2bc
(@2 +b+1)(Cc*+b+1)

PP.21303. If a,b,c>0,then)_

Solution. By Cauchy-Buniakovski-Schwarz inequality we have:

(@®>+b+1)(c®* +b+1) >(a+b+c)*, so0

¥ a’ +2bc <Z(azﬁLZbC)_(a+b+c)2

5 > < = 5 =1, and we are done.
@ +b+)(c"+b+1) (a+b+c) (a+b+c)
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a® +(2a+3b+3c)bc

<a+b+c.

PP.21304. If a,b,c >0, then Z(az b+ b1 1)
+b+ +b+

Solution. By Cauchy-Buniakovski-Schwarz inequality we have:

(@>+b+1(c®* +b+1) > (a+b+c)?, and then

a® + (2a+3b+3c)bc 1
Z (@ +b+1)(c* +b+1) = (a+b+c)? (Za3 +32a2b+32ab2 +6abc)=

_(a+b+c)®

_( . )2:a+b+c,andwearedone.
a+b+c

1 <1.
a+b+1

PP.21305. If a,b,c>0,and Y a=>) ab then '

Solution. By Cauchy-Buniakovski-Schwarz inequality we have:

(a+b+D(@a+b+c?)>(a+b+c)?, and then

¥ 1 ey a+b+c? <Z(a+b+cz)_2a2+22a_

a+b+1” “(a+b+D(@+b+c?)  (a+b+c)®  (a+b+c)?

_ 2@ +2)ab (a+b+c)

(@a+b+c)>  (a+b+c)?

=1, and the proof is complete.

1 <3+22a

PP.21306. If a,b,c >0, then Za bt ()
+b+

Solution. By Cauchy-Buniakovski-Schwarz inequality we have:

(a+b+D(@a+b+c?)>(a+b+c)?, and then

g Y(a+b+l) 3+2)'a

> L => a+tb+l = and we are done
a+b+c? (a+b+c®)(@a+b+1)  (a+b+c)>  (Ola)? '

a% +2bc

PP.21307. If a,b,c >0, then Z(a b+Dasbac)) ¥
+b+ +b+

Solution. By Cauchy-Buniakovski-Schwarz inequality we have:
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(a+b+1)(a+b+c?)>(a+b+c)? and then

2 a’ + 2bc ?
Z a® +2bc : SZ( 2):(a+b+c)2 =1, and we are done.
(a+b+l)(a+b+c?)~ (a+b+c)® (a+b+c)

a® +(2a+3b+3c)bc

PP.21308. If a,b,c >0, then Z(a b+ D(ash CZ)sa+b+c.
+b+D(@+b+

Solution. By Cauchy-Buniakovski-Schwarz inequality we have:

(a+b+D(a+b+c?)>(a+b+c)?, and then proceed as in solution of PP.21304.

PP.21309. In all triangle ABC holds Z%/ab(a+b—c) <a+b+c.

Solution. By AM-GM inequality we obtain

a+b+a+b-c+b+c+b+c—-a+c+a+c+a->b
=a+b+c, and

> 3/ab(a+b—c) < 2

the proof is complete.

PP.21311. Solve in (0,) the following system:

2 2 2 2
X_+y_+z_:y+z+t+u
Yy z X X+y+12Z
2 2 2 2
y_+z_+t_zz+t+x+M
z t oy y+z+t
2 t* x° 4(z -t)?
—+—+—=t+X+y+——
X VA Z+t+X
2 2 2 2
t—+X—+y—=x+y+z+M
X oy t t+x+y

Solution. At Balkan Mathematical Olympiad, 2005, was proposed the following inequality:

2 2 2 2
(*) X—+y—+z—2x+y+z+u.
y z X X+Yy+z
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X’ (x-y)’

We have — =2X—y+ , and then by Bergstrom’s inequality we obtain:

y

2 2 2 2 2 2
X—+y—+z—:2x—y+2y—z+22—x+(X_y) Gt St
y 7 X y z X

2 2 2 )
=x+y+z+(x_y) L2y (x-2) ZX+y+z+(x—y+2—y+x—z) _
y z X X+Yy+2

4(x—y)*

=X+Yy+z2+———,s0 (*)is proved.
X+Yy+2

Adding up the equations of the system we obtain:

2 2 2 _ 2 2 2 2 Y
(X_+y_+z__x_y_z_uj+(y_+ZT+t__Z_t_y_M]+
z

y z X X+y+z y y+z+t

2 2 2 2 2 2 _ 2
+ Z—+t—+x——t—x—z—4(Z I —+X—+y——x y-— t—4(t X) =0.
t X z Z+t+X X y t X+y+t

Yields that we must to have equality in all four inequalities of type (*), i.e. the solutions of the

system are (a,a,a,a) with a e (0,).

2y a’
Dab

Solution. Using Bergstrom’s inequality and well-known Zaz > Zab, we obtain

a? 3(2 f 63 ab+33a’ o, 28l v2yal
32 _32 > ab > ab dab

Zab+22a ZZa
> ab Zab

PP.21312. If a,b,c >0, then 32 >7+

PP.21313. If a,b,c>0,then > a?>> ab+-— Z|a blla—c|.

Solution.Analogously as in solution of PP.20892, let a<b <c and let X,y >0 such that
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b=a+Xx, c=a+x+y. The inequality from the statement becomes

1
X2+ Xy + Y2 > ——(X(X+Y)+ Xy + y(x+
y+y ﬁ(( y)+ Xy + y(x+Y))
& (V3-Dx? +(/3-3)xy+(+/3-1)y? >0, which is true because the discriminant of the
equation

(V3-Dt? +(/3-3)t+/3-1>0 is A=(/3-3)? -4(/3-1)2=2/3-4<0, and we are
done.

PP.21318. Let ABC be a triangle. Prove that:

2 2 2
1)Ha +b°—c <1

(a+b-c)*

2)3r? +4Rr +4R? > s?, are equivalent.
Solution. We prove (1) and (2).

1)In RMT, No. 1/2005, Titu Zvonaru proved that:
(a+b+c)’(a+b-c)’(a-b+c)*(-a+b+c)* >

>3(a® +b* +c?)(@® +b®> —c?)(@* —b* +c?)(-a’ +b* +c?), i.e.

, and because (a+b+c)® <3(a® +b*+c?) yields that (1)

l—Ia2 +b? —c? - (a+b+c)?
(a+b-c)®  3(a®+b*+c?)
is true.

2)The inequality s® <3r® +4Rr +4R? is the item 5.8 from Bottema.

We let the readers to prove the equivalence.

PP.21319. Let ABC be a triangle. Prove that
D] J@+b)+]J(a+b—c)=9abc
2)s® +5r% >16Rr are equivalent.

Solution. We have

[ [(@+b)=(a+b+c)(@b+bc+ac)—abc=

7
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=2s(s> +r? +4Rr)—4Rrs, and

s(s—a)(s—b)(s—c)
S

=8sr?.

[J@+b-c)=8.
So, [ [(a+h)+] J(a+b—-c)=9abc
<> 2s(s* +r? +4Rr) —4Rrs+8sr? > 36Rrs
< s?+r?+4Rr—2Rr+4r® >18Rr

< 5% +5r? >16Rr.

Note. s? +5r% >16Rr is the item 5.8 from Bottema.

PP.21321. If a,b,c €[0]], then > (1+a)*(1+b)* + > (1-a)’(1—b)* = 2> (1+ab)®.
Solution. We prove that the inequality from the statement for a,b,ceR.
We have:

(1+a)’(l+b)> +(1-a)’(1-b)* > 2(1+ab)? *

< 2(a+b)*. Writing other two inequalities similar with (*) and adding up we obtain the
inequality from the statement.

2 2 2
PP.21331. If a,b,c >0, then > — bbz T +:bc+c '
a - —p“+c

Solution. Sure, because the denominators to be positive must that a,b,c to be the length sides

of an acute triangle. By Harald Bergstrom’s inequality we obtain that:

s by v
a?—b%+c? a’b-b’+bc® D a’h+> ap’->a’

Then it suffices to show that
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Sa b+%22)2 S 2 22 @&bC(Z >(Ya?|>ath+Yap? -3 a%)

<Y a’hc+2> a’h’c>D a’b+ ) ab* +> a’h?+ > a’h’+ > a’hic+
+>a’h’c-> a’-> a%h’-> a’’
<Y a’+)yabc-> a'h->ab* >0

< a’(a®+bc—ab-ac) >0« Y a*(a—b)(a—c) =0, which is the inequality of Schur,
so is true. The proof is complete.

PP.21381. Solve in Z the equation 1+ x + x* + x> + x* = y*.
Solution.

If x>0,wehave x* <1+x+x*+x*+x*=y* and

Vo =14+ x+ X2+ X3+ x* < (x+1D)* < 3x* +5x% +3x >0, true, sox* <y* <(x+1)* and we
not obtain solutions.

If x <—1 we have the inequalities:

X*>1+x+ X2+ x° +x* o 1+ x)(1+x%) <0, true.

(X+D* <1+ x+x2+x¥+x* < x(8x* +5x+3) <0, true because 3x* +5x+3>0 (has the

discriminant negativ). Therefore, (x+1)* <y* <x*, and we not obtain solutions. It remains
to check x =0, and x = -1, which are solutions.

In conclusion we have the solutions (X, y) {(—1,—1); (-10);(0,-1), (0,1)}, and we are done.

PP.21409. In all triangles ABC holds:

9_ r.r, 9
)Z\/ —h )(r—h ) E’Z)Z\/(r—ra)(r—rb) =y

Solution. Let F be the area of the triangle ABC .
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4F?
We have: hah, = ab _ 4 s’ab =
(r—h)(r-h) (F 2FYF 2F) ab (2s—a)(2s-h)
B
B 452
~(b+c)a+c)

Using the inequality x* +y? +z* > xy + yz + zx and than Cauchy-Buniakovski-Schwarz, we
obtain that:

h,h, ~ 1
z\/(r—ha)(r—hb) _(a+b+c)z,/(b+c)(a+c)

1 1
_E[(a+b)+(b+c)+(c+a)]z —(b+c)(c+a)2
1 1 9
ZE(Z,/(a+b)(b+c){z (a+b)(b+c)JZ§'
F2
2) rr, B (s—a)(s—h) ~ 1 s'(s—a)(s—h) _s*®
(r—ra)(r—rb)_(F_FJ(F_FJ_(s—a)(s—b) ab Cab’
s s—alAs s-b

and we proceed like above thus we obtain:

A _1 1.1 1
ZJ(r—ra)(r—rb) @b O 2 2@@{2@}

N | ©

The proof is complete.

PP.21410. Let be a,b >0 such that its arithmetic, geometric and harmonic means are the
sides of triangle ABC(£A=90°, /B < ZC). Prove that:

1)sinB = cos® B;
2)cosC =sin’C ;

10
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3)30° < /B < 45°.

Solution. If a=b, all means are equal and the triangle is equilateral. Because

2;ab<\/%<{JITer,Wehave:BC=a—er,AC:Zit:),AB:\/%.

a+b 2 a+
2ab
1)sinB = a+h _ 4ab 5 COsB = Jab :@,and easily yields thatsin B = cos®* B .
a+b (a+h) a+b a+b
2 2

2)Becausesin B = cosC and cosB =sinC yields that cosC =sin’C .
3) /B +£C =90° and /B < ~C , we deduce immediately that /B < 45°.

We prove that /B > 36°. We have:

—1+\/§

sinB=co0s*B < sin?B+sinB-1=0,s0 sinB = >

++/5

Using the fact cos36° = ! we have:

10-245 :\/5—\/5
8

and sin36° :\/
16

/B >36° < sin /B >sin36° <

J§—1> 5-4/5
2 8

6-2vJ5 5-4/5
= >

2 3 <:>7>3J§<:>49>45,true.

The proof is complete.

PP.21417. In all triangle ABC holds Z; < ?

B
ctg — +ctg —
g2 g2

Solution. Since ctgézﬂ,ctggzﬂ, we have ctgé+cth=E, so we must to
2 2 2 2 2 r
prove that 1 + % + 1 < ? but this inequality is the item 5.22 and 5.23 from Bottema.
a C r

11
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PP.21418. If a,b,c >0, then Z

> az>
Z Z a+b
Solution. For the left inequality we use the inequality of Harald Bergstrom and we have that:

Ca) | () vy

Za+b_Z 2+aLb > a’ +Zab 2y a’

The inequality from the right is written as follows:

> >——Za®Za—Z eYal- XY

a+b a+b

GZ( b* a+bj

b3
a+b

Za . S0, we must to prove

a+b 2

2.

> %Zaz . Indeed, by Harald Bergstrom’s inequality we obtain:

>

4 2
_zabb = > (Zzzaaz :%Zaz , and we are done.
+

a+b

PP.21421. If a,b,c >0, then 3(3> a3 a*)> ab(Y af (3" a?).

Solution. We use the AM-GM inequality and well-known BZ x% > (Zx)2 .

We have: 3) a* Z(Zaz)z, 3> a’ Z(Za)z and > a’>3abc, and by multiplying we
obtain the desired result. The solution is complete.

PP.21431. In all triangle ABC holds 4R? +6Rr >s® +r?.

Solution 1. By the item 5.2 from Bottema we have 4s® <16R? + 22Rr, so it suffices to prove
that

16R? + 24Rr >16R? + 22Rr + 4r? < R > 2r, true.

12
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Solution 2. By the item 5.8 from Bottema we have s> <4R®+4Rr+3r?, so it suffices to
prove that:

AR? +6Rr > 4R?* +4Rr +3r% +r? < R > 2r, true, and the solution is complete.

PP.21432. If a,b,c >0, then >3 L4 2 >5%" L
2~a a+b+c a+b

Solution. After some algebra the inequality from the statement becomes successively:

3> ab N 9 N 5 a’+15) ab - 3) a) ab+18abc N 5> a’+15) ab
2abc  >'a Y a) ab-abc 2abc)"a > ay ab-abc

<3(> a)*(D ab)* —3abc) ad ab+18abc) a> ab-18a’h*c’ >
>10abc) a) a’+30abc) ay ab
<3(> a)*(> ab)? =15abc) a) ab+10abc) a> a” +18a’h*c?

< 3> a'h?+3) a’h* +45a’h’*c? +6) a‘bc+6> a’h’ +24> a’b’c+24> a’bc’ >
>15% a’b’c+15> a’bc? +45a’b’c? +10) a’b’c+10> a’bc® +10) a‘bc+18a’b’c’
<3) a'h’®+3> a’h’ +6) a’b’ > 4> a'bc+ D a’b’c+ D a’bc® +18a’h*c? ,  which
yields by adding the following inequalities:

6> a’h®>18a’h’c?

2) a'h?+2) a’h* > 4a'bc

> a'h?+> a’h* > a’b’c+ ) a’bc’ (1)
Remark. Two demonstrations for (1) was given in the solution of PP.21165.

The proof is complete.

a’ 1 a,a’
PP.21435. If a, >0 (k =12,..,n), then L >=-%Ya > 1%
‘ cycznca1+a2 ZZ‘ ‘ c%:‘cahai

Solution. For the first inequality we apply the inequality of Harald Bergstrom:

13
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2 Ze] (Zj %

cyclic al + a2 z (al + az) 22 a k_l

cyclic

For the second inequality, we use the inequality:

aa; _a L
—2-<-2 < (a,—a,)* >0, which yields that:
a, +a, 2

2

a,a; a, 1 .
> < Y =2 =>>"a,, and the proof is complete.
cyclic a + a cyclic 2 2 k=1

5

(X+y)°=x" -y
(x+y)P=x*-y°

PP.21439. If x,y,z>0, then )’ <5(x% +y? +122).

Solution. After some algebra we get

x> —xy+y?).

(x+y)°=x"—y® _5
(x+y)?-x*-y* 3

Using the inequality > xy <> x*, we obtain

5_y5_y5 5 5
z(X+ y)3_§3_§3 252“(x2 + Xy + y2)=§(22x2 +ZXV)S

(x+y)

< %(ZZXZ +Zx2)= 5> x*, and we are done.

PP.21440. Prove that for all ne N the equation x? +y? +z? = 25" has solution in Z .

Solution. The theorem of three squares (see for e.g. [1]) says that a natural number m is
written as m=a” +b® +c?,a,b,ceZ ifandonly if m=4'(8k +7), i,k >0.

Because 25" = (24+1)" =8k +1, we deduce that 25" = 4'(8k +7), so 25" can written as a
sum of three integers squares, and we are done.

14
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PP.21441. If x,y,z € C then:

((x+ y+12)°  —x*-y® —23X(X+ y+2) —x" -y’ —27):2_1 14 XYZZX
(x+y+2)°—x*-y*-2°) 25 O +>xy)? )

Solution. We have that:
(X+y+2)°=x*—y?-2°=3(x+y)y+2)(z+X);

(X+y+2)°=x*—y* = 2° =5(x+ Y)Yy + )z +X) (D X"+ D xy) (see the solution of
PP.21445).

To find the decomposition of (x+y+2)’ —x’ —y’ —z"we use fundamental symmetric sums.
So, we must to find a,b,c,d such that:

(x+y+2) =x" =y =72" =(x+y)y+ )z +x)[aD_x" +bO X}y + D xy*) +
+cY x2y? +d D x*yz] (1)
We take z =0, and we have:

(x+y) =x" —y" =xy(x+ y)[a(x* + y*") +b(x*y + xy®) + cx?y?], and we deduce
a=7,b=14,c =21 (see the solution of PP.21165).
Setting in (1) x =y =2z =1 we obtaind =35, so:

(x+y+2)" —x" =y =2 =7(x+y)(y + )z +X)Q_x* +2D x°y+ 2> xy* +
+3) x?y? +5xyz)_X).
We obtain that:

((x+ y+z)3—x3—y3—z3X(x+ y+2) —x" -y’ —27)
((x+ y+ 2)5—x5—y5—25)

15
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21 ZX +2> X}y +2) xy® +3Zx2y2+5xysz

O x*+> xy)?

21 O x3)?2 =22 2y  + (O xy)? —2xyz) X +2D X2 D xy - 2xyz > X +2D_x*y? +5xyz > X

"5 O x*+ > xy)?

x* + 24 XyZY X 7Y X
2_1.(2 2xy) xyz =2_1[1+ xyz },andtheproofiscomplete.

5 X yw) (Tx+ 3 %)

5 —_— —
PP.21442. If x,y,2 >0, then T %" y)s x® y L 125 (ny)
cyclic (X + y)

Solution. After some algebra we obtain:

(x+y)3—x Y (x +xy+y?).
(x+y)°—x* -y’

Thus, it suffices to show that:

[TOC +xy+y?*) = (nyf' i.e. the inequality (*) of the solution of PP.21165.

cyclic

The proof is complete.

PP.21443. If x,y >0, then: 5((x +y)® —x% - ys); ((x+ y)° —x° - ys)\/?l;

5((x+ y) —x’ — y7) are in geometrical progression.

Solution. We showed in the solutions of PP.21165 and PP.21442 (see also the solution of

PP.21439), that:

(x+y)" =%~y (x +xy + y?)and

(x+y)° =x*-y®
(X+y) _X _y (X +Xy+y)
(X+y)° -x*-y°

Therefore:

16
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((x+y) -x° -y )\/7 5 \/_1

((x+y) — —y) 3 (X2 +xy+y?) = \/7(x +xy+y?) and
s((x+y)" -x"-y") _ 5 7
\/2_1((x+y)5—x5—y5) J21 5

conclusion.

(X +xy + y2)=\E(x2+xy+ yz), which vyields to

PP.21445. If x, >0 (k =12,...,n), then:

5

5 5
Z(x + X, +X3)7 — —x2 1ozxk.

e (X + X, +x)3—x — X5 — X3

Solution. The expression (x+ Yy +2)° — x> —y® —z° is divisible by (x+ y)(y +2)(z +X).

To find the decomposition of (x+y +2)° — x> — y® — z° we use fundamental symmetric sums.
So, we must to find aand b such that:

(x+y+2)° =x°—y® —7° = (x+ y)(y + 2)(z+ )[aD>_x)* +bD> xy].
For x=y=1z=0=4a+b=15andfor x=y=z=1=3a+b=10.
Yields a=5,b=-5, therefore:

(x+y+2)° =X —y* = 2° =5(x+ y)(y + 2)(2 + 9)[(Q_x)* - > %] =

=5(x+y)(y+2)z+ X X+ D oxy).
Since (x+y+12)°—x*—y®—z°=3(x+y)(y +2)(z +X), we obtain that:

5 5 5 5

X+ X, + X)) =X —X) —X 5

(X, + %, 3)3 L2 D8 = 2N (X XS XE XXy F XXy XgX) <
cyclic(X1+X2+X3) _Xl_xz_xs 3cyclic

ZZ(X +XZ+X5) = 1OZXk , i.e. the desired result.

cyclic
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2. O integrala remarcabila

Prof., Cristea Maria

Scoala Gimnaziala Buznea, jud. Iasi

Sa se calculeze integrala:

[(x-a) (b-x)"dx
] .
Rezolvare:
Notam cu I, integrala data, pe care 0 integram prin parti:

b 3 m B n __i B m B n+l|p i b B m-1 B el
L(x a) (b—x) dx= n+1(x a) (b-x) a+n+13(x a) (b-x) dx
deci
I =" .vmneN.
Ton+l
Atunci |, | = m m-io. 1 lomsn » 51 deoarece
" n+l n+2 n+m =
m+n+1
lo.min :Ib(b—x) dx=%, deducem
a +n+
[ _.m m-1 1 _(b—a)mmﬂ:n!m!(b—a)m””1 o,
™M N+l n+2 n+m m+n+1 (n+m+1)!
Consecinte:
Consecinta 1:
1 n nim!
"(1-x)"dx =
IOX( x) dx (n+m+1)!

18
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Consecinta 2:

Intr-adevar, utilizand relatia de mai sus avem :

[l o200 <L oy o2 020

b n
Consecinta 3: Sirul a, = I (1 - xz) dx (n>1) este strict descrescator.
a

o1 [T 2° 2(zneay_2(ne)

1 .
a, 2

Tinem seama ca ) (2n+3)! (n!)2 St~ onea

Aplicatii:

19
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1. Sa se calculeze integrala lim(jlz((x - 1)(2 — X))ndx) (‘exercitiu propus in varianta 77 de

nN—oo

bacalaureat M, —2009).

Tinand seama de rezultatele de mai sus obtinem:

[ (G- (z-0) o= 2 deunce
(ny
(2n+1)V

a., [+ (2n+2)r  ne1 1

aplicand teorema clestelui pentru sirul a,=

obtinem

a, (2n+3)l (n1  2(2n+3) 4

n

deci

lim (Ilz((x—l)(Z— x))"dx) =lima, =0.
sau observand usor ci x €[1,2] deducem ca:

Og(x—l)(Z—X)S%.

Ridicand la puterea n, integrand inegalitatea obtinuta si folosind monotonia integralei, rezulta ca:

0< J'lz (( X —l)(2 - X))ndx < (%j ,s1 conform criteriului clestelui avem

Iim(f((x—l)(Z—x))ndx): 0
2. Sa se calculeze:

1
b n n n ... . n~
lim (I (x—a) (b—x) dx) , daci a <b ( exercitiu propus la admiterea in nvitimantul

n—o

superior-profilul matematica-1984).

Calculam mai intai integrala din interiorul limilei.

o N a+b
Aceasta se rezolva utilizand substitutia: t = - X, dt =—dx

b-a a-b

pentru X = a obtinem t= iar pentru X =b obtinem t= 5

deci,

, =jz(b;a—t)n[b;a+t]n (-1)dt

2
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°(&-¢2fdt=2ﬂ(&-¢2fdt

—C

. a
Cu notatia ¢ = avem |, = I

Integram prin parti pentru a stabili o relatie de recurenta intre termenii sirului ( I, )n>1 .

Fie u(t) = (¢’ —t2)n , de unde u'(t) = —2nt(c®*—t*)"*
siVv'(t)=1, de unde v(t) =t, atunci

_ 2 2\ €22 povn-l e €2 42 oan(A2 42\
1, =2t(c’ -t )L+4n'|'ot (c2-t?) dt——4nJ'O(c —t?-c?)(c?-t*) Tdt=
:—4nI:(cz—t2)”dt+4nczjoc(c2—t2)“‘1dt, deci I, =-2nl_+2nc’l_,, adici

(b-a)
6

o 2n 2l - 2n (b-a
"2n+l " 2n+41( 2

obtinem pentru n > 2

| _._2n (b—a]zl _2n (b—aJZ_Z(n—l)(b—ajzl L
" on+1l 2 " on+1l 2 on-1 1 2 e
B ml(b—af_ﬂh—n(b—af 22 (b—aT.l_

an+1l 2 on-1{ 2 )7 2.2+10 2 !

2 (23 -n)tb_af”zjb—af (b—a)™""-n!

= , d i
5.7-..(2n+1) \ 2 6 20.35..(2nt1)
a 2n+1 (n!)2

h=(b-3) (2n+1)!

2
j I, pentrun> 2. Deoarece I, :I:(x—a)(b—x)dx:

b ) ) (n!)Z (b_a)2n+l
Sau din relatia (1) pentru m=n deducemcal, , = L (X - a) (b - X) dx = )

(2n+1)!
Avem de calculat lim /I .
n!)2
Pentru aceasta notam a, = si avem:
(2n+1)!
2 2
e [ L B P G im_ntt _1

g, e (2n43)0 (n) - (2n+2)(2n+3) - 2(2n+3) 4

Deci limy/a, = % Putem scrie:

N—o0
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1 _ 2
limgfl, =limg/(b—a)"" a, _Ilm[ n'@}:(b 4a) :

Bibliografie:
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3. 0 DEMONSTRATIE VECTORIALA A TEOREMEI NEWTON-GAUSS
CANTEMIR ILIESCUY

Teorema Newton-Gauss sau teorema patrulaterului complet are urmatorul enunt:
mijloacele diagonalelor unui patrulater complet sunt coliniare. Nota de fata propune o solutie
vectoriala a acestei teoreme.

Consideram patrulaterul complet ABCDEF (vezi fig.1) si M , N, respectiv P
mijloacele diagonalelor (AC), (BD),

respectiv. (EF) . Notim II;_[C)::kl’

B—C:kz, k >0, i=12 si x vectorul
EB

de pozitie al punctului X . Din
teorema lui Menelaus aplicatd in

triunghiul EDC cu transversala

F-A—-B avem E-Q-E:L de
FC BE AD
unde E= k1+1. Atunci:
AD  kk,
fig. 1
e futly kk,e+(k, +1)- F+ke R
G K 1+k, _kke+f+kec
1. Kt 1+k +kk, 1+k, +kk,
klkZ
m:a C: klk2 -e' 1 ?’+ 1+2k1+k1k2 6

+
2 2(Lik tkk)  2(lik tkk)  2(Ltk 1 kk,)

D Profesor, Scoala Gimnaziald ,,Matei Basarab”, Pitesti.
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T+k15+5+k2§

- d+b 1+k,  1+k, K, + kK, - 1+k, = 142k +kk,
n= = = e+ f+

2 2 2(1+k +k, +kk,)  2(1+k +k, +kk,)  2(1+k +k, +kk,)

B _ e + ?
—
Notam % =k si determindm Kk astfel incét n= m+ kkp . Se obtine egalitatea vectoriala:
+
k, +kKk, . 1+Kk, T 1+ 2k, +kk, i

+ +
2(1+k +k, +kk, ) 2(1+k, +k, +kk,) 2(1+k +k, +kk,)

:klk2+k(1+k1+k1k2)é+ 1+k(1+k +kk,) o Lr2kirkk, o
2(1+K)(1+k +kk,)  2(L+K)(L+k +kk,)  2(1+k)(1+k +kk,)

K, + kK, 1+k,

&@+kﬂ+&+@@)=l+k@+&+h@)=Lde

Din proportionalitatea coeficientilor rezulta

kZ

unde K = ——=———.
1+k +kK,

Comentariu. Demonstratia de mai sus determina si raportul in care se gasesc cele trei puncte,
de unde putem deduce: o conditie necesara si suficienta pentru ca N sa fie mijlocul

segmentului [MP] este k, :%, 0<k, <1.

1
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4. INEGALITATI GEOMETRICE REZOLVATE CU AJUTORUL NUMERELOR
COMPLEXE

Andrei Octavian Dobre,
Colegiul National “Nichita Stanescu” Ploiesti

1. Sa se arate ca intr-un patrulater convex exista relatia: AC -BD < AB-CD + AD - BC..
(Inegalitatea lui Ptolemeu)

Solutie:

Fie z,,z;,2.,z, afixele punctelor A, B, C, D. Atunci

(Zc - ZA) ’ (ZD - ZB)+ (ZB - ZA) '(Zc B ZD) +

+(2p-2,) (25— 2.)=0=

(Zc - ZA) '(ZD - ZB) = (ZB - ZA) '(ZD - Zc)+

+(ZD _ZA)‘(ZC _ZB)

Prin trecere la modul =

|2c —24||20 — 25| <|25 — 24| |25 — 2| +|25 — 24| -|2c — 25| = AC-BD < AB-CD+ AD-BC.

2.Fie ABC un triunghi echilateral si M un punct nesituat pe cercul ccircumscris. Sa se arate
cd se poate forma un triunghi cu segmentele [MA], [MB], [MC] (teorema D. Pompei).

Solutie:

Fie A(a),B(b),C(c), M(z) cele patru puncte in planul complex.

Are loc inegalitatea

(z-a)(b-c)+(z-b)(c-a)+(z-c)(a-b)=0 ( se demonstreaza prin calcul direct)

De aici

(z-a)(b-c)=-(z-b)(c-a)-(z-c)(a-b)

Luand modului aici avem

|z-a]|b-c|=[(z-b)(c-a)+(z-c)(a-b)| < |(z-b)(c-a)|+|(z-c)(a-b)]

Din AB=BC=AC rezulta ca |a-b|=|b-c|=|c-a|

inmultim prin |b-c| si rezulta

|z-a| <|z-b|+|z-c|.

In aceasti inegalitate avem egalitate daca M apartine cercului circumscris triunghiului ABC ,
caz in care patrulaterul ABMC este inscriptibil si are loc teorema lui Ptolemeu
AM -BC = AB-MC + AC - MB, adica AM = MC + MB

Cum M nu apartine cercului in inegalitate nu avem egalitate.

Din simetria relaitiei (1) se deduc inegalitatile MB<MA+MC, MC<MA+MB ceea ce arata ca
segmentele [MA],[MB],[MC] determina un triunghi.
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3. Fie un triunghi ABC, A;,B;,Cimijloacele laturilor (BC),(AC), respectiv (AC) si H
ortocentrul triunghiului. Atunci HA;. BC< HB;- BC+HC;- AB.

Solutie:

Se considera ca origine centrul O al cercului circumscris triunghiului ABC si M=H ortocentru
triunghiului ABC.

Afixul H in acest caz este z=atb+c si relatia |z-a||b-c| < |(z-b)(c-a)|+|(z-c)(a-b)|devine
|b+c]|b-c| < |c+a|c-a|+|a+Db]|a-b| (1)

Daca tinem cont ca afixele punctelor A1,B;,Cisunt b ; ¢ , c ; a , b ; a atunci relatia (1)

devine HA -BC < HB, - AC + HC, - AB unde H este ortocentrul triunghiului ABC.

4. Daca M este un punct din planul triunghiuli ABC, atunci
AM?sin A+ BM ?sin B+CM?sinC > 2S,unde S este ariatriunghiului.

Solutie:

Daca x,y,ze C , atunci se poate demonstra usor urmatoarea egalitate
X*(y = 2)+y* (2= %)+ 2° (X~ 2) = (x- V) (X~ 2)(y-2)
Aplicand inegalitatea modulului obtinem
Dyllz-xlly-z1 < DCNly-zl+1y?llz-xI+12°]1x-y1. (2)
Fie m afixul lui M si a,b,c, afixele punctelor. Inlocuind a,b,c in relatia (2) si simplificim prin
2R obtinem AM?sin A+ BM?sinB+CM?sinC > 2S

5. Fie M un punct d in planul triunghiului ABC si G centrul sau de greutate, atunci avem

inegalitatea AM®sin A+BM?®sinB+CM?®sinC >6MG-S
Solutie:

Daca x,y,ze C , atunci se poate demonstra usor urmatoarea egalitate
X2y —2)+ V¥ (z— X) + 2°(X— 2) = (X— Y)(X—2)(Y— 2)(X+ y+Z) de unde
(Y =2) [+| Y = X) | +| P (x=2) I x=y ly-z[| 2= x| x+y+2|  (3)
Fie a,b,c,m afixele punctelor A,B,C respectiv M si x=m-a, y=m-b, z=m-c

a+b+c

Inlocuind x,y,z in (3) si tindnd cont ca afixul lui G este , obtinem

AM3sin A+ BM?3sinB+CM?3sinC >6MG-S

6. Fie Oy si O, mijloacele diagonalelor AC si BD ale unui patrulater ABCD si M intersectia
diagonalelor. Atinci S,gcp 2 4-Sg o,

26



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — AUGUST 2015 RWWYAUEG a1t o)

Solutie:

Fie m,a,b,c,d afixele punctelor M,A,B,C,D. Exprimand diagonalele in functie de afixele
varfurilor, avem BD-AC=(m-al|+|m—-c|)(m-b|+|m-d]|).
Tinand cont de inegalitatea modulelor obtinem:

(m-al+|m-c)(m-b|+|m-d |)24|m—%||m—¥| , de unde deducem ca

BD- AC >4MO, - MO,
Inmultind relatia cu sina (e« fiind unghiul dintre diagonale) obtinem inegalitatea din enunt.

7. Fie ABCD, 04, O; mijloacele diagonalelor AC si BD , un patrulater inscris inr-un cerc de
raza R §i r raza cercului circumscris triunghiului O1MO,. Sa se arate ca R>2r.

Solutie:

Fie a,b,c,d afixele varfurilor A,B,C,D, atunci |a-bl||b-c||c-a|+|c-d||d-a||a-cC|=4RSascp de unde

rezultd 2|c—a|/d—b|| g_% < 4RS, ., Si deci AB-CD-00, <2RS g,

Tindnd contcd S, = w,undea =m(£0,,M0O,)

obfinem2r <R

8.Fie ABCD un paralelogram si M un punct in planul sau. Sa se arate ca
MA-MC+ MB-MD > AB-BC.

Solutie:

Fie a, b, ¢, d afixele varfurilor A, B, C, D fata de un reper arbitrar,a+ c=b +d.

Avem: MA-MC+MB -MD=|m-a| -|m-c|+|m-b] - Im-d| > |(m-a)(m-c¢) - (m—
b)(m—-d)| =]ac-bd|=|a-b| - |c—b] =AB - BC.

9. Daca ABC si MNP sunt doua triunghiuri echilaterale din acelasi plan la fel orientate, sa
se arate ca se poate forma un triunghi cu segmentele AM, BN, CP.

Solutie::
Zp— 1 Ly~ L

AABC ~ AMNP & = S (Za—25)(zy —2p)=(zy — 2\ )2 —2) &
Zy — Iy Iy —Zp

Zy(zc —25)+ 2 (2 —2.)+2,(25 —2,)=0.Cum
Z2,(2c —25)+25(zy —2c)+ 2. (25 —2,) =0 , prin scaderea
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celor doud egalitati =

(ZM - ZA)(ZC - ZB) + (ZN - ZB)(ZA - Zc) +
(zp =2 )25 —2,) =0

iar prin trecere la modul =

*)

|(ZM - ZA)| '|(Zc - ZB)| < |(ZN - ZB)| : |(ZA - Zc)| +

|(ZP o Zc)| '|(ZB - ZA)| g

AM -BC <BN:-AC +CP- AB . Triunghiul ABC este echilateral (AB=AC=BC) =

AM < BN +CP. Din relatia (*) pot fi scrise si celelalte doua inegalitati ceea ce implica faptul
ca AM, BN si CP pot fi laturile unui triunghi.
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