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OLIMPIADA NATIONALA DE MATEMATICA
Etapa locala — 10.02.2024
Clasa a X-a
Subiectul 1.

. C e .a b c
Numerele complexe nenule a,b,c au acelasi modul si verifica relatia ™ +—+—€eR.
c a

Aratati cd (a—b)(b—c)(c—a)=0. (SGM 9/2023)

Barem:
Consider a=r(cosa +isina),b=r(cos S+isin B),c=r(cosy +isiny) 1p
%+%+§=(cos(a—/3)+cos(ﬂ—7)+cos(;/—a))+i(sin(a—ﬂ)+sin(ﬁ—y)+sin(y—a)) Ip
%+9+£eR<=>Sin(a—ﬁ)+sin(ﬁ’—y)+sin(y—a)=O 1p
c a
sin(a—ﬁ)+sin(ﬂ—y)+sin(y—a)=—4sina;ﬂsinﬂ;ysin7;“ 2p
sin¥:0<z>%:k7r<:>a:,B+2k7r<:>a:b<:>a—b:0 tp
E+E+EeIR<:>(a—b)(b—c)(c—a):O 1p
b c a
Subiectul 2.
Fie x,y €(0,4+00)—{1}. Arétati ca log, y+log, x>2 daca si numai dacd xy+1>Xx+y.
Barem:
Notam t=log, y => Iogyx:% tp
: 1 (t-1)° 2p
Atunci log, y+log, x22<=>t+E22<=>TZO<:>t >0
t>0<=>log, y>0<=>x,y>1lsau 0<x,y<1 2p
Xy+1>x+y<=>(x-1)(y-1)>0<=>x,y>1lsau O0<x,y<1 2p
Subiectul 3.
a) Sa se rezolve ecuatia: 16" +15" =20* +9%;
b) Sa se rezolve inecuatia: 16* +15* > 20" +9*.
Barem:
a) 16" +15" = 20" + 9" <=> (4" -3")(4" +3* ~5") =0 1p
4 -3 =0<=>x=0 1p
1p

4 +3 -5 =0<=> (gj +(gj =1 are solutia unici x =2
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b) 16" +15" > 20" +9* <=> (4" -3")(4* +3" -5 ) 20 <=> 1p
4* >3 1p
4 =320 <=> x X <=> XZO< >xe[0;2]
= = = E f
1) 4 +3*-5>0 (fj +(§) >1 X<2
5 5
4* < 3" 1p
4 -8<0 <=> <>{XSO< >Xed
— X X — — c
SU2) | 3 _sr g (fj +(§j <1 |x=22
5 5
S =[0;2] 1p
Subiectul 4.

Fie f:C—>C, f(z)=z+|7|.
a) Sa se arate ca f nu este injectiva;

b) Sa se arate ca f nu este surjectiva,

c)Saseafle Imf.

Barem:
a) f(0)=0= f(-1)=> f nueste injectiva 1p
b) f(z)=i<=>a+bi+a+bij=i<=>b=1sia’+1--a 1p
va®+1=-a nu are solutii reale => i ¢ Im f => f nu este surjectiva 1p
c) Fie a+bieC.
Ecuatia f(x+iy)=a+bi este echivalenticu y=b si Xx++x*+b’ =a
Daca b=0,a <0 atunci ecuatia nu are solutie 1p
Daca b #0,a <0 atunci ecuatia nu are solutie
. . . . 1

Daca b=0,a>0 atunci ecuatia are solutie (pentru a >0=> X :% si pentru P
a=0=>xe(—x;0]

aZ _ b2 1p

Daca b= 0,a >0 atunci ecuatia are solutie X = >
a

Asadar Im f ={z e C|Re(z) >0} U{0} 1p



