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1. Solutions and hints of some problems from the
Octogon Mathematical Magazine (I11)

by D.M. Batinetu-Giurgiu, Bucharest, Romania
Neculai Stanciu, Buzau, Romania
and

Titu Zvonaru, Comanesti, Romania

PP. 19942. In all triangle ABC holds )~ 2= > }I‘f}i‘{”i‘n]

Mihily Bencze

By well-known formulas and Bergstrom’s inequality we have

3 r? BERGSTROM (Zra)z _ (4R+r1)® _(4R+r1)’
r,-r  >r,=3r 4R+r-3r 2(2R-r)’

a

PP. 20041. In all triangle ABC holds

1)- E t"{b+r: - = 55
a? 9
2) E (s—b)(s— cj (b+e)® = 4r{4R+r)

V 'II-_ 9
JJ' E |rc+rbr J(b+e)? = 4(4H+r+3s7)

. 18R
4). 2 |-!:I+c*]| sm )

3
5 = 72H
5). E (b+e)* maf" 4 = (4R+r)"-3s%(2R+r)

Mihaly Bencze
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By well-known formulas and Bergstrém’s inequality we have

2 2 2
a a 3
1) Z a2 _ Z (b + C) BERGS>TROM (Z b + C} NES>BITT (2) _
c(b +¢)? c

a a+b+c
_9.1_39.
4 25 8s'
a \ a )
2) Z az z (b'FC) BERGSZTROM (Z b + Cj NESZBITT
(s—b)(s—c)(b+c)? (s=b)(s—c) Z(s—b)(s—c)
NESBITT 9 1 9
>

4 > (s-b)(s—c) 4r(4R+r)’
3) As above we deduce that
& .0 . ot
(r,+rr)l+c)> 4 r,+r,+r +rn+rr,+rr, 4 4R+r+s? ’
4) As above we deduce that
a’ >9 1
(b+c)zsin4/23‘ 4 ZSW/;
5) As above we deduce that
a’ 9 1 9 32R?
)3 a

> —. = =
3 2
(b_'_C)ZCOSG': 4 Z:COS(S’ZA (4R+I’) —25 (2R+r)

8R? 18R?

8RZ+r?2—s?> 8RZ?+r2—s?’

~ 72R®
(4R+1)° —252(2R+T1)

and the proof is complete.

PP.20150. If a,b,e > 0 then Y ra—b—uc-j-’+bc > e

Mihaly Bencze

By Bergstr()'m ’s inequality and AM-GM inequality we obtain

3 -y a’ (a+b+c)?
(a+b+c) +bc a(@a+b+c)’+abc (a+b+c)*(a+b+c)+3abc
(a+b+c)? B 9

3 - 1
(a+b+c)3+(a+k;+c) 10(a+b+c)
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and we are done.We have equality if and only if a=b =c, and the proof is complete.

PP.20153. If r,a,b.e >0 anda+b+ec = I—il, then
a2 B2 o2 r2{a+hte)? 1
at+b + b+e + rla+b)+({r+1)e + (z+1at+z(b+c) = 2°

Mihaly Bencze

By Bergstrom’s inequality we deduce that

a’ . b? . c? s x*(a+b+c)? >(a+b+c+x(a+b+c))2:
a+b b+c x(a+b)+(x+)c (x+Da+x(b+c) 2(x+1)(a+b+c)
_(a+b+c)l+x) 1
- 2 T2

and we are done.

n
PP.20160. Determine all n € N for which [] {2}"" + 1) is divisible by n!
k=1

Mihaly Bencze

The product 1_[(2"‘1 +1) it contains the factor 2 at first power (since for any k>2,
k=1
2t +1 is odd). If n>4, then n! contains the factor 2 at the power at least 2. Hence

n <3. Finally, easily we get n e {1,2,3}.

: - ati 23 243 g2
PP.20167. Solve the following equation =5 + 17t57 = i

Mihdly Bencze

The given equation is written successively
1-cos30°  1+cos30° 4 2sin 30°

1-cos2x | 1400s2x . sin2x
1-cos 30° 1+ cos 30° 2(sin 2x —sin30°)
= -1+ -1= -
1-cos2x 1+ cos 2x sin 2x
c0s 2x — cos 30° . c0s30° —cos2x _ 2(sin 2x —sin 30°)
1-cos 2X 1+c0s2X sin 2x
- (cos 2x —cos 30°)(1+ cos 2x —1+ €os 2X) _ 2(sin2x—sin 30°)
1—cos?® 2x sin 2x
- 2sin(x +15°)sin(15° — x) cos 2x _ 2sin(x —15%) cos(x +15°)
sin? 2x sin 2x
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<> sin(15° — x)[sin(x +15°) cos 2x + cos(x +15°) sin 2x] = 0

< sin(15° — x)sin(x +15° +2x) =0.

Therefore we have the solutions

x—15° =k-180°,3x +15° = p-180°, i.e. x=k-180° +15%and x = p-60° —5°

with k,peZ.
The solution is complete.

PP.20179. Let ABC be a triangle and A (a), B (b),C (¢). Prove that
I3 a(b® — )| = 4sRr.

Mihily Bencze

Using > a(b® —c?) =(a—b)(b—c)(c—a), then
\za(bz —cz)\ =|@a-b)(b—c)(c—a)| =] AB|-|BC|-|CA| = 4sRr, g.e.d

PP.20197. If a,b,c¢ > 0 then 3"~ ! (@' + b + ') = a"D"¢" (a+ b+ )"
Mihily Bencze
Solution 1. We can assume that a > b > c. By Chebyshev’ s inequality we deduce that

_ _ _ 1 _ _ _
a* +b" +c" =a""-a+b""t-b+c™ l-czg(a+b+c)(a“” Lyb*™ e >

> 3%(61+b+c)2(a4“2 +h ) 22 %(a+b+0)”(a3” +b™ +¢*), and because

3n 3n 3n
by AM-GM inequality we have MZa”b”c", we obtain the given

inequality.
Solution 2. Let f:R; — R, f(x)=x"", which is convex on R, So,

4n
f@+f(0)+ () 23f(a+g+cj R

3n

_3(@atb+o) (a+bic) > 3 (atb+c) (3 -Yabc)
=3"a"b"c"(a+b+c)".

Hence, 3" (@™ +b*" +c*)>a"b"c"(a+b+c)".

The solution is complete.
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PP.20200. In all triangle ABC' holds % BT 2 L
TtHgz — <

Mihaly Bencze
By Bergstrom’s inequality we deduce that
2
2 A tg 2 itg 2 4t C}
9 (gz 9,785 1(

B .C ( A B .C\ 2
tg -+tg - 2/tg-+tg_+tg—
9,795 (gz 95 gzj

A B C
tg —+tg —+1tg— |,
Z g2 g2 g2j

but tg?ﬂg%ﬂggzﬁ (see the item 2.33. from Bottema, Geometric Inequalities,

Groningen, 1969).

Hence
A
tg? —
ZL>£
B cC 2
tg— +tg —
g2 g2

which is an inequality stronger than inequality to prove. The solution is complete.

A—B
o8 To— 12.

PP.20209. In all triangle ABC holds } —4— >
2

Mihily Bencze

Using the inequality x* + y? + 2% > %(x+ y +2)?, we have that

cosA_B cosA_B
z_2>1 2—2
. ,C 73 . C ’
sin? —~ sin —
2 2

S0 it is enough to prove the inequality

CoS

sV 2

sin —
2

<1, we obtain

Because cos
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A-B — _
CoS > cosA B 1 ZcosgcosA B
) - >y &=
. C . C A—B . C _C
sin — sin— COS 2sin—Ccos —
2 2 2 2 2
2sin A+ B oos A=B
_Z 2 2 _ZsinAJrsinB_sinA+sinB+sinB+sinC+
sinC sinC sinB sinA sinC sinB
+S'_n—C+M>2 2+2 =06 (we used well-known LA , true forany x,y >0).
sinA sinC y X

The proof is complete.

I' n
PP.20212. Compute [ ———9

2T _|—_.|,I—:

0

Mihdly Bencze

1 x"
Let j —————dx where we make the changes of variable x=u(t)=1-t,
e +et
1 (1 x)"
u'(t) =-1,u() = 0,u(0) =1. Therefore, | = | —dx,and then
2 et e
@-x)"
21 = j%dx = jdx =1,ie | = 1, and we are done.
e’ +el™® 2

PP.20219. In all triangle ABC holds ¥ —2%___ > 25 (4 — %) .
y/ (5—a){s—b)

Mihaily Bencze
s—a+s—-b

By AM-GM inequality we have ,/(s—a)(s—b) < _%.
Applying the well-known x* + y? +z* > Xy + yz + zX, yields that

2|2
> a’b . abc(a+b+c)

ab ab
>2y —=2.
2 e o2 e 2be

Threfore, it suffices to prove that

4s > 23[4—B]<:>52 2, true.
r r

=4s,

The proof is complete.
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h+f —a [ 55 +r24s ARr
PP.20222. In all triangle ABC holds 3 V < V —

Mihaily Bencze
abc
a+b+c

Using s +r?+4Rr =ab+bc+ca, 2Rr = and squaring the given inequality

we obtain

Zb+c a 22\/(b+c a)c+ra-b) _p.a)ab

abc

@Z(bJrCJra_2j+22\/2(s_a;t2)(s_b) < >a) ab

a abc

o ZaZé —6+ 4Zsin§ < Zazé o Zsing < g , i.e. the item 2.9. from Bottema,

Geometric Inequalities, Groningen, 1969. The solution is complete.
PP.20223. Ifa.b.c > 1, then 3% va—12= % /a(l + be).
Mihaly Benecze

For a=b =c =1 is evidently that the inequality to prove is not true. We are done.

PP.20224. In all triangle ABC holds » cos (A — B) < “‘Lm‘zﬁz”ﬁ "

Mihaly Bencze

The statement, of problem 20224 is not true. The statement of problem 2024 is *’In all

2 2 _y2
triangle ABC holds Zcos(A—B)sS R R24Rr r for e.g. if ABC is an
equilateral triangle with the lengths of sides equal with 1 we have
3 1 1 ) » » 9 7 2 1
s=— ,R=—,r=——, and then s“"-7R*—-4Rr-r‘°=—————-— — <0, while
2 J3' 243 4 3 3 12

LHS is equal with 3. We propose the following statement
s> —7R* —Rr—r?
R2

’In all triangle ABC holds ZCOS(A— B) <

s +r?+2Rr - 2R?
2R?
2s* —14R* —2Rr —2r? > s* +r? + 2Rr —2R* < s* >12R?* +3r* +4Rr .

Indeed, since Zcos(A— B) = , the last inequality it is write

8
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By Gerretsen’ s inequality we have s* >16R* —5r?, so it remains to show that

2R* >4r? + 2Rr, which vyields by R?>4r?and R?>2Rr (R>2r, is well-known
Euler’ s inequality). Our proof is complete.

PP.20226. In all acute triangle ABC holds 3 " sin(A — B)sin(4 — C') = 0.

Mihily Bencze
WLOG that A>B>C. Because A+ B+C =180° we deduce that C <60°.
The inequality to prove is written successively
sin(A—B)sin(A—C) +sin(B—C)sin(B — A) +sin(C — A)sin(C—-B) >0
< sin(A-B)sin(A—C) —sin(B—-C)sin(A—B) +sin(A-C)sin(B—-C) >0
< sin(A—B)- 2sin A-C-B+C  A-C+B-C

+sin(A-C)sin(B-C) >0

— 0 f—
& 2sin(A—B)sin A-B Ccos 180 —-3C

+sin(A-C)sin(B—-C)>0
A-B

< 2sin(A—B)sin sin%Jrsin(A—C)sin(B—C)ZO, which is true since

A>B>C and C <60°.

. (3a—b)*? (3b—a)?
PP.20238., If a.b = 0 then (Bath)? 1P + Bb+a)>+1a? =

(ST

Mihély Bencze

Since (3a-b)> 1 _1 36a(a-b)
(3a+b)>+4b*> 5 5 (3a+b)®+4b®

@-a? 1 1 36b(b-a)

(3b+a)+4a’ 5 5 (3b+a)’+4da’’
the inequality to prove becomes

a b
(a_b)((sam)z +4b2  (3b+a)? +4a’ ] =0
<> (a—b)(4a® +9ab® + 6a’b+a® —4b* —9a’b—6ab® —b*) >0
< (a—b)[5(a® —b*)—3ab(a—b)] >0 < (a—hb)*(5a* + 2ab+5b*) >0, which is true
because 5a” + 2ab +5b* = (a+b)* + 4(a® +b*) > 0. The solution is complete.
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(3a+b)* (a+b)? _
2a2+(a+b)? T 3a2E = 4.

PP.20244. Ifa.b = 0, then

Mihily Bencze

(3a+Db)° 8 (a—Db)(3a+5h)
———— — = ) - » and
2a’ +(a+b)? 3 3(2a% +(a+b)?)
(a+b)? 4 (a-b)(5a-b)
2a’ +b® 3 3(2a% +b?)
Then, the given inequality becomes
(a—b)(5a—b) (a—b)(3a-+5b)
- >0,
3(2a% +b?)  3(2a’+(a+b)?)
which after some algebra becomes
(a—Db)? [(3a+ b)? +5b2]2 0, true. We have equality iff a=Db.

We have

PP.20256. Solve in R the equation
logg (Tinr + zt_q:r) + El—ﬁill < 1 41‘—[ . 45i1]r - 4Lgr 4+ 7+ 1.

Mihdly Bencze

Considering the injective function f(t) = (Zt)z +t,t >0, the given equation is equivalent
with f(logz(zs"‘X + 2‘9X)): f (x+1), and it remains to solve the equation

25inx + 2tgx — 2x+l
which we let this the last equations like an exercise to readers ( a solution is x =0).

PP.20257. Solve in R the equation log, (235 = 57 + 3% — 47 — 27 — 2,

Mihaly Bencze
If we consider the injective function f(t)=7'—t, t>0, the given equation is written as

follows f(log, (3" +5%))= f(log, (4" + 2" +2)), therefore it remaint to solve the

equation 3 +5* =4 +2" +2. For x>1 we have 3* +5* >4* +2* +2.
We found x =1, but what happens for x <1 (we let this like an exercise to readers).

PP.20261. Solve in R the equation
2% 1 —2log,y (z+1) = —3" + 22 + 22+ 2.
Mihily Bencze

Using the injective function f(t) =2"'+t,t >0, then the equation to solve is written as
f(log, (x +1)?)= f (3" —1), so 2** = (x+1)?, with the solutions x, =0 and x, =1.

10
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PP.20262. Solve in R the equation
217 _log, (VT +1) = —4% + 271 + /7.

Mihaly Bencze
Written the equation to solve as below

221 (2% _1)? = Jx +1+log, (VX +1).
and than using the injectivity of the function f(t) =2' +t, t >0, we obtain that
(2* —1)% =log, (\/x +1).
Hence, 2°++/x = Iogz(\/; +1) ++/x+1, and then from the injectivity of the
functiong(t) =2' +t,t >0, we deduce that 2* =+/x+1<>2*—1=+/x. The last

equation has the solutions x, =0and x, =1 (because Jx is strictly concave and 2* -1 is
strictly convex). The solution is complete.

PP.20265. Solve in R the following system: Yy +1=+32+1 .
2 41=3r+1

Mihaly Bencze
Since z° +1>1, we deduce x>0 and analogous y,z >0. If x>1then /3y +1>2, so

y>1 and thenz >1. Therefore x,y,z>1 or Xx,y,z<1. By squaring and adding the
equations of system we obtain

X' +2x% =3x+y* +2y* -3y +12* +2z°-3z=0
S X(X=D(X* +2x+3) + y(y-D(y* +2y+3) + z2(z-D(z° +2z+3)=0 (1)
We have x* +2x+3>0,y*+2y+3>0,z°+2z+3>0.
If X,y,z>1,then x(x—-1) >0,y(y-1) >0,z(z—1) >0 and (1) has no solution.
If X,y,2<1,then x(x—1) <0,y(y-1)<0,z(z—1) <0 and (1) has no solution.
Hence (x,Y,2) €{(0,0,0);(111)}. We are done.

PP.20267. Solve in R the following equation
logg £512 = 07 + 47 + 267 — 927 — 122 — 4.

Mihdily Bencze

The equation to solve is written as follows
log, (3x +2) + (3x+2)* =log, (2* +3%) + (2" +3*)?.

11
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Using the injectivity of the function f(t)=Ilog,t+t*>, t>0, we obtain that
2" +3°=3x+2. The last equation has only two solutions, namely x, =0 and x, =1

(since the function 2* +3* is strictly convex and the function 3x+2 is linear). The
solution is complete.

PP.20269. Solve in R the following equation
log,, (cos (cosx)) + cos® (cosx) = a - cosx + 45T where a > 0.

Mihaly Bencze
Considering the injective function f(t)=2* +t, t> 0, the given equation is written as
f(log,(cos(cos x))) = f (acos x), and it remains to solve the equation 2°®** = cos(cos x),
which we propose like an exercise to the readers (a solution is cosx =0).
PP.20270. If a = 1 then solve in K the equation
a?*2) —log, (1 —a)xr +4a—3) =
(1—a)*2? + (—4a® + Ta — 4) z + 16a® — 24a + 11.

Mihaly Bencze
Considering the injective function f(t)=a* +t,t >0,the given equation is written as
f(log,(1-a)x+4a-3))= f(x—2), and it remains to solve the equation

a*? =(1-a)x+4a—3, which we propose like an exercise to the readers (a solution is
x=3).

PP.20271. Solve in R the equation

logy YEFTVIT | 9/22 162 — 7 = 2% — 42% + 822 — 10z + 5.

Mihaly Bencze

The given equation is equivalent with
log, ~ X:r?; : x2—1 +2Ux% +6x—7 = x* —4x® +8x* —10x - 2.
X° —2X+
Considering the injective function f (t) =t? + log, t, t >0, the given equation is written
as f(Vx+7—+x-1)=f(x* =2x+2).
Therefore it remains to solve the equation
VXAT =IX=1=X2 = 2X+2 S X+ 7 =/x=1+(x=1) +1.

Denoting +/x—1=t >0, we obtain successively

12
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t'+t+l=Vt’+8 o (t* +t+)’ =t*’+8=t’ +24° + 24" + 2t -7=0
< (-1t +t° +t° +3t* +5t° +5t° +5t+7) =0.
The last equation has only one positive solution t =1.
Hence the given equation has only one solution x =2.

PP.20274. Solve in R the equation
or’—1 4 qri-r 4 log. (2:"2_7 + 31’3‘3?) —92.5% T 4 log- 2 + r? — 1.

Mihaly Bencze

We considering the injective function f(t)=t+log.t, t>0, the given equation is
written as f(zxz‘x +3X2‘X)= f(2-55), and it remains to solve the equation

2¥* 13 = 2.5 which has the solutions x, =0 and x, =1.

PP.20275. Solve in R the equation
logy s5 = —817 +2- 367 + 4- 307 + 257 — 167
Mihaly Bencze
We considering the injective function f(t) =3 +t, t >0, the given equation is written
as f(logg(gx +4X)): f(logs(5X + 2-6*)), and it remains to solve the equation
9% +4* =5 +2-6%, which has a solution x =2 (we ask the readers there are others?).

PP.20277. Solve in R the equation
logy (2 + V35 VE) +2° + 20\/3F B+ T=T.

Mihaly Bencze

The equation to solve is written as
2
Iog3(x+\/3+\/;)+(x+\/3+ ﬂ) =log, 3+3%,

and because the function f(t) =log,t+t* is injective (since is increasing for t >0) we
obtain that

x+\/3+«/_:3<:> 3+J_=3—x.

Denoting +/x =t we have to solve the equation+/3+t =3—t2, with t> <3 and t>0.
After squaring the last equation yields that

13
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t* —6t° —t+6=0< (t-1)(t+2)(t* -t —-3) =0,
1+413
2

and because t,=-2 and t,=

1-413
2
The solution is complete.

doesn’t satisfy the relation t* <3, and

t, = < 0, we deduce that the equation has one solution, and this is x =1.

PP.20278. Solve in R the equation
log, (;l.hmgz% 4 plogz %) + ;l.ﬂloga_,g + Izlcmgzé n gj.loga_,% — 1

Mihdly Bencze

We consider the function f(t)=Ilog,t+t?, t>0, which is strictly increasing so is
injective. The equation to solve is written as follows

lo 2§ lo zé log, lo 25 ;
f(x s 4 x gsJ:f(l), withx >0. Hence x 5 +x g5:1, which has only one

ogg Iogi
%5 %5

|
solution x =4, because the function h(t) =t
(since the exponents are negative). We are done.

+t , t>0, is strictly decreasing

PP.20279. Solve in R the equation
log3 (z+ 1) + log, (z + 2) — 27 =" 7 +az—18

= 2% — 1425 — 82° + 842 + 562 — 22922 — 141z + 306 — 2.
Mihily Bencze

Using the injective function f(t)=2"'+t*+t,t>0, the given equation is written like

that
f(logz(x+fD = f-x* +7x% +4x-18),
X

S0 it remains to solve the equation
X + ﬁ _ 2—x4+7x2+4x—18
X

Since x+ 4> 4, it must to have 277X+ 18 > 22 o
X
X' —7x* —4x-20<0 < (x—2)*(x* +4x+5) <0,
which that happens only if x =2, which verify the equation.
Hence, we get the solution is x = 2. The solution is complete.

14
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PP.20280. Solve in F the equation
2" —nr4+n+1— L= =4+ —log, (2" —nr+n+ 1), wheren > 1, n € N.

41 T
Mihaly Bencze

Considering the injective function f(t) =4'+t, t >0, the equation

X
X" —nx+n-1- =4¥" _Jog, (X" —nx+n+1), n>1,ne N becomes

x? +1

f(xzx+1j = f(log, (x" —nx+n+1)).

So we must to solve the equation

2—1=Iog4(xn —nX+n+1).
X° +

By AM-GM inequality we obtain

Rl T T (S WS FURRE PO PO IR N
X*+1 2x 2 D

<:>x"—nx+n+122<:>log4(x”—nx+n+1)2%.

Hence x =1, and we are done.

log,(z+L G gt
PP.20281. Solve in R the equation log, (LE{;{I—’#) _ girto2rt g %

3r=—2z"

Mihily Bencze

We have x> 0. We consider the function f(t)=1log,t+2"' (t>0) which is increasing
S0 is injective and the equation to solve becomes

f(logz(x +§D = f(3x* —2x%).

Therefore, we must to solve the equation
Iogz[x+1j =3x" —-2x°.
X

Since x++ > 2, we have Iogz(x + lj >1. Also we have 3x?* —2x® <1, because the last
X X

inequality is equivalent with (x —1)*(2x+1) > 0.
Hence, we obtain the only one solution, and thisis x =1.
The solution is complete.

15
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PP.20287. Solve in R the equation
log, (log, (1 + cos 4x)) + 2sin 2 sin 52 = 27

1 4o 6

Mihdly Bencze

Using the the injective function f(t):22'+t (t>0), and the fact

2sin xsin5x = cos 6x — cos 4x, the given equation is wrriten as follows
f(log, (log, (1+cos 4x))) = f (1+cos6x),

S0 it remains to solve the equation

1+cos4dx =

which we let it to readers as exercise.

21+cosz
2°

PP.20288. Solve in ! the equation

-

log (z+4) — 2774772 — g _ 893 42022 — 1Tz +4 - 4.

Mihily Beneze

Written the equation to be solved as below

log; x+ 2 pxs o (—X2 +4x—2)% 4272
X X

and using the injectivity of function f(t)=2"'+t,t >0, we obtain

log, x+ 22 x? v ax—2.
X

We have

x+2>4 and — x> +4x-2<2 < (x-2)* >0.
X
Hence, we find one solution, and this is x =2 . We are done.

PP.20289. Solve in R the equation

(22 +1) (477 —log (2 — 42 +5)) =2° + 2% — 42° + 52® — 52 + 5.

Mihily Bencze

The given equation is writting as
16
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:Iog4(x4 —4x+5)+x4 —4x+5,

X
4x2+l +

x? +1
and like in the solution of PP.20280 we obtain the solution x =1.

PP.20291. Solve in R the equation

log, YELEE 4 o —1+2V =2+ 4z -3 (1+2Vz —1+2J3—gj
+v/3 —x + 6y —1‘3+4;:r:—3=2[14—4#1‘—‘2—!—25\;3:—‘2+3'+8vf'[';r—2}‘.

Mihdily Bencze

The equation to be solved is equivalent with the following
Yx-1+43-x
log + X =142 4= X +4x 31+ 2Vx -1+ 23— x) +/3—x +
S k=2 3 )
+67V—X* +4Xx—-3=16+36-4/x—2+25Vx -2 + x+8-4/(x-2)°

Evidently x €[2,3].
We consider the injective function

f(t)=log,t+t>+t*, t>0,
and the equation from above is written as

f(AUx-1+3Y3-x)=f(2+¥x-2),
S0 we must to solve the equation

Ux-1+33-x=2+%x-2.

Applying the inequality of meens we obtain
2+4/x-2=4/(x-1) 1-1-1+4/3-x) 1-1-1< X_“l””ZB_X”””

which yields x = 2. Hence the given equation has the solutions x =2, and we are done.

-2,

PP.20302. Solve in R the equation
logy (22 +2%) + (22— 1) 2" 42 + 2? + 2" =4" + x + 1.

Mihaly Bencze
Using the injective function f(t) =log,t+t*+t, t >0, the given equation is written as

follows f(x2 +2X): f(2"). Hence, x*+2* =2 < x* =2, with solutions x, =2
and x, =4. The solution is complete.

17
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PP.20309. Solve the equation 8% + (2% + 2% + ) 2% = (2 + 2 + 1) 4% + 2%

Mihaly Bencze

The equation to solve, i.e. 8" +(x® +x* +x)-2* = (x* + x+1)-4* + x°,
is written successively as follows
(XP+X+D-2%- (2 =X) = (2" = X)(2% +%x-2" +x°) =0
S =X) (X 2+ X 2X 25 =27 —x- 2 =x*) =0
& (2= XX (2 - -2 (2" -1)]=0<= (2 —=D(2* —x)(2* —x*) =0.
Hence we obtain the solutions x, =0, x, =2, X, =4. The solution is complete.

PP.20306. Solve in R the equation

vz o3 - —— & e - ~ :
10[{3 COS ch?':;f;[]ﬂ T _ grosT +3cosT — DCOS Sr+Bcostr cosST — 8 {_,05,1 T+ 1.

Mihaly Bencze

Considering the injective function f(t) =log,t+2' +t, t >0, the equation to solve, i.e.

cos5x +8¢0s°® X
COS X
successively
f (cos5x +8cos® x) = f (3cos x) <> cos5x +8cos® x = 3cos x

<> C0S5X +4¢0s X - 2€0s* X —3€0s X = 0 <> c0s 5x + 40s X(L+ cos 2X) —3cos X = 0
<& C0S5X + C0S X+ 4¢0s XC0S 2X = 0 <= 2c0S 3XC0S 2X +4cos Xxcos 2x =0
< €0s 2x(cos3x + 2cos X) =0 < cos 2x(cos X(4c0s® x—3) + 2cos x): 0
&> 008 XC0S 2X(4€0s® X —1) = 0 <> cos xc0s 2x(2(1+cos2x) -1)=0
<> C0S XC0s 2x(2cos 2x+1) =0.

3 . - -
= 8% 4 3c0s X — 208X _cas5x —8cos® x+1, it is written

log,

Hence, cosx =0, or cos2x =0, or cost:—%.

We obtain the solutions x e {i%+ 2kzlk e Z}U{i%+ krk e Z}U{i%+ krlk e z}.

The solutions is complete.

PP.20312. Solve in R the equation
V6 — 11z + 622 — 2% + /12 — 192 + 822 — 2% = /15 — 23x + 922 — 2%,

Mihily Bencze

18
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We have
X} —6x? +11x—6 = (X =1)(x = 2)(x—3), x> —8x* +9x —12 = (x —1)(x —3)(x —4) and

x® —9x? +23x —15= (x —-D)(x - 3)(x =5).
The condition of existence is

x € {(—oJU[2,3]}N {(-o01) U[3 41} N {(—o0) U[35]} = (0] U {3}

The equation is

V- (=D (x=2)(x = 3) += (x~D(x=3)(x—4) = y— (x-1)(x-3)(x-5),

so we obtain the solutions x; =1, x, =3 and remains to solve the equation
V2—x+J4-x=5-x =2/2-x)(4—x) =x-1,

which has no solutions in condition x <1, and we are done.

PP.20314. Solve the equation
a8 — 212° +1752* — 7352% + 16242 — 1764z + 720 = 0.
Mihaly Bencze
The equation to solve is written as follows
(X=D(x-2)(x=3)(x—4)(x —5)(x—6) =0,
so it has the solutions x, =1X,=2,X,=3X,=4,X, =5X, =6. The solution is

complete.

PP.20316. Solve in R the following system:
V2—z+ Y15 +y=92—y+V15+2=y2—2+ 15+ 2 =3

Mihaly Bencze

From given equation, i.e.
Y2-x+415+y=42-y+¥15+2=42-2+415+x =3,

we have
Y2-x=3-415+y ,
which yields that x = 2—(3—41/15+ y)4 :

Denoting f (t) = 2—(3—4/15+t)' we obtain that x = f (y),y = f(2).2 = f (x).
So x=(fofof)(x), and because the function f is increasing vyields that the fixed
points of the function f o f o f is the same with the fixed points of the function f .

Hence, we have to solve the equation
x=2-(3-415+x) & B-415+x) =2-x,

and denotingx =t* —15 , then

19
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(3-1)" =17-t* = t* —6t* +27t* —54t +32=0
< (=Dt -2)(t* -3t +16) =0.
Hencet, =1t, =2. Finallywe get x=y=z=1and x=y=z=-14.
The solution is complete.

PP.20319. Solve in A the equation
z(2r2+37+4)

ot 4342375 g gt IS — 52 D 4 logg .

www.mateinfo.ro

Mihily Bencze

Considering the injective function f(t)=t+2-3'+3-3*, t >0, the equation
X(2x? +3x + 4) X

4 g2 4 2
X*+3+2-37°7° 3.9 =% ———+log, —— |
(x“+2) X +2

is written

f(logs X j:f(x4—5x2+3).
X +2

Therefore, it remains to solve the equation

log, ——=x"-5x*+3, x>0.
X" +2
If xe(L,2), then x* —5x* +3<—1 and ZX >1<:>Iog3 —>-1;
X“+2 3 X+ 2
If xe(0,1)U(2,),then x* —=5x* +3>—-1 and 2X <l<:>log3 — <-1.
X“+2 3 X"+ 2

Yields that the only possible x, =1 and x, =2 which are indeed solutions.
This completes the proof.

PP.20321. Solve in R the equation 2z* — 922 — 3x + 10 = log, ;r;_iz

Mihdily Bencze

For to solve the equation
2x* —9x* —3x+10=log, 23—X
X“+2
we consider the injective function f (t) = log, t + 2t +2t>,t > 0.
Then the equation to solve is written as
f(x*+2)=f(3x).
So, x* —3x+2=0, and we get the solutions x, =1, x, = 2.
The proof is complete.

20
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PP.20322. Solve in R the equation
logg ZHUE — 34 — 222 — 24302 — 22° 4 422" — 32",

Mihily Bencze
The given equation is equivalent with
| x® +11x
G|
Considering the injective function
f(t)=log,t+2t+3t*,t >0,
the equation to solve is written as
f (x® +11x) = f (6x* +6).
So we must to solve the equation x* +11x = 6x* +6.
We get the solutions x, =1, X, =2, x, = 3. The proof is complete.

=121-22x —135x% —2x® + 42x* —3x5.

PP.20323. Solve in R the equation
9, - T2 —5T+8 1* —5r+8 = f
I +i+]ngﬁ+10g:;ﬁ=dl+g\fﬂ"—g.

Mihaly Bencze

Considering the injective function f(t) =log,t+log,t+t, the equation

x? +7+log X2_5X+8+Iog X2_5X+8—5x+2 X—2
2 T e e
VX—2 2+/X—2

becomes
f(x* =5x+8) = f (2Vx—-2).
So we must to solve the equation

x> —5X+8=2/x-2,
which by squaring becomes

x* —10x° +41x* —84x+72=0 < (x—3)*(x* —4x+8) =0.
Hence x =3, and we are done.

PP.20325. Solve in R the equation
32 +log, (22 + 5 ) +logs (22 + 5=) + 1 = 3.

Mihaly Bencze

Considering the injective function f(t) =log,t+log,t+t, the equation

1 1
3x* +1log,| x> +— |+log.| x® + — |+1=3x,
gz[ 3Xj g{ 3Xj
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Becomes

f(3x° +1) = f(3x).
So it remains to solve the equation 3x®+1=23x, which has all roots real for e.g.

X, € (O, %j VX, € (% ,1) . So, you find the solutions using Cardano’ s formulas.

n n{r+1}{2n+1)
PP.20333. Prove that [] k! < 3 24 '
k=1

Mihdily Bencze

We prove the given inequality, i.e.
n(n+1)(2n+1)

ﬁk!<3 4
k=1

by mathematical induction (Ml).
First, is easily demonstraded by (M) that
(1) 3% > (k+1)*.
Second we prove by (MI) that
k2
(2) kl<34.
For k =1,2 it is verify that (2) is true.
k2
We suppose that k!< 34 is true and by (1) yields that
K2 Kok (k)
(k+D'=kl(k+1)<34(k+1) <34 .34 =3 4
n(n+1)(2n+1)
6

, We obtain what we must to prove.

Using (2) and the identity > k* =
k=1

The proof is complete.

PP.20351. In all triangle ABC' holds f
4r2(2R—r)+3s2(2R+71) < (4R+r1)*.

Mihdily Bencze

Using the inequality 3s® < (4R +r)?(see for e.g. the item 5.5. from Bottema) to show
that
4r’(2R—r)+3s?(2R+r) < (4R +1)?,
it suffices to prove
4r*(2R—r)+(4R+1)*(2R+r) < (4R+r1)?

22
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< A4r’(2R-r)<(4R+1)*(4R+r—2R—r) < 16R* +8R?*r + 2r® > 3Rr?,
which is true because 8R?r >16Rr? < R > 2r. The proof is complete.

PP.20353. In all triangle ABC holds (s* + r* 4+ 10Rr) (4R +r) < 8Rs”.

Mihily Bencze

Since s? +r% +4Rr :Zab and Rr = 2>

Zb:c

2) a
(Zab +6- ZaZb:CaJmR +r<2r(Y af

ofer 2 Epfe 3

©E>E. D a> ab+3abc

2r 4 (Yaf -2>ad ab-6abc
4> af —85"a> ab—24abc > > a> ab+3ahc
= 4> af —95> a> ab> 27abc
4> a*+12) a’h+12) ab® +24abc —9) a’h—9> ab? — 27abc > 27abc
<4y a®+3) a’h+3) ab® >30abc, which is true because
> a®=>3abc,> a’b>3abc, Y ab® > 3abc, and we are done.

, and because R > 2r, it is enough to prove that

2 =2+l
PP.20356. Solve in IV the following system: 2V =242z
22 =2+

Mihily Benecze
If y>3,then yl=M,,so y4+2=M, +2, and from the first equation we get x =1, then
y!'=0, contradiction. Therefore y <3. We obtain the solutions
(x,¥,2) €{(2,2,2);(33,3)}, and we are done.

PP.20381. In all triangle ABC holds E gh o sS4 _BRr

m; T'J'E-B B
Mihily Bencze
We have m? >s(s—a) < 2b* +2c* —a* > (b+c)* —a® < (b—c)* >0.
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Denoting by F the are of triangle ABC , and using the well-known formulas

F=sr=.s(s—a)(s—h)(s—c) = abc Zab_s +r? +4Rr,

we obtain
ab ab B ab(s—c) ab(s—-c)
Zmjmsst(s—a)s(s—b)_Zs-s-(s—a)(s—b)(s—c) 2 s-F2

:_Z( abc] 1 (S o +4Rr—3abCJ=
F? S

12Rsrj s> +r?2—8Rr
= 5 , g.e.d.
s s?r

:%(sz +r?+4Rr —

PP.20387. Solve in R the following system:

at 4+ 41y® + 72 = 102° 4 84z

yt 4+ 4122 + 72 = 1023 + 84y

rt + 412® + 72 = 10y° + 842

Mihily Bencze
Adding the equations of the system we obtain
(Xx—=3)*(X* —4x+8) +(y—3)*(y* -4y +8)+(z—3)*(z* -4z +8) =0,
and because
x* —4x+8=(x-2)*+4>0,

we have the solution x = y = z = 3. The solution is complete.

— Oy 422 =22 —

PP.20392. Solve in R the following system: yz — 92422 =2\/r— 4
22 —09r+22=2/y—4

Mihaly Bencze

We prove first that for any a € R we have a* —a® —2a+2>0. Indeed,
a’—a’-2a+2=a’(a-D@+)-2@a-1)=
=(a-D@*+a’*-2)=(a-1?@*+2a+2) >0,

with equality for a=1.
Adding the equations of the system we obtain

D (X2 =9 +22-2x—-4) =0 D [x* —8Xx+16—X+4—2/x—-4+2]=0
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S D (x=4)? —(x—4)—2Jx-4+2]=0
o S (Wx=2)" —(/x—4)? —2/x-4+2)

Therefore, by above we deduce that

0.

Jx—4=Jy-4=\z1-4=1.
Hence x =y =1z =5. The solution is complete.

PP.20394. Solve in R the following equation
logg (£ + =) = —819 + 62 — 22622 + 2162 — 28x* — 2©.

Mihaly Bencze

If we consider the injective function
f(t)=log,t+t°+t* +t,

the equation

|og3(§ T zij — 819+ 6x— 226x% + 216x° — 28x* — x°,
X

it is written in the form
f(x* +9) = f(6x).S0, x> +9="6x, i.e. x=3, and we are done.

PP.20395. Solve in R the following equation
geosiz _ gsin®r (3 — sin® xcos® x) cos 2z = 0,

Mihaly Bencze

We have
(3—sin” xcos® X) cos 2x = (If»(sin2 X +c0s” x)* —sin® xcos® x)cos 2X
= (3sin® x+3cos* x +5sin® xcos” x)(cos® x —sin? X)
=3c0s® x —3sin® x — 2sin* xcos® x + 2sin* xcos” x
=300s° x+2cos” x(1—sin® x) —3sin® x — 2sin* x(1L—sin? x)
=c0s® x+2cos* x—sin® x —2sin” x .
If we consider the injective function f(t) =2'+t°+2t*, then the given equation, i.e.
2005 X _2sn°X | (3_sin? xcos® X)cos2X =0,
becomes f (cosx) = f(sinx).

Therefore, cos x =sin x, which yields x = % +kr, keZ.
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PP.20399. Solve in [? the following equation
(z—6)vT—T=—-12+ 13z — 2.

Mihily Bencze

The condition of existence is LHS>0 < x>7, and also RHS>0 <  xe[L112].
Because 7 and 12 no verify the given equation the solutions is in interval (7.12).
Squaring the equation we deduce

x* —27x° +212x* —432x+396 =0
< (x—=11)(x® —16x* +36x—36) =0,
and because

x® —16x* +36x —36 = (x—12)(x + 2)(x—6) —180 < 0, for any x € (6,12),

we obtain x =11. The solution is complete.

1+tg(z+F) = 3ctgy
PP.20403. Solve in I the following system: L +tg(y+ §) =3ctgz .
1 +tg(2+ §) =3ctgr

Mihaily Bencze

Denoting a=tgx, b =tgy, c =tgz the given system becomes

1.2+ 3 | _31-a)

l1-a b 2
L b+l 3 ] 30-b)

1-b ¢ 2
1,811 3 [j_30-0)

l-c a 2

3(1_3_236‘) 3(3a-1
We obtain ¢ = > = (Z_ ),Which yields
3(1_9a—3j

4 3
a=——— ‘o a=—.

2 5

Therefore, the system has the solution x =y =z = arctg g We are done.
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PP.20407. Solve in R the following system

vi—z+ ¥l6+y=Yl—-y+V16+2=3J1 -2+ Y16+ =23.

Mihaly Bencze

If we make the substitutions x - x-1,y —>y—-1z —>z -1, we obtain the system from
the problem PP.20316. Proceed as there we obtain the solutions
x=y=2z=0, x=y=2z=-15. The solution is complete.

PP.20412. Solve the equation _ ]
(z? — 6z +5)" + (2% — 9z + 14)" = (222 — 152 + 19) .

Mihaly Bencze

Denoting x> —6x+5=a and x> —9x+14 =D, the given ecuation, i.e.
(X? —6x+5)° +(x* —9x +14)° = (2x* —=15x +19)° ,
becomes successively
a®+b°=(a+b)’ @ a’+b®>=a° +5a’b+10a’b® +10a°b® + 5ab* +b°
<> 5ab(a® +b® +2a’b + 2ab®) =0 <> 5ab(a + b)(a* —ab +b” +2ab) =0

2 2
= 5ab(a+b){(a+gj +%} 0.

Square brackets is canceled if a =b =0, what does not happen.
Hence (x® —6x+5)(x* —9x+14)(2x* —15x+19) = 0, so we obtain solutions

15-3J7 15+3J7
4

Xe {1,5,2,7, } and we are done.

PP.20430. Solve the equation
(1 +sin2z)(1+sinz +cosz+sinzeosr) =8 (5+ Zv’ﬁ} .
Mihaly Bencze

The given equation has no solution, because LHS< (1+1)(1+1+1+1)=8.

PP.20453. Solve in R the equation 9 + 15* 4 25 4+ 3 - 49% = 3 (21" + 357).

Mihély Bencze
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The equation 9% +15* + 25" +3-49* = 3(21* +35*) is writing
(3 =5%)2 +3(7* —=3*)(7* —5*) =0, and because 7* —3* respectively 7* —5* have the

same sign, follows that (7* —3*)(7* —5%) is positive. Therefore, we get the only one
solution, x=0.

PP.20454. Solve in I the equation
.T-J +5r+]|'_'lgﬁ Iz_Td_hI =:j!':‘} [-3:: -|—:1‘-2Ij,|.

:4_':: +pd.2x
Mihdly Bencze
Writting the equation on the form

X° +6" +log, (X° +6x) = x* -3 +x*- 2" +log (x* - 3" + x* - 2),
and using the fact that the function f (t) =log,t+t, we obtain

X°+6" =x"-3+x* 2" = (2" - x*)(3 -x* =0.
Hence we obtain the solutions
X, =2,X, =3,X; =4. The solution is complete.

PP.20469. Let ABC be a triangle. If A > 1 then } {a‘-g%}l >3(2— \/E)A :

Mihily Bencze

A
Let f:(0,7) >R, f(x)= (tg gj , convex on (0, 7), and then by Jensen’s inequality

we have
A+B+C A B C A+B+C
f(A)+ f(B)+ f(C)>3f| ———= tg* —+tg* —+tg? —>4-tgf —— =
()()()(3j:>g4g494912
=3-tg‘%=3(2—«/§)}“,q.e.d.

PP.20479. In all triangle ABC holds s > Tr? + 14Rr.
Mihily Bencze

The given inequality is not true in all triangle, for e.g. if we take an equilateral triangle

with the length side 1, then s = g R = g r= g and we have

$?>7r° +14Rr & " > o +% < 27 > 7+ 28, false, and this completes the proof.

28


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - NOIEMBRIE 2014  BUYAEGC (oA (e)

(az +2ah) b

<

tal=

PP.20524. If a.b > 0 then sa? t(ar ) T 2(b+2a)

Mihily Bencze

The inequality to prove is written
1 2(a” + 2ab) +1_ b 50
3 9a’+(a+2b)*> 6 2(b+2a)
4(a—b)’ L a-b
9a’+(a+2b)*> b+2a
<> (a—b)18a® >0, which is true with the condition a>b > 0. The solution is complete.

>0 < (a—b)[4ab+8a’ —4b* —8ab+10a” + 4ab +4b*]>0

PP-EDEIZE. If a. IE.i' = t-h.’_‘-n 1 — ﬁ i: . zz_sz "':-_:- ME

Mihdly Bencze
The inequality from the statements is equivalent with
(ha+b<.2(a’ +b?) and (i) (Va? +b? |V2-1)<2(a +b).
(i) < a®+2ab+b?*<2(@*+b?) = a*-2ab+b*>>0<(a—b)* >0, true.
(ii) 3—2v/2)(a? +b?) < 2(a® + 2ab +b?) < a? + b? < 2J2(a? +b?) + 4ab, true, and we
are done.

— . a —_— — :
PP.20530. If a,b,c > 0 then }_ \“m (a + J‘le‘Ei +5 var+ b2 < 3,,-‘22‘&2.

Mihdily Bencze

After multiply with J2 the inequality to prove becomes

3 (a+b)/(2a)(a+b) + 3 \/(20%)(a2 +b?) <63 a’.

By AM-GM inequality we obtain that
> (a+b)@a)a+h) + X (@07 )a” +b7) < 3 BN AL,

2 2 2
+Zw =%Z(3a2 +b? +4ab+a? +3b?) =%Z(4a2 +4b* +4ab) =

=Y 2a’+> 2a*+2> ab=4> a®+2) ab, so it s suffices to prove that
4% a*+2> ab<6> a’ < > ab< > a’, which is true.
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The equality occurs iff a=b=c. Q.E.D.

PP.20531. In all triangle ABC holds ¥ & > 2207,

Mihaly Bencze

2 a3 2 2 2 2
Because Z% = 2.8 2s(s”~3r>—6Rr) _s’—3r’ —6Rr

abc 4Rrs B 2Rr
2 —
then the given inequality, i.e. ZZ— > @ is equivalent with
C

s? —3r? —6Rr JAR-2r
2Rr B

By Gerretsen inequality we have s* >16Rr —5r?, so it is suffices to show that

16Rr —5r? >14Rr —r? <> 2Rr > 4r? < R > 2r, i.e. Euler’s inequality. Q.E.D.

<52 -3r?—6Rr >8Rr —4r? < s? >14Rr —r?.

T
PP.20564. Solve in R the equation E cos kx)® = n.

Mihaly Bencze

n
Since, cos® kx<1 and, Zcos2 kx = n, we deduce that
k=1

cos? kx =1« coskx = +1. Therefore, kx e 72Z @Xe%Z <:>x=n7”,k:1,_n,nez.

PP.20566. Solve in R the equation
(Ve+2—92r+1+ ¥4z +7)" =3z +8.

Mihily Bencze

Denoting x+2=a°, 2x+1=Db>, 4x+7 =c°, the given equation, i.e.

5 . . .
(‘r{/x+ 2 —3/2x+1-%/4x+ 7) =3x+8, Is written successively
(a—b+c)®>=a’-b°>+c®> = (a—-b+c)®-c’>=a°-b°
< (a-b)(a-b+c)* +c(a—b+c) +c*(a—b+c)* +c’*(a-b+c)+c* —a* —a’b -
—a’b® —ab®-b*]=0. We obtain a—b=0< x+2=2x+1,50 X, =1 and it remains to
solve [a—(b—c)]* +c[a—(b—c)*]+c’*[a—(b—C))* +c’[a—(b—c)]+c* —a’
—a’h—-a’b® —ab®-b* =0« —4a’(b-c)+6a’*(b—c)* —4a(b—-c)’ +(b-c)' +
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+a’c—3a’c(b—c)+3ac(b—c)® —c(b—c)® +a’c® —2ac*(b—c)+c?(b—c)* +ac® —
—c®(b-c)+c* —a’h—a’b® —ab®—b* =0. Since,

a’c+a’c® +ac®+c* —a’b—a’h®—ab® -b* =—(b—c)(b® +b’*c+bc? +c?) -
—a’*(b-c)(b+c)—a’(b—c), we obtain b=c <> 2x+1=4x+7, which yields x, =3,
and it remains 4a*® —6a’b + 6a’c + 4ab® —8abc + 4ac’ —b® +3b*c —3bc? +¢® +3a’c —
—3abc +3ac® +b?c—2bc? +c® +2ac® —bc? +c¢® +¢c® +b® +b?c+Dbc? +c® +ab® +
+abc+ac’+a’b+a’c+a®* =0

< 5a® +5¢c® +10a’c +10ac? —5a’b —10abc —5bc? +5ab? +5b?c =0

<> 5(a+c)(@® —ac+c”* +2ac—ab—bc+b*) =0 (1)

Hence, a=—C < X+2+4x+7=0, so we obtain x, :_%

The second bracket from (1) is written (a—b)*> +(b—c)*+(a+c)*=0,s0 a=b,b=c
and a=-c, i.e. a=b=c=0, which does not exists.

Therefore, we obtain x e {1,3,—%} , and the solution is complete.

PP.20568. Solve in R the equation
512sin® x + 54 sin 3x + 57/3 = 216sin x + 54+/3 cos 2z.

Mihdly Bencze

Using the well-known formulas cos2x =1—2sin” x and respectively
sin3x = 3sin x —4sin® x, then the given equation is written as follows

(8sin® x) = (63in x—\/§)3. So, 8sin® x = 6sin x — /3 < sin3x = g

Hence, x = (-1)" %+ k?” where k is positive integer. We are done.

PP.20574. Solve in R the following system:
VE+T+/ 12+ 4y +T=v2+1
VITI+vV22+42+T=\r+1
vitl+vael+dr+7=y+1

Mihaly Bencze

Adding up the equations of the system to solve we obtain
VX2 44X+ T +4)y? +4y+7 +22 +42+7 =0
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<:::>\/(x+2)2 +3+\/(y+2)2 +3+\/(z+3)2 +7 =0,

which doesn’t solutions in real numbers, so the system doesn’t solutions in the set of real
numbers. The solution is complete.

PP.20590. Solve in R the following system:

2(VZy+22) =12 +22+6
2{\5* +2r) = 2244246

Mihaly Bencze

Adding up the equations of the system to solve we obtain
> 2x2 +18=2V2) x+4> x = Z(x2 ~(W2+ 2)x+3): 0. Because the equation

X% — (\/E +2)x+3=0, has the discriminate negative, we get that the system doesn’t real
solutions, and we are done.

TI'

PP.20601. Compute [T 90 2tenz)nzrons) g,

2—sinToos T
0

Mihily Bencze

(sin® x +sin x+smx)(smx+cosx)d
2 —Sin XCos X

Let | =

where we make the changes of

O o [ Ny

variable x = % —t, and we deduce that

cos® X + c0S? X + cos X)(sin X + Cos X
( X )dx Therefore,
2 —sin Xcos X

oS t—N N

(sin® x + cos® x +sin? X +cos? X +sin X + cos X)(sin X + cos x)dx B
2 —sin Xcos X

N
Il
O N | N

o'—.l\)\§

2 —sin Xcos X

(sin x +cos X) (sin® X + cos? x — smxcosx)d ismx+cosx
5 2—SIN XCos X
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2 2 o 2 2
Sin X + €os X Sin X + cos X
J'(smx+cosx) dx+j_— :I(1+25|nxcosx)dx+j—d
0 5 2—SInXcosx ¢ 2 —sin Xcos X
z
V4 3 2
> 5 sin X + Cos X T
=X/ 2 +sin® x|2 +j—d X==+1+J (1)
5 2—SIN XCos X 2
2 o 2 o(ci 2 ;
Sin X + €os X 2(sin X + cos x Sin X + €os X
WhereJ:j— :I ( - )dx:ZJ' - ~ax,
2 —Sin XCos X o 4—2sin xcos x 5 3+ (sin x —cos X)

and we make the change of variable

1
t:u(x):sinx—cosx,u'(x):cosx+sinx,u(0):—1,u(%)=1, so J=2 Bt—tzdt:O,
+
-1

which yields that 21 =%+1. Hence, | =%+%.

PP.20608. In all triangle ABC holds 3 =T |.!:-2—m]| < sz;:_’ir}f;m

Mihdly Beneze
Denoting with F the area of triangle ABC, and using the well-known formula
D ab=s?+r?+4Rr, we obtain

s? —2(s* +r? +4Rr)
2

_ (Za)z N (Za)z -2 ab _ (Zaz);ZaZ ~Y a2+ ab.

2 2
8s?Rr(s®> +r? +2Rr) =8s

= Zsabc(z ab— abcj achaZab a’b’c

= acha b+achab2 +2a%b?c?.
Since,

2
3s®> —r? —4Rr =2s” +s* —r? —4Rr = (Zza) +

2 abc F (32 +r?+4Rr —2Rr) =

1 Yal+) ab
2 (a® +bc)(b? +ca) " 2a%h?c? +> a’h®+abc) a®’
then the inequality to prove, i.e.
3 1 - 3s® —r? —4Rr
(a® +bc)(b? +ca)  8s’Rr(s®+r?+2Rr)’

becomes
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Za2+2ab N Za2+2ab
abc) a’b+abc) ab”+2a’h’c?  2a’b’c® + ) a’h®+abc) a’
<abc) a’+> a’h® > abcd a’h+abc) ab?

< abc(Y a® +3abc - a’h - ab? )+ (> a%h® —3a’hc?)> 0, which is true, because
the first bracket is positive by Schur inequality and the second bracket is also positive by

AM-GM inequality.

n+1l__
PP.20611. In all triangle ABC holds %" %IH_(—I’L >
::_]]_] - b"b_ll_' - (_..-:]_ when a,b,c € (0,1) U (1,40oc) and n € N.

Mihdly Bencze

n+l n+l n=l _
Denoting x = l,yzb l,z=C lWehavex+y>0 and
a-1 b-1 c-1

*—b"+..+a-b=(a-b)E,,, with E,, >0.

x—y=a"-b"+a

We have
3 x(a—b-c+a) X(a b) x(a—c)
Z“b+c a Z Z b+c—a Z(b-i-c a b+c-— aj

_ N X(@-h) y(b-a) _ _ X ¥y

_ZbJrc—aJch+a—b_Z(a b)(bJrc—a c+a—bJ_

:z(a_b)_x(a—b)+y(a—b)+c(x—y):Z(a—b)z(x+y)+c(a—b)2Eab>0
(b+c—a)(c+a—bh) (b+c—a)(c+a—bh) o

We have equality if and only if a=b=c. The solution is complete.

PP.20618. The sides of triangle ABC are natural numbers. Prove that

1”',' E be—l"_‘;: wy € _I.\r-

Mihily Bencze

2bc cosé
Since, w, =——~ and cosé = s(s-2a) , we obtain that
b+c 2 bc

b 2,02 2 2.2 _

Z( +C) Wazz(b-i-C) _ 4bc2.s(s a):4sZ(s—a)=482.
bc (b+c) bc

Hence the statement is true in a weaker condition, i.e. the perimeter of given triangle to

be natural number. The solution is complete.
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PP.20620. Let ABC be a triangle. Prove that the inequalities
> amﬁ > 9sR and s 4+ 5r® > 16 Rr are equivalent.

Mihdly Bencze

By usual formulas we obtain

4% am; = > a(2b? +2c® —a’) =2) a’h+2) ab’ +4abc—4abc— > a’
=2(a+b)(b+c)(c+a)—16Rrs— > a® =4s(s® +r’ + 2Rr) —16Rrs — 2s(s* —3r® —6Rr)
= 2s(s* +5r* + 2Rr), and then we have that
D am’ > 9srR <> 2s(s” +5r? + 2Rr) > 36srR <> s +5r? >16Rr , and we are done.
The inequality s*+5r* >16Rr, is well-known inequality of Gerretsen. The solution is
complete.

PP.20621. In all triangle ABC holds " acos2A4 = 2s {Trf - 1} .

Mihdily Bencze

Since Y a® =2s(s* —3r? —6Rr), the inequality to prove is written

successively
D a(l-2sin® A) > 2s ' 1]e 252" a > Zs(i—l
R 4R? R

2 2

1= T ZORM L T 4R? % 43r7 1 6Rr 2 2Rr
2R R

&> s? <4R* +3r® +4Rr, which is true (see for e.g. the item 5.8. from Bottema). The

solution is complete.

(r+1y— 1}2 +1=2y2
PP.20623. Solve in R the following system: (y+2—-17%24+1=22r
(z4x— 1]2 + 1= 2zy

Mihaly Bencze

Adding up the equations of system we obtain
2X2 + 2y + 277 42Xy + 2yZ + 22X —AX — 4y — 47 + 6 = 2Xy + 2Yy7 + 27X

X4y +27-2x-2y-22+3=0< (x-D)* +(y-1)* +(z-1?* =0.
Hencex =y =2z =1, and we are done.
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PP.20633. Ifa; =1 (k=1,2,...,n), then

a1 lngul ¥yn—1 ]
= .
n (ﬂzzz—l_l_ﬂES _|_ —|-a.: I) = T an—1

eyelie (n—1)

Mihaly Bencze

By AM-GM inequality we have

iaﬁ+32 4-1/ >al Z;Js (1)

k=1 cycllca + a + a k=1 cyclical + az + a3

By J. Radon’s inequality we have

D%
k=1
Sas ®
Also by H. Bergstrom’s inequahty we have

1 n’ n’

> _
Goedy +a,+a, Y (3, +a, +a,) 3Zn:a
k

cyclic

(3)

By (1), (2) and (3) we obtain

2

k=L _

Zak+3cy§,ca +a, +a, =4 N (o )
22)

k=1
n* 4n
=44 — 43, q.ed

3 3 a

PP.20636. If x,y,2 > 0 then } ————— > 1.
v (T+2y)(z+22)
Mihily Bencze
By AM-GM inequality we have
JX+2y)(x+2z2) < X+2y+x+22 y+2,50

2

Z X > z X =1, and we are done.
JX+2y)(x + 22) X+y+z
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e
PP.20637. If z,y,2 > 0 then }_ z((z"-2)) >3 2% =Y ay.

Az +H2y)(z+22) T

Mihaily Bencze

By AM-GM inequality we have

JX+2y)(x+2z2) < =X+y+zZ=) X.
Writing other two similar inequalities yields that it suffices to prove that

> X = y2) = (TR -3 x).

The last relation yields from well-known identity
D> x3=3xyz = (D) x* =D xy), and the proof is complete.

X+2Y+X+22

n . 2
PP.20650. Prove that 3" ( 7 .*"_kf, —|) > —2 __ where F}, denote the ktP
=1 n+2— 4 (n—1)

Fibonacel mumber.
Mihily Bencze

By well-known identity X, = Z F. =F,.., —1, the inequality to prove becomes

k=1

N = ? n
2 >
a\ X, —F (n-1)

By H. Bergstrom’s inequality we have

i) ]~

S n Fk Z( 1) X i BERGS>TROM
n = n = + - n =
k:lxn_Fk k=1 Xn X F
2 2 2
n - n— T n-— n—
Z(Xn_Fk) n n
k=1

From (1) and (2) we get the inequality to prove, and we are done.
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2. A GENERALIZATION AND SOLUTIONS
OF THE PROBLEM 11670 FROM AMM

by D.M. BATINETU-GIURGIU, ’Matei Basarab’’ National College,
Bucharest,

NECULAI STANCIU, >>’George Emil Palade’’ General School, Buziu,
and

TITU ZVONARU, Comanesti, ROMANIA

11670. Proposed by Miranda Bakke, Benson Wu, and Bogdan Suceavd, California
State University, Fullerton, CA. Prove thatifn > 3and a, ..., a, > 0, then

(n—1) ! a;ay
ag > ;
4 ; = aj +ay

l=j<k=n

with equality if and only if all a; are equal.
Let M_ = {(i, )i < i, j=Lnjand M. ={i, pfi > j.i.j=1n}.

Proposition. If ne N" - {I},aeR,,beR",x, eR],k=1n,X, =D x,, then:

k=1

D (2aX, +b(x + X)) = > (28X, +b(x; +x;))=(n-1)(na+b)X ,vneN".

(i.j)eM (i,j)eM.,

Proof. We observe that in M _every k =1,nis in (k—1)pairs (i,k)with i <kand is in
(n—K) pairs (k, j)with k < j, so kisin (n—21)pairs (i, j) withi # j,i,jzl,_n.

Also in M_everyk =1n is in (k=2 pairs (k,i)with k>iand is in (n—Kk)pairs
(j,k)with j >k, so kisin (n—2)pairs (i, j) withi = j,i, j=1n.

Therefore:
D (28X, +b(x +X;)) = D (2aX, +b(x; +x,)) =
(i.i)em. (i, i)em.
= > (aX, +bx; +aX, +bx;))=(n-1)> (aX, +bx,) =
Y =

=(n-1(naX, +bZn:xk) =(m-Y(ra+b)X,,
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and the proof is complete.

Theorem. If neN"-{l},aeR,,beR",x, eR ,k=1n,X, =X, , such that
k=1

aX, +bmax x, € R, then:
1<k<n

2 2 2
(n—-D)@n+b)X. > 4. Z a“X, +ab(x; +x;)X, +b Xin,VneN*,
(i,j)eM. 2aXn +b(Xi + Xj)
a’X?2+ab(x. +x. )X, +b*x.x. .
(n-D@n+b)X, >4- > . 06 %)X, L vneN

Q. hem. 2aX, +b(x; +Xx;)
with equality if and only if x; = x;, Vi.] =1n.

Proof. By the above proposition the inequality to prove is equivalent with:

2y 2 2
Z(Zaxn +h(x, +%,))24- Z a“X, +ab(x +x;)X, +b7xx;
(i, 1)eM. (i, j)eM. 2aX,, +b(x; +X;)

a’X; +ab(x +X;)X, +b*xX; .0
2aX,, +b(x; +x;) B

-y (2aX, +b(x, +x,)f —4(@?X 2 +ab(x, +x,)X, +b2xixj)20

= {Zaxn +b(X; +X;)—4-

(i..1)eM

(i D)eM. 2aX,, +b(X; +X;)
48X} +4ab(x;, + X)X, +b*(x +x;)* —4a® X} —4ab(x, + x;) X, —4b*XxX;
Nad 2>
(i..))eM. 2aXn +b(Xi +Xj)
X, — X,
< b? (= x;)) >0, which is true,

'(i_,j)€M< 2aX, +b(x, + xj)
with equality if and only if x; = x;,Vi.] =1n.
If we taking account that:
D (2aX, +b(x +X;)) = > (28X, +b(x; +X;)), YneN",
(i,))eM. (i.j)eM.
we also obtain that:

. VneN",

(-D@n+b)X, 24 Y a’X? +ab(x, +X;)X, +b’xx,
b 2aX, +b(x; +Xx;)

with equality if and only if x; = x;,Vi.] =1n.

Observation. For a =0,b =1we obtain the problem 11670 from AMM.
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Solution 1:

In the set of the pairs (i, j),i < j,i, j =1, nthe elementk e {1,2,..,n}is in (k —1) pairs with
i <k andisin (n—k)pairs with k <i, i.e.isin n—k +k —1=n-—1pairs, and then:

Z(x +x%;)=(n- l)Zxk (1)
i,j=1
i<j
By the AM-HM inequality we have that:
Xy, 2%y VX, Yy eR; 2)
2 X+Yy
Therefore:
X; X —
X +X; >4 L Vi,j=1n (3)
X, +X;
Yields that:
(x +X)z4- VneN* (4)
I<J |<j

By the above we deduce that:

¥Yne N

(n—l)ixk Z(x +X;) >4 Z

i.j=1 i ]—l i j
i<j i<j

and because in AM-HM inequality we have equality if and only if x; = x;,Vi, ] =1n,
the problem 11670 from AMM is proved.

Solution 2:

We use the AM-HM inequality, i.e.:

2ab£a+b<:> ! <1 1+1) with equality iffa=b.
a+b 2 a+b 4 b

Hence,
a;a, 1

1 1 1
SZLZ aja{—+—)=z D (a;+a,) =

<j<k<n aj ak 1< j<k<n

2

1<jok<n @) T3
= 1((n -Da, +(n-2)a, +...+2a, ,+a,,+a,+..+(n-3)a, , +(n—-2)a,, +(n—-Da,)

n 13

a, .
4 =
The equality holds iff all a;are equal.
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3. Other solutions for some problems from MR-
4/2014

By Nela Ciceu, Rosiori, Bacau, Romania
and

Roxana Mihaela Stanciu, Buzau, Romania

J307. Prove that for each positive integer n there is a perfect square whose sum of digits is
equal to 4",

Proposed by Mihaly Bencze, Brasov, Romania

Solution:

It is well-known the fact that for any n = 0,1,4,7(mod 9) there is a perfect square whose

sum of digits is equal to n (see for e.g. the book *’Mathematical Olympiad Challenges’’ ,
p. 243, by Titu Andreescu and Razvan Gelca or Crux Mathematicorum no. 3/2013, p.
128).
C))n the other hand we have
4% _1-64° —1=M(64—1) = M9, 4% —4 = 4(4% —1) and 42 —7 =16(4°" —1)+9.
The conclusion of the problem yields now easily
e for n of the form 3p we choose a perfect square with the sum of digits 9k +1,

3p
where k:4 5 1;

e for n of the form 3p+1we choose a perfect square with the sum of digits 9k + 4,

3p+l
where k = 4 :

e for n of the form 3p+ 2we choose a perfect square with the sum of digits
3p+2 7

9k + 7, where k:T.
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J312. Let ABC be a triangle with circumecirele I' and let P be a point in its interior. Let M
be the midpoint of side BC and let lines AP, BP, CP intersect BC, CA, AB at X, Y,
Z, respectively. Furthermore, let line Y2 intersect I' at points [J and V. Prove that M,
X, U, V are concyclic.

Proposed by Cosmin Pohoata, Princeton University, USA

Solution:
We denote
XB YC ZA
X=——y=—,2=—.
XC YA /B
We have

BX = ﬂl , and by Ceva’s Theorem yields that
X+

xXyz =1.
If YZ|BC, then yz =1, i.e. X =M and we have nothing to prove.

We assume that YZ (1 BC = {N} such that we have the order N -B—C.
Applying the Theorem of Menelaus in triangle ABC with the transversal N —Z —Y we
obtain
NBYCZA oo NB 1 oo
NC YA ZB NB+a vz yz -1
Using the power of point N with respect to circumcircle of the triangle ABC we obtain
NU-NV =NB-NC.
The concyclicity of the points M, X,U,V is successively equivalent to
NX -NM =NU - NV
< NX-NM =NB-NC
< (NB+BX)(NB +BM) = NB(NB + BC)

a ax a a a a
= + +— | = +a
[y2—1 X+1J(y2—1 2) w—l(w—l J

(X+1+xyz-x)(2+yz-1)
2(x+1) R

yz+1
Xx+1

<~

=yz < yz+1=Xyz + yz, true, and the proof is complete.
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0310. Let ABC be a triangle and let P be a point in its interior. Let X,Y,Z be the intersections of
AP, BP,CP with sides BC,CA, AB, respectively. Prove that

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution:
With the notations of Q310 we reformulated a problem proposed by Dan Stefan
Marinescu in RMT. No. 2/2001. page 51, which requires to demonstrate that
XY YZ-ZX =z8-BX -CY-AZ 'Sh]%iﬁl?ﬁiﬂ%. (1).

. . . B . C 2r XB YC Z4 R .
Simce 8sin —sin —sin— = —. the relation (1) it can write ——-——=—. 1.
2 2 R XY ¥Z ZX  2r

exactly q.e.d.

S307. Let ABC be a triangle such that ZABC — ZACB = 60°. Suppose that the length of the
altitude from A is %BC. Find ZABC.

Proposed by Omer Cerrahoglu and Mireea Laseu, Romania

Solution:

We denote the altitude from A with h.

. a .. .
By the hypothesis h = —. Sme Law and well known formulas we deduce successively

: h : , : :
smnB=—<4smBsmC=smd < 2cos(B-C)-2cos(B+C)=sm(B+C)
c

=sm{B+C)+2cos(B+C)-1=0,(1).

: B+C . : .
Denoting f = tan . vields that f > 0. and by (1) we obtain the equation

3t* — 2t —1= 0, with only one convenient root, i.e. r=1.
We deduce B+ C = 90" which with the hypothesis B—C = 60°, yields B = 75" (and
4=90".C=15"%).

43


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - NOIEMBRIE 2014  BUYAEGC (oA (e)

4. Metode de calcul pentru derivata unui
determinant

Prof. Boer Elena Milena, Scoala Gimnaziala Vulcan, Jud. Brasov

Metoda 1.
Teorema
Fie a;;: R — R functii derivabile pe R, i,j € {1,2, .., n}iara:R =R,
a; (x) agp(x) . ag,(x)
a(x) = Qg9 (x) @z(x) o @g,(x) XER
ﬂ'ﬂ.l {x] an.z {x] - ﬂ'ﬂﬂ {x:l
Atunci a(x) este o functie derivabila pe R si

ay1(x)  agp(x) o ag,(x)

@)=Y @) @@ @@ () xer

g {xj 2 {xj e L {x}
Demonstratie: Faptul ca functia a(x) este derivabila pe R rezulta din aceea ca
daca functiile by, b, ... , b, sunt functii derivabile pe R, atunci functia by b, - ... - b,

este derivabila pe R si
(by by .ob ) = Zbl-bz “nbyt by
=1

n continuare, conform formulei lui Leibniz, avem:

a(x)= Z sgn(f;:]all;,m{x] . ﬂzp(z}{x] e () (x), (VlxER (1)
P EF,
unde, sgn () reprezinti functia signum (semn), adicd sgn(g) = (—1)M® unde N(@)
este numarul de inversari in permutatia ¢.
Din (1), prin derivare rezulta:

@)=Y ) 5 )asew () A () @ g () o g (),

=1 weP,
(V)x ER

adica tocmai relatia de demonstrat.
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Metoda 2

O alta metoda de aflare a derivatei unui determinant pentru o matrice A, este sa
folosim formula lui Jacobi bazatd matricea reciproca a matricei A si pe derivata acesteia.

Lema: Fie A si B doud matrici patratice avand dimensiunea n. Atunci:

k

1)

AF- fiind transpusa matricei A.

Demonstratie:
(A°B) i Z[Hrj it B
k

(A = Ay

(1‘1:5]51 = Z Ay By
3

Tr(A*B) = ZEAEBL-; ZZ(Z *"*L:J'ij) - ZZ""HHH
j ko

i k
Teorema (formula lui Jacobi) : Fie o matrice patratica A, avand dimensiunea n. Vom

nota cu det(A) determinantul asociat matricei A. Diferentiala lui det(A) este data de
relatia:

)

d (det(4)) = Tr(A*dA)

Unde A* reprezintd matricea adjunctd : 4* = C¥, C fiind complementul algebraic
al matricei A.

Demonstratie:

Pe baza formulei lui Laplace

©)
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det(A4) = Z Ay {A*]fj
j
Determinantul matricei A poate fi considerat ca fiind o functie de elementele matricei A :

det(4) = F(A;)

Prin urmare, diferentiala determinantului poate fi scris sub forma:

d (det(A4)) = Z Z;T’T_ dA,

Pe baza relatiei de mai sus:

(4)
ddet(A) OF 94, (A)5]
= = Zﬂikiﬂ* | = Z
dA;; dA; dA; dA;;
k k
Tinand seama de derivata produsului obtinem:
(®)
0[A; (A)5] _ 84, (A7) ik
i ied i A* t A i
dA; oa, AT An 0A,

ij

a4k, .. D . . ..
Dar, ;—A:_“i = 0, deoarece elementul 1j al matricei adjunct, sigur nu contine nici un
]
element de pe linia i sau coloana j a matricei originale A.

Pe de alta parte:
(6)
0Ay. _
oa,
Notam cu &, simbolul lui Kronecker
5. = {i dacij=k
e |0dacij+k

Din relatiile (4) si (5) rezulta:

(")
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9F  ddet(A)
= = &, (ANE, = (AT,
dA aﬂl] z k.i'{ :J!k { ]:_;

ij

Pentru diferentiala determinantului A obtinem astfel:

d (det(A)) = Z Z{A*] : dA,

Tinand cont de lema demonstratd mai sus
# — #yTT — ®
E E (A7);dA; =Tr[(A7) "dA] = Tr(A"dA)
i

Astfel teorema este demonstrata

Calculul derivatei unui determinant folosind ambele metode:
Enunt : Sa se calculeze derivata determinantului pentru matricea :

x% x4 2 x
A=lo0 x x+1

1 1 x3
Rezolvare:
Metoda 1
2 x+2 x
flx)=10 X x+1
1 1 x3
2x 1 1 x? x+2 «x %2 x+2 x
ffx)=|[0 =x x+1{+]|0 1 1|+1]0 x x+ 1=
1 1 B 1 1 x3 0 0 3x?

(2x®"+x+1—x—2x"—2x)+(x°+x+2—x—x") +3x° =
6x®—3x*—2x+3

Metoda 2
x? x4+2 X 2x 1 1
A=10 x x+1), B=|l0 1 1
. 1 1 x3 0 0 3x°
In matricea B am derivat fiecare element al matricei A.
xt—x—1 x+1 —x
A= —x*—2x% x—x —2x+x42
3x+ 2 —x3—x? x3
Se inmulteste fiecare element din A* cu fiecare element corespunzator din B

(a”;; * by;) si se obtine derivata determinantului:
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2x(x*—x— 1)+ 1(x+ D)+ 1(—x) +0(—x*— 22+ 1(x" —x) + 1(—x* +x +
2)+0Bx+2)+0(—x*—x)+x?-3xt=6x"—3x"—2x+3
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